Can. J. Math., Vol. XXIV, No. 4, 1972, pp. 728-733

A GENERALIZATION OF COMMUTATIVE
AND ALTERNATIVE RINGS II

ERWIN KLEINFELD

We shall call a linear function on the elements of a ring R skew-symmetric if it
vanishes whenever at least two of the variables are equal. Here we shall study
rings R of characteristic not 2 which satisfy the following two identities:

(1) (%, %, %) = 0,
(2) Flw, x,y,2) = (w, x), v, 2) + (w, x, (y, 2)) is skew-symmetric.

Both of these identities hold in alternative rings. The fact that F(w, x, v, 2) is
skew-symmetric in alternative rings is an important tool in the study of such
rings. It is also obvious that both identities hold in commutative rings. But
unlike other recent generalizations of commutative and alternative rings it
turns out that there exist simple, finite dimensional algebras of degree two which
are neither alternative nor commutative and satisfy (1) and (2). Nevertheless
we are able to determine all those simple rings R which possess an idempotent e
such that (e, R) 5 0, while (¢, e, R) = 0 = (R, ¢, ¢), for it turns out that they
must be alternative.

Because of our assumptions about e, we can use (1) to prove that (¢, R, ¢) = 0.
But then we have the usual Peirce decomposition R = Ry; @ Rio @ Ror @ R,
wherex,; € R;;if and only if e(x;;) = wx,;, (x:;)e = jxi5,and 7,7 = 0, 1. We shall
now concern ourselves with the multiplication table of the Peirce decomposition.
Wehave 0 = F(e, y10, €, 11) = ((e, ¥10), €, %11) + (€, Y10, (€, %11)) = (Y10, €, ¥11) =
—Y10X11. ThUS

(3) RmRu = 0.

SimilarlyO = F(xn,e, e, y01) = ((xu,@),e, y01) + (xn, e, (e, y01)) = '—(xu,e, ,Vm) =
—X11Yo01. Thus

4) R11Ro; = 0.

Also 0 = Fle, yo1, €, %00) = ((€, Yo1), €, %00) + (e, Vo1, (¢, %00)) = — (Yo, €, X00) =
—%Y01X00. ThlS shows

) Ro1Roo = 0.

Finally 0 = F(xq0, €, €, ¥10) = ((x00, €), €, ¥10) + (%00, €, (€, ¥10)) = (00, €, ¥10) =
—X00Y10y SO that

(6) R00R10 = 0.
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Because of (3), it follows that0 = (y10, %11, €) = (€, ¥10, X11) = (Y10, €, X11). Also by
expansion (%11, €, ¥10) = 0. But then 0 = F(e, x11, €, ¥10) = ((e, x11), €, y10) +
(e, x11, (e, ¥10)) = (e, %11, ¥10)- A linearization of (1) implies that (yio, %11, €) +
(%11, €, ¥10) + (&, Y10, %11) + (Y10, €, %11) + (X11, Y10, €) + (€, %11, ¥10) = 0. But five
of these associators have already been shown to be zero. Hence the sixth must be
zero. From 0 = (e, %11, ¥10) = (%11, Y10, €), it follows that e(x11y10) = %11¥10, and
(x11¥10)¢ = 0. Thus x11¥10 € Rio. We have shown

) R11R10 C Ry

By switching subscripts in the proof of (7) and by going to the anti-isomorphic
copy of R, as well as by a combination of the two we are quickly led to

(8) RooRor C Roy,
9) Rop1R11 C Ry,
(10) Ry1oRo C Ryo.

Then 0 = F(e, 10, €, ¥10) = ((e, ¥10), €, ¥10) + (€, *10, (€, ¥10)) = (%10, €, ¥10) +
(e, xm,ym) = —X10¥10 + X10Y10 — e(xloylo) = —3(x10y10)-AlSOO = F(e, X10, ylo,e)
= ((e, %10), Y10, €) + (€, *10, V10, €)) = (%10, Y10, €) — (€, X10, ¥10) = (¥10¥10)€ —
X10¥10 + e(xmyw) = (®10¥10)e — ¥10¥10- Clearly x10¥10 € Ro1. Thus

(11) RIORIO C R01~
By reversing subscripts in the proof of (11), we obtain
(12) ROIROI C RIO-

Butthen 0 = F(e, x10, Yo1, €) = ((e, %10), Yo1, €) + (€, %10, Vo1, €)) = (%10, Yo1, €) +
(e, x10, Yo1). Also 0 = F(x10, €, o1, €) = ((%10, €), Vo1, €) + (%10, €&, Vo1, €)) =
— (%10, Yo1, €) + (%10, €, Yor) = — (10, Yo, €). But then (%10, Y01, €) = 0, so that
(e, %10, Yo1) = 0. Expanding one gets (X10¥o1)¢ = X10¥01 = e(¥10¥01). Thence
X10¥01 € Ri1, proving

(13) Ri6Ro1 C Ryx.
Reversing subscripts in the proof of (13) one obtains
(14) RoRyg C Rop.

A linearization of (1) implies that 0 = (e, %10, %10) + (%10, €, X10) + (%10, X10, €).
Expanding these associators and using (11), we see that 0 = x10*> — %10® + x10> =
x102. Thus

(15) x1? = 0 = X10¥10 + Y10¥10.
By reversing subscripts in the proof of (15) it follows that

(16) %02 = 0 = x01y01 + Yo1Xo1.
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Then F(am» e, C11, bm) = ((010, e), C11, b01) + (a10y e, (511, bm)) = —(010, C11, b01) —
(a0, €, borc11) = 0, using (3), (4) and (9). Hence we may use (2) to obtain
0 = F(a, e, bo, c11) = ((a10, €), Doy, c11) + (a0, €, (Doy, cu)) = — (a0, bo1, c11) +

(a10, €, borc11) = — (a0, boy, €11), using (4) and (9). Therefore
(17) (R10, Rot, Ri1) = 0 and  (RyRo)R1x C RioRos.
Again

0 = F(cuy, boy, €, az0) = ((€11, bor), €, ar0) + (11, Doy, (e, @10))
— (borc1, €, ar0) + (11, box, a10)

= (C11 boy, @10)

= —611(17016110)y

using (4), so that
(18) (Rlly R01,R1o) =0 and RII(RDIRIO) = 0.
Next
0 = F(e, boy, @10, c11) = (e, bo1), 1o, c11) + (e, bo1, (@10, €11))
= —(bo1, @10, €11) — (e, by, €11010)
= _(b()ly 10, Cll)y
using (4) and (14). Hence
(19) (ROI, RIO, Rll) =0 and (Rleo)Rn = 0.
Again
0= F(Cuy a9, €, b01) = ((611, am), e, b01) + (611Y 10, (6, b(n))
= (Cuflmy e, b01) - (Cny Q1o b01)
= "‘(611, 10, Z701),

using (4) and (7). Hence

(20) (Ru1, Rio, Rot) = 0 and  Riy(RiwRoi) C RiRor.
Similarly, reversing subscripts in the proofs of (17)—(20) we get
(21) (Rot, Rioy Ro) = 0 and  (RyuR10)Roy C RorRyo;
(22) (Roo, R1o, Ro) = 0 and  Ryo(R1oRe) = 0;
(23) (Ri0, Ros, Roo) = 0 and  (R1oRo1)Roeo = 0;
(249 (Roo, Rot, R1g) = 0 and  Roo(RutR1s) C RorRyo.

We are now ready to construct an ideal.
THEOREM 1. 4 = R10R01 + RIO + .R()] + R01R10 1s an 1deal OfR.

Proof. (R10R01)R11 CRiRe C 4, using (17)- (R10R01)R10 CRuRwCRypC A4,
using (13) and (7) (RIOROI)ROI C R11R01 = 0, using (13) and (4). (RIOROI)ROO = 0,
USiI’lg (23) Ru(RmRm) C RmR()l C A, using (20) RIO(RIOROI) C RIORII = 0,
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using (13) and (3). Roi(R1oRo1) C RoiRii C Roy C A4, using (13) and (9).
Roo(R10R01) = 0, using (22). RyoR11 = 0, using (3). R1oR10 C Ry C 4, using (11).
RioRo1 C A. Then RyeRoo C Rio C 4, using (10). R11R10 C Ry C A4, using (7).
RmRm C R01 C A, llSiIlg (].1) R()]Rl() C A, while R()()Rlo = O, using (6) Then
RoRi1 C Roy C A4, using (9). RoRi0o C A4, while Ry1Ro; C Ry C 4, using (12).
Then RoRoo = 0, using (5). Similarly R11Ro1 = 0, using (4). R1oRo; C A4, while
RoiRoy1 C Ry C A, using (12). RooRor C Rox C A4, using (8). (RoiR10)R1; = 0,
using (19) (RolRlo)Rm C R()()Rm = O, USil’lg (14) and (6) (Rme)Rol C RooRm C
R()l C A, llSil’lg (].4:) and (8) (RmRm)Roo C R01R1(), using (21) Ru(Rleo) = 0,
LlSil’lg (18).R10(R()1R10) C RIOROO C RlO C A, USiIlg (14) and (10) Rgl(RolRlo) C
Ro1Roo = 0, using (14) and (5). Roo(Ro1R10) C Ro1R10, using (24). This completes
the proof of the theorem.

COROLLARY. 4 = R, RyiR1g = Roo, R10Ro1 = Ry1, R11R11 C Ry, RoeRoo C Roo,
R11Rgo = 0, RooRy1; = 0.

Proof. Since R is simple, either 4 = 0or 4 = R. But 4 = 0 implies Ry, =
R = 0, so that Ry; + Ry = R and hence (¢, R) = 0, contrary to assumption.
Thus 4 = R. But then it follows from the directness of the Peirce decomposition
that R;oRo; = Ri1, and that Rp1R10 = Rogo. The rest of the corollary follows from
substituting the latest two equalities in (17), (21), (22) and (23).

THEOREM 2. R is alternative, hence is either associative or a Cayley vector matrix
algebra over its center.

Proof. As in the case of an alternative ring it is possible to prove that all
associators with components from R;; vanish except possibly those which have
all three components in the same R;;, or those which have at least two com-
ponents in the same R;;, where ¢ # j. Most of the calculations are simple
applications of the appropriate equation chosen from (3)—(14) and (17)-(24).
We present now a sample of those which require additional calculations. Thus
it is a direct consequence of (3) and the corollary that (Rjo, R11, Ry;) = 0, and
(Ri1, R1g, R11) = 0. But then

F(e, %10, Y11, 211) = ((e, %10), Y11, 211) + (&, X10, (Y11, 211))
= (xIOy Y11, Zu) + (3, %10, ’wn) = 0.
Hence

0 = F(yi, 211, €, %10) = (W11, 211), €, X10) + (Y11, 211, (€, X10))
(w11, € ®10) + (3’11, 211, xw) = (yu, 211, xlO)-

This proves (Ri1, R11, R1p) = 0. In a like manner we can establish (Ro1, R11, Ri1)
= 0, (Ryo, Roo, Roo) = 0, and (R, Roo, Ro1) = 0. The remaining associators in-
volving either two elements from Ry, or two elements from R are easy to dispose
of. Suppose we need to prove (11, ¥10, 200) = 0. [t is clear that (x11, 200, ¥10) = 0,
using (6) and the corollary. Then (200, ¥10, ¥11) = 0, using (6) and (3). Also
(200, %11, ¥10) = 0, using the corollary, (7) and (6). But (y10, 200, ¥11) = 0, using
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(10), (3) and the corollary, while (y10, %11, 200) = 0, using (3) and the corollary.
But a linearization of (1) implies that (x11, Y10, 200) + (Y10, 200, %11) + (200, %11, ¥10)
+ (%11, 200, ¥10) + V10, %11, 200) + (200, Y10, 11) = 0. Since five of the six terms
are known to be zero then (x11, ¥10, Z00) = 0. We can establish (19, %11, 201) = 0
using (3) and (4). Also (x11, 201, Y10) = 0, asaresultof (18), while (21, ¥10, x11) = 0,
because of (19). Now (17) implies (¥10, 201, 11) = 0, while (20) implies
(%11, Y10, 01) = 0. By using the linearization of (1) we obtain (21, x11, ¥10) = 0.
The remaining calculations can be obtained by reversing subscripts in the
previous calculations as well as by going to the anti-isomorphic copy of R. For
those associators which do not vanish we must prove the alternative law. First
we will establish that Rq; and Ry are associative. In an arbitrary ring we have the
Teichmiiller identity (wx, ¥, 2) — (w, xy, 2) + (w, x,y2) = w(x, ¥, 2) + (w, x, v)z.
Therefore (’wnxn, Vi1, 210) - (wuy X11Y11, 210) + (‘wn, xnyynzlo) = wu(xu. Vi1, 210)
+ (w11, %11, Y11)%10. Then using the corollary, (7), and the fact that

0= (Ru, Rny Rlo),

which we established earlier in the proof, we see that (w1, x1\, ¥11)%10 = O.
Consequently

(25) (Rlly Ru, Rn)Rw = 0.

Let B be the associator ideal of Ry;. This ideal can be described as the additive
subgroup generated by all associators and right multiples of associators in-
volving elements of Ry;. The same ideal results if we substitute left multiples for
right multiples. Since (Ry1, Ri1, R11) C Ry, and (R11, Ri1, Rig) = 0, then use of the
corollary leads to [R11(R11, R11, R11)[R10 = Rui[(Ri1, R11, Ri1)Rio] = 0, using (25).
Thus

Since we showed earlier that (Rii, Rio, Ro1) = 0, then 0 = (B, Ry, Ro1) =
B(R1oRo1). Now we have all the information necessary to prove that
B(R1Roy + Ryg + Roy + RoRy0) = 0,0r BA = 0, where 4 = Ry oRoy + Rio +
Ro1 + Ro1R1p. But the corollary established that A = R, so we musthave B = 0.
In similar fashion if C is the associator ideal of Ry, then C4A = 0, so that C = 0.
Consequently Ri; and Rgo are associative subrings of R. Expanding,

f= (xlo, V1o, 21) = (®10Y10)211 = — (Y10%10)211
= — (y10y X10, 211),
using (3) and (15). Then
g = (%10, 211, Y10) = —x10(211Y10)
= (2113’10)9010 = (211, Yioy xlo),

using (3), (15), (7) and (11). Interchanging x;o and y;o in the last equation we
obtain & = (y10, %11, ¥10) = (11, X10, ¥10). Using a linearization of (1) we get
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f—f4+2¢g+2h =0,implyingg = —h. Also F(%10, Y10, €, 211) = ((%10, ¥10), €, 211)
+ (xw, Yioy (8, 211)) = ((xl(), ym), e, 211) = (w01, e, le) = 0. ThUS (2) inlplies
0 = F(x10, € Y10, 211) = ((®10, €), Y10, 211) + (%10, & V10, 211)) = — (%10, Y10, Z11) —
(%10, € 211Y10) = —f + %10(z11Y10) = —f — (X10, 211, Y10) = —f — g. But then
f = —g = h. This proves the alternative law for the triple x1o, y10, 211. Inter-
changing subscripts in the proof and going to the anti-isomorphic copy of R
yields the same result for xo1, Yo1, 200, then for x19, V10, 200 and finally for x¢1, Vo1, 211.
Note that F(x10, €, Y10, 210) = ((X10,€), Y10, 210) + (X10, €, V10, 210)) = — (%10, Y10, Z10)
+ (%10, €, wo1) = — (%10, Y10, Z10), using (11). Now it follows from (2) that we have
the alternative law for the triple %10, ¥10, 210- Then interchanging subscripts in the
proof we are led to the same result for x¢1, Yo1, Zo1- Let @ = F(x10, €, Y10, Z01) =

((®10, €)y Y10, 201) + K10, €, V10, 201)) = — (%10, Y10, Zo1) — X10(Y10%01) = —
(%10, Y10, Z01) = (310, %10, 201), using (2). Since — (%10, Y10, 201) = — (¥10¥10)%01 =
Zm(%’mj’u}) = —(201, X10, yl()), using (16), we see that a = (yl(), X10, 201) = -
(%10, Y10y Z01) = — (201, X10, ¥10) = (201, Y10, X10). By using a linearization of (1) we
get (yw, 201, xlO) + (xw, 201, ym) =0.Letd = (3’10, 201, xw) = — (xw, 21, ylo)-
Then —a = F(x10, €, 201, ¥10) = ((%10, €), Zo1, Y1) + (%10, €, (201, ¥10)) = —
(%10, Z01, Y10) -+ (%10, €, Woo — W11) = — (%10, Zo1, ¥10) = 0. This proves the alterna-

tive law for %10, ¥10, 201. By interchanging subscripts in the proof we get the same
result for x¢1, ¥o1, 210. Thus we have proved that R is alternative. Then by a
theorem of A. A. Albert[1] R must be either associative or a Cayley vector matrix
algebra of dimension 8 over its center. This completes the proof of the theorem.

In [2] we gave an example of a three dimensional algebra with basis 1, x, ¥ such
that xy = 1, while yx = «? = 9* = 0. This algebra turns out to be simple,
power-associative, quadratic and every commutator lies in the center. Hence it
certainly satisfies (1) and (2). Moreover this algebra has an idempotent
e =31+ x + y), with ey — ye = § 5 0. Clearly this algebra is neither com-
mutative nor alternative. This shows the necessity of assuming the existence of a

Peirce decomposition relative to e before one can hope to prove alternativity.
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