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Abstract

Let Tj , i = 1, 2 be measurable transformations which define bounded composition operators
CT on I? of a (T-finite measure space. Let us denote the Radon-Nikodym derivative of

1 i

m o T~ with respect to m by hi,, i = 1, 2 . The main result of this paper is that if C^ and

C£ are both A/-hyponormal with ht < M2(h2 o T2) a.e. and h2 < M2(hl o Tx) a.e., then for
all positive integers m, n and p , [(C™ C^- )p]* is Mp <m+"' -hyponormal. As a consequence,

we see that if C£ is an A/-hyponormal composition operator, then (C^)" is Mn -hyponormal
for all positive integers n .

1991 Mathematics subject classification (Amer. Math. Soc): primary 47 B 20, secondary 47 B
38.

1. Introduction

Let (X,^2, m) be a cr-finite measure space and let T be a measurable
transformation from X into itself. Let L2 = L2(X,^2,m). Then the
composition transformation CT is defined by CTf = f o T for every / e
L2. If CT happens to be a bounded operator on L2, then we call it the
composition operator induced by T. CT is a bounded linear operator on
L precisely when (i) m o T~x is absolutely continuous with respect to m
and (ii) h = dm o T~l/dm is in L°°(X, £ , m). Let R{CT) denote the
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range of CT and C*T, the adjoint of CT. In what follows, N denotes the
set of positive integers.

Let B{H) denote the Banach algebra of all bounded linear operators on
the Hilbert space H. An operator T G B(H) is called Af-hyponormal if
there exists some M > 0 such that ||r*jc|| < A/| |rx| | for all x&H.

Let r , and T2 be measurable transformations of X into itself with
Radon-Nikodym derivatives hx and h2 respectively such that CT G B(L2)
for i = l , 2 . It is shown in [2] that if ht o Ti < hj for i,j= 1,2, then
for all positive integers m, n and p , the operator (CjC^ )p is hyponormal.
The aim of this paper is to obtain an analogous result when C*T and C*T

are M-hyponormal operators.

2. Lemmas

LEMMA 2.1. Let P be the projection of L2 onto R(CT). If Cj is M-
hyponormal then

((hoT)Pf,f) = ((hoT)f,f) forallfeL2.

PROOF. Since C*T is M-hyponormal, Ker(C .̂) c Ker(Cr). Also, for all
/ G L2 , Pf-fe Ker(P) = Ker(C*). Therefore,

{{h o T)Pf, f) = ((ho T)(Pf -f),f) + ((hoT)f,f)

= ((hoT)f,f) for all /GL2,

which proves the required result.

LEMMA 2.2. If C*T is M-hyponormal, then

h < M2(h o T) a.e.

PROOF. Since C*T is M-hyponormal, we have

This implies that

\\CTf\\2<M2\\C;f\\2 for all

(CTf, CTf) < M2{C*Tf, C*Tf)

or
(C*TCTf, f) < M2(CTC*Tf, f)

or
(hf, f) < M2((h o T)Pf, f) (by [2, Lemma l.l(a)])
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or

which yields

(hf,f)<M2((hoT)f,f), (by Lemma 2.1)

h<M2(hoT) a.e.

m = 1 and / e L2 ,

Lemma 2.1 can be extended to give the following result.

LEMMA 2.3. Let P denote the projection of L2 onto R(CT). If C*T is
M-hyponormal, then

{{hn o T)Pf, f) = ((/*" o T)f, f) for all feL2andneN.

LEMMA 2.4. If h < M2(h o T) a.e., for all r, m e N and f e L 2 , then

(2.4.1) {{h o T)rC™f, Cjf) < M
{m'l){2r+m\hr+mf, f).

PROOF. We shall prove the result by induction on m and fixed r . For
EL2,

((h o T)rCTf, CTf) = J(h o r) r ( | / | 2 o T) dm

f\2dmoT~l

f\2hdm

= (hr+lf,f),
which shows that (2.4.1) holds for m = 1. Now assuming that (2.4.1) holds
for m = 1, 2 , ... , k and / e L , we have

((h o T)rCk+if, Ck+if) = ((h o T)rCk
TCTf, CkCTf)

CTf, CT.

(by the induction hypothesis)

M(k~mr+k\hr+kCTf, CTf)

= M{k~1)(2r+k) Jhr+k{\f\2oT)dm

< M
{k~X){2r+k)+1(r+k) J{hr+k o T)(\f\2 o T) d

(since h < M (h o T) a.e.)

= Mk(2r+k+{) jhr+k\f\2hdm

= Mki2r+k+1\hr+k+if,f),
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which completes the induction step and (2.4.1) holds for all r, m e N and
feL2.

L E M M A 2 .5 . If C*T is M-hyponormal, then for all r,me and f e L 2 ,

(2.5.1) M(m-l)[2r+m\h\C™)*f, (C™)7, (Cr)*f) > {{h o T)r+mf, f).

PROOF. We fix r and induct on m . For m = 1 and / e L2 ,

(hrC*Tf, C*Tf) = (CThrC*Tf, f)

= ((hroT)CTC*Tf,f)

= {{hr o T){h o T)Pf, f) (by [2, Lemma 1.1 (a)])

= ((hr+i o T)Pf, f)

= ((hr+1 o T)f, f),

which shows that the result holds for m = 1. Let us suppose that the result
holds for m = 1, 2, . . . , k and f e L2. Then

(2.5.2) (Ar(C*+1)7, ( 4 + V / ) - {hr{Ck
T)*C*Tf, (4 ) ' c ; / )

= ((hr+1 o T)f, f), (by Lemma 2.3)

(by induction hypothesis).

But M2(h oT)>h a.e., so that M2(r+k\h ° r ) r + * > Ar+* a.e. Thus

(2.5.3)

((A o r)r+fcc;/, c;/) > L ^

((hr+k+l o T)Pf, f)

1 ((hr+k+1oT)f,f) (by Lemma 2.3)

Hence, by the use of (2.5.2) and (2.5.3), we have

Mk{2r+k+l)(hr(Ck
T

+1)*f, (Ck+l)*f) > ((hoT)r+k+lf, / ) ,
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which shows that the result holds for m = k + 1. Thus the result holds for
all r, / n e N and f & L2 .

LEMMA 2.6. Ifh<M2(ho T) a.e., then for all « e N and f e L2,

(.{Cn
T)*Cn

Tf,f)<Mn(n-X){hnf,f).

PROOF. For n — 1, the result is true since C*TCTf = hf. Let us suppose
that the result is true for n = r and / e L2 . Then

((Cr
T

+l)*Cr
T

+if, f) = ((Cr
TCT)*Cr

TCTf, f) - {{C'T)*Cr
TCTf, CTf)

< Mr{r~l\hrCTf, CTf) (by the induction hypothesis).

Now, since h < M2(h o T) a.e., hr < M2r{hr o T) a.e. and so

(hrCTf,CTf)= Jhr{\f\2oT)dm

<M2r f(hroT)(\f\2oT)dm

= M2r J hr\f\2hdm = M2\hr+lf,f).

Hence

((Cr
T

+l)*Cr
T

+lf, f) < Mr{r~l)M2r(hr+lf, f) = Mr{r+1\hr+lf, f),

which completes the induction step and the result follows.

LEMMA 2.7. If C*T is M-hyponormal, then

Mn(n-X){Cn
T{C"T)*f, / ) > ( ( * o T)"f, f)

for all n e N and f e L2.

PROOF. The result can be proved using induction on n by applying similar
techniques as in Lemma 2.6.

3. Main results

In this section we shall prove our main results.

THEOREM 3.1. If C*T is M-hyponormal, then (C^.)" is Mn -hyponormal
for all n e N.

P R O O F . S i n c e C*T i s M - h y p o n o r m a l , f o r a l l « e N a n d f £ L ,

Mn(n+{\cn
T(Cn

T)*f, f) > {h"f, f) (by Lemmas 2.7 and 2.2).
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Also, by the use of Lemma 2.6, for all n e N and / e L2 ,

{{Cn
T)*Cn

Tf,f)<Mn{n-x\hnf,f).

Hence, for all n e N and / 6 L2 , we have either

((C"T)*Cn
Tf, f) < M2n\cn

T(Cn
T)*f, f)

or

\\C"Tf\\2<M2nl\\(Cn
T)*f\\2

or

which proves the required result.

THEOREM 3.2. With Tt,T2, hx and h2 as above, let A = CT and B =

CT . If A* and B* are M-hyponormal such that

and

h. < M2(h2 o T2) a.e.,

h2 < M2(h{ o T{) a.e.,

then (AmBn)* is M{m+n)2-hyponormal for all m,neN.

PROOF. Since A* and B* are M-hyponormal, by Lemma 2.2,

hi<M2{hioTi) f o r / = 1 , 2 .

Now for f e L2 ,

((AmBn)*(AmB")f, f) = {{Am)*AmBnf, Bnf)

<Mm{m-l\h™Bnf,Bnf) (by Lemma 2.6)

< Mm{m+l)((h2 o T2)
mB"f, B"f)

(since hx< M {h2 o T2)a.e.)

> / } ( b y
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On the other hand,

{{AmBn){AmB")*f, f) = (AmB"(Bn)*(Am)*f, f)

= (B"(Bn)*(Am)*f, (Am)*f)

(by Lemma 2.7)

"(Am)*f, (Am)*f) (by hypothesis)

- Mn(n+l)+(m-l){2n+m)((hl ° T{) f, f)

(by Lemma 2.5)

Thus, for all / e L 2 , w e have either

{{AmBn)*{AmBn)f, f) < M2{m+n)\(AmB")(AmByf, f)

or

or

\\{AmBn)f\\2 < M2{m+n)2\\(AmBn)*f\\2

\\{AmBn)f\\<M{m+n)\\{AmByf\\,

so that (AmBn)* is M(m+n) -hyponormal.
Following the same lines as in the proof of Theorem 3.2 and induction on

p, we can prove the following theorem.

THEOREM 3.3. Under the hypothesis of Theorem 3.2, we have

(3.3.1) {[{AmBn)p)\AmBn)pf, f) < M^rf-e^tf^f, /)

and

(3.3.2) Mpl(m+n)1+p(m+n\{AmBn)p[{AmBnfXf, f) > (hp{m+n]f, f),

for all m, n and p e N and f e L2.
With the help of Theorem 3.3, we can generalize Theorem 3.2 in the fol-

lowing form.

THEOREM 3.4. Under the hypothesis of Theorem 3.2, [(AmBn)p]* is

Mp2{m+n)2-hyponormal.
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PROOF. Using (3.3.1) and (3.3.2), for all m, n and p e N and / e l 2

we have that

([(AmB")p]*(AmB")pf, f) < M2p2{m+n)\(AmBn)p[(AmBn)p]*f, f)

or

or
\\(AmBn)"f\\ < Mp7{m+n)2\\[(AmB")p]*f\\,

which completes the proof of the theorem.

COROLLARY 3.5. Under the hypothesis of Theorem 3.2, [(AB)"]* is M4"-
hyponormal. In particular, {AB)* is M4-hyponormal.
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