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Sufficient conditions for the absolute summability (4)! of a
Fourier series have been given by J. M. Whittaker? and B. N. Prasa.d®.
They obtained theorem 1 below in the cases o = 0 and o = 1 respec-
tively. Theorem 1 is contained in theorem 2, which was given by
Prasad? in the case a = 0.

We suppose f (1) to be defined and integrable L in (— =, #) and
periodic outside, and write ¢ (t) = 3{f (0 + )+ f(0 —¢) — 2s}.] We
define @, (f) as the Riemann-Liouville integral of order a (not
necessarily an integer) of ¢ (¢), and we suppose throughout that ¢ > 0.

Then
1 —_—

@u (t) =m—)-J-0(t—'l//) 1¢(u)du, a>0, (l)

D, (t) = ¢ (¢).
It is well known that, if 5> 0,

®, 5 (1) = (ﬁ)j(t——uw 10, (u) du. @)
Accordingly we define @, (¢), for — 1 <a <0, by
d

(Da. (t) = —(,E q)a.+1 (t) (3)
We define the mean value ¢, (t) of ¢ (¢) by

(ﬁa (t) =T (a' + 1), (t)' 4
We also write

¥ ()= o )= 9 e () — @ 0> 1

W, () = 4 (t) — Dy (1), )

1% ap is said to be absolutely summable (4) if T anxm converges to A (x) for
O0=2<1 and 4 (x) is of bounded variation in (0, 1). The sum is thenx __)ﬁin_o A ().
See Whittaker, 4.

2 Whittaker, 4.

3 Prasad, 2, 3.

4 Prasad, 2, 3.

https://doi.org/10.1017/50013091500024123 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500024123

THE ABSOLUTE SUMMABILITY (A) oF FOURIER SERIES 13
and extend this, for 0 <a < 1, by
d
Y. () = d_t‘Fa-l—l (t).! (6)
Theorem 1. If, for some a = 0 and 5 > 0,
r Mdt < w (7
o ’

then the Fourier series of f(t) is absolutely summable (A) for t =0 to
the sum s.

This is included in
Theorem 2. If, for some o = 0, ¢, (t) is of bounded variation in (0, %)
and ¢,(t)—>0 as t—>0, then the Fourier series of f(t) is absolutely
summable (4) for t =60 to the sum s.

We use the following lemmas.
Lemma 1. If a > 0, then

(e + 1) 6= ¥, (1) = a {pamr (1) — da (1)} = 18", (8). (8)

This follows easily from the definitions.?
Lemma 2. If F,(t) is the a-th integral of f (t) and a = 0, then

T + 1)j0 (O] 44 (9)

titea

is a non-increasing function of a.
We have, for 8> a,

| Fe B+1) [ dt

B+l)jo t“’ﬂldt ;Eﬁ.—a) Jo t1+B j (¢ —w)p=e"1 F, (u)du
T
' (

0

_gf_r_i; o [ = vt P

(
_TE+1 1y
= E—a) .O'F lduj (t—wu)p—e—1t—1-8Bqt

e

- " | Fa ()
=T(a+1) J, urr du,

which proves the lemma.

Y If ¢p(t) is the integral of its derivative, W (t) is the a-th integral of t¢'(¢). The
relation of the function t¢p’(t) to ¢(t) is analogous to that of the sequence nun to
ag+...+ an.

2 ¢f. Bosanquet, 1, lemma 2.
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Lemma 3. If ¢, () is of bounded wvariation in (0, n) for a given
a = 0, then this is true if a is replaced by B> a.
If o > 0, we have, by lemma 1,

jn ¢t =T@@+1) [ FeO g
0

1+a

and the result follows from lemma 2. The case a = 0 may be left to
the reader.

Let

1 — a?
1 — 22 cost + a2’

Then we have the following two lemmas.

Kz t) = (10)

Lemma 4. If0<t<inm, 0<z<1, and 71is a non-negative integer, then
or+1
& @ )! {<A( 2)-2t-7, (11)
when A is independent of x and t.
It is easily verified by induction that

t2r

a7 sin r—2XA t

T Kz, t)=(1—a% T P,(t)

ot A=0 (1 — 2z cost + x?)l+r—2’
where P, (f) is a trigonometrical polynomial. Hence it is easy to
see! that - ] I
ox otr K1) = XZ=100 {(1 — 2z cost + x"‘)”"*}
uniformly in z and t.
Now
1 — 2z cost+ 22 = (x — cost)? + sin?¢ = sin?t. (12)
Therefore
aa K (@, = z Ofsinr-2—2rN g — 0 (1=5),
On the other hand
1 -2z cost + 2% = (1 — )2 + 4z sin? it = (1 — z2)2. (13)
Therefore by (12) and (13),
or+1

K(z,t)= Z 0{(1—:1:)“2 sin 7~2A-20-N g

= 0{(1 —x)"2t77,
which completes the proof.

ox ot

(L -2)(x—cost)

1 Si =0,1, ...
Since P () (A=0,1, #) and 1 %2 cost a7

follows from (12) and (13).

are bounded. The last fact
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Lemma 5. If O0<t<im, O<xz<l, and r is a non-negative inleger,

then
t or+l < At
jo“'ax g (® ) d“' { < 40— (14)

where A is independent of x and t.
If r = 0 we have

2 sint
1 — 2x cost + 22

[ )
j —K(x,u)du)z
oax

< A(sint)?
< 4(1 —2)~2sint,

from which the result follows. On the other hand, if » > 0,

J’t 3r+1 K d , 3’ K t
r Y =t 2
¥ smaw E@wde=t oo K 0)

t 1 ar
— r—
rjou Frow K (z, u)du,

and the result follows from lemma 4 by induction.

Proof of theorem 2. If

da, + nZO'.Ol (a, cos nt + b, sin nt) (15)
is the Fourier series of f (t); and
P(x) =3ap+ § (a, cosnb 4 b, sin nd)a”, (16)
then, for 0 <x <1, "
Q(z) =P(x)—s
_ 1 j”qsu) K (2, 1) di. (17)
7 Jo

To show that (15) is absolutely summable (4) for ¢t = we must
show that

Jio @< (18)

Let

ew = L{[ +[ |40 K@ 0a=0@+eE).

7

Then Whittaker and Prasad have remarked that we need only prove
that

J-: [@'1(2)|de < 0, (19)

and we may suppose that 0 <y =< in.
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By lemma 3 we may suppose that a =« is a positive integer.
Now integration by parts gives

Q1 () = j0¢ 0 2 o

~ [Pi(—m—lq)p() i K@)
+ (—1) j@ (t)a aKK(x t)dt,
and
I )i T K@ dt = [ 4, (t)j Sz K, wdu]
, . ax-{-l
— j0¢ «(t) dt jou Py K (z, u)du.
Hence

j Q') ()| da sj dz z

@, (1) —a;)—p-;K(x,n)l

+ P(K+ T de

SR fdj"'tds‘ ! K@, u)d
T+, 0|¢,¢()| t\ 0" oz our (@, w) u,
The first two terms are finite by the first inequalities in (11) and (14)
respectively, with { = n. Therefore

1 , 1
jolQl(w)ldxéA—kF( ) j |4 (t) [dtj

where A denotes some constant.

r ox+1
boon [ T K (@) du

j‘t ax+1 K d
Ou o (z, u) ul,

Now write

1
jdx
0

Then, by lemma 5, we have, uniformly for 0 <t <4,

t ax+1
Lux 5 K(x,u)duj— d:r+ dx_Il+12

I, = J.O_tt O{(1—2)"%de =0(1)
and
I, = Jl t-10 (1)dz = O (1).

. 1-¢
Since

1601 <o

(19) now follows.
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To complete the proof we must show that

lim Q(z) = 0. (20)
z=—>1-0

This may be deduced from the hypothesis ¢,(f)—>s as t— 0 by
analysis of a similar nature to that already used. On the other hand
it is well known that this hypothesis implies the summability (C') of
the Fourier series to the sum s, and thus its summability (4) to the
same sum.

Finally, to deduce theorem 1 from theorem 2, it is only necessary
to observe that, by lemma 1,

1#cama= @+

é(aﬂ)” | (¢ ldt+j ENNC) mdt}

jn |¢a (t) - ¢a+1 (t) l dt

§2(a-'r-1) J’n,(ﬁa(t)ldt.

by lemma 2. Thus ¢,,,(t) is of bounded variation in (0, ), and so
tends to a limit as ¢ - 0. Since ¢, (¢)/¢ is integrable this limit must
be zero.

Added 13th November 1933. More precise results may be obtained
by employing absolute summability (C), which itself implies absolute
summability (4). It is true, for instance, that a necessary and
sufficient condition that the Fourier series should be absolutely summable
(C) for t = @ is that ¢, (t) should be of bounded wariation in (0, 5) for
some a.t

U A preliminary account of these results will be published in the Mathematical
Guazette.
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