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Symmetric Products of Equivariantly
Formal Spaces

Matthias Franz

Abstract. Let X be a CW complex with a continuous action of a topological group G. We show
that if X is equivariantly formal for singular cohomology with coefficients in some field k, then so
are all symmetric products of X and in fact all its I'-products. In particular, symmetric products of
quasi-projective M-varieties are again M-varieties. This generalizes a result by Biswas and D’Mello
about symmetric products of M-curves. We also discuss several related questions.

1 Statement of the Results

Let X be a complex algebraic variety with an anti-holomorphic involution 7. Then the
sum of the Z,-Betti numbers of the fixed point set X* cannot exceed the correspond-
ing sum for X. In case of equality, we have

(L1) dim H* (X% Z,) = dim H* (X; Z,),

and one calls X maximal or an M-variety. Maximal varieties are an important object
of study in real algebraic geometry.

Let n > 0. The n-th symmetric product SP” (X) of X is the quotient of the Carte-
sian product X" by the canonical action of the symmetric group S,;; SP°(X) isa point.
If X is quasi-projective, then SP”(X) is again a complex algebraic variety equipped
with an anti-holomorphic involution induced by 7.

Assume that X is a compact connected Riemann surface of genus ¢ > 0. In this
case, Biswas and D’Mello [4] have recently shown that if X is maximal, then so is
SP"(X) for n < 3and n > 2¢ — 1. The main purpose of this note is to point out that
this conclusion holds in far greater generality.

A continuous involution 7 on a topological space X is the same as a continuous
action of the group C = {1,7} = Z,. For many “nice” C-spaces, including the al-
gebraic varieties considered above, equality (L1) is equivalent to the surjectivity of
the canonical restriction map H.(X;Z,) — H*(X;Z,) from equivariant to ordinary
cohomology; see Proposition 2.1.

We recall the definition of (Borel) equivariant cohomology (cf. [5, Sec. IIL1]). Let G
be a topological group, and let EG — BG be the universal G-bundle; for G = C this is
the bundle S*° — RP. The equivariant cohomology of a G-space X with coefficients
in the field k is defined as H(X;k) = H*(Xg;k), where H*(-) denotes singular
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cohomology and the Borel construction X = EG x¢ X is the quotient of EG x X by
the diagonal G-action.

If the inclusion of the fibre X — X induces a surjection in cohomology, then
X is called equivariantly formal over k. This condition is equivalent to the freeness
of H;(X;k) over H*(BG;k) if G is for instance a compact connected Lie group or
a connected complex algebraic group; see Proposition 2.2. Many spaces are known
to be equivariantly formal over R, for example compact Hamiltonian G-manifolds
for G a compact connected Lie group [9], [15, Prop. 5.8], or rationally smooth com-
pact complex algebraic G-varieties for G a reductive connected algebraic group [11,
Thm. 14.1], [21].

Let T c S, be a subgroup. The T-product X' of a topological space X is the quo-
tient of X" by the canonical action of T (cf. [6, Def. 7.1]).! For T = 1 one obtains the
Cartesian product X” and for ' = S, the n-th symmetric product of X considered
above for quasi-projective varieties. Note that any continuous G-action on X induces
one on X'.

Our generalization of Biswas and D’Mello’s result now reads as follows.

Theorem 1.1 Let G be a topological group and X a CW complex with a continuous
G-action. Let k be a field and T a subgroup of S, for some n > 0. If X is equivariantly
formal over k, then so is X".

Corollary 1.2 If X is a quasi-projective M-variety, then X' is an M-variety. In par-
ticular, symmetric products of quasi-projective M-varieties are again M-varieties.

We have the following partial converse to Theorem 1.1.

Proposition 1.3  With the same notation as before, assume that n > 1 and that X has
fixed points. If X' is equivariantly formal over k, then so is X.

Example 1.4 Let X = CP'. Then SP"(X) is homeomorphic to CP", as can be
seen by identifying C"*! with complex binary forms of degree n and invoking the
fundamental theorem of algebra.

Let 7 be complex conjugation on CP'. This is an anti-holomorphic involution with
fixed point set RP!; CP! therefore is maximal. The induced involution on CP" is again
complex conjugation. Hence SP"(X)* = RP", showing that SP” (X)) is maximal, too.

Now consider the holomorphic involution on X given in homogeneous coordi-
nates by [xo:x1] = [%o: — x1]. This action is also equivariantly formal over Z, with
the two fixed points [1: 0] and [0:1]. The induced involution on CP" is

[x0: - :xn] P [x0: = x1:x5: - :(=1)" x,,].

For n > 1, its fixed point set is the disjoint union of CP* and CP', where k and [ are
obtained by rounding (n — 1)/2 respectively up and down to the next integer. The
Betti sum of the fixed point set is (k +1) + (I +1) = n + 1. This is the same as for CP",
which again confirms Theorem 1.1.

1Despite the similar notation, the I'-product X should not be confused with the fixed point set X
of the G-action on X.
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Finally, let 7 be the anti-holomorphic involution given by [x:x;] — [X1: — X ]. It
is fixed-point free and corresponds to the antipodal map on S2. The fixed point set
of SP(X) = CP? is homeomorphic to the orbit space X/C ~ RP*. Hence, SP*(X) is
maximal, while X itself is not. This illustrates that Proposition 1.3 may fail for actions
without fixed point.

A G-space X is equivariantly formal if and only if G acts trivially on H*(X;k)
and the Serre spectral sequence for the bundle X — X — BG with coefficients in k
degenerates at the second page [5, Prop. II1.117], [16, §VI.5.5]. One can study these
two conditions separately.

Proposition 1.5  Assume the same notation as in Theorem 1.1. If G acts trivially
on H*(X), then it also does on H*(X"). The converse holds if X® # @ and n > 1.

The degeneration of the Serre spectral sequence is a more delicate matter. Con-
sider again a compact connected Riemann surface X with an anti-holomorphic invo-
lution 7, and assume that it has fixed points. In this context, Baird [3, Prop. 3.9] has
recently shown that the Serre spectral sequence with coefficients in Z, for the Borel
construction of any symmetric product of X degenerates at the second page. It is not
difficult to extend this to compact Riemann surfaces that are not connected or without
fixed points. Recall that C = {1, 7}.

Proposition 1.6  Let X be a compact, not necessarily connected Riemann surface with
an anti-holomorphic involution 7. If the Serre spectral sequence for X¢ with coefficients
in Z, degenerates at the second page, then so does the one for SP" (X)c.

Question 1.7 (Baird) Let the notation be as in Theorem 1.1. If the Serre spectral
sequence for X with coefficients in k degenerates at the second page, does the same
hold true for the Borel construction of X" ?

In a different direction, the notion of equivariant formality has been extended to
that of a syzygy in equivariant cohomology by Allday, Franz, and Puppe [2] (for G a
torus) and Franz [10] (for G a compact connected Lie group). Let r be the rank of such
a G so that H*(BG;R) is a polynomial algebra in r variables of even degrees. For 1 <
k < r, the k-th syzygies over H*(BG;R) interpolate between torsion-free modules
(k =1) and free ones (k = r). Since a G-space X is equivariantly formal over R if and
only if Hf,(X;R) is a free module over H*(BG;R), Theorem 1.1 can be restated as
follows: if HY,(X;R) is an r-th syzygy over H*(BG;R), then so is H;; (X";R). The
following example, whose details appear at the end of the paper, shows that this result
does not extend to smaller syzygy orders.

Example 1.8 Let G = (S')" be a torus; H*(BG;R) is a polynomial algebra in
r indeterminates of degree 2 over R. Let X = XG be the suspension of the torus.
Then H (X;R) is given by pairs of polynomials with the same constant term. Hence,
H{(X;R) is torsion-free, but not free for r > 2 (not even a second syzygy); see [1, Ex-
ample 3.3].
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There is a G-stable filtration of SP?(X) of length 2 whose associated spectral se-
quence converging to Hj(SP*(X);R) has the the property that second column of
the limit page is finite-dimensional over R and non-zero for r > 3. Since this column
isan H*(BG;R)-submodule of Hf (SP?*(X); R), it follows that H (SP*(X); R) has
torsion for r > 3.

2 Proofs

We are going to show that Theorem 1.1 is a consequence of Dold’s results [6] about the
homology of symmetric products. For the sake of completeness, let us first justify the
claims made previously regarding the Betti sum of the fixed point set and equivariant
formality. In this section, all (co)homology is taken with coefficients in a field k.

Proposition 2.1 Let p beaprimeandr e N. Letk = Z,, G = (Z,)", and let X be a
smooth G-manifold or real analytic G-variety with finite Betti sum. Then

dim H*(X) < dim H* (X)
with equality if and only if X is equivariantly formal.

Proof This holds in fact for a much larger class of G-spaces X including finite-
dimensional G-CW complexes with finite Betti sum (cf. [5, Prop. 111.4.16]). It thus
suffices to observe that smooth G-manifolds and real analytic (even subanalytic)
G-varieties are G-CW complexes, see [13, Thm., p. 199] and [14, Cor. 11.6]. [ |

Proposition 2.2 Let G be a connected group with homology of finite type and let X
be a G-space. Then X is equivariantly formal over k if and only if Hf,(X) is a free
H*(BG)-module.

Proof Recall that BG is simply connected and with homology of finite type if (and
only if) G is connected and with homology of finite type; ¢f. [18, Cor. 7.29] and the
proof of Lemma 2.3.

Assume that X is equivariantly formal over k, so that the restriction to the fi-
bre H(X) = H*(Xg) — H*(X) is surjective. The Leray-Hirsch theorem [16,
V1.8.2], [5, Prop. I11.1.18] then implies that H* (X ) is a free module over H* (BG).

For the converse we use the Eilenberg—Moore spectral sequence [19, Thm. 3.6],
[18, Cor. 716]

EP = Torg*(BG)(H*(XG),]k) — H*(X).
Since H*(X¢) is free over H* (BG), the higher Tor-modules vanish, and the spectral
sequence degenerates at the second page, whence
H*(X) = H*(XG) ®H*(BG) k.
It follows that the restriction to the fibre is surjective, because the canonical map
H*(Xg) ®u+(86) k — H"(X)

induced by the restriction map corresponds to the edge homomorphism of the spec-
tral sequence, see [19, Prop. 1.4]. ]
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We now turn to the proof of Theorem 1.1. As in [6], it will be convenient to work
with simplicial sets [16,17]. We write S(X) for the simplicial set of singular simplices
in a topological space X, and H(X) for the homology of a simplicial set X with coef-
ficients in k as well as H* (X) for its cohomology.

Recall that the singular simplices in a topological group G form a simplicial
group 8(G), and those in a G-space X a simplicial 8(G)-set 8(X). For any sim-
plicial group § there is a canonical universal G-bundle EG — BS (see [17, §21]),
and for any simplicial G-set X' one can define its equivariant cohomology H§(X) =

The following observation is presumably not new, but we were unable to locate a
suitable reference.

Lemma 2.3 Let G be a topological group and X a G-space. Then there is an isomor-
phism of graded k-algebras

Hg(6)(8(X)) — Hg(X)
compatible with the restriction maps to H*(8(X)) = H*(X).

Proof Let G be a simplicial group, € — B a principal §-bundle, and X a simplicial
G-set. By a theorem of Moore’s [18, Thm. 7.28], there is a spectral sequence that is
natural in (&, §, X) and converging to H(& xg X) with second page

(2.1) Tor?G) (H(&), H(X)).

This can be seen as follows. Denote the normalized chain functor with coefficients
ink by N(-). It is a consequence of the twisted Eilenberg-Zilber theorem that the
complexes N(€ xg X) and N (&) ®y(g) N(X) are homotopic [12, Prop. 4.6, ]. Thelat-
ter complex is homotopic to the bar construction B(N (&), N(9), N(X)), because the
differential N(§)-modules N(X) and B(N(S),N(S), N(X)) are homotopic (cf. the
proof of [18, Prop. 7.8]). The former bar construction can be filtered in such a way that
the second page of the associated spectral sequence equals (2.1).

Now set § = 8(G) and X = 8(X). We have §(EG xg X) = S8(EG) xg X, and
by [17, Lemma 21.9] there is a §-map S(EG) — ES. So we only have to show that the
induced map

(2.2) S8(EG)xgX — EGxgX

induces an isomorphism in cohomology. But this follows from Moore’s theorem, be-
cause the map between the second pages of the spectral sequences

Tor 9 (H(EG), H(X)) — Tor"©( H(ES), H(X)

is an isomorphism as both EG and E§ are contractible. Hence (2.2) induces an iso-
morphism both in homology and cohomology. [ |

With a similar spectral sequence argument, one can show thatifamap f: X — Y of
simplicial G-sets induces an isomorphism in homology, then it also does so in equi-
variant cohomology.
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Lemma 2.4 Let f:X — Y be a map of simplicial sets. If H( f) is injective, then so is
H(f"):H(X") - H(Y").

Proof Recall that the I'-product is a functor on the category of simplicial vector
spaces [6, §6.2]. We write the simplicial k-vector spaces of chains in X and Y as C(X)
and C(Y), respectively.

If H( f) is injective, it admits a retraction R: H(Y) — H(X). By [6, Prop. 3.5], there
is a morphism of simplicial vector spaces r: C(Y) - C(X) such that H(r) = R. By
functoriality, H(r") is then a retraction of H(fT1). [ |

Proof of Theorem 1.1 Let § = $(G). We first consider a simplicial G-space X. Let
eo € (EG)o be a fixed base point. By abuse of notation, we use the same symbol for any
degeneration of ey. Elements of EG xg X are written in the form [e, x| with e € EG
and x € X.

Noting that X" is again a G-space, we consider the commutative diagram

xl" o N nggxr

I

(EGxg X)F,

where « is the inclusion of the fibre XT,
o [Xl,...,xn] —> [eOa [Xl,...,xn]],
B is the map
B:le [x1,-. o xa]] — [[ex1)s- .. [e.xa]],
and y is the I'-product of the inclusion of the fibre 1: X — EG xg X,
Yi[X, oo X ] — [[eo,xl],...,[eo,xn]].

By assumption, H* (1) is surjective. Equivalently, H(t) is injective. By Lemma 2.4,
this implies that H(y) = H(B)H(«) is injective and therefore also H(e). Hence,
H*(a) is surjective. This proves the simplicial analogue of our claim.

To deduce the topological result from this, consider the canonical maps

8(X)| — BX)I" — X,

where | - | denotes topological realization. As explained in the proof of [6, Thm. 7.2],
the first map is a homeomorphism between compact subsets, and the second one
is a homotopy equivalence, because |S(X)| — X is a homotopy equivalence for the
CW complex X. As a consequence, the G-equivariant map 8(X)' — $(X") is a quasi-
isomorphism. Hence, the surjectivity of the top row in the diagram

Hg(8(X)") —— H*(8(X)")

HE(8(X")) —— H*(8(X"))

implies that of the bottom row. We conclude the proof with Lemma 2.3. ]
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Proof of Corollary 1.2 Recall that algebraic varieties are finite-dimensional CW
complexes (see the proof of Proposition 2.1) with finite Betti sum. Because X is quasi-
projective, X' is again an algebraic variety; cf. [8, Example 6.1]. By what we have said
in the introduction, it is enough to verify that X' is equivariantly formal with respect
to complex conjugation. This follows from Theorem 1.1. ]

Lemma 2.5 Let X be a CW complex, y € X, and T’ c S, for some n > 1. Then the
map

f:X—)Xr, x»—>[x,y,...,y]

induces an injection in homology.

Proof Let V and W be k-vector spaces. Following [6, §8], we write (V, W)! for the
I'-submodule

® WD o v o WO ¢ (Vo W),

k=1
which is in fact a direct summand. Moreover, (V, W)!/T is isomorphic to the direct
sum of b copies of V. ® W"™!, where b is the number of T'-orbits in {1,...,n}.

As in [6, §8], this construction carries over to simplicial vector spaces. The choice
of a base point y € X determines a splitting C(X) = C(X) @ k; cf. [6, §9]. Moreover,
H(X") contains b summands of the form H(X) ® k®*), and H(f) maps H(X)
isomorphically onto one of them. Hence, H(X) injects into H(X"). [ |

Proof of Proposition 1.3 By Lemma 2.5, any choice of base point y € X gives a
map f inducing a surjection in cohomology. If y is a fixed point, then f is equivariant.
The left and bottom arrow in the commutative diagram

H*(X) ¢—— Hg(X)

w ] Treen

H*(X") «—— H§(X")
are surjective, hence so is the top one. ]

Proof of Proposition 1.5 Asin the proof of Theorem 1.1, we can consider the I'-prod-
uct of the simplicial vector space C(X) instead of X', since X is a CW complex.

Let g € G; it induces a map ag: X — X, x ~ gx. By assumption, H(ay) is the
identity. Hence, N(ag): N(X) — N(X) is homotopy equivalent to the identity map
on the normalized chain complex of X; cf. [7, Prop. I1.4.3]. By [6, Cor. 2.7] this implies
that the morphism of simplicial vector spaces C(a,): C(X) — C(X) isalso homotopy
equivalent to the identity. Because I'-products preserve homotopy [6, Thm. 5.6, §6.2],
we conclude that C(ag)" is again homotopy equivalent to the identity, so that g acts
trivially in the (co)homology of X'.

The converse follows from Lemma 2.5 as in the proof of Proposition 1.3. ]

Proof of Proposition 1.6 Let Y be a finite C-CW complex; then SP*(Y) is again
a finite C-CW complex. Recall from [3, Prop. 3.7] that the Serre spectral sequence
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for Y¢ degenerates at the second page if and only if
(2.3) dim H*(Y") = dim H* (Y ) riv.

(In [3], Y is assumed to be a compact Z,-manifold; the proof carries over to our
setting.) We refer to [3, Sec. 3.2] for the definition of Vi, for a finite-dimensional
Z,-vector space V with a linear involution; we only observe that for any two such
vector spaces we have isomorphisms

(24) (V @ W)triv = Vtriv >} vvtriv and (V ® W)triv = Vtriv ® ‘/Vtriv'

(By the first isomorphism, it is enough to verify the second for the trivial and the
2-dimensional indecomposable Z,-module.) Moreover, if U is a finite-dimensional
vector space and Z; acts on U ® U by swapping the factors, then

(2.5) (U U)iy 2 U.

To prove the proposition, assume first that X # @ is connected. Then H®(X) iy
does not vanish, which by (2.3) implies that X has fixed points. Our claim, therefore,
reduces to Baird’s result [3, Prop. 3.9].

Next we recall that if X = Y u Z is the disjoint union of two subspaces, then

(2.6) SP"(X) = U SPX(Y) x SP!'(2),

see [6, eq. (8.8)].

Assume that 7 transposes Y and Z ~ Y (cf. [3, Prop. 3.2]) so that H*(X) iy = 0.
The subspaces in (2.6) are then also permuted by 7. If n is odd, none of them is 7-
stable. Hence there are no fixed points and H* (SP" (X)) iy = 0, proving our claim.

If n = 2k is even, then SP"(X)™ = (SP¥(Y) x SP¥(Z))™ ~ SP¥(Y) and

H*(SP"(X))uiv = H* (SP¥(Y) x SP¥(Z) ) uriv

= (H*(SP*(Y)) ® H*(SP*(Y))), . = H*(SP*(Y))

triv
by (2.5). Thus, the criterion (2.3) is again satisfied.

Finally, consider the case of general X. Its finitely many connected components
are either stable under 7 or come in pairs that are transposed by 7. If both Y and Z
in (2.6) are 7-stable, then we also have

SP"(X)"= U SP*(Y)"xSP(2)".
k+l=n
Hence the claim follows from the two cases already discussed together with the Kiin-
neth formula and the identities (2.4). [ |

Proof of Example 1.8 Recall thatk = R in this example and write I = [0,1]. The pro-
jection 7m: X = (G xI)/~ — I induces a projection SP*(7r) from SP*(X) onto SP*(I),
which we identify with the triangle with vertices (0, 0), (0,1), and (1,1).

We consider the spectral sequence Ei ! induced by the filtration of SP*(X) by the
inverse images of the faces of this triangle and converging to H, (SP*(X)). The fibre
over each vertex is a fixed point and contributes a summand H*(BG) to E>*, the
zeroeth column of the first page of the spectral sequence. The fibre over each leg is
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G and contributes a copy of R to E}*. The fibre over the hypotenuse is SP?(G), on
which G acts locally freely. Hence,

HE(SP*(G)) = H*(SP*(G)/G) = H™*(G),

as can be seen by first dividing G x G by the diagonal G-action and then by S,. The
fibre over the interior of the triangle is G x G, hence contributes H*(G) to E{**.

For q > 0, the differential d;: Ei’q - Elz’q is the inclusion H**"(G) - H*(G), and
the zeroeth row E;*° computes the cohomology of the triangle. This implies E}* = 0
and E>* = H*4(G).

We claim that the differential

0,25, 1;0,2s 2,251
d,”:E;” — E;

vanishes for s > 1. Inspired by the proof of [20, Thm. 5], we consider the squaring map
on G. It induces a map X — X preserving the fibres of 7, hence also a map SP*(X) —
SP?(X) preserving the fibres of SP? (7). We therefore get a map of spectral sequences
which scales E3'* by 2° and E>**" by 2271, Because this map commutes with the
differentials in the spectral sequence and 2¢ # 227! for s > 1, we conclude d;"* = 0
for s > 1. Hence E%* = E>* = H°%4(G), except possibly in degree 1. Since r > 3, this
shows that Ei’,* is non-zero and finite-dimensional over R. As mentioned earlier, this
implies that H, (SP?(X)) has torsion over H* (BG). [ |

Acknowledgments I thank Tom Baird and Volker Puppe for stimulating discus-
sions. I am particularly indebted to Volker Puppe for drawing my attention to Dold’s
work [6] and for the suggestion to look at the G-action in the cohomology of X.
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