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OPTIMAL STOPPING RULE FOR THE
NO-INFORMATION DURATION PROBLEM
WITH RANDOM HORIZON

MITSUSHI TAMAKIL* Aichi University

Abstract

As a version of the secretary problem, Ferguson, Hardwick and Tamaki (1992) considered
an optimal stopping problem called the duration problem. The basic duration problem
is the classical duration problem, in which the objective is to maximize the time of
possession of a relatively best object when a known number of rankable objects appear
in random order. In this paper we generalize this classical problem in two directions
by allowing the number N (of available objects) to be a random variable with a known
upper bound » and also allowing the objects to appear in accordance with Bernoulli trials.
Two models can be considered for our random horizon duration problem according to
whether the planning horizon is N or n. Since the form of the optimal rule is in general
complicated, our main concern is to give to each model a sufficient condition for the
optimal rule to be simple. For N having a uniform, generalized uniform, or curtailed
geometric distribution, the optimal rule is shown to be simple in the so-called secretary
case. The asymptotic results, as n — oo, will also be given for these priors.
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1. Introduction

In the classical best-choice problem, a version of the secretary problem studied extensively
in Gilbert and Mosteller (1966), a fixed known number n of rankable objects (1 being the
best and n the worst) appear one at a time in random order with all n! permutations equally
likely. Each time an object appears, we observe only the relative rank of the current object with
respect to its predecessors. We must select one object and find a stopping rule that maximizes
the probability of selecting the best object. The optimal rule passes over the first s} (n) — 1
objects and stops with the first relatively best object if any, where

i#u} (1.1)
=l .

sx(n) = min{k >1:
j=k+1

Asn — oo, s} (n)/n — e~! 2 0.3679 and the optimal probability of selecting the best overall
also converges to e L.

As a different version of the secretary problem, Ferguson et al. (1992) considered an optimal
stopping problem called the duration problem. Among other models, the basic duration problem

is the classical duration problem (see Section 2.2 of Ferguson et al. (1992), in which this
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problem is called the finite-horizon duration problem), where we must find a stopping rule that
maximizes the expected duration of holding a relatively best object. Clearly, we select only a
relatively best object, receiving a payoff of 1 plus the number of future observations before a
new relatively best object appears or until the final stage 7 is reached. The optimal rule passes
over the first £ (n) — 1 objects and stops with the first relatively best object if any, where

tc*(n)zmin{kzl: > ]%1 %5 > ll} (1.2)

j=k+2 i=j i=k+1

Asn — oo,tf(n)/n — e~2 A 0.1353 and the optimal proportional payoff (equal to the
payoff/n) converges to 2e 2 &~ 0.2707.

The optimal stopping rule in each of the above two classical problems is simple in the sense
that it stops on the first relatively best object appearing after a given stage. Henceforth, such a
rule is referred to as a simple rule. We call s} (n) and ¢} (n) threshold values.

In this paper we attempt to generalize the classical duration problem in two directions
by allowing the number of objects to be random and also allowing the objects to appear in
accordance with Bernoulli trials. More specifically, this can be stated as follows, if we call
an object candidate when it is relatively best. Each object observed is immediately judged
either to be a candidate or not. Let X ;, j > 1, be the indicator of the event that the jth object
is a candidate, and suppose that X1, X», ... is a sequence of independent Bernoulli random
variables with P{X; = 1} =a; =1 - P{X; =0}, j > 1. Also, let N be a bounded random
variable representing the number of available objects, i.e. the length of the random horizon.
It is assumed that N is independent of the sequence X1, X», ... and has a prior distribution
pk = P{N =k} such that Y ;_, px = 1 and p, > 0O for a known upper bound n, and that the
payoff is O if no object is chosen. This problem, henceforth referred to as the random-horizon
duration problem (RHDP), is completely specified by two sequences {a; }721 and {pi}}_,, and
involves finding a stopping rule that maximizes the expected duration of holding a candidate
based on the available information X1, X3, ..., Xy.

The classical duration problem occurs as a special case of the RHDP if N degenerates to n,
ie. PIN =n} = landa; = 1/j, 1 < j =< n, because the relative ranks Ry, Rz, ..., R,
of n rankable objects presented one by one in random order have the property that the R;
are independent with P{R; = i} = 1/j, 1 < i < j, and the only relevant information
about R; is whether R; takes the value 1 or not. We are said to be in the secretary case if
aj=1/j,1<j=n.

In Section 2 we formulate the RHDP. This problem can be distinguished as two models,
model 1 and model 2, according to whether the final stage of the planning horizon is N or n.
This distinction is related to the last candidate. That is, it is assumed that if the chosen object is
the last candidate prior to N, we can hold it until stage N in model 1, and until stage » in model 2.
It is easy to see that the optimal rule is always simple for n < 3. However, for n > 4, the form
of the optimal rule heavily depends on {a; };'.:1 and {py}}_,, implying that the optimal rule is
not necessarily simple (see Section 2 for an example where N degenerates to n = 4). Hence,
our main concern in this paper is to give a sufficient condition for the optimal rule to be simple.
Model 1 will be considered in Section 3 and model 2 in Section 4. An interesting application
of this condition appears in the secretary case. For N having a uniform, generalized uniform,
or curtailed geometric distribution, the optimal rule is shown to be simple. The asymptotic
results, as n — o0, will also be obtained for these prior distributions. The RHDP is related
to the problem of choosing the last candidate considered in Bruss (2000). In Section 2, it is
shown that we should stop earlier than in the corresponding Bruss problem.
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It is worth mentioning the similarity between the duration problem and the best-choice
problem. Ferguson et al. (1992) recognized, in the secretary case, the similarity between the
classical duration problem and the best-choice problem with a random number of objects having
auniformdistributionon {1, ..., n}, first studied by Presman and Sonin (1972), and later studied
by Samuels (2004), who gave a good explanation for this similarity. For such a similarity, see
also Pearce et al. (2012) for multiple-choice problems, and Samuels (2004), Gnedin (2004), and
Mazalov and Tamaki (2006) for a informed version of the problems. Gnedin (2005) extended
this similarity to the equivalence between the probability maximization problem of stopping at
the maximum in a random sequence and the associated duration problem of maximizing the
interrecord time. In terms of our framework, Gnedin also showed that the RHDP with a given
distribution of N (as model 1) is equivalent to the probability maximization problem of choosing
the last candidate but with some other distribution of the horizon (see Remark 3.1). Though
Gnedin (2005) was the first to refer to the RHDP, he was mainly concerned with establishing
and extending the equivalence relation and left untouched the problem of deriving the optimal
rule of the RHDP.

2. The formulation of the RHDP

For the RHDP having the sequences {a }’]’.:1 and {p};_,,wewriteb; = 1—aj;, 1 < j <n,
and introduce the notation

By,i = biy1bi+2 - - bi, 0<k<iz=n,
with By y = 1 for convenience, and
Tk = Pk + Pk+1+ -+ Dn, l<k=<n,
with 71 = 1 and 7, > 0. Furthermore, define
ok = 7 + (n — k) pk.

To avoid any unnecessary complication, we assume that 0 < a; < 1 for j > 1 throughout this
paper except for the secretary case.

Denote by k the state, where we have just observed the kth object to be a candidate, 1 <
k < n. Let S(k) and C (k) represent the expected payoff earned by stopping with the current
candidate in state k and by continuing observations in an optimal manner, respectively. Then
V (k) = max{S(k), C(k)} represents the optimal expected payoff, provided that we start from
state k. Defining T} as the time of the first candidate after k if there is one, and as N + 1 (as
n + 1) if there is none in model 1 (in model 2), we can formally express S(k) as

Stk) =E[Ty —k | N = k]. 2.1
The following lemma gives the explicit form of S(k).

Lemma 2.1. We have, for 1 <k <n,

1 n
Sk) = 7T_k Z 7Bk formodel I, (2.2)
i=k
1 n
Sk) = 7T_k Zai By for model 2. (2.3)
i=k
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Proof. To clarify the dependence on the model, we write Si(k) or S>(k) for S(k)
corresponding to model 1 and model 2.

Model 1. Possession of the chosen candidate is terminated either by an arrival of a new
candidate or by termination of the random horizon, whichever occurs first. Hence, T} takes the
value i on the event E; U F;, where E; and F; are mutually exclusive and defined as

Ei={Xy1=--=X;-1=0,X; =1, and N > i}
and
Fi={Xjy1=-=X;1=0and N =i -1},
respectively, for k + 1 < i < n+ 1 with the interpretation that E,, ;| = &. Thus, we have from
(2.1),
n+1
Siky= Y (i —bP{Ti=i|N =k
i=k+1
n n+1
= ) (—RPE [N=k+ ) (-kP{F|N=k. 24)
i=k+1 i=k+1
Since N and the X ; are independent, we have
T T
P{E; | N = k} = Byi—1a;— = (Bii—1 — Bri)— 2.5)
Tk Tk
and
o T — T
P(Fi | N =k} = B Bt = gy 2T (2.6)
Tk Tk
with 7,41 = 0. Substituting (2.5) and (2.6) into (2.4) yields
n n+1
meS1(k) = Z (i —k)(Br,i—1 — Br,i)mi + Z (@ —k)Bgi—1(mi—1 — ;)
i=k+1 i=k+1
n
= Z By imi, @7
i=k
which proves (2.2).
Model 2. In contrast to (2.4), for this model, we can write
n n+1
Sk)= Y (G —PE | N>kl+ Y (n+1-kPF | N>k,  (28)
i=k+1 i=k+1

because T; now takes the value n + 1 on F; for each i, and it takes the value i on E; as in
model 1 (i.e. the possession of the candidate is terminated only by the arrival of a new candidate).
Comparing (2.4) and (2.8) yields

n+1
Sy =S1(k)+ > (n+1—i)P{F; | N >k},
i=k+1
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or, equivalently, from (2.6),

n
xS (k) = mSi(k) + Y (n — i) Bripi,
i=k

which, combined with (2.7), gives (2.3). This completes the proof.

Remark 2.1. It may be more instructive to express the duration in terms of the indicators X ;
and N. Let D(k) (= T; — k) denote the duration or payoff when we stop in state k. Then,
setting ¥; = 1 — X, we easily find that, for 1 <k <n,

N i
D(ky=1+ Y J] ¥; formodell,
i=k+1 j=k+1

N i N
Dky=1+ Y T[] ¥i+@x—-N) J] v; formodel?2.
i=k+1 j=k+1 j=k+1

Thus, we can also obtain S(k) as E[D(k) | N > k] by a straightforward calculation.

Remark 2.2. Suppose that one is to choose a partner in life and is considered satisfied with
his/her choice so long as the partner chosen stays relatively best. Model 1 depicts a situation in
which the lifetime of the chooser is N and the opportunities to choose are available all through
his/her life, while model 2 depicts a situation in which the lifetime of the chooser is 7, but the
opportunities to choose are available only in his/her youth of random length N.

If we decide not to stop in state k (< n) and proceed to the next stage, we can observe the
(k+ 1)th object with probability 7y 1 /7, but observe no object with the remaining probability
1 — 741 /7, in which case we come to know that the kth object was the last object, and so we
have failed to choose an object. The (k + 1)th object, if observed, results in a candidate or a
noncandidate with respective probabilities of a;41 and by 1. Hence, we have

Tk+1

Ck) = [ax+1V(k+ 1) + bry1 C(k + 1)], 1 <k<n, 2.9
k

with the obvious boundary condition C(n) = 0.
It is easy to see that repeated use of (2.9) yields

| .
Clhy=— > B V() (2.10)
j=k+1
ifweletr; =aj/bj, 1 < j < n. Define C (k) to be the expected payoff by using a rule of
stopping with the first candidate after leaving state k, if any. Then, from (2.10),
1 n
Cthy=— > miBejrS0),
ki

which is written as follows from Lemma 2.1.

https://doi.org/10.1239/aap/1386857856 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1386857856

Optimal stopping rule for the no-information duration problem with random horizon 1033

Lemma 2.2. For1l <k <n,

- 1 <&
Ck) = — Z ( Z '>7Tin,i for model 1, (2.11)
Tk S Njok
n

C’(k) =nik Z ( Z -)ain,,' for model 2.
i=k+1

Jj=k+1

Now let ~
t(n) =min{j: S(k) > C(k) forall j <k <n}. (2.12)

Then backward induction shows that it is optimal to stop in state k > ¢ (n). A problem of interest
is to compare ¢ (n) with the threshold value s*(n) given below in (2.13). As a generalization
of the classical best-choice problem, Bruss (2000) considered the problem of stopping with
the last candidate in the setting of Bernoulli trials of given length n. The main result can be
described as follows.

Theorem 2.1. (Bruss’ odds theorem.) For the problem of maximizing the probability of
stopping with the last candidate in n Bernoulli trials (i.e. N is degenerate to n), the optimal
rule is simple, i.e. it stops with the first candidate Xy = 1 with k > s*(n), if any, where
n
s*(n):min{kz 1: Z rj < 1}. (2.13)
j=k+1
The classical best-choice problem appears in the secretary case, because the last candidate
is the very best in this case ((2.13) is reduced to s (n) in (1.1)). Ferguson (2008) and Tamaki
(2010), (2011) further generalized Bruss’ odds theorem. The following lemma shows that, in
the RHDP, we stop earlier than in the corresponding Bruss problem.

Lemma 2.3. Let n be fixed. Then, whatever the distribution of N (< n) might be, the first time
the optimal rule will stop with a candidate occurs no later than the s*(n)th trial, where s*(n)
is as defined in (2.13). Moreover, the optimal rule stops with the first candidate among trials
s*(n), s*(n) + 1, ..., n if stopping has not occurred previously.

Proof. 1t suffices to show that #(n) < s*(n). From Lemmas 2.1 and 2.2, S(k) > C(k) is

equivalent to
i
T+ Y (1 -3 r,~>n,~3k,,~ >0 for model 1, (2.14)

i=k—+1 j=k+1
n i
ox + Z (1 — Z r.,-)ain,i >0 for model 2,
i=k+1 j=k+1

implying that  (n) < s*(n) from (2.12) and (2.13), because r; is nonnegative.

In contrast to the Bruss problem, the optimal rule of the RHDP is not necessarily simple, even
if N is degenerate. Assume that N degenerates to n. The corresponding optimality equation
is, from (2.2) and (2.10),

Vk) = max{ZBk], Z Bk]}’JV(j)} 1 <k<n, (2.15)

Jj=k+1
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with V(n) = 1forn > 2. The optimal rule depends on the probability sequence (b3, b3, .. ., by)
and not on by. A bit of calculation from (2.15) shows that the optimal rule is always simple for
n = 2,3 but not for n = 4. In fact, for n = 4, the optimal stopping region, defined as the set
of states for which stopping is optimal, is {1, 3, 4}, if and only if (b;, b3, b4) satisfies the set of
inequalities
(1 —2b3)by 1 b3

> — b3 < —, by > .

14+ (1+bg)bs 4 1—3b3
For this example, we can give (bs, b3, by) = (%, %, %). A similar phenomenon is true for
n > 5, and also for random N. So, in the next two sections, we seek, for each model, a
sufficient condition for the optimal rule to be simple for n > 4.

2

Remark 2.3. The aim of the classical best-choice problem is to choose the very best. If the aim
is generalized to choose an object whose rank belongs to a prescribed set of ranks, the optimal
rule becomes very complicated, and not always simple. See, e.g. Suchwalko and Szajowski
(2002).

3. Model 1

We deal with model 1 in this section. Make the following transformations:

s(k) = By ymkS(k), 3.1
c(k) = By xmC(k), (3.2)
v(k) = By iV (k) = max{s(k), c(k)}, (3.3)
uk) = s(k) — c(k). (3.4

Then we have, from (2.2) and (2.10),
s(k)y =stk+ 1)+ m By 3.5

and
ctk)y =ctk + 1) +ripvk+ 1), (3.6)

respectively. Subtracting (3.6) from (3.5) on both sides yields
k) = p(k + 1) + e Brk — re+1v(k + 1),
or, equivalently,
p(k) = p(k + 1) + regr min{0, p(k + 1)} + By kG (k) (3.7
with w(n) = B, pan, if we define a function
n
Gh)=m—req1 Y mBiin  1<k<n. (3.8)
i=k+1
Then we have the following result.

Theorem 3.1. A sufficient condition for the optimal rule to be simple is that G (k) changes its
sign from — to + at most once before s*(n), that is,

once G(k) > 0 for some k, then G(j) > 0 forallk < j < s*(n). 3.9)
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Proof. Wehave (k) > Ofork > s*(n) from Lemma 2.3. Hence, to establish the optimality
of the threshold rule, it suffices to show that (k) is unimodal for k < s*(n). We omit the proof
because it is similar to that of Theorem 2.2 of Tamaki (2011) for the probability maximization
problem (see also Petruccelli (1983), who showed that (k), defined by (3.7), is unimodal in
the secretary case if G (k) satisfies condition (3.9)).

For later use, it should be noted that G (k) in (3.8) satisfies the recursion

ak1bri2
ag42

a
Gk) = Gk+1)+ (nk - ﬂnHl) (3.10)
ak+2
fork <n—1withGn—1) =m,—1 —aymy = pp—1 + bupn > 0.
If the optimal rule turns out to be simple, the (optimal) threshold value is given as, from
(2.14),

n n i
t*(n) =min{k > 1: Znin,i > Z < Z rj)n,-Bk,,-}. (3.11)
i=k i=k+1 j=k+1

Observe that, from (3.7) and Theorem 3.1, if G(k) > O for all k < s*(n), the optimal rule is
simple with threshold value *(n) = 1, that is, it stops with the first candidate.
The expected payoff under the simple rule with threshold value ¢ is calculated as

n i

d(n, 1) =m1C(t — 1) =Z<Zr,-)m3t1,i (3.12)

i=t Nj=t

from (2.11), because our payoff is C(r — 1) by pretending we are leaving state 1 — 1 if the
Bernoulli trials continue up to time ¢ — 1; otherwise, our payoff is 0. Moreover, the proportional
payoff is defined as W(n,t) = ®(n,t)/n, to make the solution more easily comparable to
other problems. The optimal payoff and the optimal proportional payoff are then denoted by
®*(n) = ®(n, t*(n)) and V*(n) = ¥(n, t*(n)), respectively.

Corollary 3.1. Let N be degenerate. Then if S(k) = > i_, By, is unimodal in the sense that,
for some finite integer K, S(k) < Sk + 1) fork < K and S(k) > Sk + 1) for k > K, the
optimal rule is simple.

Proof. Since N is degenerate, we have, from (2.2) and (3.8), S(k) = Z?:k By ; and

n
Gh)=1—res1 Y Bri =Sk — Sk +1).
i=k+1

Condition (3.9) now implies that S(k) should be unimodal. This completes the proof.

Corollary 3.1 can be seen as a direct consequence of Lemma 2.1 of Ferguson et al. (1992),
because Z?:k—t—l By jrjV(j) (= C(k)) in (2.15) is shown to be nonincreasing in k. For the
purposes of most applications to the secretary case, the following corollary is useful.

Corollary 3.2. Let, for1 <k <n—1,
H(k) = (k+ Dy — (k + 2)mpy1 = (k + 1) pr — T

Then, in the secretary case, a sufficient condition for the optimal rule to be simple is that H (k)
changes its sign from — to + at most once.

https://doi.org/10.1239/aap/1386857856 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1386857856

1036 M. TAMAKI

Proof. In the secretary case, (3.10) is reduced to
1
Gk)—Gk+1)=——H(k).
(k) (k+1) 1 (k)
Thus, condition (3.9) is assured, because G (k) is unimodal (with G(n — 1) > 0), if H (k)
satisfies the stated condition.

Corollary 3.2 is applicable to the following distributions. In the first three examples, H (k)
is nondecreasing in k.

Example 3.1. (N degenerates to n.) Here p, = 1 and py =0, 1 <k < n. We have H (k) =
—1. This is the classical duration problem mentioned in Section 1. Since r; = 1/(j — 1),
(3.11) is reduced to ¢ (n) in (1.2). The asymptotic results £ (n)/n — e~2 and U*(n) — 2e72
as n — oo are easily obtained from (3.11) and (3.12).

Example 3.2. (Uniform.) Here p = 1/n, 1 <k <n. Wehave H(k) = 2k + 1 —n)/n.

Example 3.3. (Generalized uniform.) Here

0 ifl<k<T,
Pe=y_ - ifT <k <n,
n—T+1
for a given parameter T = 1,2, ..., n. We have
—1 ifk <T,
Hk)y=32k+1-—
W=q2k+1-n o7
n—T+1

The cases T = n and T = 1 correspond to Example 3.1 and Example 3.2, respectively. Hence,
this example serves as a unification of the first two examples.

Example 3.4. (Curtailed geometric.) Here py = (1 — q)qk_l/(l —q"),1 <k <n,fora
given parameter 0 < g < 1. A bit of calculation gives

qkfl

Hk) = e

K (k),
where

K(ky=(1-q)k+1)—q(1—g"".
Since K (k) is increasing in k, H (k) changes its sign from — to + at most once.

The asymptotics in Examples 3.2, 3.3, and 3.4 as n — oo will be examined in Section 3.1
in detail. Besides the secretary case, a problem of interest may include the case of the constant
occurrence probability of a candidate, i.e. a; = a. As is intuitively clear, the optimal rule now
stops with the first candidate. This remarkable feature can be ascertained as follows.

Corollary 3.3. Assume thataj = a, i.e. b; = b =1 — a. Then the optimal rule is simple with
threshold value 1, whatever the distribution of N might be.

Proof. 1t is sufficient to show that G(k) > O for all k < n. This can be shown inductively
if we use, starting with G(n — 1) = p,—1 + bp, > 0, the relation

Gk)=bG(k+ 1)+ px
obtained from (3.10).
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3.1. Asymptotic results in the secretary case

For Examples 3.2, 3.3, and 3.4, we can obtain the limiting values

t*
= fim 2 v = lm v
n—oo n n— 00

by letting the prior distribution depend on n. Since r; = 1/(j — 1) and B,_1; = (t — 1)/i in
the secretary case, we have, from (3.12),

Wn, z)_—Z(ZJ_l)”’ (3.13)

Substituting 7r; = Y j_; px into (3.13) yields another expression

n k k
—1 1 1
Wy =" <§ — f)pk. (3.14)
o= Ni= ) TS

For the uniform distribution of Example 3.2, px = 1/n, so (3.14) is

n k
Yy, 1) = %Z(Z Z;>_.
k=t =t i=j

If we let n tend to oo and write z as the limit of #/n, then, using x for i /n, y for j/n, v for
k/n, and dx, dy, and dv for 1/n, Wy(n, t) becomes a Riemann approximation to an integral,
ie. Yy(n,t) — Yy(z), where

1 v v
llfU(z):z/ (/ d—y/ d—x>dv
b4 z Y Jy X
1
:%/; logz(g)dv

=z(1—z+1logz + 1 log*z). (3.15)

‘We now have the following results.

Lemma 3.1. (Uniform prior.) Let a* (= 0.077 54) be the unique root a € (0, 1) of the equation

2(1 + Vo) +loga = 0. (3.16)

Then
7 =a¥, (3.17)
v* = a*(1 + vVa*)? ~ 0.126 74. (3.18)

Proof. The value z that maximizes {¥y(z) in (3.15) is found by setting the derivative with
respect to z equal to O and then solving for z. When this is done, we have

Yu (@) = 1121 + v2) + log 2112(1 — /2) + log 2],
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implying that 1//{J (z) = 0 for z € (0, 1) is equivalent to 2(1 + ,/z) + logz = 0, because we

easily find that

2(1 — /z) +logz <0, O0<z<l1 (3.19)
Thus, we have established (3.17) since the optimal z € (0,1) can be considered as
lim,,_, » t*(n)/n from the above approximation. Substituting the optimal value z* = o*

back into (3.15) and then using (3.16) yields the desired optimal payoff yy(a*) as given in
(3.18). This completes the proof.

Remark 3.1. Let us say that the random horizon is triangular if the prior distribution of N is

given by
2m —k+1
Pk = u’ < k <n.
nn+1)
Gnedin (2005, Section 5) showed that model 1 with N uniformon {1, ..., n}is equivalent to the

best-choice problem with triangular random horizon in a sense. This implies from Lemma 3.1
combined with Proposition 4.1 of Gnedin (2005) that, as n — oo, the latter problem has the
same threshold value z* ~ 0.077 54 and corresponding probability 2v* &~ 0.253 48. Note that,
for a finite n, the threshold value and the corresponding probability for the best-choice problem
with random horizon can be calculated from Equations (2.26) and (2.27) of Tamaki (2011),
respectively, by putting m = 1.

In a similar manner, we can deal with other examples. Assume that npy — f(v) for some
bounded function f(v) if we let n — oo and k — oo in such a way that k/n — v. Then
W (n, t) in (3.14) becomes an approximation to

1 v v 1
¥ (2) =z/ (/ d—y/ d—x>f(v)dv - 5/ 1og2<3>f(v)du. (3.20)
z z Y Jy X 2 J; <

The function f(v) can be viewed as a density function of the random truncation time V(< 1)
adjusted to N; ¥y (z) in (3.15) corresponds to f(v) = 1.

Lemma 3.2. (Generalized uniform prior.) Let T depend on n in such a way that T/n — «o
asn — oo forafixed 0 < o < 1. Then the asymptotic results are distinguished between two
cases according to whether a < a* or a > o, where o™ is as defined in Lemma 3.1 (below
we use the notation z}, and v} for 7* and v*, respectively, to make explicit the dependence

on o).
(i) For0 <a < a¥,
o =a", (3.21)
a*(1 + va*)?
; = ? (322)
(i) Fora* <a < 1,
Zz — a(ﬁ—a)/(l—a)e—z, (3.23)
vh = (1 _ e loga)zz. (3.24)
l —«
Proof. Obviously,
0 if0<v<a,
f(v) = 1 (3.25)

ifa<v<l.
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Write ¥, (z) for ¥ (z) to show dependence on «. Then a straightforward calculation from (3.20)

leads to
1
_ Z 2f v
Vald) = 2(1 —a) [nax(a,z) log <Z> dv
_ 2 i
_ 2(1Z—a)[1 2z +{p(2) + 1}7] ifa <z, 56)
——[l—a+{p@+1F —algex) + 1}*] ifz <a,
2(1 — )
where
p@) = 10g<1> -2, 0<z<l, (3.27)
z
qu(z) = p(2) — 10g(é>, 0O<a<l. (3.28)

Differentiating v (z) with respect to z yields

/ 20— P@ —2Vallp@) +2V7 ifo <z
1/fa(Z) = 1 o

o P@+ Vage(@p) — Vage(2)] ifz <.
(I —-a)

We can show the following inequalities:
@ p(2) +272>0,0<z <1,
() p(@) — Vaga(z) >0,0 <z <a < 1.
Inequality (a) is just the inequality given in (3.19). As for (b), we have, from (a),

pla) +2a > 0, O<a<l,

or, equivalently,

Ja
- Ja
Applying —p(z) < —p(a) for z < « to the left-hand side of this inequality gives (b). Hence,
the sign of ¥, (z) coincides with that of the function 74 (z) defined as

—-p@) < [par) +2].

p(z) — 24z ifa <z,

) = PR+ Vage(z) ifz <a.

Therefore, to derive (3.21) and (3.23), it is sufficient to show that

1. ny(z) = 0 has a unique root z € (0, 1) for each «,

2. 14(z) = 0isreduced to p(z) — 2,/z = 0 for ¢ < «*, whereas 1, (z) = 0 is reduced to
p(2) + /agqq(z) = 0, or, equivalently, p(z) = —/alog(a)/(1 + /a) fora > a*.

Assertion 1 is immediate because 14 (z) is a continuous and decreasing function of z with
boundary conditions lim,_,ony(z) = oo and lim,_,| ny(z) = —4. For assertion 2, it is
important to note that 17, (o) = p(a) — 24/« is decreasing in « such that ny (@) > 0if o < o,
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TABLE 1: Values of z; and v} for several o (generalized uniform prior).

Model 1 Model 2

* * * *
L Vo Lo Uy

0.0 0.07754 0.12674 0.07754 0.25348
0.1 0.07783 0.14080 0.08554 0.27999
0.2 0.08230 0.15635 0.10874 0.28632
0.3 0.08838 0.17165 0.12124 0.28441
04 0.09489 0.18655 0.12819 0.28102
0.5 0.10156 0.20111 0.13197 0.27774
0.6 0.10829 0.21541 0.13392 0.27504
0.7 0.11504 0.22947 0.13484 0.27302
0.8 0.12180 0.24335 0.13521 0.27167
09 0.12857 0.25708 0.13532 0.27091
1.0 0.13534 0.27067 0.13534 0.27067

whilst 7y (@) < 0if @ > a* (a* is the unique root of the equation ny () = 0). This just
proves assertion 2 because, if @ < «*, z} must be greater than or equal to «, whereas, if
o > o, 73 must be less than «. The v} term in (3.22) and (3.24) is obtained from (3.26)
through v} = Y (z}), combined with the optimization condition 74 (z}) = 0. This completes
the proof.

We list the values of z and v} for some « in Table 1 together with the corresponding values
for model 2 (see Section 4). Inspection of this table shows that both z} and v} are increasing
in « (except for z5 = o™ for0 < o < &™).

To examine a general property of ¥ (z) in (3.20), differentiate ¥ (z) with respect to z. Then

1 1
v (z) = l[/. 10g2(£>f(v) dv + z/ i{logz<2) }f(v) dv]
2 Z Z Zz 8Z Z
1 1 v
= zlﬂ(z) — f log<z)f(v) dv. (3.29)

Thus, the optimal z (= z*) satisfies Iﬁ/(z) = 0, or, equivalently,

1 v v
/ log(z> [log<;> - 2}f(v) dv =0, (3.30)

implying that z* < e 2, because log(v/z) < 2 for e >

given by (from (3.29))

< z < v < 1. The optimal payoff is

1
v =y (") = z*/ log<z%>f(v) dv. (3.31)

Z

To obtain interesting asymptotic results for the curtailed geometric prior given in Exam-
ple 3.4, we allow the parameter ¢ to depend on n.

Lemma 3.3. (Curtailed geometric prior.) Let g depend on n through g = 1 — c¢/n for a fixed
positive value c(< n). We use the notation z;: and v} for z* and v*, respectively, to make
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TABLE 2: Values of z and v for several ¢ (curtailed geometric prior).

Model 1 Model 2

* * * *
e Ve e Ve

0 0.07754 0.12674 0.07754 0.25348
0.01 0.07745 0.12651 0.07740 0.25341
0.1 0.07656 0.12440 0.07608 0.25279
0.5 0.07257 0.11514 0.07029 0.25007

1 0.06747 0.10396 0.06332 0.246 88
2 0.05731 0.08381 0.05096 0.24163
3 0.04793 0.06743 0.04126 0.23811
4 0.03995 0.05484 0.03403 0.23600
5 0.03355 0.04543 0.02871 0.23481
10 0.01740 0.02328 0.01580 0.23329

20  0.00870 0.01164 0.00828 0.23298
30  0.00600 0.00803 0.00580 0.23292

explicit the dependence on c. Then 2z} is a unique root z € (0, 1) of the equation

Je(@) +logz[Ic(z) + e (1 + 3 logz)] = 0, (3.32)
where
1 e—cx 1 e—cxX
I.(2) = / dx, Jo(z) = / (1 —logx) dx.
z X . X
Moreover, i}
v = l_Zce_c [e™“logzz + Ie(z)]- (3.33)

Proof. Lettingn — oo and k/n — v, we find that

el — c/n)k1 e
np —m—) f) = | — o<

Thus, in this case, f(v) turns out to be curtailed exponential with parameter ¢, and so (3.32)
and (3.33) are obtained by straightforward calculations from (3.30) and (3.31), respectively.

We list the values of z}* and v} for some c in Table 2 together with the corresponding values
for model 2 (see Section 4). Inspection of this table shows that both z} and v are decreasing
in c. Denote by V, the truncation time in the above lemma. Then its expected value is given by

e —c—1

1
E[Vc] = /0 vf(v) dv = m

Since E[V.] — 0 as ¢ — oo, both z¥ and v} tend to 0 as ¢ — oo. On the other hand,
as ¢ — 0, V. converges in distribution to the uniform distribution on (0, 1) (consistent with
lime—o E[Ve] = 3).

Remark 3.2. The asymptotic argument given in this section is rather intuitive. We can make it
more rigorous by approximating the difference equation (2.9) by a differential equation. This
method was suggested in Dynkin and Yushkevich (1969). Mucci (1973a), (1973b) developed
the idea for a wider class of optimal stopping problems.
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4. Model 2

In this section we consider model 2. We make the transformations (3.1)—(3.4) here as well.
Then we see that, though (3.5) must be replaced by

stky=sk+1)+ox B

from (2.3), (3.7) still holds if G (k) is newly defined as

n
G(k) = o — ri41 Z 0;Bk.i, 1<k <n.
i=k+1

Analogously to Theorem 3.1, for model 2, we have the following result.

Theorem 4.1. A sufficient condition for the optimal rule to be simple is that G (k) changes its
sign from — to + at most once before s*(n).

Proof. The proof is similar to that of Theorem 3.1, and is thus omitted.

Remark 4.1. It is interesting to compare G (-)-functions among three problems. Define, for
j = 09 1’ 25

n
V0= —rer Y o B, 1=k<n,
i=k+1

where oz(o) =pi,a .1) =, and a; @ _ =0; = q + (n — l)Ol( ) for each i. The function

GY (k) depends on the prior {p;} through {oz(] }. Theorems 3.1 and 4.1 show that G (k) for
model j(j = 1,2)is G (k). Tamaki (2011) studied the problem of maximizing the probability
of stopping with any of the last m candidates in Bernoulli trials with random horizon. Them = 1
case is considered as a random horizon version of the Bruss problem (see Bruss (2000)). Tamaki
gave, in his Theorem 2.2, a similar sufficient condition for this problem to have a simple optimal
rule, where the corresponding G (k) is given by G (k).

Analogously to (3.10), (3.11), and (3.12) for model 1, we can give the same expressions for
model 2 by replacing w with o. That is,

ak+1brs2
Ak+2

Gk) = Gk + 1)+ (ak - @akH) 4.1)

Ag+2

fork <n—1withG(n—1) =0,-1 —anon =2pu—1+bypn >0,

t*(n) = mln{k>1 ZO’,B]”' > Z < Z ')Uin,i}»

i=k+1 “j=k+1

and
n i

d(n, 1) =m_1Ct—1) = Z(er)UiBt—l,i- (4.2)
i=t

j=t
Of course, t*(n) and ®(n, t) are defined as in model 1.
For the applications to the secretary case, the following corollary is useful.
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Corollary 4.1. Let
H(k) = (k + Dox — (k + 2)0)+1, l<k<n-1

Then, in the secretary case, a sufficient condition for the optimal rule to be simple is that H (k)
changes its sign from — to + at most once.

Proof. See the proof of Corollary 3.2, because (4.1) is reduced to
1
Gk)—Gk+1)=——H(k).
k) =Gk +1) 1 (k)

Corollary 4.1 is applicable to the following distributions.
Example 4.1. (Uniform.) We have

mm:ﬂ%;m+§

which is increasing in k and so satisfies the condition of Corollary 4.1.

Example 4.2. (Generalized uniform.) We have, for 1 < T < n,

—1 ifk <T -2,
n-T)2+T)+1 .
ZIOES Iy
22k — 3
ﬂ lkaT

n—T+41

Itis easy to see that H (k) satisfies the required condition, because H (k) is increasingin k(> T),
attaining its bottom atk = T — 1.

Example 4.3. (Curtailed geometric.) A bit of calculation gives

qk—l

1 —g"

H(k) =

K (k),

where
K(k) = (1 —@lk+D(n—k+1) — (k+2)(n —k — Dgl —q(1 —¢" ). 4.3)

To show that H (k) satisfies the condition of Corollary 4.1, it suffices to show that K (k) is
unimodal with K(n — 2) > O forn > 4. Let L(k) = K(k) — K(k — 1). Then, from (4.3),

Lik) = (1= @)ln =2k +1) = (0 = 2k = 2)q +¢" 1],
which implies that L (k) is decreasing in k because
Lk = Lk+1D=1-9*2-¢" >0
Thus, K (k) proves to be unimodal. On the other hand, we again have, from (4.3),

_3+qﬂ+qq

K(n—-2)=( —q)(3—61)[n 3
-9

Since 3+ ¢g(14+¢q))/3—¢q) < % K —2) > 0forn > 4. Thus, we have shown that K (k)
has the desired property.
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When it comes to the case of the constant occurrence probability, we obtain, from (4.1), the
recursive relation

G(k) =bG(k+ 1) + (0k — Ok+1), 4.4

and have the following results.

Corollary 4.2. Assume that aj = a, i.e. b;
hold.

b = 1 — a. Then the following assertions

(1) If ok is unimodal, the optimal rule is simple.
(1) If ok is in particular nonincreasing in k, the optimal rule stops with the first candidate.

Proof. (1) Let K be an integer such that oy — ox4+1 < 0 for k < K and oy — ox+1 > O for
k > K. Since G(n — 1) > 0, we find that G(k) > 0 for k > K by induction from (4.4). This
implies that if G(k + 1) < Othen k < K — 2, and so G (k) < 0 again from (4.4), ensuring that
G (k) changes its sign from — to + at most once.

(i1) See the proof of Corollary 3.3. In a similar manner, we can show that G (k) > O for all
k < n.

Remark 4.2. Note that if p; is nonincreasing in k, oy is also nonincreasing. Hence, the
optimal rule with a uniform prior or a curtailed geometric prior stops with the first candidate
from Corollary 4.2(ii). For a generalized uniform prior, the optimal rule is simple from
Corollary 4.2(i). However, unlike model 1, it is not always the case that the optimal rule
stops with the first candidate.

4.1. Asymptotic results in the secretary case
Let W(n,t) = ®(n, t)/n. Then, in the secretary case, we have, from (4.2),

el 1 el n—kn 1
“’(””)ZTZ(ZJTlZ;JF T ij)l’k
k=t Nj=t i=j

j=t

It is easy to see that, if npy — f(v) for some bounded function f(v) asn — oo and k — 00
in such a way that k/n — v, ¥ (n, t) becomes an approximation to

W(z)zzf</vdy v dx 1—v/”dy)f(v)dv

z ) L -
= 5/ log (Z)f(v)dv—i-z/ log< >f(v)dv 4.5)

The first term of (4.5) is just the expected payoff for model 1 (as given by (3.20)) and so the
second term is the additional expected payoff. As before, let

. t(n .
7z = lim ( ), v = lim ¥*(n),
n—oo n n— 00

where W*(n) = W(n, t*(n)). For a uniform distribution, we have the following result.

Lemma 4.1. (Uniform prior.) Let a*(x 0.077 54) be as defined in Lemma 3.1. Then

7* = o¥, v* = 20*(1 + vVa*)? ~ 0.253 48.
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Proof. Since f(v) = 1, we have, from (4.5),

1 1 1 —
Y(z) = E/ 10g2<2) dv + z/ v 10g<2) dv.
2 z Z z v Z

Straightforward calculations show that the first term and the second term are the same, i.e.

z ! sf v T1—w v I,
= log®| — Jdv =z log| - )dv=2z(1—-z+1logz+ -log“z].
2 ), b4 ;. U z 2

Therefore, we obtain

¥(z) =2z(1 — z +logz + S log*z),
which yields the desired result by the same argument as used in the proof of Lemma 3.1.

Itis interesting to see that, in comparison to model 1, the optimal threshold value is the same,
but the optimal payoff is twice as large. This is not surprising because, in the uniform case,
o; = 2m; — 1/n and so, from Lemma 2.1, the stopping payoff for model 2 is asymptotically
two times as large as that for model 1.

For the generalized uniform prior, we have the following result.

Lemma 4.2. (Generalized uniform prior.) The two cases are distinguished according to
whether a < o* or a > o, where a™ is as defined in Lemma 3.1 (below we use the notation
2 and v}, for 7* and v*, respectively).

(i) For0 < a < a¥,

. s . 200 (4 VaH)?

= Ve l -«
(ii) Fora™ < a < 1, let
14+«
p=—|2+ loga ). 4.6)
1l—«
Then
202+ p)
= —1- 1+ —— )¢,
R e
202+ p)
*= 1 1 mAa *’
Uy (—l— + 1+ a o
or, equivalently,
p=e7  vy,=(p+o0)e’,
if we put
202
o=1—pt 142220 4.7)
14+«

Proof. Write Y, (z) for ¥ (z). Since f(v) is given by (3.25), a straightforward calculation

from (4.5) leads to
___z : 2(V 2(1 —v) v
Vol2) = 2(1 — ) max(a,z){log (Z) + v 10g(2> } @
ﬁ[l—ZZ-i-{p(Z)—i-l}z] ifoa <z,
e @ 1 —wlaa@ + 1P - S +2) iz <,
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where p(z) and g, (z) are as given in (3.27) and (3.28), respectively. Differentiating ¥, (z) with
respect to z yields

, L @) 42 fo <z,
v =117 . o 4.8)
m[{p(z)} —af{gq(2)}°] — ECI&(Z)(‘IQ(Z) +2) ifz <a.
By considering

1o {r(@} — a{gu(@} ] — 2qa(2)(qa(2) +2)
—o 2

= @1 +21 + pp@) - 2 p2+ )
) Pz PPz l—l—oz'o 0
=1p@) +2—0llp(x) +2p + 0],

we can write (4.8) as

1
, — -2 2 if ,
voo=1 —[r@ Vallp() +2V7] ifa <z 49)

Mp@+2-0ollp@)+2p+0] ifz=<a.
Observe now that, for0 <z < land0 <o < 1,
p@)+2p+0 >0,

or, equivalently,
2p4+0 —2 >logz. (4.10)

To prove this, it suffices to show that the left-hand side is positive. This, in fact, follows since
p in (4.6) is decreasing in o with limy_, | p = 0 implying that, for 0 < o < 1, p > 0 and so
o+p=14+J/14+2p2+ p)/(1 + ) > 2 from (4.7).

From (3.19) and (4.10), the sign of I/Q; () in (4.9) coincides with that of the function 1, (z)
(continuous with respect to z) defined as

o [P0 -2 ifor <z,
= clpe) +2-0] ifz<a

where C (o) is a positive function of o given as

Cla) = (I —a)pl@) +2p +0]
2[p(e) +24/a]

We can show that the equation 74 (z) = 0 has a unique solution whose value is greater than or
equal to « for & < o™, but less than « for « > a* by the same reasoning as used in the proof of
Lemma 3.2. Taking this into consideration, we obtain z; as a unique root z of 7, (z) = 0 and
then v} = ¥ (z}).

See Table 1 for the values of z}; and v}. Inspection of this table reveals that z}; is increasing
in o (> o*) and larger than the corresponding values for model 1. Interestingly, v} is not

increasing in «, but seems unimodal with its peak near « = 0.2. More elaborate calculations
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show that the peak is flat, i.e. the maximal value v} = 0.286 316 is the same to the 6th decimal
place for o € [0.2009, 0.2033]. As a whole, the variation of v} is rather small, staying between
0.253 and 0.283.

To examine a general property of ¥ (z) in (4.5), differentiate v (z) with respect to z. Then

, 1 1 v 1—v
v (Z)=—1//(Z)—/ {log(—)—l——}f(v)dv. 4.11)
z B Z v

Thus, the optimal z (= z*) satisfies Iﬁ/(z) = 0, or, equivalently,

[To(2)(e) -] 5 f) frov-

implying that z* < ™!, because log(v/z) —2 < log(v/z) — 1 < 0fore™! < z < v < 1. This
property can be seen, in a sense, as a limiting version of Lemma 2.3, because, in the secretary
case, s*(n) = sk (n) = e lnasn - ooin(2.13). The optimal payoff is given by (from (4.11))

1 J—
vt =) = z*/ {log<%> + l—v}f(v)dv.
z* Z v

For the curtailed geometric prior, we have the following result. The proof is omitted since
it is similar to that of Lemma 3.3.

Lemma 4.3. (Curtailed geometric prior.) We use the notation z} and v} for z* and v*,
respectively. Then z}: is a unique root z € (0, 1) of the equation

e % —e “—e ¢ 10gz(2 + %logz) =0+0)Jc(2)+ {1+ A +c)logz}(2),

where 1.(z) and J.(z) are as given in Lemma 3.3. Moreover,

%
vl = IZ—CE_C[e*C —e U peC logzi + (1 4+ ) I.(z)].

See Table 2 for the values of z and v}. These values are both decreasing in c. In contrast to
the generalized uniform case, the threshold value z of model 2 is smaller than the corresponding
value of model 1. However, v} varies little, staying between 0.233 and 0.253. It is interesting
to compare this duration problem with the corresponding best-choice problem considered in
Tamaki (2011, Lemma 3.2 and Table 2 for m = 1). As ¢ — o0, both problems seem to have
the same asymptotic optimal value of 0.2329. This is intuitive because, depending on whether
the chosen object is best overall (i.e. the last candidate) or not, the resulting duration tends to
1 or O from lim._, 5o E[V,.] = 0.
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