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1. Recently Aronson [1] proved the uniqueness property of weak solutions
of the initial boundary value problem for second order .parabolic equations
with discontinuous coefficients. An analogous result to Aronson’s was profied
by Kuroda [4) in the case of some parabolic equations of higher order, where
the method due to Aronson [2] plays an essential role. In this paper, under
the same idea we shall be concerned with the asymptotic behavior of weak
solutions for parabolic equations of higher order of the divergence form, when
the data are prescribed on a portion of a time-like surface.

2. We use the symbol x to denote a point (x;, . . . , x,) of the #-dimensional
Euclidean space E”, and ¢ to denote a point on the real line (— o, «). Let
9(cE™ be a bounded domain and let 2 be the cylindrical domain Z x [0, «)
in the (»#+ 1)-dimensional Euclidean space E” x ( — o, ),

Consider a parabolic differential equation

(1) Lu=2% - S D¥auD%u) = f
ot el =s
IBISS
of order 2s in 2, where « = (ay, ..., an) is a multi-index of non-negative
integers, lal=a1+ * = * +an, and
a'ﬂvl

Di= —2% .
axi'l [P ax’;ln

We shall assume that all the coefficients @.s = a.s(x, ) are bounded measurable

functions in 2 and that there exists a some positive constant ¢ such that

@) S aad gtz - )
le|=|p|=$
for any real vector £ = (&, ..., %, and at every point in 2. Let f be a func-

s
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tion of x, ¢ and the derivatives D #(lr|<s) of the unknown function # such
that, for u e L*[0, « ; Hy*(Z)INL2[0, ©; L*(.D)], the function f belongs
to L*(2) as'a function in . We refer definition of these function spaces to

C2], [41
If ue L0, ; Hy(2)INL[0, ©; L*(.D)] satisfies

® S:L( - %—f - }‘;%"«: (= 1)™la,0DtuDig)dxdt

T

=S u(z, 0)¢(x. Odr—| u(x, TM o, T”)dx+S [ ro dat
2 2 ) £ F4

for any T"(>0) and for any ¢ H"*[0, © : Hy*(2)], then the function «
is said to be a weak solution of the equation (1) in 2 with boundary value
Zero.

Now we can prove the following theorem.

TueoreM. Let all the coefficients asp in (1) be continuous in the closure 2 of
2 and assume that, in 2

c|=s

4 ‘ f’éklE |D%ul

for some positive constant k. If s is even and if the weak solution u of (1) in 2
with boundary value zero and satisfies

5) lim| e**u’(x, TYdx=0

T oV ¥
for any 2> 0, then wu is identically equal to zero in 2.
3. Proof of Theorem. We put

ulx, t), if te0, T3

*(x, t) =
W 1) = 0 ,if &[0, T,

Let 7.(¢) be an infinitely many times differentiable even function of a real

€
variable ¢ with support |¢|<e. In addition, we assume that S 7 &) =1. We
-€
o T
put 0(x, 1) =] %t = ) u*(x dr = & lt - ) ux, ) dr for a 4>0.

It is not difficult to see that ¢ € H**[0, «; Hy’(.¢)]. Hence the equality (3)
is valid for the function ¢ thus defined.

On the first term of the left hand side in (3), we get
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j:’lgz T ?3? Sl j:LSoT —eMulx, t) jit — o) e ulx, ) dedxdt
- Afiwg "My dxdt.
o 2

From the fact that j:(¢) is even, we see that j:(¢) is odd. Hence it is easy to
see that the first term in the right hand side of the above vanishes. Therefore

we get

1im§1"82 ~u % dvat = —aS:"L P02 dxdt.

£ v
We can easily verify that D39(la|=s) tends to D« in L(.2) as ¢ tends to zero.
Applying Garding’s inequality for the second term in the left hand side of (3),

we get

o
limso S SN (= 1" e D Dius @ dxdt

-0 7 lei=s

"
=50 f M S0 (= 1)'"a,DuDiudxdt
-4

foar='s

gclgz'j ”*‘Llpxuldxdt—czj X M2

la|=s

for some positive constants ¢; and ¢; depending only on L. Here we used that

s is even. Further, by using Aronson’s argument [2], we have

tim| | u(x Doz Trdr=§ uix T ot Tax]

e»0 L J

= 7‘ w'(x, 0)dx— —2—53 MWl (%, T) dx.

Finally for the last term of the right hand side of (3), it holds from (4) that

' hms "Lf‘.”dxdt ! <9 ,;S:S M ST IDSultdxdt + 21._. STS M ldxdt

£-20 1e)=s

for any positive constant y. Hence, making ¢—0 in (3), we obtain

- AS:“S?e“'uzdxdt - cjjjs 2 S5V |D3u dedtﬂ,f")"emu, rdt

la)=s

1 2 1€ 2arw o _ _Ii‘T" 2t I
> 2S?u (x, 0)dx — 'Z'L,e wx, T") dx 1% So S >3 \Dsul’dxdt

- lai=s

- zlﬂ Sznsgeg Mitdxdt

for any positive 7. Therefore, the condition (5) implies that
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- (/I -0 - -21—17)5:52 e Mutdxdt — ((cl - n%)s:sge“' M |Déul*dxdt

l21=s

1 2
>
= Sﬂu (x, 0) dx,
which gives the following for a sufficiently small » (>0);
— — - ,l_ ® 22,9 1 2
(/t G X )So Sze wdxdt= Lu (x, 0) dx.
Since A is arbitrary as far as positive, we make 41— + ~ and can see that

S S e Mutdxdt =0,

0V

which shows that # vanishes throughout £2.

4. Remarks.
1. In Theorem, it is sufficient to assume (5) for a sufficiently large 1, namely
k
for a A>c+ i’

2. In the previous paper [3] on a parabolic equation of the form

ou

5T > aDsu=f

lal=2s

for an even s, we proved the asymptotic behavior similar to Theorem in this
paper. Our Theorem is regarded as an improvement of a result in [3].
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