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1. Recently Aronson [1] proved the uniqueness property of weak solutions

of the initial boundary value problem for second order .parabolic equations

with discontinuous coefficients. An analogous result to Aronson's was proved

by Kuroda M in the case of some parabolic equations of higher order, where

the method due to Aronson [2] plays an essential role. In this paper, under

the same idea we shall be concerned with the asymptotic behavior of weak

solutions for parabolic equations of higher order of the divergence form, when

the data are prescribed on a portion of a time-like surface.

2. We use the symbol #to denote a point (xu . . . , Xn) of the ^-dimensional

Euclidean space En

y and t to denote a point on the real line ( - », °°). Let

3{ dEn) be a bounded domain and let Ω be the cylindrical domain 3 x CO, °°)

in the (» + l)-dimensional Euclidean space En x ( - oc, oo).

Consider a parabolic differential equation

(1) Lu Ξ %- - Σ D%(aΛ,D\u) =/
IP 1=5

of order 2 s in 42, where <x = (<xu . , <χn) is a multi-index of non-negative

integers, I α I = an + + ά«, and

"OXT dX*S

We shall assume that all the coefficients aΛfi -a^x, t) are bounded measurable

functions in Ω and that there exists a some positive constant c such that

(2) ' Σ α^ςf^ e r

for any real vector ξ = (ξl9 . . . , ξn) and at every point in Ω. Let / be a func-
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tion of xy t and the derivatives Dr

xu(\γ\^s) of the unknown function u such

that, for « G I 2 [ 0 , °o Hϊ2(^)l nz,T0, P° Ui3)\ the function / belongs

to L?(Ω) as a function in Ω. We refer definition of these function spaces to

[2], [4].

If « G L 2 [ 0 , OO; i70

s 2(j^)]nZ,β[0, OO L 2 ( ^ ) ] satisfies

<3> \ S(-*W~ Σ (-D' 'β^Dί /n?)
Jθ J 9* Oΐ i α \^s '

c c cτ"r
= \ u(x, 0)<p(x, 0)dx- lite, T " )?>(*, Γ")rf*+\ j

Jj£ ^Sr JQ J 9

for any T"(>0) and for any φeH^ΐO, °° : Hl'\3)\ then the function u

is said to be a weak solution of the equation (1) in Ω with boundary value

zero.

Now we can prove the following theorem.

THEOREM. Let all the coefficients a^ in (1) be continuous in the closure Ω of

Ω and assume that, in Ω

for some positive constant k. If s is even and if the weak solution u of (1) in Ω

with boundary value zero and satisfies

(5) limf e t λ V ( * , T)dx=0
Γ-»oo J 9

for any λ>0, then u is identically equal to zero in Ω.

3. Proof of Theorem. We put

. x « u(xtt), if feCO, Γ'G

Let yβ(/) be an infinitely many times differentiable even function of a real

variable t with support Ul^ε. In addition, we assume that J jζ(t) = 1. We

ex~jt(t- r)#*(#, r) Jr = ̂ λί^ eλxjΛt - τ)u(x, τ)dτ for a Λ>0.

It is not difficult to see that <p(=HU2lO, oo iJj H ^ ) ] . Hence the equality (3)

is valid for the function ψ thus defined.

On the first term of the left hand side in (3), we get
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[ A - u ?/Γ d x d t = f f ( - e x t u ( x y t) jί(t - τ)eXτu(x, τ) dτdxdt
Jo J & ot Jo J a? J o

-}f\ β'VώΛ.
J 0 J 2

From the fact that jς(t) is even, we see that jί(t) is odd. Hence it is easy to

see that the first term in the right hand side of the above vanishes. Therefore

we get

- « - ? ? dxdt= -λ[T f e2λtu2dxdt.

We can easily verify that Dlφ(\a \^s) tends to Dlu in L2(3) as e tends to zero.

Applying Garding's inequality for the second term in the left hand side of (3),

we get

limΓ f Σ ( - 1) ^a^DD

= Γ f e2λl Σ ( ~ D^a^D'xu
-Ό Jar lαtS's

>CiΓ f etUΣ\D-χu\%dxdt-et\T ( e%uu'dxdt

for some positive constants cx and c% depending only on L. Here we used that

5 is even. Further, by using Aronson's argument [2], we have

liml \ u(x, T)φ(x, T)dx-\ u{χ, T")<f{x, T")dx\

= 4-^ u'ίx, 0)dx- 4-ί e*xl"u\x, T")dx.

Finally for the last term of the right hand side of (3), it holds from (4) that

limΓ ( fψdxdt £ v J {' ί e f M Σ \Diu?dxdt+ -}-X \ e°-xtu*dxdt
ς->θJθ J& ώ Jo J$r |α |^β ώ 7? Jo J 2

for any positive constant y. Hence, making e->0 in (3), we obtain

xdt + cST ( e2Xtudxdt

- M etϊT"u\x, T")dx-y~l\"[ e*u Σ \DΛ

xuγdxdt

- ./ f"( etxtn-dxdt
l η Jo J ^

for any positive Γ/;. Therefore, the condition (5) implies that
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"' Σ \D%ufdxdt
lot |S*

> Π w2(#, Q)dx,

which gives the following for a sufficiently small -η ( >0)

- (λ ~ c> - h)ΐS/Uu*dxdt= 2 \/{x>0)dx-
Since A is arbitrary as far as positive, we make λ -> + oo and can see that

Γ ί e2Xtu2dxdt = 0y

which shows that u vanishes throughout Ω.

4. Remarks.

1. In Theorem, it is sufficient to assume (5) for a sufficiently large λt namely
k

for a λ>c2+ -j—

2. In the previous paper [3] on a parabolic equation of the form

for an even 5, we proved the asymptotic behavior similar to Theorem in this

paper. Our Theorem is regarded as an improvement of a result in [3].
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