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ABSTRACT

We construct a dynamically convex contact form on the three-sphere whose systolic
ratio is arbitrarily close to 2. This example is related to a conjecture of Viterbo, whose
validity would imply that the systolic ratio of a convex contact form does not exceed 1.
We also construct, for every integer n > 2, a tight contact form with systolic ratio
arbitrarily close to n and with suitable bounds on the mean rotation number of all the
closed orbits of the induced Reeb flow.

1. Introduction

1.1 Dynamically convex contact forms on the three-sphere
Let a be a contact form on the three-sphere S3, i.e. a smooth 1-form such that a Ada is a volume
form. The kernel of « is called the contact structure induced by a. We denote by R, the Reeb
vector field of o, i.e. the unique vector field on S determined by the conditions da(R,,-) = 0
and a(R,) = 1. The flow of this vector field is called the Reeb flow of a.

A closed Reeb orbit of « is a pair (v, T), where v : R — S3 is a periodic trajectory of the
Reeb flow of @ and T' > 0 is a period of v (not necessarily the minimal one). The set of all closed
Reeb orbits of « is denoted by P(«). The action of (vy,T), i.e. the quantity

A(v,T) = / ~Ya=T,
R/TZ

coincides with the period T', since a(¥y) = a(Ry0y) = 1. The minimal period, or minimal action,
of « is the positive number

Twin(a) := min  A(y,T)= min T.
(@)= B AT = (B

The fact that Reeb flows on S? always have closed orbits (see [Rab78] and [Hof93], or [Tau07] for
the case of a general closed three-manifold) ensures that Tiyin () is well-defined. This quantity
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scales linearly when « is multiplied by a constant: Tinin(ca) = |¢|Tmin(c) for all ¢ € R\{0}. The
scale invariant quantity
L T‘min(a)2
Peval®) 3= L5108, o A i)

is called the systolic ratio of «. It is a natural generalization of a corresponding quantitative
invariant in Riemannian and Finlser geometry, see [AB14, ABHS18].

Two contact forms a and 3 are said to be equivalent if 5 = p*a for some diffeomorphism ¢.
In this case, the contact volumes are the same and the Reeb flows are conjugated by ¢. In
particular, o and 8 have the same systolic ratio.

In this paper, we are interested in tight contact forms on S2, which can be characterized as
those contact forms that are equivalent to contact forms inducing the standard contact structure
ker aig, where the contact form oy is the restriction to S? = {z € C? | |z| = 1} of the Liouville

form
2

1
A= 5 Z;(fzj dy; — y; dzj),
‘]:

where (21 +14y1, 2 +iy2) are the standard coordinates in C2. In other words, tight contact forms
on S3 are, up to equivalence, of the form o = fag, where f is a non-vanishing smooth real
function on S3. Since Tini, and the contact volume do not change when « is replaced by —a, we
may assume that the function f is positive.

Tight contact forms on S3 are precisely the contact forms that are induced by starshaped
hypersurfaces in C2. More precisely, we consider a compact domain A C C? whose interior
contains the origin and whose boundary A is smooth and transverse to the radial direction.
Then A restricts to a contact form on 9A, and the diffeomorphism S — 9A that is given by the
radial projection pulls this contact form back to a tight contact form a4 on S3. More precisely,

aa = aag,
where a : S? — (0, +00) is the smooth function such that
A={rz]2z€80<r<a(2)}

The above formula shows that all tight contact forms are obtained in this way, up to sign.
If two starshaped compact domains as above are symplectomorphic, i.e. diffeomorphic by a
diffeomorphism that preserves the standard symplectic form

dA\ = dzx1 N dyy + dxg A dyo,

then the corresponding contact forms on S are equivalent.

When the domain A happens to be convex, we say that the contact form a4 is convex.
Convexity is not preserved by symplectomorphisms of C2, but we can saturate this definition by
declaring to be convex any contact form on S® that is equivalent to one of the form a4, with A
convex.

Similarly, a contact form on S? is said to be strongly convex if it is equivalent to one of the
form a4, with A strongly convex, meaning that 0A has positive sectional curvature.

Convexity and strong convexity are difficult to characterize by purely symplectic or contact
topological conditions. However, Hofer, Wysocki and Zehnder proved that if the contact form
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a on S3 is strongly convex, then all the closed orbits (,7") of the Reeb flow gb%a of a have
Conley—Zehnder index at least 3:

u(y,T) = 3.

Here, the Conley—Zehnder index of (v,T") is defined to be the Conley—Zehnder index of the path
of symplectic automorphisms of R? that is obtained from

AP, Jier a(+(0)) * ker a(7(0)) — ker a(y(t))

once the contact structure ker« is trivialized by a global symplectic trivialization that is
isotopic to the standard global trivialization of ker ag. Actually, the fact that closed orbits might
be degenerate forces one to work with a suitable extension of the Conley—Zehnder index to
degenerate symplectic paths. See §§2.2 and 3.2 for more details on the Conley—Zehnder index
and on the standard global trivialization of ker ay.

Tight contact forms on S3 all of whose closed Reeb orbits have Conley-Zehnder index at
least 3 are called dynamically convex. Dynamical convexity is on the nose an invariant notion,
meaning that if a is dynamically convex, so is any contact form that is equivalent to «.

Strongly convex contact forms are dynamically convex, but there is at the time of writing no
known example of a dynamically convex contact form that is not strongly convex. The difficulty
in finding such an example is due to the fact that, in addition to the conditions on the Conley—
Zehnder index of closed orbits, it is difficult to come up with properties of a contact form that
imply that it is not equivalent to some a4 with A convex, or strongly convex.

Convexity plays an important role in a very interesting conjecture of Viterbo. Its original
formulation in [Vit00] states that if ¢ is a symplectic capacity on domains of C", then

c(A)" < nlvol(A) (1)

for any compact convex domain A C C", with the equality holding if and only if A is
symplectomorphic to a ball. Here, vol denotes the Euclidean 2n-dimensional volume. This
conjecture is wide open, except for the trivial case n = 1 in which any symplectic capacity
must agree with the area and, hence, the equality holds in (1). In [Vit00], Viterbo proved a
weaker inequality, in which the coefficient n! is replaced by a faster growing function of n. This
result was improved by Artstein-Avidan, Milman and Ostrover, who proved (1) with n! replaced
by Cn! for some large number C, see [AMOOS]. The sharp inequality (1) is known only for
special convex domains, such as domains that are invariant under the multiplication by complex
numbers of modulus 1, and, in the case n = 2 and for the Hofer—Zehnder capacity, for all convex
domains that are close enough to a ball, see [ABHS18, Theorem 1]. It is also interesting to note
that the sharp bound (1) in the case of the Hofer—Zehnder capacity and for special domains of
the form A = K x K°, where K is a compact convex centrally symmetric neighborhood of the
origin in R™ and K° C iR™ denotes its polar, implies the n-dimensional Mahler conjecture in
convex geometry, see [AKO14].

Now let us return to the case n = 2. It is well known that the Hofer—Zehnder capacity
of a compact convex domain A C C? with smooth boundary coincides with Tiin(aa), see
[HZ90, Proposition 4]. Moreover, the Euclidean 4-dimensional volume of A coincides with half
of its volume with respect to the volume form dA A dA on C?, and by Stokes theorem with
half of the volume of 0A with respect to aas A das. Therefore, the 4-dimensional Viterbo
conjecture for the Hofer—Zehnder capacity is equivalent to the fact that

psys(a) <1 (2)
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for every convex contact form on S2, with the equality holding if and only if all Reeb orbits of a
are closed and have the same period. The latter assertion follows from the fact that a starshaped
domain A C C? is symplectomorphic to a closed ball if and only if all Reeb orbits of ay are
closed and have the same period, see [ABHS18, Proposition 4.3]. All of this, except for the last
assertion, would extend to any n, but here we focus on the case n = 2. Note also that the validity
of (2) for strongly convex contact forms would imply it for all convex contact forms, because
on the space of convex contact forms the systolic ratio is C?-continuous. Indeed, the volume is
clearly C°-continuous and the continuity of Tinin(ca) = Tmin(aag) in the convex setting follows
from Clarke’s variational characterization of this number as the minimum of a functional that
depends C%-continuously on a, see [Cla79] and [Eke90].

Many symplectic results holding for strongly convex contact forms extend to dynamically
convex ones, the reason being that modern symplectic techniques involving J-holomorphic curves
do not distinguish between strong convexity and dynamical convexity. Therefore, one is tempted
to attack the 4-dimensional Viterbo conjecture for the Hofer—Zehnder capacity by proving the
bound (2) for dynamically convex contact forms on S3. Our first result excludes this possibility.

THEOREM 1.1. For every € > 0 there is a dynamically convex contact form o on S® such that
2 — € < peys(a) < 2.

In particular, the supremum of the systolic ratio over all dynamically convex contact forms on
S3 is at least 2.

In particular, when € < 1 the contact form « of the above theorem is either a counterexample
to the Viterbo conjecture or the first example of a dynamically convex contact form on S® that is
not convex. Regrettably, we do not know which of these two alternatives holds. We also remark
that is not known whether the supremum of the systolic ratio over all dynamically convex contact
forms on S% is finite.

The proof of Theorem 1.1 is based on a construction that we introduced in [ABHSI1S].
The argument consists of constructing a special area-preserving diffeomorphism ¢ of the disk
D:={z € C: |z| < 1} that is supported in the interior of I, whose Calabi invariant is small when
compared with the action of its periodic points, and such that the Conley—Zehnder index of all
its fixed points is at least —1 and that of all its k-periodic points is at least 1 — 3k. Such a disk
map is then embedded as the first return map to a disk-like global surface of section for the Reeb
flow of a contact form on S, which turns out to be tight because it is contact isotopic to ay,
dynamically convex because of the bounds on the Conley—Zehnder indices of periodic points
of ¢, and whose systolic ratio belongs to the interval (2 — ¢,2) because of the bounds on the
action of periodic points and on the Calabi invariant of ¢. The novelty with respect to [ABHS1S,
Theorem 2] consists of the careful analysis that is necessary to obtain the lower bounds on the
Conley—Zehnder indices of the periodic points of ¢ and in the study of the relationship between
the Conley—Zehnder indices of closed orbits of a Reeb flow admitting a global surface of section
and the Conley—Zehnder indices of the corresponding periodic points of the first return map.

1.2 Larger systolic ratios and the mean rotation number of closed orbits

In [ABHS18, Theorem 2] we constructed tight contact forms on S® whose systolic ratio is
arbitrarily large. These contact forms are not dynamically convex, and our next aim here is to
understand more about what happens to the Conley—Zehnder indices of closed Reeb orbits
when one tries to make the systolic ratio larger. In our construction closed orbits with negative
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Conley—Zehnder index appear. We do not expect the Conley—Zehnder indices of simple closed
orbits to be bounded from below either, because the kth iteration of a closed orbit of minimal
period T might, after a perturbation, produce a closed orbit of minimal period close to kT and
index close to the index of the kth iteration of the original orbit. What we can expect to have
good lower bounds on is instead the mean rotation number of closed orbits, whose definition we
now recall.

Let a be a tight contact form on S3 and let (v, T) be a closed orbit of the Reeb flow of a.
We define the mean rotation number of (7,7") as half the mean Conley—Zehnder index of (v, T,

normalized by the period:

_ 1o p(y, k)
T):==> lim —2 =2
P(’Y, ) 2 k—iI-iI}oo kT

The limit exists owing to the quasi-morphism property of the Conley—Zehnder index. The
presence of the factor 1/2 is due to the fact that the mean Conley—Zehnder index of a full
rotation is 2. One easily checks that

p(v,kT) =p(y,T) Vk €N,
and, hence, we may remove the period T' from the notation and write

p(y) =p(v,T).
One can also show that for a closed orbit (v,T") the implication
() <0 = pu(y,kT)<0 VkeN

holds. Now we would like to consider the infimum and supremum of the mean rotation number
of all closed orbits of R,. To obtain quantities that are invariant under the rescaling o — ca we
multiply the mean rotation numbers by Tpin(«) and define

s(a) := Tyin (v inf  p(v),
(av) ( )(%T)ep(a)p(v)

S(a@) :=Twin(a) sup  p(7).
(v, T)eP(e)

Finally, we define
Aa) := S(a) — s(a).

By the compactness of S2, the ratio (v, kT')/kT has uniform bounds for all closed orbits (v, T)
and, hence,
—00 < s(a) < S(a) < 400,

which implies
0 < Aa) < 4.

As an example, if & = ag is the standard contact form on S3, then all of its Reeb orbits are
covers of the Hopf fibers, which all have period 7. Hence, Tinin(cg) = 7. A simple computation
shows that

p(y) == V(v T) e Pla).

It follows that
s(ag) = S(ap) =2 and A(ag) =0.

Note that in this case vol(S3, ap A dag) = 72 and, hence, pgys(ag) = 1.
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Our next result generalizes at the same time Theorem 1.1 and the second part of [ABHS1S,
Theorem 2|. It shows that one can find tight contact forms on S® with systolic ratio arbitrarily
close to any integer n > 2 in such a way that S has the value 2 and s is close to the integer
—(n — 1) + 2, which is negative for n > 3 and tends to —oo quadratically.

THEOREM 1.2. For each natural number n > 2 and each € > 0, there exists a tight contact form
« on S% whose systolic ratio satisfies

n—e < psys(a) <n,
such that the invariants s(«) and S(«) satisty
—(n—-12%+2<s(a)<—(n—1>+2+¢ and S(a)=2,
and which is dynamically convex for n = 2. In particular,
(n—1)*—e < Ala) < (n—1)%
and o admits Reeb orbits with negative Conley—Zehnder indices for all n > 3.

The proof of the above result follows the same scheme of that of Theorem 1.1, but requires a
more general family of area-preserving diffeomorphisms of the disk, with precise bounds relating
the mean Conley—Zehnder indices of periodic points to their action.

We do not know whether Theorems 1.1 and 1.2 are sharp in the following sense.

(i) Is it true that psys() < 2 for all dynamically convex contact forms a on S3?
(ii) Is it true that s(a) goes to —oo as psys(cr) tends to +oo?
(iii) More ambitiously, is it true that if peys(a) > n for some n € N, then

s(a) < —(n—12+2 and A(a) > (n—1)%?

An affirmative answer to question (i) would imply that the supremum of the systolic ratio over all
dynamically convex contact forms on S% is 2. An affirmative answer to question (iii) would imply
the existence of closed Reeb orbits with negative Conley-Zehnder index whenever pgys(a) > 3.

The paper is organized in the following way. In §2 we review the definitions and main
properties of the action, Calabi invariant and Conley—Zehnder index and we construct the family
of special area-preserving diffeomorphisms of the disk. In §3 we discuss the issue of lifting
area-preserving diffeomorphisms of the disk to Reeb flows on S3, with special regard to the
behavior of the Conley—Zehnder index, and finally we prove Theorems 1.1 and 1.2.

2. A family of special area-preserving diffeomorphisms

Throughout this article, wg denotes the standard area form on R? and )\ its standard primitive:
wo:=drAdy and )\g:= %(x dy — ydz). (3)
Note that Ao is invariant under rotations about the origin. We shall often tacitly identity R?
with C by the standard identification (z,y) — z + iy.
2648
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2.1 Action and Calabi invariant

Here we recall the definition and basic facts about the action and the Calabi invariant of
compactly supported area-preserving diffeomorphisms of the plane. See e.g. [ABHS18, §2.1]
for detailed proofs.

We denote by Diff(R2 wg) the group of smooth diffeomorphisms of R? that preserve wy
and by Diff.(R? wg) the subgroup consisting of compactly supported diffeomorphisms. Let
pE Diﬁc(RQ, wp) and let A be a smooth primitive of wg on R2. Since © preserves wq, the 1-form
©*A— X is closed and, hence, exact on R2. The action of ¢ with respect to A is the unique smooth

function
)
oox RT—= R

that is compactly supported and satisfies
doy ) =@ A=\

Note that o, \ vanishes on any connected unbounded domain in R? that is disjoint from the
support of . The next lemma describes the dependence of the action on its defining data.

LEMMA 2.1. Let ¢ and 1 be elements of Diff.(R?,wg) and let h be in Diff(R? wy). Let A be a
smooth primitive of wg and let u be a smooth real function on R?. Then:

(i) Oprtdu = Op X T UO QY —U;

(il) Tgopr = Opr 0P+ 0px = oy + Tpyea;
ces o _1 o .

(iii) 0,13 = —0pr0p " = =04 (= 1)*Aj

(IV) O-hflotpoh,h*)\ = U&p,)\ o h.

The function o, ) depends on the choice of the primitive A, but its value at fixed points of ¢
does not, by Lemma 2.1(i). By the same statement, the integral of o, 5 is also independent of the
choice of the primitive A and defines the quantity

CAL(p) i= [ pnen,
R2
which is called the Calabi invariant of ¢. The function
CAL : Diff (R?, wp) — R

is a surjective homomorphism of groups.

The group Diff.(R?, wp) is connected, so for every ¢ € Diff.(R?, wg) one can find a smooth
isotopy {got}te[m] C Diff.(R?,wp) such that ¢° = id and ¢! = ¢. The fact that R? is simply
connected implies that the time-dependent vector field generated by this isotopy, which is defined

by ;
Xi(¢'(2) = 2¢'(2),

is Hamiltonian, meaning that there exists a compactly supported smooth function
H:[0,1] xR?> - R, H(t, z) = Hy(2),

such that
1x,wo = dHy. (4)
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The function H is called a generating Hamiltonian for . Conversely, a smooth compactly
supported function
H:[0,1] xR?> > R, H(t, z) = Hyz),

defines a smooth compactly supported time-dependent vector field X g, by the identity (4), whose
flow is a smooth path in Diff.(R?, wg) starting at the identity.

The action and the Calabi invariant of ¢ can be expressed in terms of a generating
Hamiltonian H by the formulas

1
Goa(z) = / At / Hy(o'(2)) dt,
t—>pt(2) 0

where ! is the flow of Xp,, and

CAL(p) = 2/ H dt A wy. (5)
[0,1]xR2

2.2 Conley—Zehnder index

In this subsection, we recall the definition of the Conley—Zehnder index for paths of symplectic
linear automorphisms of (R?,wp) starting at the identity. We also need to consider the case in
which the symplectic path is degenerate, meaning that 1 is an eigenvalue of the automorphism
at the right-end point of the path. In this case, we consider the maximal lower semi-continuous
extension of the Conley—Zehnder index for non-degenerate paths. This definition agrees with
that in [HWZ98, §3], which is the main reference for this subsection, and differs from that in
[RS95].

For every closed interval I C R of length strictly less than 1 satisfying 0I NZ = @ define

0y {2 if IN7Z = {k},
Y= \2k+1 it I (k k+1) for some k € Z.

One extends the function u to the set of all closed intervals I of length strictly less than 1 by
the formula
I):=1i 1-Y9).
pll) = lim (I = 0)

Note that in the special case in which the interval I consists of only one point a we have

p(fa}) =2fal -1, (6)

where [a] denotes the unique integer k for which a € (k — 1, k].

Now let @ : [0,1] — Sp(2) be a continuous symplectic path satisfying ®(0) = id. For every
non-zero vector u in the plane choose a continuous lift 6, : [0, 1] — R of the argument of ®(¢)u.
This means that

®(t)u = |®(t)ule?=®.
Define the number Ag(u) by
_ 0u(1) = 0.(0)
Agp(u) := B v—
which is independent of the choice of the lift §,,. The image J of the function Ag is the so-called
rotation interval of ®. It is an interval of length less than 1/2. One can show that 0Jp NZ =
if and only if 1 is not an eigenvalue of ®(1). We define the Conley-Zehnder index u(®) of ® as

(@) := p(Ja).
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Here are two useful properties of the Conley—Zehnder index. The first is its naturality: for any
A € Sp(2) we have
WA DA) = u(®). (7)

For the second we recall that the space of free homotopy classes [R/Z, Sp(2)] is isomorphic to Z
by an isomorphism called the Maslov index, which we denote by

Maslov : [R/Z,Sp(2)] - Z,

and is normalized by giving the loop of positive rotations t > €27 t € R/Z, the Maslov index 1.
Then for any loop V¥ : [0,1] — Sp(2) with ¥(0) = ¥(1) = id, we have

w(¥P) = p(P) + 2 Maslov(W). (8)

Conley—Zehnder index of fized points. Let ¢ € Diff .(R?,wp) and zp be a fixed point of ¢.
Choose a smooth path {¢'},c(01] C Diff.(R?, wp) such that ¢ = id and ¢! = ¢. The Conley—-
Zehnder index of zy with respect to ¢ is defined as the Conley—Zehnder index of the symplectic
path

[07 1] e Sp(2)? l— D(pt(z0)7

and is denoted by
1(20, ).

As the notation suggests, this integer is independent of the choice of the isotopy in Diff.(R?,wq)
that connects the identity to ¢. Moreover, if h is in Diff (R?, wg) and zp is a fixed point of ¢, then

p(h(z0),hopoh™) = pu(z0,¢).

Indeed, this follows from (7), (8) and from the fact that R? is simply connected.
Being a fixed point of ¢, 2 is also a fixed point of all the iterates ¢*, and the mean Conley—
Zehnder index of zy is defined as

k
_ . (20, ")
= lim 07

A(z0, ©) Jm =

The existence of the above limit follows from the fact that the map
N — Z, k— :u(z(bgpk)
is a quasi-morphism.

Conley—Zehnder index and rotation number of closed Reeb orbits. Let 8 be a contact form
on a 3-manifold M, with Reeb vector field B3 and Reeb flow gbtRﬁ.

Given a closed Reeb orbit (v,T), let E be a df-symplectic trivialization of the contact
structure ker 8 over some neighborhood of the image of 7. We may see = as a smooth family of
symplectic linear isomorphisms

=, (R% wp) — (ker B(q), dB)

parametrized by points ¢ near y(R). A path ® : [0,1] — Sp(2n) can be constructed by the
formula

_ =1 Tt =
) = Eyp ) © 10h, (1) 0 =,

2651

https://doi.org/10.1112/50010437X18007558 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X18007558

A. ABBONDANDOLO ET AL.

where p = y(tp) with ¢g € R chosen arbitrarily. The Conley—Zehnder indez of (v, T) with respect
to Z is defined as the Conley—Zehnder index p(®) of the path & as defined in the beginning
of §2.2, and is denoted by

(v, T), E).

As the notation suggests, this does not depend on the choice of the base point p € v(R).

If 2 is a different dB-symplectic trivialization of the contact structure ker 8 over some
neighborhood of v(R) and ® : [0,1] — Sp(2) is the corresponding trivialization of the path
t— dqﬁ% (p), we have

where ¥ : R/Z — Sp(2) is the loop
(t) = é_ql‘t

e E¢>}§; (p)
By (7) and (8) we obtain
W((1,T),Z) = (7, T), Z) + 2 Maslov (). (9)

When the trivializations = and = are isotopic, the loop W is freely homotopic to a constant loop
and, hence, the Conley—Zehnder indices with respect to Z and Z coincide.
The mean rotation number of (v, T) with respect to = is defined as

_ — 1. pu((r,kT),=)

As in the case of the mean Conley—Zehnder index of a fixed point, the existence of the above
limit follows from the fact that the map

N—Z, kw u((v,kT),=)
is a quasi-morphism. The fact that
p((,T),5) = p((7,kT), E)
allows us to denote the mean rotation number simply by
p(7,8) =p((7,T),E).

The trivialization = will be omitted from the notation for u or p when it is clear from the context.

2.3 Rotationally invariant Hamiltonians

Rotationally invariant Hamiltonians will be useful building blocks in our construction. In
this section we compute the action, the Calabi invariant, and the Conley—Zehnder indices
associated to a general autonomous radial Hamiltonian with compact support, with respect
to the rotationally invariant primitive Ag of wy.

LEMMA 2.2. Suppose that H : R? — R has the form H(z) = h(|z|?) for some smooth function
h : [0,+0c0) — R with compact support. Let ¢! be the flow of the autonomous Hamiltonian
vector field X and ¢ = @' be the corresponding time-1 map. Then

o'(z) = e_2h/(|z|2)itz, Vz e R?, Wt € R, (10)

and:
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(1) opr0(2) = (]2[?) — Izlzh’(lzP) for all » € R?;
(ii) CAL(y _47rf+°0m

(iii) let zo € Fix(p*), for some k‘ € N; if 29 # 0, then kh/(|z0|?)/7 € Z; moreover, the Conley—
Zehnder index satisfies

Qkh'
2kR(|20]%) if 20 # 0 and h"(|20]?) < 0
T
2 /
M(Z()a QDk) = kh7.‘|-20|) -1 jfZO 7& 0 and h”(|ZO|2) 2 0
/
2[—% (O)W -1 ifz=0.
T

Proof. See [ABHS18, Lemma 2.9] for the proof of (10), (i) and (ii). Here we prove (iii). By
differentiating (10) we obtain the following expression for the linearized flow

Dt (z0)u = —4h" (|20]?) (20, u)it e~ 2 (1)t 5 4 o =2 (20t (11)

where (-,-) denotes the Euclidean inner product on R?. Moreover, (10) implies that zy € R?\{0}
is a fixed point of ¢* if and only if
W(lz0l?) = =5
k
for some m € Z. In this case, plugging u = iz into (11) we obtain

’ N .
—2h/(|20|? )zt 27rzmt/k,LZO

Dyt (z)izg = e izop=e

Hence, the integer m belongs to the rotation interval of the path
€ [0,1] = D¢ (z9) € Sp(2). (12)

Note also that since Dgpk (z0)iz0 = @20, 20 is a degenerate fixed point of go’“ and, hence, m is an
endpoint of its rotation interval. Plugging u = zp and ¢t = k in (11) we obtain

D*(20)z0 = —4h"(|20/*) |20/ kiz0 + 20.

Hence, the rotation interval of the path (12) contains points in (m,m + 1) if A”(]z0|?) < 0. In

this case, we have
Qkh/ 20 2
(e, o) = 2m = — 2 z0l).
i
If A”(]20/?) = 0, then the rotation interval is contained in (m — 1,m] and, hence,

2kh’ (|20]?)

™

M(Zoawk)=2(m—1)+1:2m—1:_ 1

If zo = 0, then from (11) we obtain Dyt (z9) = e 2" (9% Hence, the rotation interval of the
path (12) degenerates to the point —kh'(0)/7. In this case, we obtain from (6) that

kh’(O)" L

p(z0, ") = 2[— -

as desired. O
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2.4 Construction of a family of disk maps
We denote by
D:={zcR?||z| <1}

the closed umit disk and by Diff.(D,wg) the subgroup of Diff.(R?,wy) consisting of diffeo-
morphisms with support in the interior of D.

The proof of Theorem 1.1 will be based on the construction of a map ¢ € Diff (D, wy) with
special properties, as described in the following proposition.

PROPOSITION 2.3. For every € > 0 there exists a smooth primitive A of wg such that A — \g is
supported in the interior of D and a map ¢ € Diff .(D,wy) with the following properties.
(i) The action o, ) has the bounds
T
5

T
—5 < Opa < 9

2
with a stronger inequality at fixed points of ¢:

oo (20) 20 Vzo € Fix(yp).

(ii) The Calabi invariant of ¢ satisfies

2 2

s e
-5 < CAL(p) < 5 +e.

(iii) For each k € N and each fixed point z of ©* the Conley-Zehnder index of z satisfies
1u(z0, %) > 1 - 3k,
with a stronger inequality if zg is a fixed point of @:
w(z0,0%) = =1 Vzg € Fix(p).

The idea of the proof is the following. The map ¢ consists of a composition ¢ = ¢_ o @ of
two area-preserving diffeomorphisms with support in the interior of ID. The map ¢ is a rotation
of angle 7w on a big disk contained in int(D), and in the annulus between the two disks it rotates
each circle centered at the origin by an angle in the interval [0, 7], which becomes 0 when the
circle is contained in a small neighborhood of dD.

The map @_ is supported in a set A that consists of two compact subsets Ag and Ay = — Ay,
where Ag is a region diffeomorphic to a closed disk that is contained in the interior of the upper
half-disk D N {Imz > 0} and fills almost all of its area. The restrictions ¢_|4, and ¢_|4, are
conjugated to each other by the rotation by 7, and they are conjugated to a compactly supported
disk map that rotates most of the disk by an angle 270, with § > —2 and very close to —2, and
then rotates less and less in the negative direction when approaching the boundary. See Figure 1.

The maps ¢4 and @_ are made compatible by ensuring that the disk on which ¢, is a
rotation by 7 contains the set A, which then implies that ¢ and ¢_ commute.

The primitive A of wy coincides with Ay outside of a large disk contained in int(D), and in
Ap and A, it coincides with the pull-back of Ay by the area-preserving diffeomorphisms mapping
Ap and A; onto a disk that conjugate p_|4, and ¢_|4, to the disk map described above.

The map ¢_ gives a negative contribution to the Calabi invariant of ¢, which overrides
the positive contribution given by ¢, and makes CAL(y) close to —72/2, as in statement (ii).
The action of ¢4 and p_ with respect to A can be computed explicitly, and using the behavior
of the action under composition we can guarantee that the action of ¢ takes values in the
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a
v

FIGURE 1. The map of Proposition 2.3.

FIGURE 2. The map of Proposition 2.4.

interval (—m/2,7/2), as required by statement (i). The fact that ¢_ preserves each of the sets
Ap and A; while ¢4 permutes them guarantees that all fixed points of ¢ lie outside of A. There,
the map ¢ coincides with ¢4, and it is easy to show that all its fixed points have non-negative
action and Conley—Zehnder index not smaller than —1. This gives the stronger inequality in
statement (i) and the second part of statement (iii). Finally, the Conley—Zehnder indices of all
other periodic points can be estimated quite precisely, and in particular they satisfy the first
part of statement (iii).

In this section, we actually prove a generalization of the above proposition, in which instead
of subdividing the disk into two half-disks, we subdivide it into n > 2 equal sectors. The map
¢+ will then be a rotation of angle 27 /n on most of I, whereas ¢_ will preserve each sector and
behave as a negative rotation on a large portion of each of them. See Figure 2.

This generalization will be used for proving Theorem 1.2. We will need more information on
the map ¢, and in particular precise bounds relating the mean Conley—Zehnder indices of its
periodic points to their action. The precise statement is as follows.

PROPOSITION 2.4. Given a natural number n > 2 and a real number € > 0 there exist a primitive

A of wy such that A — X\ is supported in the interior of D and a map ¢ € Diff.(D,wy) with the
following properties.
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(i) The action o,y has the bounds
m 7
T+ — < 0opN < —,
n n
with a stronger inequality at fixed points of ¢:
J%,\(Z()) >0 Vz € FiX((p).

(ii) The Calabi invariant of ¢ satisfies

—71'2<1 - 1) < CAL(p) < -2 (1 - 1> te

n n

iii) For each k € N and each fixed point zy of ¥ the Conley—Zehnder index of zy satisfies
2

2k
with a stronger inequality if zy is a fixed point of ¢:
p(z0, %) = =1 Vz € Fix(p).

(iv) The action o,y is invariant under .
(v) If 29 € Fix(o¥) is not a fixed point of ¢, then k > n.

Furthermore, there is a compact set A C int(D) that is invariant under ¢ and has the following
properties.

(vi) Every zy € Fix(¢*)\A4, k € N, satisfies
go(20) 20

and

2 ﬁ(z(]a Sok) 2
z < r ) (2 ,
7T0'<p,)\(20) < . S +e oux(20)

(vii) There exists a number v € (0,¢) such that every zo € Fix(o¥) N A, k € N, satisfies
™
oo(20) 2 =7 + ﬁ(l +v)

and

2  2n

— k
2 ) —2— g Pe0e) 2 2n
n T

2
3 <ﬁ+?a%>\(zo)72+u.

(viii) There exists wy € Fix(¢™) N A such that
T
gpox(wo) < =7 + E(l +v)+v

and B . )
Flwo, ") _ 2 5 1o,
n n
where v is the number which appears in property (vii).

Note that Proposition 2.3 follows directly from statements (i), (ii) and (iii) in Proposition
2.4, in which we choose n = 2.

The remaining part of this section is devoted to the proof of Proposition 2.4. We fix once
and for all the natural number n > 2, which labels the 1-form A and the map ¢ we are going to
construct, and the positive real number ¢, as in the statement Proposition 2.4.
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Construction of A. For each j € {0,1,...,n — 1} we denote the closed sectors as
2 2
Dy, j = {z eD ’jﬂ- Largz < (j+ l)ﬂ-}.
n n
For r > 0 we write ID,. for the closed disk of radius r,

D, :={2€C||z| <1}

Here we wish to construct a suitable primitive A of wgy, which coincides with g outside
of a compact set that is contained in the union of the interior parts of the sector D, ;, for
j €40,...,n—1} and is invariant under the counterclockwise rotation by the angle 27 /n, which
we denote by p:

p:R2 >Rz 2y

Choose a positive number n < 1 very close to 1, and fix a smooth subset Ag of the interior of the
sector Dy, o diffeomorphic to a closed disk and having area nm/n. Moreover, fix an area-preserving
diffeomorphism f € Diff(R?, wg) that maps A to a disk centered at the origin of some radius
R >0,

f(Ao) =Dg.
Since f is area-preserving,
TR =1 . (13)
n
Since f*)g is a primitive of wp, there is a smooth function v : R?> — R satisfying

o = Mo + du.

Now fix a smooth cut-off function x : R? — [0,1] such that x|4, = 1 and whose support is
contained in the interior of D,, 5. Then set

A= Ao + da, (14)
where 7 : R? — R is given by

= xu+p*(xu) + -+ (0" (xuw). (15)

The smooth 1-form A, which is a primitive of wqg, has the following properties:
(&) pP*A =X
(b) A= f*)\o on Ao;

(c) A= Ag outside of a compact set that is contained in the union of the interiors of the sectors
Dy, j €{0,...,n—1}.

The positive number n < 1 that appears in the construction will be made sufficiently close
to 1 in due time, depending on n and e.
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Construction of the map ¢. We construct the map ¢ € Diff.(D,wp) as a composition of
two maps ¢, p_ € Diff.(D,wp) that are each generated by autonomous Hamiltonians H and
H_ supported in the interior of the disk that separately we understand well. Here we define ¢4
and compile its basic properties.

We start by fixing a family of smooth cut-off functions xs : [0,4+00) — R depending on
d € (0,1/2): let x5 be a smooth convex function which is supported in [0,1) and satisfies

Xs(s)=1—-0—s Vsel[0,1—24]. (16)
It follows that xs is monotonically decreasing, non-negative, and satisfies

max{l — 0 — 5,0} < x5(s) < max{(1 —0)(1 —s),0},

17

for every s € [0,400), and

0< xs(s) —sx5(s) <1 —6 Vs el0,+00)

Xa(s) = sx4(s) =1—0 Vs €[0,1-24], (18)

where the last inequalities follow from the fact that the function x;(s) — sxj(s) takes the value
1—4 for s =0 and 0 for s > 1, and has derivative —sxj(s) < 0 that vanishes on [0, 1 —24]. Using
this same type of argument one can show moreover that

—(1=9)x5(s) < xa(s) = sxs(s) < —x5(s) Vs € [0, +00). (19)
Choose 6 > 0 to be so small that

supp(@) C int(D, 1), (20)

where 4 is the smooth function which is defined in (15). Note that the above assumption requires
0 to go to 0 as n approaches 1. Later on we will require d to be even smaller, but we will always
keep the above requirement. The autonomous Hamiltonian H, : R? — R defined by

Hy(2) = hi(|2?) with hi(s) = xs(s),

is supported in int(D). We denote by ¢, € Diff.(D,wy) the flow of Xy, and by ¢4 := @} the
time-1 map. By Lemma 2.2 the diffeomorphism goﬁr restricts to the counterclockwise rotation of
angle 27t /n on the disk D Wimort Outside of this disk, the map goﬁr rotates each circle about the
origin counterclockwise by a non-negative angle that does not exceed 27t/n (because of (17)),
and which becomes zero outside of some disk of radius smaller than 1. Again by Lemma 2.2, the
action of ¢, with respect to Ag is the radial function

Ty 20(2) = %(X6(|Z|2) —l2Px5(1=%) vz e RZ. (21)

The fact that o, ),(2) depends only on |z| and the fact that ¢ preserves each circle centered
at the origin imply that
Opi o CP+ = 0wy M- (22)

By (18), the function o, », satisfies

™
Tpipo(2) = (1 =0) V2eD (23)
0< 0. (2) < %(1 —5) VzeR (24)
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Integrating the action on D, we find that the Calabi invariant of ¢ has the upper bound

2 2

CAL(p,) < %(1 —8) < % (25)

Now we wish to determine the action of ¢4 with respect to the primitive A from (14). Recall
that A\ = A\ + di, where @ : R? — R is given by (15). Observe that 4 is invariant under ¢ .
Indeed, this follows from the invariance of 4 under p, because ¢4 = p on D g5 and @ = 0 on
]R2\]D)m thanks to (20). Hence, by Lemma 2.1(i), we have

Opi A = 0py o on R2. (26)
Therefore, we can rewrite (22) as
Opi A O P+ = Opy 2 (27)
and (23) and (24) as
™
Utp+,A(Z) = E(l — 5) Vz € Dm, (28)
0< 0y, 2(2) < %(1 —8) VzeR2 (29)

Now we wish to establish suitable bounds on the Conley—Zehnder indices of the periodic
points of ¢ ;. By using Lemma 2.2(iii) and the fact that h/] > 0, we find that the Conley-Zehnder
index of a point zy € Fix(¢%)\{0}, k € N, has the value

2kh’, (|20]?) 2k
w20, o) = === —1=="xj(l=f*) ~ 1, (30)
m n
and, hence,
2k
—1< a0, %) < T =1, Veo € Fix(of)\{0}, (31)
because —1 < x5 < 0. Moreover, the fixed point 0 of ¢ has Conley-Zehnder index
kh!_(0) k k
k + /
=2|———2L| —-1=2|—— —1=2|—-| -1 2
0.y =22 12| L0 | - 1-2[2] -1 (32)

because x5(0) = —1.

We conclude our study of the map ¢4 by estimating the mean Conley—Zehnder index of its
periodic points in terms of their action. We start with a fixed point zy of goi other than 0. For
any h € N the identity (30) applied to 29 € Fix(¢"*)\{0} gives us

2hk
/’L(ZO7SD{1|»]€) = _TXSGZO‘Q) - 17
and dividing by hk and taking the limit for h — 400 we obtain
ﬁ(z()v@ﬁ-) _ 2 / 2
25— 2P, (33)

In the case of the fixed point zp = 0 we have by (32)

0,04 2 2
e e 0]

n n

and, hence, the formula (33) holds for all 29 € Fix(¢k).
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Let zo be a fixed point of ¢%. Using (26), (21) and (19), we obtain the inequality
~(1= )7 X5(120) < 0, (20) < = (120,
which can be restated as
2 a20) < Xi(l20l) € e ao)

Then (33) implies the bounds

2 E(ZO>SOk) 2
—Opap(20) S — < n(l—(s)%*’*(zo)‘

N

™

By choosing § small enough we conclude that

2 (20, % 2 :
;UW,A(ZO) < M(Ok:m < (77 + e>0¢+,>\(20) Vzo € Fix(ph). (34)

Construction of the map pr. The map ¢_ will be defined by starting from a map @ that
is induced by an autonomous radial Hamiltonian K, which we now wish to define. First we fix
some real number 6§ satisfying

—n <0< -—n+1, (35)

and close enough to —n, as we will later specify. Recall that R > 0 was fixed above (13), so
that there is an area-preserving diffeomorphism f : Ay — Dp from some Ay C int(D,, ). Given
d € (0,1/2) as in the construction of ¢, consider the following rotationally invariant Hamiltonian

. S
K:C— R K(2)=hg(?) with hy(s) = wR20xa<Rz>,

which is supported in the interior of Dg. Let ¢k denote the flow of K and let g := ¢k be the
time-1 map. For any ¢ € [0,1], the map gotK rotates each concentric circle about the origin by
some angle in the interval

[276,0] C (—27n, 0],

since
hie(|2%) = m0x5(|2[?/R?) and —1 < x5 <0,

see Lemma 2.2. By Lemma 2.2(i),

Tprep0(2) = hc(|2?) = |22 h(|2]%)

z|? 2|2 z|?
= R0 <X5 <|RJ2> - !2)(' <|RJZ>) Vz € R?, (36)

Opr,do ©PK = Opi Ao (37)

and, in particular,

By (36) and (18) we have

WRQG(l o 5) < U@K)\o(z) <0 Vze RQ,
Tprno(2) = TR2(1 = 6) Vz €Dy =g
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Together with (13) we obtain

nnﬁ(l—é) < Opr(2) <0 Vz € R?,
™ (38)
U¢K7A0(Z) = 7]59(1 — (S) VZ S DRM

Integrating the non-positive function o\, over Dg, we find the following upper bound on the
Calabi invariant of pg:

2
CAL@K)<n%ﬂ1—5ﬁR%1—Zﬂ:U%%ﬂl—5ﬂl—2®.

When 6 approaches —n, 1 approaches 1 and § goes to 0, the quantity on the right-hand side
converges to —m2/n. Therefore, by choosing 6 > —n close enough to —n, n < 1 close enough to 1
and 0 > 0 close enough to 0 we obtain the bound

2«

T
AL -+ —.
CAL(pr) <~ + & (39)
The number 6 is now fixed by the above requirement, together with
0<—n+e (40)

The distances of n from 1 and the number § will be made even smaller below.
We now estimate the Conley—Zehnder indices of the periodic points of @i . Let &k € N. By
Lemma 2.2(iii) we have
khi(0)
T

(0, o) =2 [—

Now 6 > —n implies k6 > —kn, from which [kf] > —kn + 1 and, hence,

w — 1= 2[—kO\;(0)] — 1 = 2[k6] — 1. (41)

2kO] — 1 > —2kn + 1.
Together with the inequality k0 < k(—n + 1) < —k < —1 we deduce that
—2kn 4+ 1 < (0, %) < =3.

Now let zy € Fix(¢%)\{0}. By Lemma 2.2(iii), the number kfx(|zo|?/R?) is an integer, and
either

2kh(|z0]? 202
11(z0, ) = _ 2Rzl _ —2k9xﬁs<‘0’>, (42)

™

if x%(|z0/?/R?) > 0, or

2
1(z0, i) = —2k0x5 (‘ZO| ) -1, (43)

R?
if x7(|20/?/R?) = 0. In both cases, the bounds 0 > x5 > —1 and 0 > § > —n imply Oy < n and,

hence,
K |20/
(20, Pic) = {k‘é’x(s <R >

The integer kOx(|z0|?/R?) appearing in (42 d (43) is non-negative. When this integer is
positive, we obtain

> —2kn + 1.

_

1(zo, o) < —2.
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When it is zero, we have xs(|20/?/R?) = 0 and, hence, x}(|z0|?/R?) = 0. This implies that the
alternative (43) holds and, therefore,

p(z0, ) = —1.
We conclude that in all cases

p(z0, ) < —1.
We can summarize the above discussion by stating the following bounds on the Conley—Zehnder
index of an arbitrary fixed point of ga’;(:

—2nk 4+ 1 < pu(z0,0%) < =1 Vzo € Fix(pf). (44)

We conclude the analysis of ¢ by obtaining bounds for the mean Conley—Zehnder index
of 29 € Fix (%) in terms of its action. By (41), (42) and (43) the mean Conley-Zehnder index of a
periodic point is given by the formula

_ k 2
M(ZOI;‘PK) - —20xg(|'22’ ) Vzo € Fix(ph). (45)

Using (36) and (19) we obtain

|20/ |20/
= () > o) = —nrons (B )

which we can restate as

OoK, Ao (ZO) / |ZO‘2 OoK Ao (ZO)
—_ TN 7 < < — 3
TR20(1 — ) X5< R TR0

Then (45) implies

2 E(ZOvSDk ) 2
mJ¢K7AO(ZO> < L K X FRQO-‘,DK,)\O(ZO).

By (13) we have 7R? = nm/n < 7/n, and we conclude that

2n fi(20, ¥f) _ 2n _
mmm{,)\o (20) < TK < —Tero (z0) Vzo € le(golf(), (46)

Construction of the map p_. Now we are ready to define ¢_ € Diff.(D,wp). Recall that
[+ Ag — Dp is an area-preserving diffecomorphism from Ay C int(Dy, o). The set P/ (Ag) is
contained in the interior of the sector Dy, ; for every j € {0,...,n — 1}, and, in particular, these
sets are mutually disjoint. Set

n—1
A=/ (A).

J=0

Define the autonomous Hamiltonian H_ : R? — R by

Ko f(p(2) Vzep(A),je{0,1,...,n—1},
H-(z) = {o vz € R2\A,
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which is smooth and supported in A C int(DD), because K : R? — R is supported in the interior
of Dr. We denote the flow of H_ by ¢! € Diff.(D,wp), and its time-1 map by ¢_ = '. By
construction, ¢_ is supported in A and

p-lao = o wr o flag.
Moreover, ¢_ commutes with p:

p_op=poyp_.
With the help of (5) the Calabi invariant of ¢_ is easily calculated to be

n—1
CAL((p_):2/H_dx/\dy:22/ H_dx A dy
C k=0 pE(A)

:2n/Hda:/\dy:2n/Kofd:E/\dy
A A

=2n Kdac/\dyz?n/Kdac/\dy:n-CAL(goK),
Dr C

where we have used the facts that p and f are area-preserving and H_ is invariant under p. By
(39) we find the upper bound
CAL(p_) < -7 + e (47)

Let us estimate the action function of ¢_ with respect to the special primitive A. The flow
¢! fixes all points in the connected set C\ 4, so the action function o,_x at such points vanishes.
At points in Ay, using Lemma 2.1(iv) we find

To A(2) = Tpne (f(2)) V2 € Ao, (18)

Again, using Lemma 2.1(iv) and the fact that A is p-invariant, one finds that o,_ ) is invariant
under p:

0-50*7)‘ o p = O"P*)" (49)

and by using (37) that o,_ 5 is invariant under ¢_:
Op_ANOP— =0p_ A (50)
By (49) we find, using also our estimates (38) on the action of ¢k with respect to Ag, that
—n(1-6) < n%@(l —6) <o, A(2) <0 Vze€ A, (51)
0, A(2) =0 VzeR)\A, (52)
Now let us consider the Conley—Zehnder indices at periodic points of ¢_. Suppose that
20 € Fix(o")

for some k € N. If zg € p/(Ap), then the invariance of the Conley-Zehnder index under conjugacy

implies ‘
w20, %) = p(f(p™ (20)), ¥c). (53)
Combining this with (44) we obtain
—2nk +1 < p(z0,0%) < =1 Vz € A (54)
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All points in R?\ A are fixed by ¢_. Therefore,
w(z0, 0% ) = =1 Yz € R2\A. (55)

By (48), the invariance of o,_ ) under p and (53), the bounds (46) on the mean Conley—Zehnder
indices of the periodic points of px translate into

2n iz ) ]i 2n .
m(j@—,)\(z()) < 'u(okso) < ?0-90—»)\(20) vzo c FIX(SO’E) N A. (56)

Construction of the map . We start by observing that the maps ¢ and ¢~ commute:
Prop_=p_opy. (57)

Indeed, since p4 = p on D 555, ¢ commutes with p and

supp(¢-) C A C D 15,

we obtain
2€D =55 = 91(p-(2)) = ple-(2)) = v-(p(2)) = p—(v+(2)),
2D g = pr(p-(2) = 04 (2) = - (p+(2)),

as desired.

The map ¢ € Diff .(D,wy) is defined to be the composition
pi=prop =@ opy.
From the homomorphism property of the Calabi invariant
CAL(p) = CAL(p-) + CAL(p4)

and so by (25) and (47) we obtain the upper bound
w2 9 9 1
CAL(¢)<Z_TF +e=—7 1—E +e. (58)

Since ¢ = p on the disk D 55, which contains the support of o, x, the identity (49)
implies
O"P—vA o SO+ = 0-90—’)" (59)

Together with Lemma 2.1(ii) this implies the following formula for the action of ¢ with respect
to A:

Tp A = Op_opy A = 0p_ A0 P+ T 0o, X =0p_ 1 0p, (60)
Moreover, the action is @-invariant:
TpA 0P =0y ). (61)
Indeed, by (27), (50) and (59) we have
ToAOP =0Tp_ X0 P-0Py +0p ANOPL 0P

= O-SO*’A o SDJ’_ + 0-904’7)‘ © ()0—
=0p_ AT Op  A0P— =0piop X = 0T,
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where in the penultimate equality we have used Lemma 2.1(ii). Therefore, we have shown that
the action o, ) is ¢-invariant, as claimed in statement (iv).
Thanks to (29) and (52), the identity (60) gives

0<oon(2) < % Vz € R%\A. (62)
By (28) and (51) we also have

(_F ; Z) (1-8) < T8+ 1)(1 - 0) S opa(z) < “(1-0) Vze 4, (63)

S

where in the first inequality we have used nf > —nyn > —n. In particular, the above two bounds
imply
T T 9
T+ — <oo(2) < - Vz € R*, (64)
n

which proves the first part of statement (i). Now suppose that zg is a fixed point of ¢. Then z
is not in A, because _ preserves each component p’(Ag), whereas ¢, maps p/(Ag) to p/T1(Ag)
for every j =0,...,n — 1. From (62) we have

oox(20) 20 Vz € Fix(p),

concluding the proof of statement (i).
By integrating the first inequality of (64) we obtain

7T2

CAL(p) = / Tp AW = / Op W0 > 24+ .
R2 D n

Together with (58), this proves the bounds on the Calabi invariant of ¢ which are stated in
statement (ii).

The fact that ¢ cyclically permutes the components A; of A and the fact that ¢_ preserves
each of them imply that the periodic points which are contained in A have period multiple of n.
Since ¢ = ¢4 on C\A, the fact that all the periodic points of ¢, that are not fixed points have
period at least n implies that the same is true for the periodic points of ¢ that are not fixed
by ¢. We conclude that if z is in Fix(¢¥) for some & € N but not in Fix(y), then k > n. This
proves statement (v).

We now estimate the Conley—Zehnder indices of the periodic points of . We start by the
fixed points of ¢, which as we have seen belong to the complement of A, on which ¢ = ¢.
A fixed point zg of ¢ is either outside of the support of ¢ or zp = 0. In the first case,

11(z0, %) = pu(z0, 0% ) = p(20,id) = —1,

and in the second case

by (32). In either case, we have
1w(zo, %) = =1 Vz € Fix(yp), Vk € N,

proving the second part of statement (iii).
The study of an arbitrary periodic point is simplified by the fact that, by (57),

gok:gpﬁ_ogoli vk € N.
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Consider a periodic point
20 € Fix(p")

for some k € N. Since the isotopy {@lf o @’it}te[m] is compactly supported and its time-1 map is
o o F = ¥ the Conley-Zehnder index u(zo,¢") is the Conley—Zehnder index of the path of
symplectic automorphisms

®:[0,1] — Sp(2), ®(t) := D( 0 o")(20) = Dk (" (20)) 0 D" (20). (65)

Suppose first that zp is not in A. Then zj is outside the support of the map ¢* and, hence, z
is a fixed point of goﬁ and

w20, 0") = nlz0, ¢4).
Therefore, (31) and (32) imply

k
—1 < plz0, %) <2 [n-‘ —1 Vzg € Fix(¢")\A. (66)

In particular, the ConleyZehnder index of fixed points of ¢* outside of A trivially satisfies the
lower bound stated in statement (iii). Moreover, fi(20, ¢*) = fi(20, ¢% ) and, using (34) and the fact
that o, (20) = 0+ 1(20) by (60) and by the fact that o, \ vanishes outside A, we obtain

2 (20, oF 2 .
;G%A(zo) < M(Okso) < <7r + €> oo x(20) V2o € le(apk)\A.

Together with (62), this bound proves statement (vi).
Now suppose that zg is in A. We claim that k& = nkq for some kg € N and that 2 is a fixed
point of ¢ . Indeed, ©* (29) belongs to A C D =55 and so

20 = ¢ 0 " (20) = p" 0 ¥ (20).

The point 2 belongs to p’/(Ag) for some j € {0,...,n—1}, and since ¢_ maps p’(Ap) into itself,
©" (20) also belongs to p’(Ag). Then the above identity implies that & is a multiple of n and zg
is fixed by " . This proves the claim.

Moreover, the fact that zg is in A implies that ¢**(z) is in A C D ;=5 for all t € [0,1], so

DR (M (2g)) = e2m/minkot — g2mikot v ¢ [0 1],

and (65) reduces to .
B(t) = ™Rt . DF(z) Wt € [0, 1].

Therefore,
(20, 6%) = p(®) = 2 Maslov(2750) 4 (D ()
= 2ko + (20, ¢%) = % + p(z0, 9%), (67)
and by (54) we obtain
2k

2k
—2nk 4+ = 4+ 1< (20, 0%) < = =1 Vzg € Fix(o") N A.
n n
The above lower bound is precisely the lower bound claimed in statement (iii), whose proof is
now complete.
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Now recall that 6 € (—n, —n + 1) has been fixed and set
v:i=0+n.
The number v is positive and smaller than e because of (40). By (63) we have
Toa(20) 2 S((=n+ )+ 1)1 =8) > Z((~n+v)n+1)

n
s
>i
n

T
(—n+1/+1):—7r—|—g(1+u).

This proves the first bound
T
oo(20) = —m+ 5(1 +v),

which is stated in statement (vii). To prove the second bound, note that the identity (67) implies
_ 2k
(20, 6") = — +Ti(z0, ¢L).
Then, the bounds (56) together with the identity
™
Tp_(20) = T (20) = g, A (20) = Ty (20) = (1 —9),

which follows from (28), give

iz, ") 2 flz0,9%) _ 2 2n
[ Sa L <-4+ =
Ty e,
= + n%j)\(zo) —2(1-9)= - + —nqo)\(zo) — 2+ 29,
and
m k k
fi(z0,%) _ 2 B(z0,0%) _ 2 2n
== > =
k n + k “n + nm(l—9) %o a(20)
2 2n 2n s
=— - —(1-9¢
n + nm(l —0) e (20) m(1 —0) n( )
_2 4 2n (20) — 2
“n (1 5)(7@’)‘ =0
The quantity
2 2n 2

n ' ogn(l-9)

converges to

2 2
f_*_ino-_Q
n ™

for (n,0) — (1,0), uniformly in o € [—7 + 7/n, 7/n]. Therefore, by choosing 7 close enough to 1
and 0 close enough to 0 we obtain the bounds

2 2n 7i(20, ©*)
242" —92_ 2 < )
o + - o (20) v 2
2 2
< -+ —naw)\(zo) — 2412 Vz € Fix(¢") N A,
n

concluding the proof of statement (vii).
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Let wy € Ap be the point such that f(wgp) = 0, where f : Ay — Dp is the area-preserving
diffeomorphism introduced at the beginning of the proof. Being fixed by ¢_, the point wq is a
fixed point of ¢™. By (60), (28), (48) and (38)

SEER S

(1 - 6) + Opk o (O)
(1 —=10)(14n0)

o (wo) = oy, A(wo) + oy A (wo)
i 7r
=—(1-9¢ —0(1—-96) =
" (1= 8)+n0(1 - 5)
™
= E(l —0)(1 —nn+nv).
When 1 converges to 1 and § converges to 0, the latter quantity converges to
T i
—(1-— =— —(1 .
“l—ntv) = —m+ T(140)

Therefore, by choosing 7 close enough to 1 and § small enough we obtain

™

O'%)\(UJO) <—nm+—-14+v)+v,

n

as claimed in statement (viii). By (41), (53) and (67) we have for every h € N
p(wo, ") = 20+ p(wo, ") = 2h + (0, ¢iF) = 20+ 2[hnf] — 1.
By dividing by hn and by taking the limit for h — 400 we find

ﬁ(wﬁa Spn)

2 2 2
=—+4+20=—+4+2(—n+v)=——2n+2v,
n n n n

which is the identity stated in statement (viii). This concludes the proof of Proposition 2.4.

3. Lifting from the disk to the three-sphere

3.1 From the disk to the mapping torus

In this section, we will lift a compactly supported area-preserving diffeomorphism of the disk to
a Reeb flow on a solid torus. We recall the following statement from [ABHS18, Proposition 3.1],
which we give here in a slightly less-general form.

PROPOSITION 3.1. Let ¢ € Diff (D, wy), let X\ be a primitive of wy that agrees with Ao outside
of a compact subset of the interior of . Assume that the function

TI=0p\+T

is positive. Then there exists a smooth contact form 3 on the solid torus D x R/7Z with the
following properties:

(i) B = A+ds in a neighborhood of 0D x R/7wZ, where s denotes the coordinate on R/wZ; in
particular, the Reeb vector field Rg of 3 coincides with 0/0s near the boundary of DxR/7Z,
and its flow is globally well-defined;

(ii) for all s € R/wZ we have (15)*df = wg, where 15 : D — D x R/7Z denotes the inclusion
z > (z,8);

(ili) each surface D x {s} is transverse to the flow of Rg, and the orbit of every point in D xR /7 Z
intersects D x {s} both in the future and in the past;
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(iv) B is smoothly isotopic to A + ds by a path of contact forms on D x R/wZ that satisfy

properties (i), (ii) and (iii) above;
(v) the first return map and the first return time of the flow of Ry associated to the surface
D x {0} = D are the map ¢ and the function T;
(vi) vol(D x R/7Z, 3 AdB) = n% + CAL(p).
Let ¢ and X be as in the hypothesis of the above proposition. From this data we obtain a

contact form 5 on R/77Z x D satisfying properties (i)—(vi). By property (v), the closed orbits of
the Reeb vector field Rg are in one-to-one correspondence with the periodic points of ¢. More

—_

T:= 7(¢(20))

we obtain a closed orbit (v,7T) of Rg. Conversely, every closed orbit of Rg has this form, up to
a time shift. Our aim now is to study the relationship between the Conley—Zehnder index of zg

precisely, if zg € D is a fixed point of ¢* for some k € N, then by setting
k—

e

A(t) = B, (20,0)

as a fixed point of ¢* and the Conley-Zehnder index of the closed orbit (v, T).
First we need to clarify which trivialization of the contact structure ker 8 we are going to use

to define the Conley—Zehnder index in the Reeb setting. For every (z,s) € D x R/7Z we denote
O, : R =T, (D x R/7Z) — ker B(z, s)

by
the projection along the line spanned by Rg(z,s). By Proposition 3.1(iii), the vector Rg(z, s) is

transverse to ker ds = R? x {0} and, hence, the composition
- ; 1.
Ezys) - R2 0 R2 {0} = kerds 2% ker B(z,8)
is an isomorphism. The fact that Rg coincides with 0/0s near the boundary implies that this

*

isomorphism is orientation-preserving and, hence,
2,8) dB(Z, S) = a(z, 8)2 wo
(68)

=
=
=(

-1 é(z,s) : R? — ker (2, s)

for some positive smooth function a : D x R/7Z — R. Then the isomorphism

(2,8) = CL(Z, S)

(1]

Ez(z,s) dﬁ(z, S) = Wwo,

satisfies
and, hence, = is a global symplectic trivialization of ker 5. Note that the inverse of this

PR ker B(z,s) — R,

trivialization has the form
=a(z,s) E(Z’s)

=—1

“(2,3)
composition

where é(_;s) is given by the
‘ker B(z, s) —3' R? x {0} 25 R2,

-1
(#,5)

I s R3 = T.(Dx R/7Z) — R? x {0}

where
is the projection along the line spanned by Rg(z,s) and p; is the projection onto the first factor.

—_
—
—

2669

https://doi.org/10.1112/50010437X18007558 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X18007558

A. ABBONDANDOLO ET AL.

ADDENDUM 3.2. Under the assumptions of Proposition 3.1, let zg € D be a fixed point of ¢* for
some k € N and let (vy,T) be the corresponding closed orbit of Rg, i.e.

N
—_

V() = Ok, (20,0), T:= ) 7(¥ (20)).

<
I
o

Then the Conley—Zehnder indices of the fixed point zy and of the closed orbit (v, T') coincide:
/'L(Z()a ()Ok) - M((f% T)? ‘E)

Proof. By Proposition 3.1(ii) the restriction of 8 to each D x {s} differs from the restriction of
A by the differential of a function on D x {s}. It follows that

B=A+0,fdx+0yfdy+gds=\+df + hds,

where f and g are smooth real functions on D x R/7Z taking the value 0 and 1, respectively,
near the boundary 0D x R/nZ, and h := g — 0, f has the value 1 near the boundary. We consider
the following time-dependent compactly supported Hamiltonian on the disk:

Hy(z) := h(z,t) — 1,
and consider the nowhere-vanishing vector field Y on D x R/7Z
Y = Xp, (2) + 0s.

We claim that ¥ and Rg are positively collinear. Indeed, this follows from the fact that these
vector fields coincide near the boundary and from the following computation

vy df = 1xy 1o,(wo + dh Ads) = 1xy; wo +1xy, (dh A ds) +1p,(dh A ds)
— dH, + dh(Xp,)ds + dshds — dh
— dh — d,hds + dH(Xp,) ds + dsh ds — dh = 0.

Therefore, the Reeb flow gzﬁﬁzﬁ is a positive reparametrization of the flow ¢} of Y

6%,(Q) = 1"(O) V(t.¢) €R x (D x R/Z), (69)

for a suitable function n = n(t,{) that is strictly increasing in the first variable. Moreover, the
form of Y implies that the flow of Y satisfies

d)g/(za 0) = (¢t(z)> t)a

where 9! is the flow of the Hamiltonian vector field Xp, on D. In particular, ! is a path in
Diff.(ID, wp) such that ¢° = id. By Proposition 3.1(v), 1! = ¢ and, more generally, 1)* = ©* for
all n € N.

Now let zg be a fixed point of ¢* = 1% and let (7, T) be the corresponding closed orbit of Rg,

as in the statement. In this case,
(T, z0,0) = k. (70)

The Conley—Zehnder index u((7,T), E) is defined as the Conley—Zehnder index of the symplectic
path

. — =1 Tt =
01> 8p@), 1) :=E g () © s (20:0) © Bz
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By differentiating (69) we find

dd'y, (20,0)[u] = do"* (20, 0)[u] + dip(t, z0, 0)[u]Y (¢ (20,0))

for all u € T, 0)(D x R/7Z) = R3. Therefore, for every v € R? we have

Dty =1, o (@R (20, 0) [y 0] + dn(Tt, 20, 0) ey 00]Y (6375 (20, 0)).

¢£;(Z070
By using the definition of = we find
®(t)v = a(dF (20,0))p1 o ﬂ¢gtﬁ (0.0 (AU (2, 0)[a(z0,0) " T 4 0) (v, 0)]
(T, 20,0)[Ez.00]Y (937 (20, 0))).
Using the fact that Y is in the kernel of II we can simplify this formula and obtain

D(t)o = (@, (20, 0))alz0,0) " pr o Ty (o) 01" (20, 0) T (20 (0. 0]

The vector (id—II(,, o)) (v, 0) belongs to the line spanned by Y (20, 0) and, hence, dgzbnY(Tt’zo’O) (20,0)
maps it into a multiple of Y(cbnY(Tt’ZO’O) (20,0)) =Y( ﬁg (20,0)), which is in the kernel of ﬂ(ﬁ]é;(z()’o).
Therefore, we can replace Il ¢y(v,0) by (v,0) in the above expression and obtain
©(t)o = a(df,(
= (g, (
-1 n(Ttvz 70)
a9, (20,0))alz0,0) " dy" 209 (z)[u],

where we have used the properties of the projector II. The fact that both ®(t) and dyp"(TH20.0) ()
preserve wy implies that the product a(gbgﬁ (20,0))a(z0,0)"! is constantly equal to 1, and gives
us the formula

— & Tt,z0,0
0,0)az0,0)'pr 0 Tlyze ) A0} 20, 0)[(v,0)]

20,0))a(z0,0) 'p1 o ﬁ¢gtﬁ (z0.0) ("7 (20) ], 0)

O (t)o = dyp"TH700) (z0) [u].

By (70), the function ¢t — n(T't, z0,0) maps the interval [0, 1] monotonically increasing onto the
interval [0, k]. Therefore, the Conley-Zehnder index of ® coincides with the Conley—Zehnder
index of the path

[0,1] — dy*(z).

Since t > ¥ is a path in Diff.(ID,wp) starting at the identity and ending at 1% = ©*, the
Conley-Zehnder index of the above path gives us the Conley-Zehnder index of (zg, ©*). This
concludes the proof. O

3.2 From the mapping torus to the three-sphere
The standard contact form ag on S® := {z € C? | |z| = 1} is the restriction of the 1-form on C?

2
1
3 > (xy dy; — y; day),
j=1

where (1 + iy1, 2o + iy2) are the standard coordinates in C2. The corresponding Reeb vector
field is
R, (2) = 2iz,
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and its orbits are precisely the intersections of S% with all complex lines. All these orbits are
closed and have period w. We single out the particular orbit

I:=5°n(C x {0}) =S x {0},
where S! denotes the unit circle in C. We also consider the smooth family of closed disks in S3:
Yo = {(21,22) € S | either 20 = 0 or 2o # 0 and argz9 = ¢}, ¢ € R/277Z.

These disks have the same boundary, namely the circle T'. Their interiors X, \I" define a smooth
foliation of S3\I" by open disks. We single out one of these discs

Y= %o = {(x1 + iy1, w2 +iy2) € 5% | w2 = 0,52 = 0},
and we parametrize it by the map
uw:D—> Y% wu(z,y) = (z+iy,/1— 22 —y?). (71)

This map is a homeomorphism, and its restriction to the interior of D is a smooth embedding
into S3. The following proposition is proved in [ABHS18, Proposition 3.4].

PROPOSITION 3.3. Let ¢ € Diff.(D,wp) and let A be a smooth primitive of wy agreeing with Ao
outside of a compact subset of the interior of D. Assume that the function

TI=0p\TT

is positive. Then there exists a smooth contact form « on S* with the following properties:

(i) « coincides with g in a neighborhood of T' in S® and, in particular, ' is a closed orbit
of Ry;

(ii) for every ¢ € R/27Z, the restrictions of da and of day to ¥ coincide;

(iii) the flow of R, is transverse to the interior of each ¥, and the orbit of every point in S3\I'
intersects the interior of ¥¢ both in the future and in the past;

(iv) « is smoothly isotopic to ag through a path of contact forms that satisfy the conditions (i),
(ii) and (iii) above;

(v) the first return map and the first return time associated to Y. are the map uo @ ou~
the function 7 o u~!, where u is the map defined in (71);

(vi) vol(S3, a Ada) = 7% + CAL(p).

L and

Indeed, this proposition is a direct consequence of Proposition 3.1: after lifting the map ¢ to
a contact form 3 on the solid torus D x R/7Z by Proposition 3.1, one defines o on S*\I as

a= ()8,

where
f:int(D) x R/7Z — S3\T

is the smooth diffeomorphism

f(re?, s) = (re’@+29) /1 — r2¢'29). (72)
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This diffeomorphism has a continuous extension to D x R/7Z, mapping 0D x R/7wZ onto I'. The
fact that 8 = Ag 4+ ds near the boundary of the solid torus and the formula

(o) = Xo +ds

imply that o smoothly extends to a contact form, again denoted by «a, on the whole S coinciding
with ag near I', which is then a closed orbit of R,,.

The closed orbits of R, in the complement of the circle I' are in one-to-one correspondence
with interior periodic points of the map ¢. More precisely, a fixed point zg € int(D) of *
determines the closed orbit (v,T) of R, that is defined by

k-1

Y(t) = P, (u(z0), T =) (¢ (20)), (73)

<

where u : D — S3 is the map defined in (71), and all closed orbits of R, other than T' are
obtained in this way, up to a time shift. Now we wish to complement the above proposition with
information about the Conley—Zehnder index of these Reeb orbits.

We recall that the contact structure ker aig has the standard global trivialization =*° that is
defined as

=0

20 Ly R = kerag(an, 22),  (w,y) = @(=72,%1) + y(—iz2, i71), (74)

for all (z1,22) € S? € C? and (x,y) € R2 Indeed, ker ag(z1, 22) is the complex line that is
orthogonal to the complex line spanned by (z1,22) with respect to the standard Hermitian
product on C?, and the above trivialization corresponds to the trivialization

once C? is identified with the field of quaternions by setting
(:=Rez + (Imz1)i+ (Rez)j + (Im 22)k.

The contact form « constructed in Proposition 3.3 is isotopic to ag by a path of contact forms,
so by Gray’s theorem the contact structure ker « is the image of the contact structure ker ag
by a diffeomorphism of S? that is isotopic to the identity. By applying this diffeomorphism to
=% we obtain a global trivialization Z* of ker o, which is uniquely defined up to isotopy. The
Conley—Zehnder indices of closed orbits of R, refer to this trivialization.

ADDENDUM 3.4. Under the assumptions of Proposition 3.3, let zy € int(D) be a fixed point of
¢ for some k € N and let (y,T) be the corresponding closed orbit of R,, on S® as in (73). Then
the Conley—Zehnder indices of the fixed point zy and of the closed orbit (v, T) are related by the
identity

(4, T),2%) = (20, ) + 4k

Proof. Denote by /3 the contact form on D x R/7Z that is given by Proposition 3.1 and by (7, 7)
the closed orbit of R that corresponds to zp, that is,

() = ¢, (20, 0).

Then v = f o4. In Addendum 3.2 we have proved that

/L(z()a(pk) = ,LL((’S/,T),E’B), (75)
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where Z7 is the trivialization of ker 8 that is defined in (68) under the name of Z. By pulling
back the trivialization 2% of ker o by the diffeomorphism f : int(D) x R/7Z — S3\I' we obtain
another trivialization of ker 5, which we denote by f*=%, and

w((y, T),E%) = u((3,T), f7E"). (76)
From (9) we know that
w((3,T), £2%) = u((3,T),E%) + 2 Maslov (), (77)
where ¥ : R/Z — Sp(2) is the loop in the symplectic group

*oQ —1 '—',8

U(t) = (f"E )&(Tt) © S5(Tt)
We claim that the loop W is freely homotopic to the loop

. [ prmapy—1 —Bo
V1(t) = (FE")30re) © Esireys
where Z% is the standard symplectic trivialization of ker o, see (74), and 2% is the symplectic
trivialization of ker By given by (68) in the special case in which £ is the contact form

BO = )\0 + dS,

Ao being the rotationally invariant primitive of wy from (3). Indeed, by Proposition 3.1(iv), the
contact form (3 is smoothly isotopic relative to a neighborhood of the boundary and through
contact forms to A + ds, and the Reeb vector fields of the contact forms forming this isotopy are
transverse to ker ds. Since A — Ag is exact, we can easily prolongate this isotopy to the contact
form By = Ag + ds, by keeping all the above properties. Denote by {5,,},@[0,1], the resulting
smooth isotopy of contact forms from By to 8 having the above properties. The fact that Rg, is
transverse to ker ds allows us to define a smooth family of symplectic trivializations 27 of ker 3,
as in (68). This path of trivializations joins =% to =°.

The 1-form B, is the pull-back by f of a uniquely defined smooth 1-form «, on S2, and
{ar}re[oﬂ is a path of contact forms joining g to a. The symplectic trivialization =*° and Gray’s
theorem define a smooth family of symplectic trivializations Z¢" of ker i, joining =Z“° to =¢. Then

(ryt) — (f*EaT);(th) o EgETt)
is the required free homotopy between ¥; and W. This concludes the proof of the claim.

Since the loop

R/Z — int(D) x R/7Z, t— 3(Tt),

is freely homotopic to the loop
R/Z — int(D) x R/7Z, tw~ (0,knt),
the loop W1 is freely homotopic to the loop
Uy :R/Z — Sp(2), t— (f*EaO)(Ofm) ° E(ﬁ&km),

which we are now going to determine. Since

ker 8y(0, s) = ker ds = R? x {0},
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we deduce from (68) that
Eog@y) = (x,y), Vs € R/7Z, (2,y) € R®.
The differential of f at (0,s) is
df(0,5)[(¢,0)] = (Ce**, 2ie**0), VY((,0) € T(o,5)(D x R/7Z) = R* x R,

and its inverse is
df(0,5) 7 [(¢1,G2)] = << —;e—%cz), (1, C2) € Tro,0)8° € C*.

From the above identity and from the expression (74) for =*° we find for every s € R/7Z and

(r,y) € R?
(=)o) = 0. 025 0:0) = AF0.9) 0%y (020)
= df(0,5) " (x(—e7,0) + y(—ie >, 0))
= (—e’4ls(az +1iy),0),
and, hence,

( *:Ozo)( )(1' + Zya O) = e4is(l‘ + Zy)v

where we are identifying the symplectic plane R? with C. Therefore, the loop ¥ : R/Z — Sp(2)
has the form ‘
\I’Q(t) — 7e4mkt‘

This loop has Maslov index
Maslov(¥q) = 2k.

Therefore, also the freely homotopic loop ¥ has Maslov index 2k, and the identities (75), (76)
and (77) imply
w7, T),E%) = (=0, ¢") + 4k 0

3.3 Proof of Theorem 1.1
Given € > 0, let A be the primitive of wy and ¢ the map in Diff.(ID,wp) whose existence is
established in Proposition 2.3. Since A = )¢ near the boundary of I, we can lift the data (A, ¢)
to 83 and obtain a contact form which satisfies all the requirements of Proposition 3.3 and
Addendum 3.4. Being isotopic to ag through contact forms (Proposition 3.3(iv)), « is tight.
Our aim is to show that the systolic ratio of o belongs to the interval (2 —¢€,2) and that « is
dynamically convex, thus proving Theorem 1.1.

We claim that Tipin () = 7. Indeed, the binding orbit I" has period 7, so it is enough to show
that all other closed orbits have period not smaller than 7. By Proposition 3.3(v), the closed
orbits (v, T) of a are in one-to-one correspondence with the periodic points of ¢ and we have

k-1

2 € Fix(ph) = T= Zw+a¥,,\( —k‘ﬂ'—{—ZO“p}\
7=0
If k=1, then 2 is a fixed point of ¢ and we have o, (20) = 0 by Proposition 23@1),soT =7
If k£ > 2, the lower bound o,y > —7/2, also proved in Proposition 2.3(i), implies
T T
T>kr—k ==k -—>m
km—k 5 k 5 s

This shows that Ty () = 7.
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By Proposition 2.3(ii), the Calabi invariant of ¢ belongs to the interval (—72/2, —72/2 + ¢).
Then Proposition 3.3(vi) implies the bounds
w2 w2
5 < vol(S2%, a A da) = ° + CAL(p) < 5 +e.

Therefore, the systolic ratio of a has the bounds
2e 2 72 72
2—e<2(l-—= | < = < -
‘ < > 1+42¢/72  7w2/2+¢€ pla) vol(S3, a A da)

2 < 2,

as we wished to show.
There remains to check that « is dynamically convex, that is, that the Conley—Zehnder index
of every closed orbit (vy,7T) of R, satisfies

w((y,T),E2%) = 3.

The binding orbit I' has Conley—Zehnder index 3, and its kth iterate has Conley—Zehnder index
4k —1> 3. Let (v, T) be another closed orbit of R,, corresponding to the fixed point zy of ¢*.
Then Addendum 3.4 gives us

(7, T),EY) = p(z0, ") + 4k.
If k=1, then z is a fixed point of ¢ and u(z0,) > —1 by Proposition 2.3(iii), so in this case
w((v,T),2%) > —-1+4=3.
If k > 2, then Proposition 2.3(iii) tells us that p(zp,©*) > 1 — 3k and, hence,
w((,T),EY) >1—-3k+4k=1+k > 3.

We conclude that « is dynamically convex.

3.4 Proof of Theorem 1.2
Here the real number ¢ > 0 and the natural number n > 2 are given. Fix some small positive
number €. The size of ¢ depends on € and n and will be determined along the way. Let A be the
primitive of wy and let ¢ be the map in Diff.(D,wp) that are given by Proposition 2.4 applied
to the pair (n,€). Since
Op\ > —T+ T > —,
n

by Proposition 2.4(i), Proposition 3.3 allows us to lift (A, ¢) to S® and obtain a contact form
a on S3 that satisfies all the requirements listed in Proposition 3.3 and Addendum 3.4. Being
isotopic to ag through contact forms (Proposition 3.3(iv)), « is tight.

We claim that Ti,in(«) = 7. The binding orbit I' has period , so it is enough to check that

all the other closed orbits (v, T') satisfy T' > 7. Any such orbit corresponds to a fixed point zy of
©F, for some k € N, and

k-1

T=Fkr+ Z U%/\((pj(ZO)) = k(ﬂ + Ucp,A(ZO))a (78)
§=0

where we have used the fact that the action o, ) is ¢-invariant by Proposition 2.4(iv). If 2 is a
fixed point of ¢, then o, \(20) > 0 by Proposition 2.4(i) and, hence,

T>kr >
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If 2 is not a fixed point of ¢, then k > n by Proposition 2.4(v). Then the lower bound for the
action that is established in Proposition 2.4(i) implies

k
T2k<7r—7r+7r> = —7T>T.
n n
We conclude that T () = 7.
The bounds on the Calabi invariant of ¢ that are established in Propositions 2.4(ii)
and 3.3(vi) imply the volume bounds

2 2
< vol(S3, a A da) = % + CAL(p) < . +¢€.

Therefore, if € is small enough, then the systolic ratio of « has the bounds

n 7'('2 7'('2

- w2 /n+ € < pla) = vol(S3, a A da)

— < =
noe 1+ ne'/n?

<n,

as we wished to prove.
There remains to estimate the mean rotation number of all closed orbits of R,. The Conley—
Zehnder index of the kth iterate of the binding orbit I' is given by

M((Fa kﬂ-)7 Ea) =4k — 17

and, hence,

— F : / ((I J k ()’ = ) 2 7
P(T) ko 2km m (79)

Let (v, T) be another closed orbit of R,. Then (v, T) corresponds to some zg € Fix(*) Nint (D)
with k& € N, and the period T is given by (78). By Addendum 3.4 we have for every h € N
pl(v, hT),E*) 4Rk + p(z0, ")
2hT Qh(k}ﬂ' + ]{JO'%)\(Z()))

2 i 1 (20, ¢
T+ opa(20)  2k(m+ 0,2 (20)) h ’

hk)

and, by taking the limit for A — +o00, we obtain

iy 1 (20, ©")
pl) = T+ 0,2 (20) <2 MY >

In the following we set for simplicity

o =0, (20).

Assume that the fixed point zg of ¢©* does not belong to the p-invariant set A. Then the upper
bound on 7i(zp, ¢*) from Proposition 2.4(vi) implies
( o 6/0'> 1 € 1/m—¢€/2

04 749 2 ¢ .
+7r+2 7r+2+ l+o/7

p(v) <
P S
The fact that zp is not in A implies that o > 0, see again Proposition 2.4(vi), and hence we
obtain the upper bound
2
T

p(y) < if zg ¢ A. (81)

2677

https://doi.org/10.1112/50010437X18007558 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X18007558

A. ABBONDANDOLO ET AL.

Similarly, the lower bound on 7i(2g, ¢*) from Proposition 2.4(vi) gives us

P> — <2+U)=1+ :

T+o T T w40’
and the upper bound o < 7/n from Proposition 2.4(i) implies

p(v)><2—nil> if 20 ¢ A (82)

™

Now we assume that zp belongs to A. In this case, the identity (80) and the upper bound on
7i(20, ©*) from Proposition 2.4(vii) imply

1 1 2 1 1 2
p(7) < <2+n+"a—1+y>:n+ <—n+1+n+y>,

T+ o T 2 T w+o 2

where v is a suitable number in the interval (0,¢’). Since n > 2, choosing € < 1 makes the
quantity between parentheses negative, and the upper bound on ¢ from Proposition 2.4(i) gives
us

N 1 +1+1+u2 L, L . n
<—+———(-—n —4+—)==(2- ve .
AL - T+ 7/n n o 2 ™ n+1 2(n+1)

By choosing € and, hence, v small enough we obtain
2
p(y) < = if 29 € A. (83)
m
By the lower bound on 7i(zg, ") from Proposition 2.4(vii) the identity (80) implies
1 1 n v? n 1 1 2
ply) = 24—+—0—-1——|]=— — 1+———1.
() 7r+0<+n+7ra 2) 7T+’7T+0'< et +n 2>

The fact that the quantity between parenthesis is negative and the lower bound on ¢ from
Proposition 2.4(vii) give us

_ n n 1 V2
)= -+ —F——(n+tl+-——
s 2

m(l+v) n
—(n—1)2+2 n _1/72
(1l +v) 7r(1—|—1/)< 2>'

When n > 3 the numerator of the first fraction in the latter expression is negative, so this fraction
is larger than —(n — 1)? 4+ 2 and, by choosing €’ and hence v so small that the term v — 12/2 is
positive, we obtain

1
P = —(=(n = 1)* +2+9),
for some positive number § = §(€’) that is independent of 2y € A. When n = 2 we have

_ 1 2 V2 1 1
p(7)>7r(1—|—1/)+7r(1—|—1/)(y_2> :;+W(1—|—I/)(V_V2)’

and, by choosing € and, hence, v so small that the term v — 12 is positive, we obtain

PO) > S(146) = (~(n—1)° +2+9)
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for some positive number § = §(¢’) that is independent of zp € A. Therefore, in either case we
have

(—(n—1)*4+2446) if 2 € A, (84)

3=

p(v) =

where the positive number § = §(€') is independent of z € A.

Finally, we estimate the mean rotation number of the special closed orbit (v9,7p) that
corresponds to the fixed point wgy € A of ™ whose existence is stated in Proposition 2.4(viii). By
(80) and the expression for the mean Conley—Zehnder index of wy stated in Proposition 2.4(viii)

we have
7(70) 1 2+ L +
= ——n4+v).
PAT0 T+ o (wo) n

In the case n > 3, the quantity between parentheses is negative for €/, and hence v, small enough,
so the upper bound on the action stated in Proposition 2.4(viii) implies

_ 1 1
pwo)é7r—7r+(7r/n)(1+1/)+y<2+n_n+y>

_ 1
(1 +v+ (n/7)v)

(—(n—1)2+2+nw).

By choosing ¢’ and, hence, v small enough we then obtain the inequality

p(70) < ! (—(n 1242+ ;) Vn > 3. (85)

™

In the case n = 2, the lower bound on the action from Proposition 2.4(i) gives us

p('m)zw(;Jru) <7T_17r/2<;+u> :%(1+2y).

By choosing ¢’ and, hence, v small enough we obtain

_ 1 €
p(0) < <1 + >
T 2

and, hence, the inequality (85) holds also in the case n = 2:

1

() < — (—(n —1)% 42+ ;) Vn > 2. (86)
T

Now consider the quantities

5() = Tum(a) _inf () and S(a)=Tum(a) sup  7(y)
(v, 1)EP(a) (v, T)EP(a)

defined in the introduction. As we have seen, the contact form « under consideration has
Tmin(a) = m and, hence, the identity (79) and the upper bounds (81) and (83) imply

S(a) =2.
The lower bounds (82) and (84) together with the upper bound (86) imply
—(n—12%+2<-(n—-1)2+2+3 <s(a) < —(n—1)2+2+§ <—(n—-12+2+e

Since the fact that « is dynamically convex for n = 2 has already been checked in the proof of
Theorem 1.1, this concludes the proof of Theorem 1.2.
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