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Abstract

We construct a dynamically convex contact form on the three-sphere whose systolic

ratio is arbitrarily close to 2. This example is related to a conjecture of Viterbo, whose

validity would imply that the systolic ratio of a convex contact form does not exceed 1.

We also construct, for every integer n > 2, a tight contact form with systolic ratio

arbitrarily close to n and with suitable bounds on the mean rotation number of all the

closed orbits of the induced Reeb flow.

1. Introduction

1.1 Dynamically convex contact forms on the three-sphere

Let α be a contact form on the three-sphere S3, i.e. a smooth 1-form such that α∧dα is a volume

form. The kernel of α is called the contact structure induced by α. We denote by Rα the Reeb

vector field of α, i.e. the unique vector field on S3 determined by the conditions dα(Rα, ·) = 0

and α(Rα) = 1. The flow of this vector field is called the Reeb flow of α.

A closed Reeb orbit of α is a pair (γ, T ), where γ : R → S3 is a periodic trajectory of the

Reeb flow of α and T > 0 is a period of γ (not necessarily the minimal one). The set of all closed

Reeb orbits of α is denoted by P(α). The action of (γ, T ), i.e. the quantity

A(γ, T ) :=

∫
R/TZ

γ∗α = T,

coincides with the period T , since α(γ̇) = α(Rα ◦γ) = 1. The minimal period, or minimal action,

of α is the positive number

Tmin(α) := min
(γ,T )∈P(α)

A(γ, T ) = min
(γ,T )∈P(α)

T.

The fact that Reeb flows on S3 always have closed orbits (see [Rab78] and [Hof93], or [Tau07] for

the case of a general closed three-manifold) ensures that Tmin(α) is well-defined. This quantity
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scales linearly when α is multiplied by a constant: Tmin(cα) = |c|Tmin(α) for all c ∈ R\{0}. The
scale invariant quantity

ρsys(α) :=
Tmin(α)2

vol(S3, α ∧ dα)

is called the systolic ratio of α. It is a natural generalization of a corresponding quantitative
invariant in Riemannian and Finlser geometry, see [AB14, ABHS18].

Two contact forms α and β are said to be equivalent if β = ϕ∗α for some diffeomorphism ϕ.
In this case, the contact volumes are the same and the Reeb flows are conjugated by ϕ. In
particular, α and β have the same systolic ratio.

In this paper, we are interested in tight contact forms on S3, which can be characterized as
those contact forms that are equivalent to contact forms inducing the standard contact structure
kerα0, where the contact form α0 is the restriction to S3 = {z ∈ C2 | |z| = 1} of the Liouville
form

Λ :=
1

2

2∑
j=1

(xj dyj − yj dxj),

where (x1 + iy1, x2 + iy2) are the standard coordinates in C2. In other words, tight contact forms
on S3 are, up to equivalence, of the form α = fα0, where f is a non-vanishing smooth real
function on S3. Since Tmin and the contact volume do not change when α is replaced by −α, we
may assume that the function f is positive.

Tight contact forms on S3 are precisely the contact forms that are induced by starshaped
hypersurfaces in C2. More precisely, we consider a compact domain A ⊂ C2 whose interior
contains the origin and whose boundary ∂A is smooth and transverse to the radial direction.
Then Λ restricts to a contact form on ∂A, and the diffeomorphism S3

→ ∂A that is given by the
radial projection pulls this contact form back to a tight contact form αA on S3. More precisely,

αA = a2α0,

where a : S3
→ (0,+∞) is the smooth function such that

A = {rz | z ∈ S3, 0 6 r 6 a(z)}.

The above formula shows that all tight contact forms are obtained in this way, up to sign.
If two starshaped compact domains as above are symplectomorphic, i.e. diffeomorphic by a
diffeomorphism that preserves the standard symplectic form

dΛ = dx1 ∧ dy1 + dx2 ∧ dy2,

then the corresponding contact forms on S3 are equivalent.
When the domain A happens to be convex, we say that the contact form αA is convex.

Convexity is not preserved by symplectomorphisms of C2, but we can saturate this definition by
declaring to be convex any contact form on S3 that is equivalent to one of the form αA, with A
convex.

Similarly, a contact form on S3 is said to be strongly convex if it is equivalent to one of the
form αA, with A strongly convex, meaning that ∂A has positive sectional curvature.

Convexity and strong convexity are difficult to characterize by purely symplectic or contact
topological conditions. However, Hofer, Wysocki and Zehnder proved that if the contact form

2644

https://doi.org/10.1112/S0010437X18007558 Published online by Cambridge University Press

https://doi.org/10.1112/S0010437X18007558


Systolic ratio and convexity for contact forms on the three-sphere

α on S3 is strongly convex, then all the closed orbits (γ, T ) of the Reeb flow φtRα of α have
Conley–Zehnder index at least 3:

µ(γ, T ) > 3.

Here, the Conley–Zehnder index of (γ, T ) is defined to be the Conley–Zehnder index of the path
of symplectic automorphisms of R2 that is obtained from

dφtRα|kerα(γ(0)) : kerα(γ(0)) → kerα(γ(t))

once the contact structure kerα is trivialized by a global symplectic trivialization that is
isotopic to the standard global trivialization of kerα0. Actually, the fact that closed orbits might
be degenerate forces one to work with a suitable extension of the Conley–Zehnder index to
degenerate symplectic paths. See §§ 2.2 and 3.2 for more details on the Conley–Zehnder index
and on the standard global trivialization of kerα0.

Tight contact forms on S3 all of whose closed Reeb orbits have Conley–Zehnder index at
least 3 are called dynamically convex. Dynamical convexity is on the nose an invariant notion,
meaning that if α is dynamically convex, so is any contact form that is equivalent to α.

Strongly convex contact forms are dynamically convex, but there is at the time of writing no
known example of a dynamically convex contact form that is not strongly convex. The difficulty
in finding such an example is due to the fact that, in addition to the conditions on the Conley–
Zehnder index of closed orbits, it is difficult to come up with properties of a contact form that
imply that it is not equivalent to some αA with A convex, or strongly convex.

Convexity plays an important role in a very interesting conjecture of Viterbo. Its original
formulation in [Vit00] states that if c is a symplectic capacity on domains of Cn, then

c(A)n 6 n! vol(A) (1)

for any compact convex domain A ⊂ Cn, with the equality holding if and only if A is
symplectomorphic to a ball. Here, vol denotes the Euclidean 2n-dimensional volume. This
conjecture is wide open, except for the trivial case n = 1 in which any symplectic capacity
must agree with the area and, hence, the equality holds in (1). In [Vit00], Viterbo proved a
weaker inequality, in which the coefficient n! is replaced by a faster growing function of n. This
result was improved by Artstein-Avidan, Milman and Ostrover, who proved (1) with n! replaced
by C n! for some large number C, see [AMO08]. The sharp inequality (1) is known only for
special convex domains, such as domains that are invariant under the multiplication by complex
numbers of modulus 1, and, in the case n = 2 and for the Hofer–Zehnder capacity, for all convex
domains that are close enough to a ball, see [ABHS18, Theorem 1]. It is also interesting to note
that the sharp bound (1) in the case of the Hofer–Zehnder capacity and for special domains of
the form A = K ×K◦, where K is a compact convex centrally symmetric neighborhood of the
origin in Rn and K◦ ⊂ iRn denotes its polar, implies the n-dimensional Mahler conjecture in
convex geometry, see [AKO14].

Now let us return to the case n = 2. It is well known that the Hofer–Zehnder capacity
of a compact convex domain A ⊂ C2 with smooth boundary coincides with Tmin(αA), see
[HZ90, Proposition 4]. Moreover, the Euclidean 4-dimensional volume of A coincides with half
of its volume with respect to the volume form dΛ ∧ dΛ on C2, and by Stokes theorem with
half of the volume of ∂A with respect to αA ∧ dαA. Therefore, the 4-dimensional Viterbo
conjecture for the Hofer–Zehnder capacity is equivalent to the fact that

ρsys(α) 6 1 (2)
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for every convex contact form on S3, with the equality holding if and only if all Reeb orbits of α
are closed and have the same period. The latter assertion follows from the fact that a starshaped
domain A ⊂ C2 is symplectomorphic to a closed ball if and only if all Reeb orbits of αA are
closed and have the same period, see [ABHS18, Proposition 4.3]. All of this, except for the last
assertion, would extend to any n, but here we focus on the case n = 2. Note also that the validity
of (2) for strongly convex contact forms would imply it for all convex contact forms, because
on the space of convex contact forms the systolic ratio is C0-continuous. Indeed, the volume is
clearly C0-continuous and the continuity of Tmin(αA) = Tmin(a2α0) in the convex setting follows
from Clarke’s variational characterization of this number as the minimum of a functional that
depends C0-continuously on a, see [Cla79] and [Eke90].

Many symplectic results holding for strongly convex contact forms extend to dynamically
convex ones, the reason being that modern symplectic techniques involving J-holomorphic curves
do not distinguish between strong convexity and dynamical convexity. Therefore, one is tempted
to attack the 4-dimensional Viterbo conjecture for the Hofer–Zehnder capacity by proving the
bound (2) for dynamically convex contact forms on S3. Our first result excludes this possibility.

Theorem 1.1. For every ε > 0 there is a dynamically convex contact form α on S3 such that

2− ε < ρsys(α) < 2.

In particular, the supremum of the systolic ratio over all dynamically convex contact forms on
S3 is at least 2.

In particular, when ε 6 1 the contact form α of the above theorem is either a counterexample
to the Viterbo conjecture or the first example of a dynamically convex contact form on S3 that is
not convex. Regrettably, we do not know which of these two alternatives holds. We also remark
that is not known whether the supremum of the systolic ratio over all dynamically convex contact
forms on S3 is finite.

The proof of Theorem 1.1 is based on a construction that we introduced in [ABHS18].
The argument consists of constructing a special area-preserving diffeomorphism ϕ of the disk
D := {z ∈ C : |z| 6 1} that is supported in the interior of D, whose Calabi invariant is small when
compared with the action of its periodic points, and such that the Conley–Zehnder index of all
its fixed points is at least −1 and that of all its k-periodic points is at least 1− 3k. Such a disk
map is then embedded as the first return map to a disk-like global surface of section for the Reeb
flow of a contact form on S3, which turns out to be tight because it is contact isotopic to α0,
dynamically convex because of the bounds on the Conley–Zehnder indices of periodic points
of ϕ, and whose systolic ratio belongs to the interval (2 − ε, 2) because of the bounds on the
action of periodic points and on the Calabi invariant of ϕ. The novelty with respect to [ABHS18,
Theorem 2] consists of the careful analysis that is necessary to obtain the lower bounds on the
Conley–Zehnder indices of the periodic points of ϕ and in the study of the relationship between
the Conley–Zehnder indices of closed orbits of a Reeb flow admitting a global surface of section
and the Conley–Zehnder indices of the corresponding periodic points of the first return map.

1.2 Larger systolic ratios and the mean rotation number of closed orbits
In [ABHS18, Theorem 2] we constructed tight contact forms on S3 whose systolic ratio is
arbitrarily large. These contact forms are not dynamically convex, and our next aim here is to
understand more about what happens to the Conley–Zehnder indices of closed Reeb orbits
when one tries to make the systolic ratio larger. In our construction closed orbits with negative
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Conley–Zehnder index appear. We do not expect the Conley–Zehnder indices of simple closed
orbits to be bounded from below either, because the kth iteration of a closed orbit of minimal
period T might, after a perturbation, produce a closed orbit of minimal period close to kT and
index close to the index of the kth iteration of the original orbit. What we can expect to have
good lower bounds on is instead the mean rotation number of closed orbits, whose definition we
now recall.

Let α be a tight contact form on S3 and let (γ, T ) be a closed orbit of the Reeb flow of α.
We define the mean rotation number of (γ, T ) as half the mean Conley–Zehnder index of (γ, T ),
normalized by the period:

ρ(γ, T ) :=
1

2
lim

k→+∞

µ(γ, kT )

kT
.

The limit exists owing to the quasi-morphism property of the Conley–Zehnder index. The
presence of the factor 1/2 is due to the fact that the mean Conley–Zehnder index of a full
rotation is 2. One easily checks that

ρ(γ, kT ) = ρ(γ, T ) ∀k ∈ N,

and, hence, we may remove the period T from the notation and write

ρ(γ) = ρ(γ, T ).

One can also show that for a closed orbit (γ, T ) the implication

ρ(γ) < 0 ⇒ µ(γ, kT ) < 0 ∀k ∈ N

holds. Now we would like to consider the infimum and supremum of the mean rotation number
of all closed orbits of Rα. To obtain quantities that are invariant under the rescaling α 7→ cα we
multiply the mean rotation numbers by Tmin(α) and define

s(α) := Tmin(α) inf
(γ,T )∈P(α)

ρ(γ),

S(α) := Tmin(α) sup
(γ,T )∈P(α)

ρ(γ).

Finally, we define
∆(α) := S(α)− s(α).

By the compactness of S3, the ratio µ(γ, kT )/kT has uniform bounds for all closed orbits (γ, T )
and, hence,

−∞ < s(α) 6 S(α) < +∞,

which implies
0 6 ∆(α) < +∞.

As an example, if α = α0 is the standard contact form on S3, then all of its Reeb orbits are
covers of the Hopf fibers, which all have period π. Hence, Tmin(α0) = π. A simple computation
shows that

ρ(γ) =
2

π
∀(γ, T ) ∈ P(α0).

It follows that
s(α0) = S(α0) = 2 and ∆(α0) = 0.

Note that in this case vol(S3, α0 ∧ dα0) = π2 and, hence, ρsys(α0) = 1.
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Our next result generalizes at the same time Theorem 1.1 and the second part of [ABHS18,

Theorem 2]. It shows that one can find tight contact forms on S3 with systolic ratio arbitrarily

close to any integer n > 2 in such a way that S has the value 2 and s is close to the integer

−(n− 1)2 + 2, which is negative for n > 3 and tends to −∞ quadratically.

Theorem 1.2. For each natural number n > 2 and each ε > 0, there exists a tight contact form

α on S3 whose systolic ratio satisfies

n− ε < ρsys(α) < n,

such that the invariants s(α) and S(α) satisfy

−(n− 1)2 + 2 < s(α) < −(n− 1)2 + 2 + ε and S(α) = 2,

and which is dynamically convex for n = 2. In particular,

(n− 1)2 − ε < ∆(α) < (n− 1)2,

and α admits Reeb orbits with negative Conley–Zehnder indices for all n > 3.

The proof of the above result follows the same scheme of that of Theorem 1.1, but requires a

more general family of area-preserving diffeomorphisms of the disk, with precise bounds relating

the mean Conley–Zehnder indices of periodic points to their action.

We do not know whether Theorems 1.1 and 1.2 are sharp in the following sense.

(i) Is it true that ρsys(α) < 2 for all dynamically convex contact forms α on S3?

(ii) Is it true that s(α) goes to −∞ as ρsys(α) tends to +∞?

(iii) More ambitiously, is it true that if ρsys(α) > n for some n ∈ N, then

s(α) 6 −(n− 1)2 + 2 and ∆(α) > (n− 1)2?

An affirmative answer to question (i) would imply that the supremum of the systolic ratio over all

dynamically convex contact forms on S3 is 2. An affirmative answer to question (iii) would imply

the existence of closed Reeb orbits with negative Conley–Zehnder index whenever ρsys(α) > 3.

The paper is organized in the following way. In § 2 we review the definitions and main

properties of the action, Calabi invariant and Conley–Zehnder index and we construct the family

of special area-preserving diffeomorphisms of the disk. In § 3 we discuss the issue of lifting

area-preserving diffeomorphisms of the disk to Reeb flows on S3, with special regard to the

behavior of the Conley–Zehnder index, and finally we prove Theorems 1.1 and 1.2.

2. A family of special area-preserving diffeomorphisms

Throughout this article, ω0 denotes the standard area form on R2 and λ0 its standard primitive:

ω0 := dx ∧ dy and λ0 := 1
2(x dy − y dx). (3)

Note that λ0 is invariant under rotations about the origin. We shall often tacitly identity R2

with C by the standard identification (x, y) 7→ x+ iy.
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2.1 Action and Calabi invariant
Here we recall the definition and basic facts about the action and the Calabi invariant of
compactly supported area-preserving diffeomorphisms of the plane. See e.g. [ABHS18, § 2.1]
for detailed proofs.

We denote by Diff(R2, ω0) the group of smooth diffeomorphisms of R2 that preserve ω0

and by Diffc(R2, ω0) the subgroup consisting of compactly supported diffeomorphisms. Let
ϕ ∈ Diffc(R2, ω0) and let λ be a smooth primitive of ω0 on R2. Since ϕ preserves ω0, the 1-form
ϕ∗λ−λ is closed and, hence, exact on R2. The action of ϕ with respect to λ is the unique smooth
function

σϕ,λ : R2
→ R

that is compactly supported and satisfies

dσϕ,λ = ϕ∗λ− λ.

Note that σϕ,λ vanishes on any connected unbounded domain in R2 that is disjoint from the
support of ϕ. The next lemma describes the dependence of the action on its defining data.

Lemma 2.1. Let ϕ and ψ be elements of Diffc(R2, ω0) and let h be in Diff(R2, ω0). Let λ be a
smooth primitive of ω0 and let u be a smooth real function on R2. Then:

(i) σϕ,λ+du = σϕ,λ + u ◦ ϕ− u;

(ii) σψ◦ϕ,λ = σψ,λ ◦ ϕ+ σϕ,λ = σψ,λ + σϕ,ψ∗λ;

(iii) σϕ−1,λ = −σϕ,λ ◦ ϕ−1 = −σϕ,(ϕ−1)∗λ;

(iv) σh−1◦ϕ◦h,h∗λ = σϕ,λ ◦ h.

The function σϕ,λ depends on the choice of the primitive λ, but its value at fixed points of ϕ
does not, by Lemma 2.1(i). By the same statement, the integral of σϕ,λ is also independent of the
choice of the primitive λ and defines the quantity

CAL(ϕ) :=

∫
R2

σϕ,λω0,

which is called the Calabi invariant of ϕ. The function

CAL : Diffc(R2, ω0) → R

is a surjective homomorphism of groups.
The group Diffc(R2, ω0) is connected, so for every ϕ ∈ Diffc(R2, ω0) one can find a smooth

isotopy {ϕt}t∈[0,1] ⊂ Diffc(R2, ω0) such that ϕ0 = id and ϕ1 = ϕ. The fact that R2 is simply
connected implies that the time-dependent vector field generated by this isotopy, which is defined
by

Xt(ϕ
t(z)) =

d

dt
ϕt(z),

is Hamiltonian, meaning that there exists a compactly supported smooth function

H : [0, 1]× R2
→ R, H(t, z) = Ht(z),

such that

ıXtω0 = dHt. (4)
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The function H is called a generating Hamiltonian for ϕ. Conversely, a smooth compactly
supported function

H : [0, 1]× R2
→ R, H(t, z) = Ht(z),

defines a smooth compactly supported time-dependent vector field XHt by the identity (4), whose
flow is a smooth path in Diffc(R2, ω0) starting at the identity.

The action and the Calabi invariant of ϕ can be expressed in terms of a generating
Hamiltonian H by the formulas

σϕ,λ(z) =

∫
t7→ϕt(z)

λ+

∫ 1

0
Ht(ϕ

t(z)) dt,

where ϕt is the flow of XHt , and

CAL(ϕ) = 2

∫
[0,1]×R2

H dt ∧ ω0. (5)

2.2 Conley–Zehnder index
In this subsection, we recall the definition of the Conley–Zehnder index for paths of symplectic
linear automorphisms of (R2, ω0) starting at the identity. We also need to consider the case in
which the symplectic path is degenerate, meaning that 1 is an eigenvalue of the automorphism
at the right-end point of the path. In this case, we consider the maximal lower semi-continuous
extension of the Conley–Zehnder index for non-degenerate paths. This definition agrees with
that in [HWZ98, § 3], which is the main reference for this subsection, and differs from that in
[RS95].

For every closed interval I ⊂ R of length strictly less than 1 satisfying ∂I ∩ Z = ∅ define

µ(I) :=

{
2k if I ∩ Z = {k},
2k + 1 if I ⊂ (k, k + 1) for some k ∈ Z.

One extends the function µ to the set of all closed intervals I of length strictly less than 1 by
the formula

µ(I) := lim
δ↓0

µ(I − δ).

Note that in the special case in which the interval I consists of only one point a we have

µ({a}) = 2dae − 1, (6)

where dae denotes the unique integer k for which a ∈ (k − 1, k].
Now let Φ : [0, 1] 7→ Sp(2) be a continuous symplectic path satisfying Φ(0) = id. For every

non-zero vector u in the plane choose a continuous lift θu : [0, 1] 7→ R of the argument of Φ(t)u.
This means that

Φ(t)u = |Φ(t)u|eiθu(t).

Define the number ∆Φ(u) by

∆Φ(u) :=
θu(1)− θu(0)

2π
,

which is independent of the choice of the lift θu. The image JΦ of the function ∆Φ is the so-called
rotation interval of Φ. It is an interval of length less than 1/2. One can show that ∂JΦ ∩ Z = ∅

if and only if 1 is not an eigenvalue of Φ(1). We define the Conley–Zehnder index µ(Φ) of Φ as

µ(Φ) := µ(JΦ).
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Here are two useful properties of the Conley–Zehnder index. The first is its naturality: for any
A ∈ Sp(2) we have

µ(A−1ΦA) = µ(Φ). (7)

For the second we recall that the space of free homotopy classes [R/Z,Sp(2)] is isomorphic to Z
by an isomorphism called the Maslov index, which we denote by

Maslov : [R/Z,Sp(2)] → Z,

and is normalized by giving the loop of positive rotations t 7→ e2πit, t ∈ R/Z, the Maslov index 1.
Then for any loop Ψ : [0, 1] → Sp(2) with Ψ(0) = Ψ(1) = id, we have

µ(ΨΦ) = µ(Φ) + 2 Maslov(Ψ). (8)

Conley–Zehnder index of fixed points. Let ϕ ∈ Diffc(R2, ω0) and z0 be a fixed point of ϕ.
Choose a smooth path {ϕt}t∈[0,1] ⊂ Diffc(R2, ω0) such that ϕ0 = id and ϕ1 = ϕ. The Conley–
Zehnder index of z0 with respect to ϕ is defined as the Conley–Zehnder index of the symplectic
path

[0, 1] 7→ Sp(2), t 7→ Dϕt(z0),

and is denoted by
µ(z0, ϕ).

As the notation suggests, this integer is independent of the choice of the isotopy in Diffc(R2, ω0)
that connects the identity to ϕ. Moreover, if h is in Diff(R2, ω0) and z0 is a fixed point of ϕ, then

µ(h(z0), h ◦ ϕ ◦ h−1) = µ(z0, ϕ).

Indeed, this follows from (7), (8) and from the fact that R2 is simply connected.
Being a fixed point of ϕ, z0 is also a fixed point of all the iterates ϕk, and the mean Conley–

Zehnder index of z0 is defined as

µ(z0, ϕ) := lim
k→+∞

µ(z0, ϕ
k)

k
.

The existence of the above limit follows from the fact that the map

N → Z, k 7→ µ(z0, ϕ
k)

is a quasi-morphism.

Conley–Zehnder index and rotation number of closed Reeb orbits. Let β be a contact form
on a 3-manifold M , with Reeb vector field Rβ and Reeb flow φtRβ .

Given a closed Reeb orbit (γ, T ), let Ξ be a dβ-symplectic trivialization of the contact
structure kerβ over some neighborhood of the image of γ. We may see Ξ as a smooth family of
symplectic linear isomorphisms

Ξq : (R2, ω0) → (kerβ(q), dβ)

parametrized by points q near γ(R). A path Φ : [0, 1] → Sp(2n) can be constructed by the
formula

Φ(t) = Ξ−1
φTtRβ

(p)
◦ dφTtRβ (p) ◦ Ξp,
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where p = γ(t0) with t0 ∈ R chosen arbitrarily. The Conley–Zehnder index of (γ, T ) with respect
to Ξ is defined as the Conley–Zehnder index µ(Φ) of the path Φ as defined in the beginning
of § 2.2, and is denoted by

µ((γ, T ),Ξ).

As the notation suggests, this does not depend on the choice of the base point p ∈ γ(R).
If Ξ̃ is a different dβ-symplectic trivialization of the contact structure kerβ over some

neighborhood of γ(R) and Φ̃ : [0, 1] → Sp(2) is the corresponding trivialization of the path
t 7→ dφTtRβ (p), we have

Φ̃(t) = Ψ(t)Φ(t)Ψ(0)−1,

where Ψ : R/Z → Sp(2) is the loop

Ψ(t) := Ξ̃−1
φTtRβ

(p)
◦ ΞφTtRβ (p).

By (7) and (8) we obtain

µ((γ, T ), Ξ̃) = µ((γ, T ),Ξ) + 2 Maslov(Ψ). (9)

When the trivializations Ξ̃ and Ξ are isotopic, the loop Ψ is freely homotopic to a constant loop
and, hence, the Conley–Zehnder indices with respect to Ξ̃ and Ξ coincide.

The mean rotation number of (γ, T ) with respect to Ξ is defined as

ρ((γ, T ),Ξ) :=
1

2
lim
k→∞

µ((γ, kT ),Ξ)

kT
.

As in the case of the mean Conley–Zehnder index of a fixed point, the existence of the above
limit follows from the fact that the map

N → Z, k 7→ µ((γ, kT ),Ξ)

is a quasi-morphism. The fact that

ρ((γ, T ),Ξ) = ρ((γ, kT ),Ξ)

allows us to denote the mean rotation number simply by

ρ(γ,Ξ) = ρ((γ, T ),Ξ).

The trivialization Ξ will be omitted from the notation for µ or ρ when it is clear from the context.

2.3 Rotationally invariant Hamiltonians
Rotationally invariant Hamiltonians will be useful building blocks in our construction. In
this section we compute the action, the Calabi invariant, and the Conley–Zehnder indices
associated to a general autonomous radial Hamiltonian with compact support, with respect
to the rotationally invariant primitive λ0 of ω0.

Lemma 2.2. Suppose that H : R2
→ R has the form H(z) = h(|z|2) for some smooth function

h : [0,+∞) → R with compact support. Let ϕt be the flow of the autonomous Hamiltonian
vector field XH and ϕ = ϕ1 be the corresponding time-1 map. Then

ϕt(z) = e−2h′(|z|2)itz, ∀z ∈ R2, ∀t ∈ R, (10)

and:
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(i) σϕ,λ0(z) = h(|z|2)− |z|2h′(|z|2) for all z ∈ R2;

(ii) CAL(ϕ) = 4π
∫ +∞

0 rh(r2) dr;

(iii) let z0 ∈ Fix(ϕk), for some k ∈ N; if z0 6= 0, then kh′(|z0|2)/π ∈ Z; moreover, the Conley–
Zehnder index satisfies

µ(z0, ϕ
k) =



−2kh′(|z0|2)

π
if z0 6= 0 and h′′(|z0|2) < 0,

−2kh′(|z0|2)

π
− 1 if z0 6= 0 and h′′(|z0|2) > 0,

2

⌈
−kh

′(0)

π

⌉
− 1 if z0 = 0.

Proof. See [ABHS18, Lemma 2.9] for the proof of (10), (i) and (ii). Here we prove (iii). By
differentiating (10) we obtain the following expression for the linearized flow

Dϕt(z0)u = −4h′′(|z0|2)〈z0, u〉it e−2h′(|z0|2)itz0 + e−2h′(|z0|2)itu, (11)

where 〈·, ·〉 denotes the Euclidean inner product on R2. Moreover, (10) implies that z0 ∈ R2\{0}
is a fixed point of ϕk if and only if

h′(|z0|2) = −πm
k

for some m ∈ Z. In this case, plugging u = iz0 into (11) we obtain

Dϕt(z0)iz0 = e−2h′(|z0|2)itiz0 = e2πimt/kiz0.

Hence, the integer m belongs to the rotation interval of the path

t ∈ [0, 1] 7→ Dϕkt(z0) ∈ Sp(2). (12)

Note also that since Dϕk(z0)iz0 = iz0, z0 is a degenerate fixed point of ϕk and, hence, m is an
endpoint of its rotation interval. Plugging u = z0 and t = k in (11) we obtain

Dϕk(z0)z0 = −4h′′(|z0|2)|z0|2kiz0 + z0.

Hence, the rotation interval of the path (12) contains points in (m,m + 1) if h′′(|z0|2) < 0. In
this case, we have

µ(z0, ϕ
k) = 2m = −2kh′(|z0|2)

π
.

If h′′(|z0|2) > 0, then the rotation interval is contained in (m− 1,m] and, hence,

µ(z0, ϕ
k) = 2(m− 1) + 1 = 2m− 1 = −2kh′(|z0|2)

π
− 1.

If z0 = 0, then from (11) we obtain Dϕt(z0) = e−2h′(0)it. Hence, the rotation interval of the
path (12) degenerates to the point −kh′(0)/π. In this case, we obtain from (6) that

µ(z0, ϕ
k) = 2

⌈
−kh

′(0)

π

⌉
− 1,

as desired. 2
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2.4 Construction of a family of disk maps
We denote by

D := {z ∈ R2 | |z| 6 1}

the closed unit disk and by Diffc(D, ω0) the subgroup of Diffc(R2, ω0) consisting of diffeo-
morphisms with support in the interior of D.

The proof of Theorem 1.1 will be based on the construction of a map ϕ ∈ Diffc(D, ω0) with
special properties, as described in the following proposition.

Proposition 2.3. For every ε > 0 there exists a smooth primitive λ of ω0 such that λ − λ0 is
supported in the interior of D and a map ϕ ∈ Diffc(D, ω0) with the following properties.

(i) The action σϕ,λ has the bounds

−π
2
< σϕ,λ <

π

2
,

with a stronger inequality at fixed points of ϕ:

σϕ,λ(z0) > 0 ∀z0 ∈ Fix(ϕ).

(ii) The Calabi invariant of ϕ satisfies

−π
2

2
< CAL(ϕ) < −π

2

2
+ ε.

(iii) For each k ∈ N and each fixed point z0 of ϕk the Conley–Zehnder index of z0 satisfies

µ(z0, ϕ
k) > 1− 3k,

with a stronger inequality if z0 is a fixed point of ϕ:

µ(z0, ϕ
k) > −1 ∀z0 ∈ Fix(ϕ).

The idea of the proof is the following. The map ϕ consists of a composition ϕ = ϕ− ◦ ϕ+ of
two area-preserving diffeomorphisms with support in the interior of D. The map ϕ+ is a rotation
of angle π on a big disk contained in int(D), and in the annulus between the two disks it rotates
each circle centered at the origin by an angle in the interval [0, π], which becomes 0 when the
circle is contained in a small neighborhood of ∂D.

The map ϕ− is supported in a set A that consists of two compact subsets A0 and A1 = −A0,
where A0 is a region diffeomorphic to a closed disk that is contained in the interior of the upper
half-disk D ∩ {Im z > 0} and fills almost all of its area. The restrictions ϕ−|A0 and ϕ−|A1 are
conjugated to each other by the rotation by π, and they are conjugated to a compactly supported
disk map that rotates most of the disk by an angle 2πθ, with θ > −2 and very close to −2, and
then rotates less and less in the negative direction when approaching the boundary. See Figure 1.

The maps ϕ+ and ϕ− are made compatible by ensuring that the disk on which ϕ+ is a
rotation by π contains the set A, which then implies that ϕ+ and ϕ− commute.

The primitive λ of ω0 coincides with λ0 outside of a large disk contained in int(D), and in
A0 and A1 it coincides with the pull-back of λ0 by the area-preserving diffeomorphisms mapping
A0 and A1 onto a disk that conjugate ϕ−|A0 and ϕ−|A1 to the disk map described above.

The map ϕ− gives a negative contribution to the Calabi invariant of ϕ, which overrides
the positive contribution given by ϕ+ and makes CAL(ϕ) close to −π2/2, as in statement (ii).
The action of ϕ+ and ϕ− with respect to λ can be computed explicitly, and using the behavior
of the action under composition we can guarantee that the action of ϕ takes values in the
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Figure 1. The map of Proposition 2.3.

Figure 2. The map of Proposition 2.4.

interval (−π/2, π/2), as required by statement (i). The fact that ϕ− preserves each of the sets
A0 and A1 while ϕ+ permutes them guarantees that all fixed points of ϕ lie outside of A. There,
the map ϕ coincides with ϕ+, and it is easy to show that all its fixed points have non-negative
action and Conley–Zehnder index not smaller than −1. This gives the stronger inequality in
statement (i) and the second part of statement (iii). Finally, the Conley–Zehnder indices of all
other periodic points can be estimated quite precisely, and in particular they satisfy the first
part of statement (iii).

In this section, we actually prove a generalization of the above proposition, in which instead
of subdividing the disk into two half-disks, we subdivide it into n > 2 equal sectors. The map
ϕ+ will then be a rotation of angle 2π/n on most of D, whereas ϕ− will preserve each sector and
behave as a negative rotation on a large portion of each of them. See Figure 2.

This generalization will be used for proving Theorem 1.2. We will need more information on
the map ϕ, and in particular precise bounds relating the mean Conley–Zehnder indices of its
periodic points to their action. The precise statement is as follows.

Proposition 2.4. Given a natural number n > 2 and a real number ε > 0 there exist a primitive
λ of ω0 such that λ − λ0 is supported in the interior of D and a map ϕ ∈ Diffc(D, ω0) with the
following properties.
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(i) The action σϕ,λ has the bounds

−π +
π

n
< σϕ,λ <

π

n
,

with a stronger inequality at fixed points of ϕ:

σϕ,λ(z0) > 0 ∀z0 ∈ Fix(ϕ).

(ii) The Calabi invariant of ϕ satisfies

−π2

(
1− 1

n

)
< CAL(ϕ) < −π2

(
1− 1

n

)
+ ε.

(iii) For each k ∈ N and each fixed point z0 of ϕk the Conley–Zehnder index of z0 satisfies

µ(z0, ϕ
k) > −2nk +

2k

n
+ 1,

with a stronger inequality if z0 is a fixed point of ϕ:

µ(z0, ϕ
k) > −1 ∀z0 ∈ Fix(ϕ).

(iv) The action σϕ,λ is invariant under ϕ.

(v) If z0 ∈ Fix(ϕk) is not a fixed point of ϕ, then k > n.

Furthermore, there is a compact set A ⊂ int(D) that is invariant under ϕ and has the following
properties.

(vi) Every z0 ∈ Fix(ϕk)\A, k ∈ N, satisfies

σϕ,λ(z0) > 0

and
2

π
σϕ,λ(z0) 6

µ(z0, ϕ
k)

k
6

(
2

π
+ ε

)
σϕ,λ(z0).

(vii) There exists a number ν ∈ (0, ε) such that every z0 ∈ Fix(ϕk) ∩A, k ∈ N, satisfies

σϕ,λ(z0) > −π +
π

n
(1 + ν)

and
2

n
+

2n

π
σϕ,λ(z0)− 2− ν2 6

µ(z0, ϕ
k)

k
6

2

n
+

2n

π
σϕ,λ(z0)− 2 + ν2.

(viii) There exists w0 ∈ Fix(ϕn) ∩A such that

σϕ,λ(w0) 6 −π +
π

n
(1 + ν) + ν

and
µ(w0, ϕ

n)

n
=

2

n
− 2n+ 2ν,

where ν is the number which appears in property (vii).

Note that Proposition 2.3 follows directly from statements (i), (ii) and (iii) in Proposition
2.4, in which we choose n = 2.

The remaining part of this section is devoted to the proof of Proposition 2.4. We fix once
and for all the natural number n > 2, which labels the 1-form λ and the map ϕ we are going to
construct, and the positive real number ε, as in the statement Proposition 2.4.
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Construction of λ. For each j ∈ {0, 1, . . . , n− 1} we denote the closed sectors as

Dn,j :=

{
z ∈ D

∣∣∣∣ j 2π

n
6 arg z 6 (j + 1)

2π

n

}
.

For r > 0 we write Dr for the closed disk of radius r,

Dr := {z ∈ C | |z| 6 r}.

Here we wish to construct a suitable primitive λ of ω0, which coincides with λ0 outside

of a compact set that is contained in the union of the interior parts of the sector Dn,j , for

j ∈ {0, . . . , n− 1} and is invariant under the counterclockwise rotation by the angle 2π/n, which

we denote by ρ:

ρ : R2
→ R2, z 7→ e2πi/nz.

Choose a positive number η < 1 very close to 1, and fix a smooth subset A0 of the interior of the

sector Dn,0 diffeomorphic to a closed disk and having area ηπ/n. Moreover, fix an area-preserving

diffeomorphism f ∈ Diff(R2, ω0) that maps A0 to a disk centered at the origin of some radius

R > 0,

f(A0) = DR.

Since f is area-preserving,

πR2 = η
π

n
. (13)

Since f∗λ0 is a primitive of ω0, there is a smooth function u : R2
→ R satisfying

f∗λ0 = λ0 + du.

Now fix a smooth cut-off function χ : R2
→ [0, 1] such that χ|A0 ≡ 1 and whose support is

contained in the interior of Dn,0. Then set

λ := λ0 + dû, (14)

where û : R2
→ R is given by

û = χu+ ρ∗(χu) + · · ·+ (ρn−1)∗(χu). (15)

The smooth 1-form λ, which is a primitive of ω0, has the following properties:

(a) ρ∗λ = λ;

(b) λ = f∗λ0 on A0;

(c) λ = λ0 outside of a compact set that is contained in the union of the interiors of the sectors

Dn,j , j ∈ {0, . . . , n− 1}.

The positive number η < 1 that appears in the construction will be made sufficiently close

to 1 in due time, depending on n and ε.
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Construction of the map ϕ+. We construct the map ϕ ∈ Diffc(D, ω0) as a composition of
two maps ϕ+, ϕ− ∈ Diffc(D, ω0) that are each generated by autonomous Hamiltonians H+ and
H− supported in the interior of the disk that separately we understand well. Here we define ϕ+

and compile its basic properties.
We start by fixing a family of smooth cut-off functions χδ : [0,+∞) → R depending on

δ ∈ (0, 1/2): let χδ be a smooth convex function which is supported in [0, 1) and satisfies

χδ(s) = 1− δ − s ∀s ∈ [0, 1− 2δ]. (16)

It follows that χδ is monotonically decreasing, non-negative, and satisfies

max{1− δ − s, 0} 6 χδ(s) 6 max{(1− δ)(1− s), 0},
−1 6 χ′δ(s) 6 0,

(17)

for every s ∈ [0,+∞), and

0 6 χδ(s)− sχ′δ(s) 6 1− δ ∀s ∈ [0,+∞)

χδ(s)− sχ′δ(s) = 1− δ ∀s ∈ [0, 1− 2δ],
(18)

where the last inequalities follow from the fact that the function χδ(s)− sχ′δ(s) takes the value
1− δ for s = 0 and 0 for s > 1, and has derivative −sχ′′δ (s) 6 0 that vanishes on [0, 1−2δ]. Using
this same type of argument one can show moreover that

−(1− δ)χ′δ(s) 6 χδ(s)− sχ′δ(s) 6 −χ′δ(s) ∀s ∈ [0,+∞). (19)

Choose δ > 0 to be so small that

supp(û) ⊂ int(D√1−2δ), (20)

where û is the smooth function which is defined in (15). Note that the above assumption requires
δ to go to 0 as η approaches 1. Later on we will require δ to be even smaller, but we will always
keep the above requirement. The autonomous Hamiltonian H+ : R2

→ R defined by

H+(z) = h+(|z|2) with h+(s) :=
π

n
χδ(s),

is supported in int(D). We denote by ϕt+ ∈ Diffc(D, ω0) the flow of XH+ and by ϕ+ := ϕ1
+ the

time-1 map. By Lemma 2.2 the diffeomorphism ϕt+ restricts to the counterclockwise rotation of
angle 2πt/n on the disk D√1−2δ. Outside of this disk, the map ϕt+ rotates each circle about the
origin counterclockwise by a non-negative angle that does not exceed 2πt/n (because of (17)),
and which becomes zero outside of some disk of radius smaller than 1. Again by Lemma 2.2, the
action of ϕ+ with respect to λ0 is the radial function

σϕ+,λ0(z) =
π

n
(χδ(|z|2)− |z|2χ′δ(|z|2)) ∀z ∈ R2. (21)

The fact that σϕ+,λ0(z) depends only on |z| and the fact that ϕ+ preserves each circle centered
at the origin imply that

σϕ+,λ0 ◦ ϕ+ = σϕ+,λ0 . (22)

By (18), the function σϕ+,λ0 satisfies

σϕ+,λ0(z) =
π

n
(1− δ) ∀z ∈ D√1−2δ, (23)

0 6 σϕ+,λ0(z) 6
π

n
(1− δ) ∀z ∈ R2. (24)
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Integrating the action on D, we find that the Calabi invariant of ϕ+ has the upper bound

CAL(ϕ+) 6
π2

n
(1− δ) < π2

n
. (25)

Now we wish to determine the action of ϕ+ with respect to the primitive λ from (14). Recall
that λ = λ0 + dû, where û : R2

→ R is given by (15). Observe that û is invariant under ϕ+.
Indeed, this follows from the invariance of û under ρ, because ϕ+ = ρ on D√1−2δ and û = 0 on

R2\D√1−2δ thanks to (20). Hence, by Lemma 2.1(i), we have

σϕ+,λ = σϕ+,λ0 on R2. (26)

Therefore, we can rewrite (22) as

σϕ+,λ ◦ ϕ+ = σϕ+,λ, (27)

and (23) and (24) as

σϕ+,λ(z) =
π

n
(1− δ) ∀z ∈ D√1−2δ, (28)

0 6 σϕ+,λ(z) 6
π

n
(1− δ) ∀z ∈ R2. (29)

Now we wish to establish suitable bounds on the Conley–Zehnder indices of the periodic
points of ϕ+. By using Lemma 2.2(iii) and the fact that h′′+ > 0, we find that the Conley–Zehnder
index of a point z0 ∈ Fix(ϕk+)\{0}, k ∈ N, has the value

µ(z0, ϕ
k
+) = −

2kh′+(|z0|2)

π
− 1 = −2k

n
χ′δ(|z0|2)− 1, (30)

and, hence,

−1 6 µ(z0, ϕ
k
+) 6

2k

n
− 1, ∀z0 ∈ Fix(ϕk+)\{0}, (31)

because −1 6 χ′δ 6 0. Moreover, the fixed point 0 of ϕ has Conley–Zehnder index

µ(0, ϕk+) = 2

⌈
−
kh′+(0)

π

⌉
− 1 = 2

⌈
−k
n
χ′δ(0)

⌉
− 1 = 2

⌈
k

n

⌉
− 1, (32)

because χ′δ(0) = −1.
We conclude our study of the map ϕ+ by estimating the mean Conley–Zehnder index of its

periodic points in terms of their action. We start with a fixed point z0 of ϕk+ other than 0. For
any h ∈ N the identity (30) applied to z0 ∈ Fix(ϕhk+ )\{0} gives us

µ(z0, ϕ
hk
+ ) = −2hk

n
χ′δ(|z0|2)− 1,

and dividing by hk and taking the limit for h → +∞ we obtain

µ(z0, ϕ
k
+)

k
= − 2

n
χ′δ(|z0|2). (33)

In the case of the fixed point z0 = 0 we have by (32)

µ(0, ϕk+)

k
=

2

n
= − 2

n
χ′δ(0),

and, hence, the formula (33) holds for all z0 ∈ Fix(ϕk+).
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Let z0 be a fixed point of ϕk+. Using (26), (21) and (19), we obtain the inequality

−(1− δ)π
n
χ′δ(|z0|2) 6 σϕ+,λ(z0) 6 −π

n
χ′δ(|z0|2),

which can be restated as

n

π
σϕ+,λ(z0) 6 −χ′δ(|z0|2) 6

n

π(1− δ)
σϕ+,λ(z0).

Then (33) implies the bounds

2

π
σϕ+,λ(z0) 6

µ(z0, ϕ
k
+)

k
6

2

π(1− δ)
σϕ+,λ(z0).

By choosing δ small enough we conclude that

2

π
σϕ+,λ(z0) 6

µ(z0, ϕ
k
+)

k
6

(
2

π
+ ε

)
σϕ+,λ(z0) ∀z0 ∈ Fix(ϕk+). (34)

Construction of the map ϕK . The map ϕ− will be defined by starting from a map ϕK that
is induced by an autonomous radial Hamiltonian K, which we now wish to define. First we fix
some real number θ satisfying

−n < θ < −n+ 1, (35)

and close enough to −n, as we will later specify. Recall that R > 0 was fixed above (13), so
that there is an area-preserving diffeomorphism f : A0 → DR from some A0 ⊂ int(Dn,0). Given
δ ∈ (0, 1/2) as in the construction of ϕ+, consider the following rotationally invariant Hamiltonian

K : C → R, K(z) = hK(|z|2) with hK(s) := πR2θχδ

(
s

R2

)
,

which is supported in the interior of DR. Let ϕtK denote the flow of K and let ϕK := ϕ1
K be the

time-1 map. For any t ∈ [0, 1], the map ϕtK rotates each concentric circle about the origin by
some angle in the interval

[2πθ, 0] ⊂ (−2πn, 0],

since

h′K(|z|2) = πθχ′δ(|z|2/R2) and −1 6 χ′δ 6 0,

see Lemma 2.2. By Lemma 2.2(i),

σϕK ,λ0(z) = hK(|z|2)− |z|2h′K(|z|2)

= πR2θ

(
χδ

(
|z|2

R2

)
− |z|

2

R2
χ′δ

(
|z|2

R2

))
∀z ∈ R2, (36)

and, in particular,

σϕK ,λ0 ◦ ϕK = σϕK ,λ0 . (37)

By (36) and (18) we have

πR2θ(1− δ) 6 σϕK ,λ0(z) 6 0 ∀z ∈ R2,

σϕK ,λ0(z) = πR2θ(1− δ) ∀z ∈ DR√1−2δ.
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Together with (13) we obtain

η
π

n
θ(1− δ) 6 σϕK ,λ0(z) 6 0 ∀z ∈ R2,

σϕK ,λ0(z) = η
π

n
θ(1− δ) ∀z ∈ DR√1−2δ.

(38)

Integrating the non-positive function σϕK ,λ0 over DR, we find the following upper bound on the
Calabi invariant of ϕK :

CAL(ϕK) 6 η
π

n
θ(1− δ)πR2(1− 2δ) = η2π

2

n2
θ(1− δ)(1− 2δ).

When θ approaches −n, η approaches 1 and δ goes to 0, the quantity on the right-hand side
converges to −π2/n. Therefore, by choosing θ > −n close enough to −n, η < 1 close enough to 1
and δ > 0 close enough to 0 we obtain the bound

CAL(ϕK) < −π
2

n
+
ε

n
. (39)

The number θ is now fixed by the above requirement, together with

θ < −n+ ε. (40)

The distances of η from 1 and the number δ will be made even smaller below.
We now estimate the Conley–Zehnder indices of the periodic points of ϕK . Let k ∈ N. By

Lemma 2.2(iii) we have

µ(0, ϕkK) = 2

⌈
−
kh′K(0)

π

⌉
− 1 = 2d−kθχ′δ(0)e − 1 = 2dkθe − 1. (41)

Now θ > −n implies kθ > −kn, from which dkθe > −kn+ 1 and, hence,

2dkθe − 1 > −2kn+ 1.

Together with the inequality kθ < k(−n+ 1) 6 −k 6 −1 we deduce that

−2kn+ 1 6 µ(0, ϕkK) 6 −3.

Now let z0 ∈ Fix(ϕkK)\{0}. By Lemma 2.2(iii), the number kθχ′δ(|z0|2/R2) is an integer, and
either

µ(z0, ϕ
k
K) = −

2kh′K(|z0|2)

π
= −2kθχ′δ

(
|z0|2

R2

)
, (42)

if χ′′δ (|z0|2/R2) > 0, or

µ(z0, ϕ
k
K) = −2kθχ′δ

(
|z0|2

R2

)
− 1, (43)

if χ′′δ (|z0|2/R2) = 0. In both cases, the bounds 0 > χ′δ > −1 and 0 > θ > −n imply θχ′δ < n and,
hence,

µ(z0, ϕ
k
K) > −2

⌈
kθχ′δ

(
|z0|2

R2

)⌉
− 1 > −2kn+ 1.

The integer kθχ′δ(|z0|2/R2) appearing in (42) and (43) is non-negative. When this integer is
positive, we obtain

µ(z0, ϕ
k
K) 6 −2.
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When it is zero, we have χ′δ(|z0|2/R2) = 0 and, hence, χ′′δ (|z0|2/R2) = 0. This implies that the
alternative (43) holds and, therefore,

µ(z0, ϕ
k
K) = −1.

We conclude that in all cases

µ(z0, ϕ
k
K) 6 −1.

We can summarize the above discussion by stating the following bounds on the Conley–Zehnder
index of an arbitrary fixed point of ϕkK :

−2nk + 1 6 µ(z0, ϕ
k
K) 6 −1 ∀z0 ∈ Fix(ϕkK). (44)

We conclude the analysis of ϕK by obtaining bounds for the mean Conley–Zehnder index
of z0 ∈ Fix(ϕkK) in terms of its action. By (41), (42) and (43) the mean Conley–Zehnder index of a
periodic point is given by the formula

µ(z0, ϕ
k
K)

k
= −2θχ′δ

(
|z0|2

R2

)
∀z0 ∈ Fix(ϕkK). (45)

Using (36) and (19) we obtain

−(1− δ)πR2θχ′δ

(
|z0|2

R2

)
> σϕK ,λ0(z0) > −πR2θχ′δ

(
|z0|2

R2

)
,

which we can restate as

−
σϕK ,λ0(z0)

πR2θ(1− δ)
6 χ′δ

(
|z0|2

R2

)
6 −

σϕK ,λ0(z0)

πR2θ
.

Then (45) implies

2

πR2(1− δ)
σϕK ,λ0(z0) 6

µ(z0, ϕ
k
K)

k
6

2

πR2
σϕK ,λ0(z0).

By (13) we have πR2 = ηπ/n < π/n, and we conclude that

2n

ηπ(1− δ)
σϕK ,λ0(z0) 6

µ(z0, ϕ
k
K)

k
6

2n

π
σϕK ,λ0(z0) ∀z0 ∈ Fix(ϕkK). (46)

Construction of the map ϕ−. Now we are ready to define ϕ− ∈ Diffc(D, ω0). Recall that
f : A0 → DR is an area-preserving diffeomorphism from A0 ⊂ int(Dn,0). The set ρj(A0) is
contained in the interior of the sector Dn,j for every j ∈ {0, . . . , n− 1}, and, in particular, these
sets are mutually disjoint. Set

A :=
n−1⋃
j=0

ρj(A0).

Define the autonomous Hamiltonian H− : R2
→ R by

H−(z) :=

{
K ◦ f(ρ−j(z)) ∀z ∈ ρj(A0), j ∈ {0, 1, . . . , n− 1},
0 ∀z ∈ R2\A,
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which is smooth and supported in A ⊂ int(D), because K : R2
→ R is supported in the interior

of DR. We denote the flow of H− by ϕt− ∈ Diffc(D, ω0), and its time-1 map by ϕ− = ϕ1
−. By

construction, ϕ− is supported in A and

ϕ−|A0 = f−1 ◦ ϕK ◦ f |A0 .

Moreover, ϕ− commutes with ρ:
ϕ− ◦ ρ = ρ ◦ ϕ−.

With the help of (5) the Calabi invariant of ϕ− is easily calculated to be

CAL(ϕ−) = 2

∫
C
H− dx ∧ dy = 2

n−1∑
k=0

∫
ρk(A)

H− dx ∧ dy

= 2n

∫
A
H− dx ∧ dy = 2n

∫
A
K ◦ f dx ∧ dy

= 2n

∫
DR
K dx ∧ dy = 2n

∫
C
K dx ∧ dy = n · CAL(ϕK),

where we have used the facts that ρ and f are area-preserving and H− is invariant under ρ. By
(39) we find the upper bound

CAL(ϕ−) < −π2 + ε. (47)

Let us estimate the action function of ϕ− with respect to the special primitive λ. The flow
ϕt− fixes all points in the connected set C\A, so the action function σϕ−,λ at such points vanishes.
At points in A0, using Lemma 2.1(iv) we find

σϕ−,λ(z) = σϕK ,λ0(f(z)) ∀z ∈ A0. (48)

Again, using Lemma 2.1(iv) and the fact that λ is ρ-invariant, one finds that σϕ−,λ is invariant
under ρ:

σϕ−,λ ◦ ρ = σϕ−,λ, (49)

and by using (37) that σϕ−,λ is invariant under ϕ−:

σϕ−,λ ◦ ϕ− = σϕ−,λ. (50)

By (49) we find, using also our estimates (38) on the action of ϕK with respect to λ0, that

−π(1− δ) < η
π

n
θ(1− δ) 6 σϕ−,λ(z) 6 0 ∀z ∈ A, (51)

σϕ−,λ(z) = 0 ∀z ∈ R2\A. (52)

Now let us consider the Conley–Zehnder indices at periodic points of ϕ−. Suppose that

z0 ∈ Fix(ϕk−)

for some k ∈ N. If z0 ∈ ρj(A0), then the invariance of the Conley–Zehnder index under conjugacy
implies

µ(z0, ϕ
k
−) = µ(f(ρ−j(z0)), ϕkK). (53)

Combining this with (44) we obtain

−2nk + 1 6 µ(z0, ϕ
k
−) 6 −1 ∀z0 ∈ A. (54)
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All points in R2\A are fixed by ϕ−. Therefore,

µ(z0, ϕ
k
−) = −1 ∀z0 ∈ R2\A. (55)

By (48), the invariance of σϕ−,λ under ρ and (53), the bounds (46) on the mean Conley–Zehnder
indices of the periodic points of ϕK translate into

2n

ηπ(1− δ)
σϕ−,λ(z0) 6

µ(z0, ϕ
k
−)

k
6

2n

π
σϕ−,λ(z0) ∀z0 ∈ Fix(ϕk−) ∩A. (56)

Construction of the map ϕ. We start by observing that the maps ϕ+ and ϕ− commute:

ϕ+ ◦ ϕ− = ϕ− ◦ ϕ+. (57)

Indeed, since ϕ+ = ρ on D√1−2δ, ϕ− commutes with ρ and

supp(ϕ−) ⊂ A ⊂ D√1−2δ,

we obtain

z ∈ D√1−2δ ⇒ ϕ+(ϕ−(z)) = ρ(ϕ−(z)) = ϕ−(ρ(z)) = ϕ−(ϕ+(z)),

z 6∈ D√1−2δ ⇒ ϕ+(ϕ−(z)) = ϕ+(z) = ϕ−(ϕ+(z)),

as desired.
The map ϕ ∈ Diffc(D, ω0) is defined to be the composition

ϕ := ϕ+ ◦ ϕ− = ϕ− ◦ ϕ+.

From the homomorphism property of the Calabi invariant

CAL(ϕ) = CAL(ϕ−) + CAL(ϕ+)

and so by (25) and (47) we obtain the upper bound

CAL(ϕ) <
π2

n
− π2 + ε = −π2

(
1− 1

n

)
+ ε. (58)

Since ϕ+ = ρ on the disk D√1−2δ, which contains the support of σϕ−,λ, the identity (49)
implies

σϕ−,λ ◦ ϕ+ = σϕ−,λ. (59)

Together with Lemma 2.1(ii) this implies the following formula for the action of ϕ with respect
to λ:

σϕ,λ = σϕ−◦ϕ+,λ = σϕ−,λ ◦ ϕ+ + σϕ+,λ = σϕ−,λ + σϕ+,λ. (60)

Moreover, the action is ϕ-invariant:

σϕ,λ ◦ ϕ = σϕ,λ. (61)

Indeed, by (27), (50) and (59) we have

σϕ,λ ◦ ϕ = σϕ−,λ ◦ ϕ− ◦ ϕ+ + σϕ+,λ ◦ ϕ+ ◦ ϕ−
= σϕ−,λ ◦ ϕ+ + σϕ+,λ ◦ ϕ−
= σϕ−,λ + σϕ+,λ ◦ ϕ− = σϕ+◦ϕ−,λ = σϕ,λ,
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where in the penultimate equality we have used Lemma 2.1(ii). Therefore, we have shown that
the action σϕ,λ is ϕ-invariant, as claimed in statement (iv).

Thanks to (29) and (52), the identity (60) gives

0 6 σϕ,λ(z) <
π

n
∀z ∈ R2\A. (62)

By (28) and (51) we also have(
−π +

π

n

)
(1− δ) < π

n
(ηθ + 1)(1− δ) 6 σϕ,λ(z) 6

π

n
(1− δ) ∀z ∈ A, (63)

where in the first inequality we have used ηθ > −ηn > −n. In particular, the above two bounds
imply

−π +
π

n
< σϕ,λ(z) <

π

n
∀z ∈ R2, (64)

which proves the first part of statement (i). Now suppose that z0 is a fixed point of ϕ. Then z0

is not in A, because ϕ− preserves each component ρj(A0), whereas ϕ+ maps ρj(A0) to ρj+1(A0)
for every j = 0, . . . , n− 1. From (62) we have

σϕ,λ(z0) > 0 ∀z0 ∈ Fix(ϕ),

concluding the proof of statement (i).
By integrating the first inequality of (64) we obtain

CAL(ϕ) =

∫
R2

σϕ,λ ω0 =

∫
D
σϕ,λ ω0 > −π2 +

π2

n
.

Together with (58), this proves the bounds on the Calabi invariant of ϕ which are stated in
statement (ii).

The fact that ϕ+ cyclically permutes the components Aj of A and the fact that ϕ− preserves
each of them imply that the periodic points which are contained in A have period multiple of n.
Since ϕ = ϕ+ on C\A, the fact that all the periodic points of ϕ+ that are not fixed points have
period at least n implies that the same is true for the periodic points of ϕ that are not fixed
by ϕ. We conclude that if z0 is in Fix(ϕk) for some k ∈ N but not in Fix(ϕ), then k > n. This
proves statement (v).

We now estimate the Conley–Zehnder indices of the periodic points of ϕ. We start by the
fixed points of ϕ, which as we have seen belong to the complement of A, on which ϕ = ϕ+.
A fixed point z0 of ϕ+ is either outside of the support of ϕ+ or z0 = 0. In the first case,

µ(z0, ϕ
k) = µ(z0, ϕ

k
+) = µ(z0, id) = −1,

and in the second case

µ(0, ϕk) = µ(0, ϕk+) = 2

⌈
k

n

⌉
− 1,

by (32). In either case, we have

µ(z0, ϕ
k) > −1 ∀z0 ∈ Fix(ϕ), ∀k ∈ N,

proving the second part of statement (iii).
The study of an arbitrary periodic point is simplified by the fact that, by (57),

ϕk = ϕk+ ◦ ϕk− ∀k ∈ N.
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Consider a periodic point
z0 ∈ Fix(ϕk)

for some k ∈ N. Since the isotopy {ϕkt+ ◦ϕkt−}t∈[0,1] is compactly supported and its time-1 map is

ϕk+ ◦ ϕk− = ϕk, the Conley–Zehnder index µ(z0, ϕ
k) is the Conley–Zehnder index of the path of

symplectic automorphisms

Φ : [0, 1] → Sp(2), Φ(t) := D(ϕkt+ ◦ ϕkt− )(z0) = Dϕkt+ (ϕkt− (z0)) ◦Dϕkt− (z0). (65)

Suppose first that z0 is not in A. Then z0 is outside the support of the map ϕk− and, hence, z0

is a fixed point of ϕk+ and

µ(z0, ϕ
k) = µ(z0, ϕ

k
+).

Therefore, (31) and (32) imply

−1 6 µ(z0, ϕ
k) 6 2

⌈
k

n

⌉
− 1 ∀z0 ∈ Fix(ϕk)\A. (66)

In particular, the Conley–Zehnder index of fixed points of ϕk outside of A trivially satisfies the
lower bound stated in statement (iii). Moreover, µ(z0, ϕ

k) = µ(z0, ϕ
k
+) and, using (34) and the fact

that σϕ,λ(z0) = σϕ+,λ(z0) by (60) and by the fact that σϕ−,λ vanishes outside A, we obtain

2

π
σϕ,λ(z0) 6

µ(z0, ϕ
k)

k
6

(
2

π
+ ε

)
σϕ,λ(z0) ∀z0 ∈ Fix(ϕk)\A.

Together with (62), this bound proves statement (vi).
Now suppose that z0 is in A. We claim that k = nk0 for some k0 ∈ N and that z0 is a fixed

point of ϕk−. Indeed, ϕk−(z0) belongs to A ⊂ D√1−2δ and so

z0 = ϕk+ ◦ ϕk−(z0) = ρk ◦ ϕk−(z0).

The point z0 belongs to ρj(A0) for some j ∈ {0, . . . , n−1}, and since ϕ− maps ρj(A0) into itself,
ϕk−(z0) also belongs to ρj(A0). Then the above identity implies that k is a multiple of n and z0

is fixed by ϕk−. This proves the claim.
Moreover, the fact that z0 is in A implies that ϕkt− (z0) is in A ⊂ D√1−2δ for all t ∈ [0, 1], so

Dϕkt+ (ϕkt− (z0)) = e(2π/n)ink0t = e2πik0t ∀t ∈ [0, 1],

and (65) reduces to
Φ(t) = e2πik0t ·Dϕkt− (z0) ∀t ∈ [0, 1].

Therefore,

µ(z0, ϕ
k) = µ(Φ) = 2 Maslov(e2πik0·) + µ(Dϕk·−(z0))

= 2k0 + µ(z0, ϕ
k
−) =

2k

n
+ µ(z0, ϕ

k
−), (67)

and by (54) we obtain

−2nk +
2k

n
+ 1 6 µ(z0, ϕ

k) 6
2k

n
− 1 ∀z0 ∈ Fix(ϕk) ∩A.

The above lower bound is precisely the lower bound claimed in statement (iii), whose proof is
now complete.
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Now recall that θ ∈ (−n,−n+ 1) has been fixed and set

ν := θ + n.

The number ν is positive and smaller than ε because of (40). By (63) we have

σϕ,λ(z0) >
π

n
((−n+ ν)η + 1)(1− δ) > π

n
((−n+ ν)η + 1)

>
π

n
(−n+ ν + 1) = −π +

π

n
(1 + ν).

This proves the first bound

σϕ,λ(z0) > −π +
π

n
(1 + ν),

which is stated in statement (vii). To prove the second bound, note that the identity (67) implies

µ(z0, ϕ
k) =

2k

n
+ µ(z0, ϕ

k
−).

Then, the bounds (56) together with the identity

σϕ−,λ(z0) = σϕ,λ(z0)− σϕ+,λ(z0) = σϕ,λ(z0)− π

n
(1− δ),

which follows from (28), give

µ(z0, ϕ
k)

k
=

2

n
+
µ(z0, ϕ

k
−)

k
6

2

n
+

2n

π
σϕ−,λ(z0)

=
2

n
+

2n

π
σϕ,λ(z0)− 2(1− δ) =

2

n
+

2n

π
σϕ,λ(z0)− 2 + 2δ,

and

µ(z0, ϕ
k)

k
=

2

n
+
µ(z0, ϕ

k
−)

k
>

2

n
+

2n

ηπ(1− δ)
σϕ−,λ(z0)

=
2

n
+

2n

ηπ(1− δ)
σϕ,λ(z0)− 2n

ηπ(1− δ)
π

n
(1− δ)

=
2

n
+

2n

ηπ(1− δ)
σϕ,λ(z0)− 2

η
.

The quantity
2

n
+

2n

ηπ(1− δ)
σ − 2

η

converges to
2

n
+

2n

π
σ − 2

for (η, δ) → (1, 0), uniformly in σ ∈ [−π+ π/n, π/n]. Therefore, by choosing η close enough to 1
and δ close enough to 0 we obtain the bounds

2

n
+

2n

π
σϕ,λ(z0)− 2− ν2 6

µ(z0, ϕ
k)

k

6
2

n
+

2n

π
σϕ,λ(z0)− 2 + ν2 ∀z0 ∈ Fix(ϕk) ∩A,

concluding the proof of statement (vii).
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Let w0 ∈ A0 be the point such that f(w0) = 0, where f : A0 → DR is the area-preserving
diffeomorphism introduced at the beginning of the proof. Being fixed by ϕ−, the point w0 is a
fixed point of ϕn. By (60), (28), (48) and (38)

σϕ,λ(w0) = σϕ+,λ(w0) + σϕ−,λ(w0) =
π

n
(1− δ) + σϕK ,λ0(0)

=
π

n
(1− δ) + η

π

n
θ(1− δ) =

π

n
(1− δ)(1 + ηθ)

=
π

n
(1− δ)(1− ηn+ ην).

When η converges to 1 and δ converges to 0, the latter quantity converges to

π

n
(1− n+ ν) = −π +

π

n
(1 + ν).

Therefore, by choosing η close enough to 1 and δ small enough we obtain

σϕ,λ(w0) 6 −π +
π

n
(1 + ν) + ν,

as claimed in statement (viii). By (41), (53) and (67) we have for every h ∈ N

µ(w0, ϕ
hn) = 2h+ µ(w0, ϕ

hn
− ) = 2h+ µ(0, ϕhnK ) = 2h+ 2dhnθe − 1.

By dividing by hn and by taking the limit for h → +∞ we find

µ(w0, ϕ
n)

n
=

2

n
+ 2θ =

2

n
+ 2(−n+ ν) =

2

n
− 2n+ 2ν,

which is the identity stated in statement (viii). This concludes the proof of Proposition 2.4.

3. Lifting from the disk to the three-sphere

3.1 From the disk to the mapping torus
In this section, we will lift a compactly supported area-preserving diffeomorphism of the disk to
a Reeb flow on a solid torus. We recall the following statement from [ABHS18, Proposition 3.1],
which we give here in a slightly less-general form.

Proposition 3.1. Let ϕ ∈ Diffc(D, ω0), let λ be a primitive of ω0 that agrees with λ0 outside
of a compact subset of the interior of D. Assume that the function

τ := σϕ,λ + π

is positive. Then there exists a smooth contact form β on the solid torus D × R/πZ with the
following properties:

(i) β = λ+ ds in a neighborhood of ∂D× R/πZ, where s denotes the coordinate on R/πZ; in
particular, the Reeb vector field Rβ of β coincides with ∂/∂s near the boundary of D×R/πZ,
and its flow is globally well-defined;

(ii) for all s ∈ R/πZ we have (ıs)
∗dβ = ω0, where ıs : D → D × R/πZ denotes the inclusion

z 7→ (z, s);

(iii) each surface D×{s} is transverse to the flow of Rβ, and the orbit of every point in D×R/πZ
intersects D× {s} both in the future and in the past;
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(iv) β is smoothly isotopic to λ + ds by a path of contact forms on D × R/πZ that satisfy
properties (i), (ii) and (iii) above;

(v) the first return map and the first return time of the flow of Rβ associated to the surface
D× {0} ∼= D are the map ϕ and the function τ ;

(vi) vol(D× R/πZ, β ∧ dβ) = π2 + CAL(ϕ).

Let ϕ and λ be as in the hypothesis of the above proposition. From this data we obtain a
contact form β on R/πZ×D satisfying properties (i)–(vi). By property (v), the closed orbits of
the Reeb vector field Rβ are in one-to-one correspondence with the periodic points of ϕ. More
precisely, if z0 ∈ D is a fixed point of ϕk for some k ∈ N, then by setting

γ(t) := φtRβ (z0, 0), T :=
k−1∑
j=0

τ(ϕj(z0))

we obtain a closed orbit (γ, T ) of Rβ. Conversely, every closed orbit of Rβ has this form, up to
a time shift. Our aim now is to study the relationship between the Conley–Zehnder index of z0

as a fixed point of ϕk and the Conley–Zehnder index of the closed orbit (γ, T ).
First we need to clarify which trivialization of the contact structure kerβ we are going to use

to define the Conley–Zehnder index in the Reeb setting. For every (z, s) ∈ D×R/πZ we denote
by

Π(z,s) : R3 = T(z,s)(D× R/πZ) → kerβ(z, s)

the projection along the line spanned by Rβ(z, s). By Proposition 3.1(iii), the vector Rβ(z, s) is
transverse to ker ds = R2 × {0} and, hence, the composition

Ξ̃(z,s) : R2 id×0−→ R2 × {0} = ker ds
Π(z,s)−→ kerβ(z, s)

is an isomorphism. The fact that Rβ coincides with ∂/∂s near the boundary implies that this
isomorphism is orientation-preserving and, hence,

Ξ̃∗(z,s) dβ(z, s) = a(z, s)2 ω0

for some positive smooth function a : D× R/πZ → R. Then the isomorphism

Ξ(z,s) := a(z, s)−1 Ξ̃(z,s) : R2 −→ kerβ(z, s) (68)

satisfies
Ξ∗(z,s) dβ(z, s) = ω0,

and, hence, Ξ is a global symplectic trivialization of kerβ. Note that the inverse of this
trivialization has the form

Ξ−1
(z,s) = a(z, s) Ξ̃−1

(z,s) : kerβ(z, s) −→ R2,

where Ξ̃−1
(z,s) is given by the composition

Ξ̃−1
(z,s) : kerβ(z, s)

Π̂(z,s)−→ R2 × {0} p1−→ R2,

where
Π̂(z,s) : R3 = T(z,s)(D× R/πZ) → R2 × {0}

is the projection along the line spanned by Rβ(z, s) and p1 is the projection onto the first factor.
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Addendum 3.2. Under the assumptions of Proposition 3.1, let z0 ∈ D be a fixed point of ϕk for
some k ∈ N and let (γ, T ) be the corresponding closed orbit of Rβ, i.e.

γ(t) := φtRβ (z0, 0), T :=

k−1∑
j=0

τ(ϕj(z0)).

Then the Conley–Zehnder indices of the fixed point z0 and of the closed orbit (γ, T ) coincide:

µ(z0, ϕ
k) = µ((γ, T ),Ξ).

Proof. By Proposition 3.1(ii) the restriction of β to each D× {s} differs from the restriction of
λ by the differential of a function on D× {s}. It follows that

β = λ+ ∂xf dx+ ∂yf dy + g ds = λ+ df + h ds,

where f and g are smooth real functions on D × R/πZ taking the value 0 and 1, respectively,
near the boundary ∂D×R/πZ, and h := g−∂sf has the value 1 near the boundary. We consider
the following time-dependent compactly supported Hamiltonian on the disk:

Ht(z) := h(z, t)− 1,

and consider the nowhere-vanishing vector field Y on D× R/πZ

Y := XHs(z) + ∂s.

We claim that Y and Rβ are positively collinear. Indeed, this follows from the fact that these
vector fields coincide near the boundary and from the following computation

ıY dβ = ıXHs+∂s(ω0 + dh ∧ ds) = ıXHsω0 + ıXHs (dh ∧ ds) + ı∂s(dh ∧ ds)
= dHs + dh(XHs) ds+ ∂sh ds− dh
= dh− ∂sh ds+ dHs(XHs) ds+ ∂sh ds− dh = 0.

Therefore, the Reeb flow φtRβ is a positive reparametrization of the flow φtY of Y :

φtRβ (ζ) = φ
η(t,ζ)
Y (ζ) ∀(t, ζ) ∈ R× (D× R/πZ), (69)

for a suitable function η = η(t, ζ) that is strictly increasing in the first variable. Moreover, the
form of Y implies that the flow of Y satisfies

φtY (z, 0) = (ψt(z), t),

where ψt is the flow of the Hamiltonian vector field XHt on D. In particular, ψt is a path in
Diffc(D, ω0) such that ψ0 = id. By Proposition 3.1(v), ψ1 = ϕ and, more generally, ψk = ϕk for
all n ∈ N.

Now let z0 be a fixed point of ϕk = ψk and let (γ, T ) be the corresponding closed orbit of Rβ,
as in the statement. In this case,

η(T, z0, 0) = k. (70)

The Conley–Zehnder index µ((γ, T ),Ξ) is defined as the Conley–Zehnder index of the symplectic
path

Φ : [0, 1] → Sp(2), Φ(t) := Ξ−1
φTtRβ

(z0,0)
◦ dφTtRβ (z0, 0) ◦ Ξ(z0,0).
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By differentiating (69) we find

dφtRβ (z0, 0)[u] = dφ
η(t,z0,0)
Y (z0, 0)[u] + dη(t, z0, 0)[u]Y (φ

η(t,z0,0)
Y (z0, 0))

for all u ∈ T(z0,0)(D× R/πZ) = R3. Therefore, for every v ∈ R2 we have

Φ(t)v = Ξ−1
φTtRβ

(z0,0)
(dφ

η(Tt,z0,0)
Y (z0, 0)[Ξ(z0,0)v] + dη(Tt, z0, 0)[Ξ(z0,0)v]Y (φ

η(Tt,z0,0)
Y (z0, 0))).

By using the definition of Ξ we find

Φ(t)v = a(φTtRβ (z0, 0))p1 ◦ Π̂φTtRβ
(z0,0) (dφ

η(Tt,z0,0)
Y (z, 0)[a(z0, 0)−1Π(z0,0)(v, 0)]

+ dη(Tt, z0, 0)[Ξ(z0,0)v]Y (φ
η(Tt,z0,0)
Y (z0, 0))).

Using the fact that Y is in the kernel of Π̂ we can simplify this formula and obtain

Φ(t)v = a(φTtRβ (z0, 0))a(z0, 0)−1p1 ◦ Π̂φTtRβ
(z0,0) dφ

η(Tt,z0,0)
Y (z0, 0)[Π(z0,0)(v, 0)].

The vector (id−Π(z0,0))(v, 0) belongs to the line spanned by Y (z0, 0) and, hence, dφ
η(Tt,z0,0)
Y (z0, 0)

maps it into a multiple of Y (φ
η(Tt,z0,0)
Y (z0, 0)) = Y (φTtRβ (z0, 0)), which is in the kernel of Π̂φTtRβ

(z0,0).

Therefore, we can replace Π(z0,0)(v, 0) by (v, 0) in the above expression and obtain

Φ(t)v = a(φTtRβ (z0, 0))a(z0, 0)−1p1 ◦ Π̂φTtRβ
(z0,0) dφ

η(Tt,z0,0)
Y (z0, 0)[(v, 0)]

= a(φTtRβ (z0, 0))a(z0, 0)−1p1 ◦ Π̂φTtRβ
(z0,0)(dψ

η(Tt,z0,0)(z0)[v], 0)

= a(φTtRβ (z0, 0))a(z0, 0)−1 dψη(Tt,z0,0)(z0)[v],

where we have used the properties of the projector Π̂. The fact that both Φ(t) and dψη(Tt,z0,0)(z0)
preserve ω0 implies that the product a(φTtRβ (z0, 0))a(z0, 0)−1 is constantly equal to 1, and gives
us the formula

Φ(t)v = dψη(Tt,z0,0)(z0)[v].

By (70), the function t 7→ η(Tt, z0, 0) maps the interval [0, 1] monotonically increasing onto the
interval [0, k]. Therefore, the Conley–Zehnder index of Φ coincides with the Conley–Zehnder
index of the path

[0, 1] → dψkt(z0).

Since t 7→ ψkt is a path in Diffc(D, ω0) starting at the identity and ending at ψk = ϕk, the
Conley–Zehnder index of the above path gives us the Conley–Zehnder index of (z0, ϕ

k). This
concludes the proof. 2

3.2 From the mapping torus to the three-sphere
The standard contact form α0 on S3 := {z ∈ C2 | |z| = 1} is the restriction of the 1-form on C2

1

2

2∑
j=1

(xj dyj − yj dxj),

where (x1 + iy1, x2 + iy2) are the standard coordinates in C2. The corresponding Reeb vector
field is

Rα0(z) = 2iz,
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and its orbits are precisely the intersections of S3 with all complex lines. All these orbits are
closed and have period π. We single out the particular orbit

Γ := S3 ∩ (C× {0}) = S1 × {0},

where S1 denotes the unit circle in C. We also consider the smooth family of closed disks in S3:

Σς := {(z1, z2) ∈ S3 | either z2 = 0 or z2 6= 0 and arg z2 = ς}, ς ∈ R/2πZ.

These disks have the same boundary, namely the circle Γ. Their interiors Σς\Γ define a smooth
foliation of S3\Γ by open disks. We single out one of these discs

Σ := Σ0 = {(x1 + iy1, x2 + iy2) ∈ S3 | x2 > 0, y2 = 0},

and we parametrize it by the map

u : D → Σ, u(x, y) := (x+ iy,
√

1− x2 − y2). (71)

This map is a homeomorphism, and its restriction to the interior of D is a smooth embedding
into S3. The following proposition is proved in [ABHS18, Proposition 3.4].

Proposition 3.3. Let ϕ ∈ Diffc(D, ω0) and let λ be a smooth primitive of ω0 agreeing with λ0

outside of a compact subset of the interior of D. Assume that the function

τ := σϕ,λ + π

is positive. Then there exists a smooth contact form α on S3 with the following properties:

(i) α coincides with α0 in a neighborhood of Γ in S3 and, in particular, Γ is a closed orbit
of Rα;

(ii) for every ς ∈ R/2πZ, the restrictions of dα and of dα0 to Σς coincide;

(iii) the flow of Rα is transverse to the interior of each Σς , and the orbit of every point in S3\Γ
intersects the interior of Σς both in the future and in the past;

(iv) α is smoothly isotopic to α0 through a path of contact forms that satisfy the conditions (i),
(ii) and (iii) above;

(v) the first return map and the first return time associated to Σ are the map u ◦ ϕ ◦ u−1 and
the function τ ◦ u−1, where u is the map defined in (71);

(vi) vol(S3, α ∧ dα) = π2 + CAL(ϕ).

Indeed, this proposition is a direct consequence of Proposition 3.1: after lifting the map ϕ to
a contact form β on the solid torus D× R/πZ by Proposition 3.1, one defines α on S3\Γ as

α := (f−1)∗β,

where

f : int(D)× R/πZ → S3\Γ

is the smooth diffeomorphism

f(reiθ, s) = (rei(θ+2s),
√

1− r2ei2s). (72)
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This diffeomorphism has a continuous extension to D×R/πZ, mapping ∂D×R/πZ onto Γ. The
fact that β = λ0 + ds near the boundary of the solid torus and the formula

f∗(α0) = λ0 + ds

imply that α smoothly extends to a contact form, again denoted by α, on the whole S3 coinciding
with α0 near Γ, which is then a closed orbit of Rα.

The closed orbits of Rα in the complement of the circle Γ are in one-to-one correspondence
with interior periodic points of the map ϕ. More precisely, a fixed point z0 ∈ int(D) of ϕk

determines the closed orbit (γ, T ) of Rα that is defined by

γ(t) := φtRα(u(z0)), T :=
k−1∑
j=0

τ(ϕj(z0)), (73)

where u : D → S3 is the map defined in (71), and all closed orbits of Rα other than Γ are
obtained in this way, up to a time shift. Now we wish to complement the above proposition with
information about the Conley–Zehnder index of these Reeb orbits.

We recall that the contact structure kerα0 has the standard global trivialization Ξα0 that is
defined as

Ξα0

(z1,z2) : R2
→ kerα0(z1, z2), (x, y) 7→ x(−z2, z1) + y(−iz2, iz1), (74)

for all (z1, z2) ∈ S3 ⊂ C2 and (x, y) ∈ R2. Indeed, kerα0(z1, z2) is the complex line that is
orthogonal to the complex line spanned by (z1, z2) with respect to the standard Hermitian
product on C2, and the above trivialization corresponds to the trivialization

(x, y) 7→ xj · ζ + yk · ζ,

once C2 is identified with the field of quaternions by setting

ζ := Re z1 + (Im z1)i+ (Re z2)j + (Im z2)k.

The contact form α constructed in Proposition 3.3 is isotopic to α0 by a path of contact forms,
so by Gray’s theorem the contact structure kerα is the image of the contact structure kerα0

by a diffeomorphism of S3 that is isotopic to the identity. By applying this diffeomorphism to
Ξα0 we obtain a global trivialization Ξα of kerα, which is uniquely defined up to isotopy. The
Conley–Zehnder indices of closed orbits of Rα refer to this trivialization.

Addendum 3.4. Under the assumptions of Proposition 3.3, let z0 ∈ int(D) be a fixed point of
ϕk for some k ∈ N and let (γ, T ) be the corresponding closed orbit of Rα on S3 as in (73). Then
the Conley–Zehnder indices of the fixed point z0 and of the closed orbit (γ, T ) are related by the
identity

µ((γ, T ),Ξα) = µ(z0, ϕ
k) + 4k.

Proof. Denote by β the contact form on D×R/πZ that is given by Proposition 3.1 and by (γ̃, T )
the closed orbit of Rβ that corresponds to z0, that is,

γ̃(t) := φtRβ (z0, 0).

Then γ = f ◦ γ̃. In Addendum 3.2 we have proved that

µ(z0, ϕ
k) = µ((γ̃, T ),Ξβ), (75)
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where Ξβ is the trivialization of kerβ that is defined in (68) under the name of Ξ. By pulling
back the trivialization Ξα of kerα by the diffeomorphism f : int(D)× R/πZ → S3\Γ we obtain
another trivialization of kerβ, which we denote by f∗Ξα, and

µ((γ, T ),Ξα) = µ((γ̃, T ), f∗Ξα). (76)

From (9) we know that

µ((γ̃, T ), f∗Ξα) = µ((γ̃, T ),Ξβ) + 2 Maslov(Ψ), (77)

where Ψ : R/Z → Sp(2) is the loop in the symplectic group

Ψ(t) := (f∗Ξα)−1
γ̃(Tt) ◦ Ξβγ̃(Tt).

We claim that the loop Ψ is freely homotopic to the loop

Ψ1(t) := (f∗Ξα0)−1
γ̃(Tt) ◦ Ξβ0γ̃(Tt),

where Ξα0 is the standard symplectic trivialization of kerα0, see (74), and Ξβ0 is the symplectic
trivialization of kerβ0 given by (68) in the special case in which β is the contact form

β0 := λ0 + ds,

λ0 being the rotationally invariant primitive of ω0 from (3). Indeed, by Proposition 3.1(iv), the
contact form β is smoothly isotopic relative to a neighborhood of the boundary and through
contact forms to λ+ ds, and the Reeb vector fields of the contact forms forming this isotopy are
transverse to ker ds. Since λ − λ0 is exact, we can easily prolongate this isotopy to the contact
form β0 = λ0 + ds, by keeping all the above properties. Denote by {βr}r∈[0,1], the resulting
smooth isotopy of contact forms from β0 to β having the above properties. The fact that Rβr is
transverse to ker ds allows us to define a smooth family of symplectic trivializations Ξβr of kerβr
as in (68). This path of trivializations joins Ξβ0 to Ξβ.

The 1-form βr is the pull-back by f of a uniquely defined smooth 1-form αr on S3, and
{αr}r∈[0,1] is a path of contact forms joining α0 to α. The symplectic trivialization Ξα0 and Gray’s
theorem define a smooth family of symplectic trivializations Ξαr of kerαr joining Ξα0 to Ξα. Then

(r, t) 7→ (f∗Ξαr)−1
γ̃(Tt) ◦ Ξβrγ̃(Tt)

is the required free homotopy between Ψ1 and Ψ. This concludes the proof of the claim.
Since the loop

R/Z → int(D)× R/πZ, t 7→ γ̃(Tt),

is freely homotopic to the loop

R/Z → int(D)× R/πZ, t 7→ (0, kπt),

the loop Ψ1 is freely homotopic to the loop

Ψ0 : R/Z → Sp(2), t 7→ (f∗Ξα0)−1
(0,kπt) ◦ Ξβ0(0,kπt),

which we are now going to determine. Since

kerβ0(0, s) = ker ds = R2 × {0},

2674

https://doi.org/10.1112/S0010437X18007558 Published online by Cambridge University Press

https://doi.org/10.1112/S0010437X18007558


Systolic ratio and convexity for contact forms on the three-sphere

we deduce from (68) that

Ξβ0(0,s)(x, y) = (x, y), ∀s ∈ R/πZ, (x, y) ∈ R2.

The differential of f at (0, s) is

df(0, s)[(ζ, σ)] = (ζe2is, 2ie2isσ), ∀(ζ, σ) ∈ T(0,s)(D× R/πZ) = R2 × R,

and its inverse is

df(0, s)−1[(ζ1, ζ2)] =

(
e−2isζ1,−

i

2
e−2isζ2

)
, ∀(ζ1, ζ2) ∈ Tf(0,s)S

3 ⊂ C2.

From the above identity and from the expression (74) for Ξα0 we find for every s ∈ R/πZ and
(x, y) ∈ R2

(f∗Ξα0)(0,s)(x, y) = df(0, s)−1 ◦ Ξα0

f(0,s)(x, y) = df(0, s)−1 ◦ Ξα0

(0,e2is)
(x, y)

= df(0, s)−1(x(−e−2is, 0) + y(−ie−2is, 0))

= (−e−4is(x+ iy), 0),

and, hence,
(f∗Ξα0)−1

(0,s)(x+ iy, 0) = −e4is(x+ iy),

where we are identifying the symplectic plane R2 with C. Therefore, the loop Ψ0 : R/Z → Sp(2)
has the form

Ψ0(t) = −e4πikt.

This loop has Maslov index
Maslov(Ψ0) = 2k.

Therefore, also the freely homotopic loop Ψ has Maslov index 2k, and the identities (75), (76)
and (77) imply

µ((γ, T ),Ξα) = µ(z0, ϕ
k) + 4k. 2

3.3 Proof of Theorem 1.1
Given ε > 0, let λ be the primitive of ω0 and ϕ the map in Diffc(D, ω0) whose existence is
established in Proposition 2.3. Since λ = λ0 near the boundary of D, we can lift the data (λ, ϕ)
to S3 and obtain a contact form which satisfies all the requirements of Proposition 3.3 and
Addendum 3.4. Being isotopic to α0 through contact forms (Proposition 3.3(iv)), α is tight.
Our aim is to show that the systolic ratio of α belongs to the interval (2 − ε, 2) and that α is
dynamically convex, thus proving Theorem 1.1.

We claim that Tmin(α) = π. Indeed, the binding orbit Γ has period π, so it is enough to show
that all other closed orbits have period not smaller than π. By Proposition 3.3(v), the closed
orbits (γ, T ) of α are in one-to-one correspondence with the periodic points of ϕ and we have

z0 ∈ Fix(ϕk) ⇒ T =
k−1∑
j=0

(π + σϕ,λ(ϕj(z0))) = kπ +
k−1∑
j=0

σϕ,λ(ϕj(z0)).

If k = 1, then z0 is a fixed point of ϕ and we have σϕ,λ(z0) > 0 by Proposition 2.3(i), so T > π.
If k > 2, the lower bound σϕ,λ > −π/2, also proved in Proposition 2.3(i), implies

T > kπ − k · π
2

= k · π
2
> π.

This shows that Tmin(α) = π.
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By Proposition 2.3(ii), the Calabi invariant of ϕ belongs to the interval (−π2/2,−π2/2 + ε).
Then Proposition 3.3(vi) implies the bounds

π2

2
< vol(S3, α ∧ dα) = π2 + CAL(ϕ) <

π2

2
+ ε.

Therefore, the systolic ratio of α has the bounds

2− ε < 2

(
1− 2ε

π2

)
<

2

1 + 2ε/π2
=

π2

π2/2 + ε
< ρ(α) =

π2

vol(S3, α ∧ dα)
< 2,

as we wished to show.
There remains to check that α is dynamically convex, that is, that the Conley–Zehnder index

of every closed orbit (γ, T ) of Rα satisfies

µ((γ, T ),Ξα) > 3.

The binding orbit Γ has Conley–Zehnder index 3, and its kth iterate has Conley–Zehnder index
4k − 1 > 3. Let (γ, T ) be another closed orbit of Rα, corresponding to the fixed point z0 of ϕk.
Then Addendum 3.4 gives us

µ((γ, T ),Ξα) = µ(z0, ϕ
k) + 4k.

If k = 1, then z0 is a fixed point of ϕ and µ(z0, ϕ) > −1 by Proposition 2.3(iii), so in this case

µ((γ, T ),Ξα) > −1 + 4 = 3.

If k > 2, then Proposition 2.3(iii) tells us that µ(z0, ϕ
k) > 1− 3k and, hence,

µ((γ, T ),Ξα) > 1− 3k + 4k = 1 + k > 3.

We conclude that α is dynamically convex.

3.4 Proof of Theorem 1.2
Here the real number ε > 0 and the natural number n > 2 are given. Fix some small positive
number ε′. The size of ε′ depends on ε and n and will be determined along the way. Let λ be the
primitive of ω0 and let ϕ be the map in Diffc(D, ω0) that are given by Proposition 2.4 applied
to the pair (n, ε′). Since

σϕ,λ > −π +
π

n
> −π,

by Proposition 2.4(i), Proposition 3.3 allows us to lift (λ, ϕ) to S3 and obtain a contact form
α on S3 that satisfies all the requirements listed in Proposition 3.3 and Addendum 3.4. Being
isotopic to α0 through contact forms (Proposition 3.3(iv)), α is tight.

We claim that Tmin(α) = π. The binding orbit Γ has period π, so it is enough to check that
all the other closed orbits (γ, T ) satisfy T > π. Any such orbit corresponds to a fixed point z0 of
ϕk, for some k ∈ N, and

T = kπ +

k−1∑
j=0

σϕ,λ(ϕj(z0)) = k(π + σϕ,λ(z0)), (78)

where we have used the fact that the action σϕ,λ is ϕ-invariant by Proposition 2.4(iv). If z0 is a
fixed point of ϕ, then σϕ,λ(z0) > 0 by Proposition 2.4(i) and, hence,

T > kπ > π.
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If z0 is not a fixed point of ϕ, then k > n by Proposition 2.4(v). Then the lower bound for the
action that is established in Proposition 2.4(i) implies

T > k

(
π − π +

π

n

)
=
k

n
π > π.

We conclude that Tmin(α) = π.
The bounds on the Calabi invariant of ϕ that are established in Propositions 2.4(ii)

and 3.3(vi) imply the volume bounds

π2

n
< vol(S3, α ∧ dα) = π2 + CAL(ϕ) <

π2

n
+ ε′.

Therefore, if ε′ is small enough, then the systolic ratio of α has the bounds

n− ε < n

1 + nε′/π2
=

π2

π2/n+ ε′
< ρ(α) =

π2

vol(S3, α ∧ dα)
< n,

as we wished to prove.
There remains to estimate the mean rotation number of all closed orbits of Rα. The Conley–

Zehnder index of the kth iterate of the binding orbit Γ is given by

µ((Γ, kπ),Ξα) = 4k − 1,

and, hence,

ρ(Γ) = lim
k→+∞

µ((Γ, kπ),Ξα)

2kπ
=

2

π
. (79)

Let (γ, T ) be another closed orbit of Rα. Then (γ, T ) corresponds to some z0 ∈ Fix(ϕk)∩ int(D)
with k ∈ N, and the period T is given by (78). By Addendum 3.4 we have for every h ∈ N

µ((γ, hT ),Ξα)

2hT
=

4hk + µ(z0, ϕ
hk)

2h(kπ + kσϕ,λ(z0))

=
2

π + σϕ,λ(z0)
+

1

2k(π + σϕ,λ(z0))

µ(z0, ϕ
hk)

h
,

and, by taking the limit for h → +∞, we obtain

ρ(γ) =
1

π + σϕ,λ(z0)

(
2 +

µ(z0, ϕ
k)

2k

)
. (80)

In the following we set for simplicity

σ := σϕ,λ(z0).

Assume that the fixed point z0 of ϕk does not belong to the ϕ-invariant set A. Then the upper
bound on µ(z0, ϕ

k) from Proposition 2.4(vi) implies

ρ(γ) 6
1

π + σ

(
2 +

σ

π
+
ε′σ

2

)
=

1

π
+
ε′

2
+

1/π − ε′/2
1 + σ/π

.

The fact that z0 is not in A implies that σ > 0, see again Proposition 2.4(vi), and hence we
obtain the upper bound

ρ(γ) 6
2

π
if z0 /∈ A. (81)
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Similarly, the lower bound on µ(z0, ϕ
k) from Proposition 2.4(vi) gives us

ρ(γ) >
1

π + σ

(
2 +

σ

π

)
=

1

π
+

1

π + σ
,

and the upper bound σ < π/n from Proposition 2.4(i) implies

ρ(γ) >
1

π

(
2− 1

n+ 1

)
if z0 /∈ A. (82)

Now we assume that z0 belongs to A. In this case, the identity (80) and the upper bound on
µ(z0, ϕ

k) from Proposition 2.4(vii) imply

ρ(γ) 6
1

π + σ

(
2 +

1

n
+
n

π
σ − 1 +

ν2

2

)
=
n

π
+

1

π + σ

(
−n+ 1 +

1

n
+
ν2

2

)
,

where ν is a suitable number in the interval (0, ε′). Since n > 2, choosing ε′ < 1 makes the
quantity between parentheses negative, and the upper bound on σ from Proposition 2.4(i) gives
us

ρ(γ) 6
n

π
+

1

π + π/n

(
−n+ 1 +

1

n
+
ν2

2

)
=

1

π

(
2− 1

n+ 1
+

n

2(n+ 1)
ν2

)
.

By choosing ε′ and, hence, ν small enough we obtain

ρ(γ) <
2

π
if z0 ∈ A. (83)

By the lower bound on µ(z0, ϕ
k) from Proposition 2.4(vii) the identity (80) implies

ρ(γ) >
1

π + σ

(
2 +

1

n
+
n

π
σ − 1− ν2

2

)
=
n

π
+

1

π + σ

(
−n+ 1 +

1

n
− ν2

2

)
.

The fact that the quantity between parenthesis is negative and the lower bound on σ from
Proposition 2.4(vii) give us

ρ(γ) >
n

π
+

n

π(1 + ν)

(
−n+ 1 +

1

n
− ν2

2

)
=
−(n− 1)2 + 2

π(1 + ν)
+

n

π(1 + ν)

(
ν − ν2

2

)
.

When n > 3 the numerator of the first fraction in the latter expression is negative, so this fraction
is larger than −(n− 1)2 + 2 and, by choosing ε′ and hence ν so small that the term ν − ν2/2 is
positive, we obtain

ρ(γ) >
1

π
(−(n− 1)2 + 2 + δ),

for some positive number δ = δ(ε′) that is independent of z0 ∈ A. When n = 2 we have

ρ(γ) >
1

π(1 + ν)
+

2

π(1 + ν)

(
ν − ν2

2

)
=

1

π
+

1

π(1 + ν)
(ν − ν2),

and, by choosing ε′ and, hence, ν so small that the term ν − ν2 is positive, we obtain

ρ(γ) >
1

π
(1 + δ) =

1

π
(−(n− 1)2 + 2 + δ)
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for some positive number δ = δ(ε′) that is independent of z0 ∈ A. Therefore, in either case we
have

ρ(γ) >
1

π
(−(n− 1)2 + 2 + δ) if z0 ∈ A, (84)

where the positive number δ = δ(ε′) is independent of z0 ∈ A.
Finally, we estimate the mean rotation number of the special closed orbit (γ0, T0) that

corresponds to the fixed point w0 ∈ A of ϕn whose existence is stated in Proposition 2.4(viii). By
(80) and the expression for the mean Conley–Zehnder index of w0 stated in Proposition 2.4(viii)
we have

ρ(γ0) =
1

π + σϕ,λ(w0)

(
2 +

1

n
− n+ ν

)
.

In the case n > 3, the quantity between parentheses is negative for ε′, and hence ν, small enough,
so the upper bound on the action stated in Proposition 2.4(viii) implies

ρ(γ0) 6
1

π − π + (π/n)(1 + ν) + ν

(
2 +

1

n
− n+ ν

)
=

1

π(1 + ν + (n/π)ν)
(−(n− 1)2 + 2 + nν).

By choosing ε′ and, hence, ν small enough we then obtain the inequality

ρ(γ0) 6
1

π

(
−(n− 1)2 + 2 +

ε

2

)
∀n > 3. (85)

In the case n = 2, the lower bound on the action from Proposition 2.4(i) gives us

ρ(γ0) =
1

π + σϕ,λ(w0)

(
1

2
+ ν

)
<

1

π − π/2

(
1

2
+ ν

)
=

1

π
(1 + 2ν).

By choosing ε′ and, hence, ν small enough we obtain

ρ(γ0) 6
1

π

(
1 +

ε

2

)
,

and, hence, the inequality (85) holds also in the case n = 2:

ρ(γ0) 6
1

π

(
−(n− 1)2 + 2 +

ε

2

)
∀n > 2. (86)

Now consider the quantities

s(α) = Tmin(α) inf
(γ,T )∈P(α)

ρ(γ) and S(α) = Tmin(α) sup
(γ,T )∈P(α)

ρ(γ)

defined in the introduction. As we have seen, the contact form α under consideration has
Tmin(α) = π and, hence, the identity (79) and the upper bounds (81) and (83) imply

S(α) = 2.

The lower bounds (82) and (84) together with the upper bound (86) imply

−(n− 1)2 + 2 < −(n− 1)2 + 2 + δ 6 s(α) 6 −(n− 1)2 + 2 +
ε

2
< −(n− 1)2 + 2 + ε.

Since the fact that α is dynamically convex for n = 2 has already been checked in the proof of
Theorem 1.1, this concludes the proof of Theorem 1.2.
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