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Analysis of the Brylinski—-Kostant Model for
Spherical Minimal Representations

Dehbia Achab and Jacques Faraut

Abstract. 'We revisit with another view point the construction by R. Brylinski and B. Kostant of min-
imal representations of simple Lie groups. We start from a pair (V, Q), where V is a complex vector
space and Q is a homogeneous polynomial of degree 4 on V. The manifold = is an orbit of a covering
of Conf(V, Q), the conformal group of the pair (V, Q), in a finite dimensional representation space. By
a generalized Kantor—Koecher-Tits construction we obtain a complex simple Lie algebra g, and fur-
thermore a real form gg. The connected and simply connected Lie group Gg with Lie(Gr) = gg acts
unitarily on a Hilbert space of holomorphic functions defined on the manifold =.

Introduction

The construction of a realization for the minimal unitary representation of a simple
Lie group by using geometric quantization has been the topic of many papers during
the last thirty years ( see [20,[23]], and more recently [1,|16]]). In a series of papers
[6H9]], R. Brylinski and B. Kostant introduced and studied a geometric quantization
of minimal nilpotent orbits for simple real Lie groups that are not of Hermitian type.
They have constructed the associated irreducible unitary representation on a Hilbert
space of half forms on the minimal nilpotent orbit. This can be considered as a Fock
model for the minimal representation. In this paper we revisit this construction with
another point of view. We start from a pair (V, Q), where V is a complex vector
space and Q is a homogeneous polynomial on V of degree 4. The structure group
Str(V, Q), for which Q is a semi-invariant, is assumed to have a symmetric open
orbit. The conformal group Conf(V, Q) consists of rational transformations of V
whose differential belongs to Str(V, Q). The main geometric object is the orbit = of
Q under K, a covering of Conf(V, Q), on a space W of polynomials on V. Then, by
a generalized Kantor—Koecher—Tits construction, starting from the Lie algebra f of
K, we obtain a simple Lie algebra g such that the pair (g, f) is non-Hermitian. As a
vector space g = @ p, with p = W. The main point is to define a bracket

por =t (X,Y) = [X,Y]
such that g becomes a Lie algebra. The Lie algebra g is 5-graded:
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In the fourth part one defines a representation p of g on the space O(Z)g, of poly-
nomial functions on Z. In a first step one defines a representation of an sl,-triple
(E, F,H). It turns out that this is only possible under a condition (T). In such a case
one obtains an irreducible unitary representation of the connected and simply con-
nected group éR whose Lie algebra is a real form of g. The representation is spherical.
It is realized on a Hilbert space of holomorphic functions on =. There is an explicit
formula for the reproducing kernel of H involving a hypergeometric function | F,.
Further the space J is a weighted Bergman space with a weight taking in general
both positive and negative values.

The pairs satisfying (T) are the following:

Classical pairs ((sl(n,R), s0(n)), (s0(p, p), so(p) & so(p)),

Exceptional pairs (96(6)7 5p(8)) s (e7(7), 511(8)) s (eg(g), 50(16)) .

If Q = R? or Q = R* where R is a semi-invariant, then by considering a covering of
order 2 or 4 of the orbit =, one can obtain 1 or 3 other unitary representations of GR.
They are not spherical. If the condition T is not satisfied, by a modified construction,
one still obtains an irreducible representation of GR that is not spherical. This last
point is the subject of a paper in preparation by the first author.

The construction of a Schrédinger model for the minimal representation of the
group O(p, q) is the subject of a recent book by T. Kobayashi and G. Mano [15]. We
should not wonder that there is a link between both the Fock and the Schrodinger
models, and that there is an analogue of the Bargmann transform in this setting.

1 The Conformal Group and the Representation «

Let V be a finite dimensional complex vector space and Q a homogeneous polynomial
on V. Define

L=s8t(V,Q = {g € GL(V) | Iy = (), Qg - x) = 7(9)Qx) } .

Assume that there exists e € V such that

(i) the symmetric bilinear form (x, y) = —D,D, log Q(e) is non-degenerate;

(ii) the orbit ) = L - eis open;

(iii) the orbit Q = L - e is symmetric, i.e., the pair (L, Lg), with Ly = {g € L |
g - e = e}, is symmetric, which means that there is an involutive automorphism
v of L such that Ly is open in {g € L | v(g) = g}.

We will equip the vector space V with a Jordan algebra structure. The Lie algebra
[ = Lie(L) of L = Str(V, Q) decomposes into the +1 and —1 eigenspaces of the
differential of v : [ = [y + g, where [ = {X € [ | X- e = e} = Lie(Ly). Since the orbit
Q is open, the map g — V, X — X - ¢, is a linear isomorphism. If X - e =x (X €
9,x € V), one writes X = T. The product on V is defined by xy = Ty-y = T,oT)-e.
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Theorem 1.1 This product makes V into a semi-simple complex Jordan algebra:
(J1) forx,y € V.xy = yx;

(J2) forx,y € V,x*(xy) = x(x’y);
(J3) the symmetric bilinear form (-, - ) is associative: (xy,z) = (x, yz).

Proof The product is commutative. In fact
xy —yx= [Ty, Ty] -e=0,

since [q, q] C .
Let 7 be the differential of 7y at the identity element of L: for X € 1,

d
T(X) = pr t:oy(exp tX).

Claim 1.2

(1)  (DxlogQ)(e) = 7(T2),
(ii) (Dny 10% Q)(e) = *T(Txy))
(iii) (DnyDz log Q)(e) = %T(T(xy)z)-

The proof amounts to differentiating at e the relation log Q(exp Ty - €) = 7(Ty) +
log Q(e) up to third order. (See [21, Exercise 5, p. 38].) Hence by (ii), (x, y) = 7(Ty,),
and, by (iii), the symmetric bilinear form (-, - ) is associative.

Define the associator of three elements x, y, zin V by

[x, ,2] = x(zy) — (x2)y = [L(x),L(y)]z.

Then identity (J2) can be written as [x?, y,x] = 0 for all x, y € V. It can be shown
by following the proof of [21, Theorem 8.5, p. 34], which is also the proof of [13,
Theorem II1.3.1, p. 50]. |

The Jordan algebra V is a direct sum of simple ideals:
V=@V and Q) =[[Aix)" (x=(x,...,x)),
i=1 i=1

where A; is the determinant polynomial of the simple Jordan algebra V; and the k;
are positive integers. The degree of Q is equal to ) ._, k;r;, where r; is the rank of V.

The conformal group Conf(V, Q) is the group of rational transformations g of V
generated by the translations 7,: z — z+a (a € V), the dilationsz — ¢ -z (£ € L),
and the inversion j: z — —z~!. A transformation g € Conf(V, Q) is conformal in
the sense that the differential Dg(z) belongs to L € Str(V, Q) at any point z where g
is defined.

Let W be the space of polynomials on V generated by the translated Q(z — a) of
Q. We will define a representation £ on W of Conf(V, Q) or of a covering of order
two of it.
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Case 1: In case there exists a character y of Str(V, Q) such that x> = ~, then let
K = Conf(V, Q). Define the cocycle

w(g.z) = x(Dg(z2)™") (g€K, zeV),

and the representation x of K on W,

-1 1

- 2Z).

(k(g)p)(2) = u(g™ ,2)p(g~

The function k(g) p belongs actually to W. In fact the cocycle pu(g, z) is a polynomial
in z of degree < deg Q and

(k(1)p)(2) = plz—a) (aecV),
(k(O)p)(z) = x(Op(t~"-2) (L e L),
(k(j)p)(2) = Qz)p(—z").

Case 2: Otherwise, the group K is defined as the set of pairs (g, ) with g €
Conf(V, Q), and p is a rational function on V such that

(z)* = y(Dg(z)) "

We consider on K the product (g1, 11)(g2, tt2) = (g1, p3) with p3(z) = (g -
z)12(2). For g = (g, ) € K, define (g, z) := u(z). Then u(g, z) is a cocycle:

/,L(§1§2,Z) = M(§1>§2 : Z)/~L(§2,Z)7
where ¢ - z = g - z by definition.

Proposition 1.3

(i) Themap K — Conf(V,Q), g = (g, ) — g isa surjective group morphism.
(ii) Forg € K, (g, z) is a polynomial in z of degree < deg Q.

Proof It is clearly a group morphism. We will show that the image contains a set of
generators of Conf(V, Q). If g is a translation, then (g, 1) and (g, —1) are elements in
K.Ifg = { € L, then Dg(z) = ¢, and (¢, ), ({, —), with a* = v(¢)~1, are elements
inK.Ifg-z = j(z) := —z~!, then Dg(z) ! = P(z), where P(z) denotes the quadratic
representation of the Jordan algebra V: P(z) = 2T?—T,,and y(P(z)) = Q(z)*. Then
(7, Q(2)), (j, Q(—z)) are elements in K. [ |

Let P, denote the preimage in K of the maximal parabolic subgroup L x N C
Conf(V, Q), where N is the subgroup of translations. For g € Puay, (g, z) does not
depend on z, and x(g) = u(g™',2) is a character of P If g = (¢, ) with £ € L,
then x(g)* = 7(0).

Observe that the inverse in K of 0 = (j, Q(2)) is 0! = (j, Q(—2)). If K is con-
nected, then K is a covering of order 2 of Conf(V, Q). If not, the identity component
Ky of K is homeomorphic to Conf(V, Q).
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The representation s of K on W is then given by
(k(9)p) (2) = u(g~ ", 2)p(g~" - 2).
In particular
(k()p) (2) =x(@PE " 2) (g€ Prar),
(k(0)p) (2) = Q(—2)p(—z"").

Hence py = 1 is a highest weight vector with respect to the parabolic subgroup Ppax,
and Q = k(o) po is a lowest weight vector. The representation « is irreducible, since
every highest weight vector in W is proportional to p.

Example 1 IfV = C, Q(z) = z" then Str(V,Q) = C¥, v({) = ¢", and
Conf(V, Q) ~ PSL(2, C) is the group of fractional linear transformations

az+b . a b
Zvr gz = i d with g = <c d) e SL(2,0C).
Furthermore,
1
D — D —1 — 2n — 11.
8@ = (o an v(Dg(2)7") = (cz+d)™, u(g,2) = (cz+d)

Hence, if n is even, then K = PSL(2, C), and, if n is odd, then K = SL(2, C).
The space W is the space of polynomials of degree < # in one variable. The
representation x of K on W is given by

(k(g)p) (2) = (CZ+d)"p<aZ+b), ifg™! = (“ Z) .

cz+d c

Example 2 1IfV = M(n,C), Q(z) = detz, then Str(V, Q) = GL(n,C) x GL(n,C)
acting on V by
Coz=10z0" L= (0, 6).

Then v(¢) = det/; det E;l, and + is not the square of a character of Str(V, Q). Fur-
thermore, Conf(V, Q) = PSL(2n, C) is the group of the rational transformations

b

zr>g-z=(az+b)(cz+d)™!, withg = (? d

) € SL(2n,C),

decomposed in 1 X n-blocks. To determine the differential of such a transformation,
let us write (assuming ¢ to be invertible)

g-z="(az+c)(cz+ D '=ac' —(ac7'd - b)(cz+d) !,

and we get
Dg(2)w = (ac™'d — b)(cz+d) 'ew(cz+d)~".

https://doi.org/10.4153/CJM-2012-011-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2012-011-9

726 D. Achab and J. Faraut
Notice that Dg(z) € Str(V, Q):
Dg(z)w = Elwﬁz_l, with ¢, = (ac™'d — b)(cz+d) "¢, b, = (cz + d).
Since det(ac™'d — b) detc = detg = 1,
V(Dg(z)_l) = det(cz + d)*.
It follows that K = SL(2#n, C) and u(g, z) = det(cz + d).

The space W is a space of polynomials of an # x #n matrix variable, with degree
< n. The representation « of K on W is given by

(k(©)p) (2) = det(cz+ d)p((az + b)(cz +d) '), ifg™" = (iz Z> .

2 The Orbit = and the Irreducible K-invariant Hilbert
Subspaces of O(=)

Let = be the K-orbit of Qin W: £ = {x(g)Q | ¢ € K}. Then = is a conical variety.
In fact, if £ = k(g)Q, then, for A € C*, \{ = k(g o h;)Q, where h, -z =e¢""z (t € C)
with A = €%,
A polynomial £ € W can be written
&(v) = wQ(v) + terms of degree < N =degQ (w € ),
and w = w(§) is a linear form on ‘W that is invariant under the parabolic subgroup
Prax. Theset Zg = {£ € = | w(€) # 0} is open and dense in =. A polynomial
& € Ej can be written
Ev)=wQv—2z) (weC*zeV).
Hence we get a coordinate system (w, z) € C* x V for Z.
Proposition 2.1 In this system, the action of K is given by

k(g): (w,z) — (,u(g, 2w, g - z) .

Observe that the orbit = can be seen as a line bundle over the conformal compact-
ification of V.

Proof Recall that, for £ € =,

(K(@)E) (V) = (g™, MEE™" - ),
and if £(v) = wQ(v — z), then

=g i vwQ(g ™ v—2) =g, vwQ(gT v —g g 2).
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By [12, Lemma 6.6],

/’l/(g7 Z)M(gvz/)Q(g *Z— g/ : Z/) - Q(Z - Zl).

Therefore

(K(QEOW) =g, g-2) 'wQv — g.2) = u(g, 2)wQ(v — g - 2)

by the cocycle property. ]

The group K acts on the space O(Z) of holomorphic functions on = by

(m(@)f) (&) = f(r®'E).

If€ € Ey,ie, E(v) =wQ(v —z),and f € O(E), we will write f(£) = ¢(w, z) for the
restriction of f to Z. In the coordinates (w, z), the representation = is given by

(7(®)¢) w,2) = $(plg™", 2w g ™" - 2).

Let O,,(Z) denote the space of holomorphic functions f on =, homogeneous of de-
gree m € 7:
FAO =A"f(§) (AeC).

The space O,,(2) is invariant under the representation 7. If f € 0,,(Z), then its
restriction ¢ to =, can be written ¢(w,z) = w™(z), where 1) is a holomorphic
function on V. We will write O,,(V) for the space of the functions ¢ corresponding
to the functions f € 0,,(Z), and denote by 7, the representation of K on 6m(V)
corresponding to the restriction 7, of  to O,,(Z). The representation 7, is given by

(Tm(@) (2) = (g™, 2)" (g ™" - 2).
Observe that (7,,(0)1)(z) = Q(—2z)".

Theorem 2.2

(i) Ou(E) = {0} form < 0.
(ii) The space O, (Z) is finite dimensional, and the representation T, is irreducible.
(iii) The functions 1 in O,,(V') are polynomials.

Proof (i) Assume that O,,(E) # {0}. Let f € 0,(2), f £ 0, and ¢(w,z) =
1 (z)w™ its restriction to =¢. Then ¢ is holomorphic on V, and

(Tm(0)Y) (2) = Q(=2)"3p(=z")

is holomorphic as well. We may assume that ¢)(e) # 0. The function h(¢) =
1(Ce)(¢ € C) is holomorphic on C, h({) = Z,ﬁo arC*, together with the function

acery( 1) = (-1 = (1) w=ae0
k=0
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It follows that m > 0 and that g, = 0 for k > mN.
(ii) The subspace

{f€0mE) |VaeV,n(r)f = f}

reduces to the functions Cw™, hence is one dimensional. By the theorem of the high-
est weight [14]], it follows that O,,(Z) is finite dimensional and irreducible.

(iii) Furthermore it follows that the functions in O,,(Z) are of the form w1 (z),
where 1 is a polynomial on V' of degree < m - deg Q. ]

We fix a Euclidean real form V' of the complex Jordan algebra V, denote by z — 2
the conjugation of V with respect to Vi, and then consider the involution g — ¢ of
Conf(V, Q) given by: § - z = g - z. For (g, 1) € K define

(g,11) = (g, 1), where fi(z) = u(2).

The involution « defined by a(g) = 0 0 § o 0! is a Cartan involution of K (see
(19} Proposition 1.1.]), and

Kp:={geK|al@) =¢}
is a compact real form of K.

Example 1 1IfV = C, Q(z) = z", then Vg = R, and z > Z is the usual conjugation.
We saw that K = PSL(2,C) if n is even, and SL(2, C) if n is odd. For g € SL(2,C),

= (2 h).
w-(5 )@ D0 -5 )

Hence Ky = PSU(2) if n is even, and Ky = SU(2) if n is odd.

we get

AN

Example 2 1V = M(n,C), Q(z) = detz, then Vg = Herm(n, C) and the conju-
gation is z — z*. We saw that K = SL(2n, C). For g € SL(2n, C),

_fa b

§=\¢ 4a)°
(0 I\ [fa* b* 0 -1\ (d —c
A@W={_; o)l a)lr o) =\ & )

Hence K = SU(2n).

we get
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We will define on O,,(Z) a Kg-invariant inner product. Define the subgroup Kj
of K as Ky = L in Case 1, and the preimage of L in Case 2, relatively to the covering
map K — Conf(V, Q), and also (Ky)g = Ko N Kg. The coset space M = K /(Kp)g is
a compact Hermitian space and is the conformal compactification of V. There is on
M a Kg-invariant probability measure for which M \ V has measure 0. Its restriction
mg to V is a probability measure with a density that can be computed by using the
decomposition of V' into simple Jordan algebras.

Let H(z,z') be the polynomial on V' x V, holomorphic in z, anti-holomorphic in
z" such that

H(x,x) = Qe +x?) (x € Vy).

Put H(z) = H(z, z). If z is invertible, then H(z) = Q(2)Q(z~! + z).
Proposition 2.3 For g € Kp,

H(g-z1,8 - 22)(g,z1)(g, 22) = H(z1,22),

and
H(g - 2)|u(g, 2)|* = H(z).

Proof Recall that an element ¢ € Ky satisfiesc 0 §oo™! = g,orc0§ = goo.

Recall also the cocycle property: for g1, 8 € K, u(g1£2,2) = (g1, £ -2)11(g, z). Since
w(o,z) = Q(z), it follows that, for g € Kg,

(2.1) g, o 2)Q(z) = Qg - 2) (g, 2)-

By [[12} Lemma 6.6], for g € K,

(2.2) Qg z1 — g 2)ulg, z21)u(g, 22) = Qz1 — 22).
For g € K,

H(g 21,8 2) = Q€ 2)Qg 21 — 08 - 2) = Q¢ - 22)Qg - 21 — g022),
and, by (2.2),
= Q@ ), z) " (g, 0 2)7'Qar — 0 2).
Finally, by (2:1)),
= (g, 21) ™ (g, 22) " H(z1, 22). ]

We define the norm of a function ¢ € ém(V) by
1
= o= [ W@PHE " motd),
am Jv
with

am:/H(z)*'"mo(dz).
v
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Proposition 2.4

(i)  This norm is K]R-invariant.NHence, 0,,(V)is gHilbert subspace of O(V').
(ii) The reproducing kernel of O,,,(V') is given by K,,(z,2") = H(z,z")".

Proof (i) From Proposition [2.3]it follows that for g € Kg,

(17m(g™ Dl = ! /Iu(g,Z)\””It/J(g_l-Z)IZH(Z)_’”mo(dZ)
\%4

am

- L / hig ™ 2)PH(g™" - 2) " mo(de)
A %

_ L / W(DPHE) " mo(dz) = 6],
am v

(ii) There is a unique function v, € 6m(V) such that, for ¢ € 6m(V),

(1 [ tho) = 1(0).

The function 1)y is Ky-invariant, therefore constant ¢y(z) = C. Taking ¢ = 1, one
gets C?> = C, hence C = 1. It means that, if JNCm(z, z') denotes the reproducing kernel
of 0,,(V),

Kp(z,0) = Kpu(0,2') = 1.

Since fJNCm(z, z') and H(z, z’) satisfy the following invariance properties: for g € Kg,
Kn(g- 2,82 (g, 2)" (g, 2)" = Ku(z,2"),
H(g-z,g-2")u(g, 2, 2') = (z,2'),

it follows that X,u(z, z') = H(z,2')™. n

Since O,,(Z) is isomorphic to (7)m(V), the space O,,(Z) becomes an invariant
Hilbert subspace of O(=), with reproducing kernel

Kn(&,&") =@, 6N,
where o
(&) =H(z,z2)ww'  (£=(w2),8 =, 2)).

Theorem 2.5 The group Ky acts multiplicity free on O(Z). The irreducible Ky-invari-
ant subspaces of O(E) are the spaces O,,(Z) (m € N). If H{ C O(Z) is a Kg-invariant
Hilbert subspace, the reproducing kernel of H can be written

j{(ga 5/) = Z Cmq)(£7 fl)m7

m=0

with ¢, > 0, such that the series Y c,n®(&,&)™ converges uniformly on compact
subsets in E.
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This multiplicity free property means that Kg acts multiplicity free on every
Kg-invariant Hilbert space H C O(Z).

Proof The representation 7 of Kg on O(=) commutes with the C*-action by dila-
tions and the spaces O,,(Z) are irreducible and mutually inequivalent. It follows that
Ky acts multiplicity free. [ |

In case of a weighted Bergman space there is an integral formula for the numbers
¢m- For a positive function p(€) on =, consider the subspace H C O(Z) of functions
¢ such that

JolF = [ 100w 2 pto mtawym(a) <
CxV
where m(dw) denotes the Lebesgue measure on C.

Theorem 2.6 Let F be a positive function on [0, co[, and define
p(w,2) = F(H(2)|w|)H(2).

(i)  Then H is Kg-invariant.

(i) If
b2 = W@
then :_0
HWQQWm
with "

1 oo
— = Wam/ F(uw)u"du.
0

Cm

(iii) The reproducing kernel of H is given by

K(EE) = en®(&, 6.

m=0

Proof (i) Observe first that the function defined on = by
(w, 2) = |w|*H(z),
is Kg-invariant. In fact, for g € K,
k(g): (w,g) — (,u(g, 2w, g - z)
and, by Propositiion 2.3} for ¢ € Kg,

lu(g,2)*H(g - z) = H(2).
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Furthermore, the measure h(z)m(dw)my(dz) is also invariant under K. In fact under
the transformation z = g - 2/, w = (g, 2 )w’ (g € Kg), we get

H(z)m(dw)my(dz) = H(g - 2')|u(g, 2") Pm(dw’)my(dz")
= H(zYm(dw')mqy(dz’).

(ii) Assume that p(w, z) = F(H(z)\w|2) H(z). Then
Im(@¢l* = / |6(ulg ™" 2w g™ - 2) | "F(H(@)|w]) H(z)m(dw)mo(dz).
CxV

We put

g lz=2, pglgw=w'

By the invariance of the measure H(z)m(dw)m(dz), we obtain

I7(g)e))> =

/ |p(w, z’)|2F(H(g 2 |ug g z')|_2|w'|2) H(Ym(dw)Ymo(dz").
CxV

Furthermore,
H(g-2")|ug ' g 2| =H(g 2)|ulg,z)|* = H(Z'),

and, finally, [|7(g)¢[| = [|9]|-
(iii) If p(w,z) = w™P(z), then

JolF = [ T o@RF(HEIWE) HE@m(dwmo(ds)
We put w’ = +/H(z)w, then
ol = [ HG) ™ E @ PE( Pyt )
= oVl [ (Pl Pt

= oVl [ s .

3 Decomposition into Simple Jordan Algebras

Let us decompose the semi-simple Jordan algebra V into simple ideals:

V=@V.
i=1

https://doi.org/10.4153/CJM-2012-011-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2012-011-9

Analysis of the Brylinski—Kostant Model for Spherical Minimal Representations 733

Denote by n; and r; the dimension and the rank of the simple Jordan algebra V;, and
by A, the determinant polynomial. Then Q(z) = [];_, Ai(z)5. Let H(z, z') be the
polynomial on V; x V;, holomorphic in z, antiholomorphic in z’, such that

Hi(x,x) = Ai(ei +x°)  (x € (Vi)n),

and put H;(z) = H;(z,z). The measure m;, has a density with respect to the Lebesgue
measure m on V

moy(dz) = CioHo(Z)m(dZ)a

with . _
@ = [T HE 7 Co= [ HEm()
i=1 v
The Lebesgue measure m will be chosen such that Cy = 1.

Proposition 3.1 (i) The polynomial Q satisfies the following Bernstein identity

o( 2)a° = B (e,

where the Bernstein polynomial B is given by

B(a) = f[ bi(kio)bi(kio = 1) - - - bi(kijor — ki + 1),

i=1
and b; is the Bernstein polynomial relative to the determinant polynomial A,;.

(ii) Furthermore,

Q( %) H(2)" = B(a)Q2)H(2)""".

Proof (i) The Bernstein identity for Q follows from [|13, Proposition VII.1.4].
(ii) For zinvertible H(z) = Q(2)Q(z™! + z), and then, by (i),

Q(g) H(2)" = Q@2)*B(a)Q(z" +2)*"!
= Q(2)B(a)H(2)* . .

Example 1 1fV = C, Q(z) = z", then

(%) nzm = B(a)z" Y,

with B(a) = na(nae — 1) - - - (nae — n+ 1).

Example 2 1fV = M(n,C), Q(z) = detz, then
a a a—1
det( &) (det2)® = B()(detz)"~",

with B(a) = a(a+ 1) -+ - (v + 1 — 1).
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Recall that we have introduced the numbers
Ay = / H(z) "mqy(dz).
v

Proposition 3.2 The numbers a,, are given by

s T, (2%) s Do, (mk; + 1)

Ay = I P
11 Lo, () iZi Do (mk; +27)

where Iq, is the Gindikin gamma function of the symmetric cone €); in the Euclidean
Jordan algebra (V).

Proof If the Jordan algebra V is simple and Q = A, the determinant polynomial, by
(13} Proposition X.3.4],

amf/H(z) "mo(dz) = /H 2) 7" 2 m(dz)

Ale+x)"" 2" m(dx).
Q

By [[13} Exercice 4, Chapter VII] we obtain
, Ta(m+ %)

= Tolm+28)

In the general case
mk;—25
Ay = Hi(z) ™ “7mi(dz),
CO i= 1/

and the formula of the proposition follows. ]

4 Generalized Kantor-Koecher-Tits Construction

From now on, Q is assumed to be of degree 4. The group of dilations of V : h, - z =
e’z (t € C) is a one parameter subgroup of L, and x (k) = e~ . Put h, = exp(tH).
Then ad(H) defines a grading of the Lie algebra f of K: £ = f_; + f, + f;, with
f; = {X et|ad(H)X = jX}, (j = —1,0,1). Notice that

., =Lie(N)~V, f,=Lie(l), Ad(o):f; —1_j,
and also that H belongs to the centre 3(f;) of fy. The element H also defines a grading
of p:=W:
P=P2t+P_1+Po+P1+Pz,

where p; = {p € p | ds(H)p = jp} is the set of polynomials in p, homogeneous of
degree j+2. The subspaces p; are invariant under Ky. Furthermore, x(o): p; — p_;,
and

p=C p=CQ, p_ =V, p=V

Letg=f® p. PtE=Q,F = 1.
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Theorem 4.1 There exists on § a unique Lie algebra structure such that:
@O XXT=[XXTl XX €,

(i) [X,pl=dr(X)p (X et pen),

(iii) [E,F] =H.

Proof Observe that (E, F, H) is an sl,-triple, and that H defines a grading of
g=¢-2+3g_1+80 +81+ 9,
with
g2=pP-2, Ga=fi+p, g=%+tpr, Ga=t+p, G=n

It is possible to give a direct proof of Theorem (see [2} Theorem 3.1.]). It is also
possible to see this statement as a special case of constructions of Lie algebras by [5]].
We will now describe this construction in our case.

(a) Cayley—Dickson process
Let x — x* denote the symmetry with respect to the one dimensional subspace
Ce:

Observe that
(x,e) = 7(Ty) = DylogQ(e), (e e) =4.

On the vector space W =V & V, one defines an algebra structure. If
21 = (x1, 1), 22 = (x2,02),
then z;z, = z = (x, y) with
x=x— ()", y=xy+ (i),

and an involution
z=(x,y) = (x,—y").

This involution is an antiautomorphism: z;z; = 2,z;. For a,b € W, one introduces
the endomorphisms V,; and T, given by

Vapz = {a,b,z} := (ab)z + (zb)a — (za)b,

Toz =Vaez=az+z(a—a).
By [)5) Theorem 6.6] the algebra W is structurable. This means that, fora, b,c,d € W,
(4-1) [Va,b7 Vc,d] = VVa_;,c.,d - Vc.,V;,_ﬂd-

Moreover the structurable algebra W is simple. By (4.1)), the vector space spanned
by the endomorphisms V,;, (a,b € W) is a Lie algebra denoted by Instrl(W). This
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algebra is the Lie algebra g¢ in the grading, and its subalgebra f; is the structure
algebra of the Jordan algebra V. The space S of skew-Hermitian elements in W,
S ={z € W | z = —z}, has dimension one. Its elements are proportionnal to
so = (0,e). The subspace {(x,0) | x € V'} of W is identified to V, and any element
z = (x,y) € W can be written z = x + sy ¥

(b) Generalized Kantor—Koecher—Tits construction
One defines a bracket on the vector space

KW)=S®W @ Instrl(W) W & S,

where S is a second copy of S, and W of W. This construction is described in 131,
and, by Corollary 6 in that paper, (W) is a simple Lie algebra. On the subspace
K(V) =V Pstr(V) @DV, this construction agrees with the classical Kantor—Koecher—
Tits construction, which produces the Lie algebra f = _; f®t;. This algebra K (W)
satisfies property (i). The restriction of the bracket of X(W) to K(V') coincides to
the one of K(V). It satisfies (iii) as well: [so,so] = I, the identity of End(W). It
remains to check property (ii). This can be seen as a consequence of the theorem of
the highest weight for irreducible finite dimensional representations of reductive Lie
algebras. In fact, the representation dk of f on p is irreducible with highest weight
vector Q, with respect to any Borel subalgebra b C f, +f; :

o IfX e}, thends(X)Q = 0.
e If X € {, such that dy(X) = 0, then dx(X)Q = 0 and dx(H)Q = 2Q.

On the other hand, for the bracket of X(W):

e IfueV, [us] =0
e If X € str(V), such that tr(X) = 0, then [X, sq] = 0 and [H, sy] = 2sp.

It follows that the adjoint representation of X(V) = V & str(V) @ Von
SOV & Tw ®sV &S,
where Ty = {T\, = V. | w € W} agrees with the representation dx of f on p. In
the present case, T,, = L(w) + %<V, e)Id, ifw = u+syv (u,v € V).
On the vector space g = g_, ® g_1 © go D g1 D gz, with

g=W, g1=W, g=CE g,=CF g =Instrl(W),

one defines a bracket satisfying the following properties:
(1) g; + g, is a Heisenberg Lie algebra:

81 X g1 — 82, (Wi, wa) = wiwy — wawy = P (wi, wy)sp.
The bilinear form ¢ is skew symmetric, and [wy, w,] = ¥ (wy, w,)E.

(2) g1 X818, (Ww) = Vg
(3) 82X g1 =81, (AE, W)= Aw. -
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With a different point of view the above construction is closely related to [11f].
We now introduce a real form gg of g that will be considered in the sequel. In
Section 2 we considered the involution « of K given by

a(g):o'og_oa'71 (gEK),
and the compact real form Ky of K:

Kp = {g€K|alg) =g}

Recall that p has been defined as a space of polynomial functions on V. For p € p,
define p = p(2), and consider the antilinear involution 3 of p given by B(p) =
k(o) p. Observe that S(E) = F. The involution {3 is related to the involution « of K
by the relation

k(a(g) oB=PBok(g) (geK).
Hence, for g € Kg, r(g) o 3 = 3 0 k(g). Define

r={pev|Bp) =p}

The real subspace pg is invariant under Ky, and irreducible for that action. The
space P, as a real vector space, decomposes under Ky into two irreducible subspaces
P = Pr D ipr. One checks that E + F € pg (and hence i(E — F) as well).
Let u be a compact real form of g such that fNu = g, the Lie algebra of K. Then
p decomposes as
p=pN_tu)dpnu

into two irreducible Kg-invariant real subspaces. Looking at the subalgebra g° iso-

morphic to sl(2, C) generated by the triple (E, F, H), one sees that E + F € p N (iu).

Therefore pg = p N (in), and gg = fr @ pg is a Lie algebra, real form of g, and

the above decomposition is a Cartan decomposition of gg. This real form gy is not

Hermitian, since the adjoint action of K on p is irreducible.

For Table 1 we have used the notation

wn(z) = zf +--- +zﬁ, (zeC).

In case of an exceptional Lie algebra g, the real form gg has been identified by com-

puting the Cartan signature.

5 Representation of the Generalized Kantor-Koecher-Tits Lie
Algebra

Following the method of Brylinski and Kostant, we will construct a representation p
of g = ¥ + p on the space of finite sums

O =Y _ On(E)
m=0
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14 Q f g ORr
c on(2)? so(n+2,C) sl(n+2,0C) sl(n+2,R)
Cr ot ©p(2)pg(z")  so(p+2,C) @ so(g+2,C) so(p+q+4,C) so(p+2,q+2)
Sym(4, C) detz sp(8,C) ¢ €6(6)
M(4,C) detz sl(8,C) e €7(7)
Skew(8, C) Pfaff(z) so(16,C) eg es(8)
Sym(3,C) & C detz-z’ sp(6,C) @ sl(2,C) in fa
M@3B,C)aC detz-z' sl(6,C) @ sl(2,C) e e6(2)
Skew(6,C) & C  Pfaff(z) - 2/ s0(12,C) @ sl(2, C) ¢ e s)
Herm(3,0)c ® C detz-z’ ¢; @ sl(2,0) eg €g(—24)
CacC 2.7 s1(2,C) @ sl(2,C) a0 %02)
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such that for all X € § p(X) = dn(X). We define first a representation p of the
subalgebra generated by E, F, H, isomorphic to sl(2, C). In particular,

p(H) =dr(H) = m(exptH).

i
dt =0

Hence, for ¢ € 0,,(2), p(H)¢ = (€ — 2m)¢, where € is the Euler operator

Ep(w,z) = p(w,€'z).

|

dt | =0
We introduce two operators, M and D. The operator M is a multiplication operator
(Mo)(w,z) = wop(w, z), which maps O,,(E) into O,,41(Z), and D is a differential

operator:

0

(Dp)w2) = (0 5.)8) 2,

which maps O,,(Z) into O,,_(Z). (Recall that 0_;(Z) = {0}.) We denote by M”
and D7 the conjugate operators:

M = nm(o)Mn(o)™t, D’ =n(c)Dn(o)" .

Given a sequence (,,)men one defines the diagonal operator 4 on O(Z) i, by
6(2 ¢m) = Z 6m¢m7
and put

p(F)=M—60D, p(E)=mn(o)pF)r(c)' =M~ —§oD".

(Observe that, since deg Q = 4, then Qisevenand o = 0~ 1.)
Lemma 5.1 We have that [p(H), p(E)] = 2p(E), [p(H), p(F)] = —2p(F).

Proof Since

p(H)M: p(2)w™ = (€ — 2(m + 1)p(2)w™!,
Mp(H): p(2)w™ — (€ — 2m)p(z)w™,

one obtains [p(H), M] = —2M. Since

P (W™ 5 8 1(€ —2m — 1)Q( ) v,

SDP(HD): W 5 810 ) (€~ 2mp@w ™,
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and, by using the identity

[o(z)-¢] =+a(z).

one gets
0
(p(H), 0D]: (2w 1= 28,1Q( 5 ) 2w,
Z
Finally [p(H), p(F)] = —2p(F). Since the operator § commutes with 7(c), and
(0)p(H)m (o)~ = —p(H), we get also [p(H), p(E)] = 2p(E). m

Let D(V)E denote the algebra of L-invariant differential operators on V. This
algebra is commutative. In fact it is isomorphic to the algebra of invariant differen-
tial operators on the symmetric cone in the Euclidean real form V. If V is simple
and Q = A, the determinant polynomial, then ID(V)! is isomorphic to the algebra
P(C")® of symmetric polynomials in  variables. The map

D (D), D)t — P>

is the Harish-Chandra isomorphism (see 13, Theorem XIV.1.7]). In general V de-
composes into simple ideals V = @:_, V;, and D(V)" is isomorphic to the algebra
[T;_, P(C")®i. The isomorphism is given by

where 7; is the isomorphism relative to the algebra V;. For D € D(V)L, we define
the adjoint D* by D* = Jo Do ], where Jf(z) = f o j(z) = f(—z!). Then
~(D*)(A) = v(D)(—A). (See 13} Proposition XIV.1.8].)

In our setting we define the Maass operator D,, as

D, = Q"0 ) Q)

It is L-invariant. We write 7, (A\) = v(D,)(A). If V is simple and Q = A, then

= (-0 3(2))

([13} p. 296]). If V is simple and Q = Ak, then

O\ k k , B ,
— Aktka -~ —ka _ ka+k—j+1 e — (kartk—j)
D, =AM () AGz) Ia A(5)A ,

and
o) = ﬁ[)\j—ka-l-l(;—l)}k.

j=1

(We have used the Pochhammer symbol [a]y = a(a —1)---(a — k+1).)
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Proposition 5.2 In general

W = [~ kas 3 (2 -1)]

i=1 j=1 2
for A= (A, ... A0\ e cn,

We say that the pair (V, Q) has property (T) if there is a constant 7 such that, for
X € 1 = Lie(L),
Tr(X) = n7(X).

In such a case, for g € L, Det(g) = 7(g)", and, for x € V, Det(P(x)) = Q(x)*".
Furthermore Q(x)~"m(dx) is an L-invariant measure on the symmetric cone 2 C
Vi, and Hy(z) = H(z) 2.

Let V. = @;_,V; be the decomposition of V' into simple ideals. Property (T) is
equivalent to the following: there is a constant 7 such that

"
Sopk (i=1,...,).
Ti

In fact, forx € V,

N

T(T) = ) 2 re), m(T) = Y kitrix),
i=1 i=1

withx = (x1,...,%), % € V.
Property (T) is satisfied either if V' is simple or if V = C? & C? and

Q) = (z1 +--- +Z}%)(Z§+1 +- +Z§p).

Hence we get the following cases with property (T):
(1)V =C",Q(2) = (22 + - -+ + %)%, and then

g=sln+2,C), f=son+2,C).
(2) V = CF @ C?, and then
g=s02p+4,C), T=so(p+2,C)Pso(p+2,C).
(3) V is simple of rank 4, and Q = A, the determinant polynomial. Then
(6,5) = (¢6,5p(8,0)), (e7,51(8,C)), (es,50(16,C)).

Observe that the case V = (%, Q(z1,2,) = (212,)* = 2223 belongs both to (1) and
(2). This corresponds to the isomorphisms:

sl(4,C) =~ s0(6,C), s0(4,C) ~ s0(3,C) P s0(3,C).
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Proposition 5.3 The subspaces O,,(Z) are invariant under [p(E), p(F)], and the re-
striction of [p(E), p(F)] to O,,(Z) commutes with the L-action:

[p(E), p(F)]: Om(E) = 0m(5),  dw™ = (Puip)(2)w",
where P, is an L-invariant differential operator on V of degree < 4. It is given by
Py =0,(D_y —D*, _,)+6u_1(DZ, — D).
Proof Restricted to O,,(2),

M’D =Dy, DM’ =D_,, MD’ =D*,, D'M=D*

—m—1*
It follows that the restriction of the operator [p(E), p(F)] to O,,(E) is given by
[p(E), p(F)] = [M? =6 0D, M —§oD]
=[M,50D?]+[§ oD, M]
=MOD? — DM + 6DM? — Mo D
= (DM — DM) + §,,_1(MD? — M D)

=0m(D_y =D, 1) +d,_1(D”, —Dy). u

By the Harish-Chandra isomorphism, the operator P,, corresponds to the poly-
nomial p,, = v(Pp,),

PN = (71N = Yo 1(=N)) + Gt (V- (=) = 20(N) -

The question is now whether it is possible to choose the sequence (J,,) in such a way
that [p(E), p(F)] = p(H). Recall that restricted to O,,(Z), p(H) = & — 2m, where &
is the Euler operator

Ep(w,2) = %\t:()(b(w, ¢'z).
Then, by Proposition 5.3} it amounts to checking that for every m,
pm(A) =~4(E)(A) —2m.
Theorem 5.4 It is possible to choose the sequence (0,,) such that
(p(H), p(E)] = 2p(E),  [p(H), p(F)] = =2p(F),  [p(E), p(F)] = p(H),
if and only if (V, Q) has property (T), and then

_ A
C (m+n)(m+n+1)’

m

where A is a constant depending on (V, Q).
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(This corresponds to |7, Theorem 6.3].)
Proof (a) Let us assume first that the Jordan algebra V is simple of rank 4. In such

a case
4

W =T (N—a+sm-1) (n=")

j=1

(Proposition i .With X; = A; + %(77 — 1), the polynomial p,, can be written
4 4 4 4
Pu(N) = 5m( TIOG+1)— H(xj_m_n)) +Omy ( TG —m+1—m)—T] x,-) .
j=1 j=1 j=1 j=1

Furthermore

4

4
YEN) —2m =Y "Nj—2m= X;—2(m+n—1).

j=1 j=1
Lemma 5.5 The identity in the four variables X ;,
4 4 4 4 4
a(n(xj+ 1) - T1(X; — b; — 1)) +ﬁ(n(xj — b)) — ij) =3 X+c
j=1 =1 j=1 j=1 j=1
holds if and only if there is a constant b such that
by =b,=b;=by=b, c=-2b,

_ 1 _ 1
= Ginery) P T wer

Hence we apply the lemma and getb = m +n — 1.
(b) In the general case,

with A = [],_, k"". We introduce the notation

i=1"

x0 — 2
Tk 2k

>
—_
/
=
N—
\
>
I
—
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Then we obtain

s i ki . s ri ki . .
P = Ad, (TTTI TTCG + 1) = ITTT TTXY — 6% — 1)
i=1 j=1k=1 i=1 j=1k=1
Ti k,’ () . S Ti k, ()
+ a0, (T TTOGY = ) =TT TT0))
i=1 j=1 k=1 i=1 j=1k=1
and
S ti k,‘ (l) 1 N i k,’ 1)
HQIEDIDIPILTIEED I IO
i=1 j=1 k=1 i=1 j=1k=1

If the rank of V is equal to 4, then the k; are equal to 1, and the four variables X;’l)
are independent. By Lemmal5.5} Theorem|5.4]is proven in that case.
If the rank r of V is < 4, then

4 Sok—1
(i) _ (i)
Xjk_le Pt
1

and there are only r independent variables: X;'f In that case Theorem is proven
by using an alternative form of Lemma/5.5 ]

Lemma 5.6 With a partition k = (ky,...,k¢) of 4 and length 0, ky + - - - + k; = 4,
and the numbers v;; (1 <1 < £, 1 < j < k; — 1), one associates the polynomial F in
the ¢ variables Ty, ..., Ty:

14 ki—1
F(Ty,....To) =TI Ti TI(Ti + 7))

=1 j=1
Givena, B,c € R,and by, ..., by € R, then
Oé(F(Tl‘Fl,...,Tg‘f'l)*F(Tl*bl *1,...,Tg*b({* 1))

l
+B(F(Ty = by,..., Ty —by) = F(Ty,...,T,)) =Y Ti+c
i=1

is an identity in the variables Ty, . . ., T, if and only if there exists b such that
1 1
by = =by=b o= —
: b= ey P T e
and
¢ k-1
c= Z Z Yij — 2b.
i=1 j=1
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For p € p, define the multiplication operator M(p) given by

(M(p)o) (w,2) = wp(z)p(w, 2).
Observe that M(1) = M. Then, for g € K,

M(k(g)p) = m(@M(p)m(g ™).

In fact
(M(p)m(g~ ")) (w,2) = wp(2)( (g, 2w, g - 2),

and

(m(@M(p)m(g~ ) (w,2)
= ug  Dwpe™ Do (e (g g - wg g 2)
= w(k(2)p) (2)p(w,2) = M(K(2)p) (w,2).

Proposition 5.7 There is a unique map
p — End( 05, (2)), p— D(p)
such that D(1) = D, and, for g € K,

D(k(g)p) =m(@D(p)w(g™).
(This corresponds to part of 7, Theorem 6.1].)
Proof Recall that for g € Py,

1
'2)7

(r(2)p) (2) = X()p(g™

and
(m(@)p) (w,2) = p(x(@w g " -g).

Let us show that for g € Py,
T(g)Dm(g™") = x(g)D.
Observe first that, for £ € L and a smooth function ¢ on V,
0 0
Q) (vie-2) =~ (Q(5;)v) ¢ 2.
Therefore, for ¢ € Ppax,

@ﬂ(g71)¢(w,z):vlt/ ( ( (x(g " wg-2))

= Lyier(Q(4)0) (x@ e 2).
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and
1

-1 o
(m(@)Dr(g™ ") (w,2) = o

x@?(Q( ) 6) 1.2) = X@Do(w,2)

It follows that the vector subspace in End(Og,(Z)) generated by the endomorphisms
7(g)Dm(g™!) (g € K) is a representation space for K equivalent to p. (See [8, The-
orem 3.10].) Hence there exists a unique K-equivariant map p — D(p) such that
D(1) =D. [ |

For p € p, define p(p) = M(p) —6D(p). Observe that this definition is consistent
with the definition of p(E) and p(F). Recall that for X € {, p(X) = dn(X). Hence we
get a map

p:g=tdp— End((‘)(E)ﬁn) .

Theorem 5.8 Assume that Property (T) holds. Fix (6,,) as in Theorem

(i)  pis a representation of the Lie algebra g on O(Z)gy.
(ii) The representation p is irreducible.

Proof (i) Since 7 is a representation of K, for X, X’ € f,
[p(X), p(X")] = p([X, X"]).

It follows from Propositionthat forXetpen,

[p(X), p(p)] = p([X, p]).

It remains to show that for p, p’ € p,

[p(p), p(p")] = p([p, p']).

By Theorem([5.4} [p(E), p(F)] = p(H). Then this follows from [9} Lemma 3.6]. Con-
sider the map

T: /\2p — End(O(E)ﬁn

defined by
T(p A p") = [p(p), p(p")] = p(lp, p'D).

We know that 7(E A F) = 0. It follows that, for g € K,

T(/ﬁ(g)E A n(g)F) =0.

Since the representation & is irreducible, and E and F are highest and lowest vectors
with respect to P, the vector E A F is cyclic in A\’p for the action of K. Therefore
T=0.

(ii) Let V # {0} be a p(g)-invariant subspace of O(Z)g,. Then V is p(f)-invariant.
As OB = Zf:o 0,(Z) and as the subspaces O,,(Z) are p(f)-irreducible, then

there exists J C N (J # &) such that V = Zmej 0,,(2). Observe that if V contains
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0,,(Z), then it contains O,,4; (Z). In fact denote by ¢,, the function in O,,(=Z) defined
by ¢(w, z) = w". As D¢, = 0, it follows that

p(F)qu = M¢m = ¢m+1;

and p(F)¢., belongs to 0,41 (E); therefore 0,41 (Z) C V. Denote by myg the mini-
mum of the m such that O,,(Z) C 'V, then

V= @ 0,E).

m=my

The function ¢(w, z) = Q(z)"w" belongs to O,,(=), and
m, m+l 0 m. m—1
PEIB(,2) = Q2)"w"™! = 8,1Q( 5-) Qz)"w" .
z
By the Bernstein identity (Proposition [3.1)

o( 2) @ = Boma2" ",

and since B(m) > 0 for m > 0, it follows that, if O,,(2) C V with m > 0, then
O,,—1(E) C V. Therefore my = 0 and V = O(E)4,. [ |

6 The Unitary Representation of the Kantor-Koecher-Tits Group

We consider, for a sequence (c,,) of positive numbers, an inner product on O(Z)g,

such that
=1
lol* = —lltmll,
m=0 Cm
for

S(w,2) = Y)W
m=0

This inner product is invariant under Kg. We assume that Property (T) holds, and
we will determine the sequence (c,,) such that this inner product is invariant under
the representation p restricted to gg. We denote by 3 the Hilbert space completion
of O(Z)g, with respect to this inner product. We will assume ¢y = 1.

The Bernstein polynomial B is of degree 4 and vanishes at 0 and a; = 1 — 7). Let
a; and a3 be the two remaining roots:

B(a) = Aa(a — a)(a — ap)(a — as).

(1) V=C"Qz) = (2} + - +22)* Then

B(a):Aa(a—é) (a+n;4) (a+n;2>.
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A=2%ifn>2,A=4%ifn=1.
(2) V=0C¥ Q% =(z +---+Z§,)(z§,+1 +---+Z§P). Then

B(a) :az(a+pg2)2.

(3) V is simple of rank 4, complexification of Vg = Herm(4, IF), Q(z) = A(z),
the determinant polynomial. Then

B(a) = a(a+ g) (a+2§> (a+3§) ,
where d = dimpg[F.

Here are the non zero roots of the Bernstein polynomial:

n €31 %) Qa3
1 o -ty
s
3) 1+3¢ -3¢ 4 o4

Theorem 6.1
(i)  The inner product of H is gr-invariant if

1+ D 1
(77 + aZ)m(n + a3)m m! '

Cy —

(ii)  The reproducing kernel of H is given by
K(Eagl) = 1F2(77 + 1;77 +aoag,n+ 043;H(Z,Z/)WW) ’
for& = (w,z), " =W, 2").

(This corresponds to [[7, Theorems 6.6 and 8.1].)

Proof (i) Recall that pg = {p € v | B(p) = p}, where 3 is the conjugation of p we
introduced at the end of Section 4. Recall also that

Br(@)p) = r(alg)) B(p)-

The inner product of I is gg-invariant if and only if, for every p € p,

p(p)* = —p(B(p)).

But this is equivalent to the single condition p(E)* = —p(F). In fact, assume that this
condition is satisfied. Then, for p = k(g)E, (g € K),

p(p) =m(QpE)T(g™"), p(p)*=—m(g ") p(F)m(g)*.
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Since 7(g)* = W(a(g)) _], we get

p(p)* = —m(a(@)) p(F)m(alg™)) = —p(K(a(g)F)
= —p(K(a(@)B(E)) = —p(B(K(QE)) = —p(B(p)).

Finally, observe that the vector E is cyclic in p for the K-action.
Form > 0, ¢ € 0,41(2),¢" € 0,,(Z), the condition p(E)* = —p(F) is equiva-
lent to

O = 00D | ¢

Recall that my(dz) = Hy(z)m(dz) with Hy(z) = H(z)~%", and the norm of ém(V)
can be written

o, = L / W@HE) " m(dz).
Am v

Then the required condition of invariance becomes

Cin+1Am+1

/w(Z)Q(Z)w’(Z)H(Z) (D=2 (dz) =

/(Q V) (2P (2)H(2) ™" *'m(dz).

CmAm

By integrating by parts
/ (Q( 52) VET@HE) " m(dz) =

[ w0 ( o ) Ho " ) mtaa),

and, by the relation

Q( %) H(z)™"=1 = B(—m — 21)Q(2)H(z)~ ") =21,

the condition can be written

1 _ am+1

OmB(— m—Zn)—

Cm+1 amn Cm

From Proposition [3.2]it follows that

am1 _ B(=m —n)
A B(—m —2n)’

We obtain finally

Cm+1 m+n+1

¢ (mAn+oa)m+n+az)(m+1)’
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and since ¢g = 1,
(1 + D 1
Cm = —.
(77 + Oéz)m(’f] + a3)m m!
(ii) By Theoremthe reproducing kernel of H is given by

K(E,E) = enHiz,2')"w"w™
m=0

= 1B (n+Ln+o,n+asH(zz)ww'),
with & = (w,2), &' = (W', 27). [ |

We will see that the Hilbert space HH is a pseudo-weighted Bergman space. By this
we mean that the norm is given by an integral of |$|* with respect to a weight taking
both positive and negative values. The weight involves a Meijer G-function

Gl = - /”"“ ACEDINCEDINCEDI

207 J oo T'(a+5s)

where «, 81, 5,, 85 are real numbers, and ¢ > o = —inf{3;, 5,, 53}. This function
is denoted by

G = G13(+] s 53)

(see for instance [17]). By the inversion formula for the Mellin transform

L T(B (B + 9T (B + 9)
/o Guwu'™ du = T(ats) )

for Res > o, and the integral is absolutely convergent. If the numbers 3, 5, 85 are
distinct, then

G(u) = o1 (W’ + pr(wu™ + o3 (w)u™

)

where ¢1, 2, 3 are holomorphic near 0. (Note that ¢y, ¢,, @3 are 1 F, hypergeo-
metric functions.)

The function G may not be positive on ]0, o[, but is positive for u large enough.
In fact

Gu) ~ Ve V' (u— o),
where = 81+ 5, + B3 — a — % ([18} Theorem 3, p. 32].)
Now take

a:n_la BlzZ’r)_lv 52:27]4-61—1, /63:277+b_1:

o By 65} Bs
e
@ -1 p-1 p-1 %

3) 34 3d+1 54+1 2d+1
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The Mellin transform of G vanishes at —«, with changing sign. One can check
that —o > o in all cases. Therefore there are real values s > ¢ for which the integral

/ Guw)w'du < 0.
0

This implies that the function G takes negative values on ]0, co[.

Theorem 6.2 For ¢ € H,

6|2 = / (6w, 2) 2 p(z, w)m(dw)ymo (dz2),
CxV
with

plw,z) = CG( |w|2H(z)) H(z).

The integral is absolutely convergent.

Proof We will follow the proof of [[6, Theorem 5.7].
(a) From the proof of Theorem|6.]it follows that

1 C)m(2n+ a2)m(2n + a3)m
AmCm (M
B CI‘(Zn +m)['2n+ ay + m)I'(2n + az + m)
T'(n+m)

=C/ G(uw)u"du.
0

(One checks that 0 < 1, i.e, G is integrable.) By the computation we did for the
proof of Theorem we obtain, for ¢(w, z) = w"(z) € Oy,

/ (6w, 2)2plz, w)m(dw)mo(dz) = 6|12
CxV

Furthermore, if ¢ € O, ¢’ € O/, with m #£ m’,

d(w, 2)¢" (w, z)m(dw)mg(dz) = 0.
CxVv
It follows that, for ¢ € Oy,
/ |b(w, 2)|* p(z, wym(dw)my(dz) = ||¢]|*.
CxV

The computation is justified by the fact that, for s > o,

/ |G(u) |~ du < oo.
0
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(b) Let us consider the weighted Bergman space ! whose norm is given by
61 = [ 1002 pw. 2)m(dwm(dz).
CxV

By Theorem

= 1
l6l1E =D - llwml
m=0 M
with
1 oo
- :C/ |G(w)|u" du.
amcm 0

Obviously ¢! < ¢, therefore H' C H. We will show that 5 C H!. For that we
will prove that there is a constant A such that ¢,, < Ac),. As observed above there is
uy > 0 such that G(u) > 0, for u > uy, and then

/00 |G(u)|u" < /OO Gw)u"du + Z/MO |G(u)|u™ du.
0 0 0

Hence ) ) o
m
a < o + 20,1 /0 |G(u)|du.
By the formula we gave at the beginning of (a), the sequence a,,¢,,uj’ is bounded.
Therefore there is a constant A such that C% < Aé, and this implies that H{ C
H,. ! =
Let Gy be the connected and simply connected Lie group with Lie algebra gg and
denote by I?R the subgroup of GR with Lie algebra fg. It is a covering of Kg. We
denote by s: I?;R — Kp, g — s(g) the canonical surjection.

Theorem 6.3

(1)  There is a unique unitary irreducible representation T of éR on H such that dm =
p. And, for all k € Kg, w(k) = m(s(k)).
(ii) The representation T is spherical.

Proof (i) Notice that if the operators p(E + F) and p(i(E — F)) are skew-symmetric,
then for each p € pg, the operator p(p) is skew-symmetric. In fact, since the
sly-triple (E, F, H) is strictly normal (see [22]), which means that H € ifg, E+ F €
Pr, i(E—F) € pg, and since p = U(Y)E, hence pr = U(tp)(E +F) + U(tp) (i(E — F)),
and the assertion follows.

Now, by Nelson’s criterion, it is enough to prove that the operator p(L) is essen-
tially self-adjoint where £ is the Laplacian of gg. Let us consider a basis {X, ..., X;}
of g and a basis {py, ..., p;} of pg, orthogonal with respect to the Killing form. As
gr = fg + PR is the Cartan decomposition of gg, then the Laplacian and the Casimir

operators of gg are given by
L=Xi+-+Xp+pi+-+pi,

G:X%+~'~+X£7p%7'-~fplz.
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It follows that £ = 2(X + --- + X{) — Cand p(£) = 2p(X] + -+ + X}) — p(C).
Since p(X{ + -+ + X}) = dm(X] + - + X{) and as 7 is a unitary representation of
Kg, hence the image p(X? + - - - + X,f) of the Laplacian of fy is essentially self-adjoint.
Moreover, since the dimension of O(=Z)g, is countable, then the commutant of p,
which is a division algebra over C, also has a countable dimension, and is equal to
C (see [10, p. 118]). It follows that p(C) is scalar. We deduce that p(£) is essentially
self-adjoint and that the irreducible representation p of g integrates to an irreducible
unitary representation of Gy, on the Hilbert space .
(ii) The space Oy(Z) reduces to the constant functions that are the K-fixed vectors.
]

We do not know whether the representation 7 goes down to a representation of a
real Lie group Gg with Ky as a maximal compact subgroup.
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