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1. In t roduc t ion . In [1] Demidovic cons ide red a s y s t e m of 
l inear d i f ferent ia l equat ions 

(1) x» = A(t)x (' = d /d t ) 

with A(t) con t inuous , T - p e r i o d i c , odd, and skew s y m m e t r i c . He 
proved that al l so lut ions of (1) a r e e i ther T - p e r i o d i c or 2 T - p e r i o d i c 0 

In [2] Eps t e in used F loque t theory to p rove that al l solut ions of (1) a r e 
T - p e r i o d i c without the skew s y m m e t r i c h y p o t h e s i s . E p s t e i n ' s r e s u l t s 
w e r e then gene ra l i zed by Muldowney in [7] using F loque t t h e o r y . 
Much of the above work can a l so be i n t e r p r e t e d as being p a r t of the 
g e n e r a l f r a m e w o r k of a u t o s y n a r t e t i c s y s t e m s d i s c u s s e d by Lewis in 
[5] and [6] . Accord ing to p r i v a t e c o r r e s p o n d e n c e with Lewis it s e e m s 
that he was a w a r e of t h e s e r e s u l t s wel l before they w e r e pub l i shed . 
However , it a p p e a r s that t he se t h e o r e m s w e r e ne i the r s ta ted nor 
sugges ted in the p a p e r s by L e w i s . 

The point of this note is that such t h e o r e m s m a y be viewed as 
s imp le consequences of P i c a r d ' s s u c c e s s i v e app rox ima t ions r a t h e r than 
as r e s u l t s f r o m F loque t theory or a u t o s y n a r t e t i c t h e o r y . It is often 
c u s t o m a r y to begin a study of differential , equat ions by proving an 
ex i s t ence and un iqueness t h e o r e m us ing s u c c e s s i v e a p p r o x i m a t i o n s . 
Much of the above work as wel l as gene ra l i z a t i o n s m a y then be obtained 
as s imp le e x a m p l e s of s u c c e s s i v e a p p r o x i m a t i o n s . 

2 . P e r i o d i c so lu t ions . Consider a s y s t e m of non l inea r d i f fe ren t ia l 
equat ions 

(2) x1 = F(x, t) 

w h e r e F is a co lumn vec to r function cont inuous for a l l (x, t ) . 

THEOREM. Suppose that 

(i) F(x , t + T) = F(x, t) for a l l (x, t) and some T > 0 , 

(ii) for e v e r y (x , t ) the s u c c e s s i v e app rox ima t ions I X { defined 
i. Q Q L-i i n j 

t 
by_ X = x and X _,. = x + f F(X (s), s)ds conve rge uni formly 
—*- o o n+1 o J x n 

o 

743 

https://doi.org/10.4153/CMB-1968-092-2 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1968-092-2


to a unique solution for t < t < t + T, and 
a o — — o 

(iii) F(x, -t) = -F(x, t) for all (x, t) . 

Then e v e r y solut ion of (2) is T - p e r i o d i c . 

P roof . It follows f r o m (i) and (iii) tha t X is even and 

T - p e r i o d i c . Thus F(X (t), t) is odd and T - p e r i o d i c . An easy-

induct ion shows that X is even and T - p e r i o d i c for e v e r y n. Since 
n 

X c o n v e r g e s un i formly on one pe r iod , th is s equence c o n v e r g e s 
un i formly on e v e r y f ini te i n t e r v a l . Thus we m a y p a s s the l imi t t h rough 
the i n t e g r a l in ( i i ) . The l imi t function is n e c e s s a r i l y even and 
T - p e r i o d i c s ince the X have t h e s e p r o p e r t i e s . This c o m p l e t e s the 

proof. 

R e m a r k 1. If F(x , t) = A(t)x w h e r e A is odd and T - p e r i o d i c , 
then condi t ions (i), (ii), and (iii) hold so that E p s t e i n ' s r e s u l t i s 
obtained as a c o r o l l a r y . 

R e m a r k 2 . A sufficiently s t rong L ipsch i t z and boundednes s 
condi t ion on F wil l i n s u r e that (ii) holds as a consequence of P i c a r d ' s 
s u c c e s s i v e a p p r o x i m a t i o n s ( [3, pp . 20 and 28] or [4, p . 31]) . 

R e m a r k 3 . A s i m i l a r non l inea r t h e o r e m and proof m a y be 
fo rmula t ed y ie ld ing s o m e of Muldowney ' s r e s u l t s ; however , the 
f o r m u l a t i o n i s c u m b e r s o m e . 

R e m a r k 4 . Some condi t ion such as (ii) is n e c e s s a r y as the 
following s c a l a r e x a m p l e shows if a so lu t ion is to be defined for a l l 

2 
t over a p e r i o d . Let x 1 = x s in t . One so lu t ion is x(t) = 2 / (1 + 2cos t) 
which has f ini te e s c a p e t i m e . 
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