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CONSTRUCTING LOCALLY FLAT EMBEDDINGS
OF INFINITE DIMENSIONAL MANIFOLDS
WITHOUT TUBULAR NEIGHBORHOODS

T. A. CHAPMAN

1. Introduction. All spaces in this paper will be separable and metric.
A closed embedding 7: M — N is said to be locally flat (of codimension n) if
for each xy ¢ M there is an open set U in M containing xp and an open embed-
ding h: U X R"— N for which k(x, 0) = 2(x), for all x € U. When there is
no confusion we will identify 17 with its image and regard ¢ as the inclusion
M & N. We say that a closed subset A of N has a tubular neighborhood (of
codimension n) if there is a fiber bundle £ — A, with fiber R* and 0-section 3/,
and an open embedding ¢: E — N for which ¢|M = id.

The following is known for 3, N finite dimensional manifolds without
boundary and 1 & N locally flat.

1. M always has a tubular neighborhood in codimension 1 [1].

2. If dim M # 2, then M always has a tubular neighborhood in codimension
2 [8].

3. Mn=zdm M —j—1landn = 5+ j, wherej = 0, 1, 2, then M always
has a tubular neighborhood in codimension # [15]. (This implies Milnor’s result
on the stable existence of tubular neighborhoods, i.e. if 17 & N is locally flat,
then A X {0} has a tubular neighborhood in M X R*, for some & = 0 [11].)

4. There is a locally flat embedding S** C S X S° with no tubular neighbor-
hood [13].

Now switching categories let 3, N both be Q-manifolds, i.e. manifolds
modeled on the Ililbert cube Q, or /ly-manifolds, i.e. manifolds modeled on
separable Hilbert space /5. The following results are known about locally flat
embeddings M & N.

1. M always has a tubular neighborhood in codimension 1 [1].
2. M always has a tubular neighborhood in codimension 2 [12].

The purpose of this paper is to construct a codimension 3 counterexample.
Specifically we construct a codimension 3 locally flat embedding S* X Q C
S X Q (or S X [, C S* X l5) which has no tubular neighborhood. Moreover
no stabilization, S* X Q X {0} C S* X Q0 X RF (or S* X I, X {0} C S* X I,
X R¥), has a tubular neighborhood. Our main result is the theorem stated
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below which gives a general method of constructing examples of this sort. In
the corollary we use this result to calculate the specific example mentioned
above.

Let Top, denote the group of all origin-preserving homeomorphisms of R".
Topological fiber bundles over a base B with fiber R* and O-section B are
classified by maps of B to the classifying space B Top, [10]. Let G, be the
H-space of all self-homotopy equivalences of S". Hurewicz fibrations over B
with fiber S* are classified by maps of B to the classifying space BG,[14]. There
is a natural map e: Top, — G,_1 given by sending each & € Top, to the composi-
tion

() ST R — {0} B R — oy D5
where 7 is the radial retraction. This induces a map of classifying spaces,
¢: BTop, — BG,_;. We say that a map ¢: X — BG,_: lifts to B Top, if there is
a map ¢: B— B Top, for which &z is homotopic to ¢. Also for each & = 0 the
natural inclusion map S* S S*** induces a map G, — G,41, given by suspension
of maps, which in turn induces a map of classifying spaces, BG, — BG,,;.
Here is our main result. See § 4 for a proof.

THEOREM. [For every Q-manifold (or ls-manifold) M and map ¢: M — BG,—1,
there exists « codimension n locally flat embedding h: M — M such that iof h(M)
has « tubular neighborhood, then ¢ can be lifted to B Top,. Moreover if any
stabilization k(M) X {0} S M X RF has « tubular netghborhood, then

M —90) BGn—1 - BGn«H@’l
can be lifted to B Top,i.
We now use this result to produce our example. See § 5 for details.

COROLLARY. There exists a codimension 3 locally flat embedding h: S* X Q — S?
X Q (or h: 8% X [, — .S% X 1) so that no stabilization has « tubular neighborhood.

Finally we remark that the above theorem raises the following interesting
question: Gien « Q-manifold (or ly-manifold) M, can we classify all locally flat
embeddings M S N by maps of M to BG,_,? Theorem 1 essentially answers the
“realization’” part of this question.

In the sequel we will only give the details for the proof of the theorem for the
Q-manifold case. Anyone familiar with basic /;-manifold apparatus can easily
make the minor alterations in the argument necessary to give a proof for the
[;-manifold case. The proof of the Corollary requires no manifold apparatus
at all. It follows mechanically from the theorem by recalling some well-known
calculations involving the homotopy groups of B0,, B Top, and BG,.

2. An infinite dimensional lemma. The purpose of this section is to

establish a result which will be needed in the proof of the theorem. For its
proof we have the first recall some material from [6].
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Amap f: B X X — B X Yis said to be fiber preserving (f.p.) if f({0} X X)
C {0} X YV, forallb € B. Aclosed set A C B X M is said to be a fibered Z-set
if there are f.p. maps f: B X M — B X M — A which are arbitrarily close
toid. An f.p. embedding f: B X 4 — B X M issaid to be a fibered Z-embedding
if /(B X A) is a fibered Z-set. We now state two results which will be needed
in the proof of Lemma 2.1 below.

FIBERED MAPPING APPROXIMATION [6]. Let M be a Q-manifold, let (B, By)
be « compact pair, and let A be compact. If there is anf.p. map f: B X A — B X
M which is « fibered Z-embedding from By X A to By X M, then f 1s f.p. homo-
topic to a fibered Z-embedding rel By X A.

[FIBERED Z-SET UNKNOTTING [6]. Let M be « Q-manifold and let A, B be com-
pacl. If there are fibered Z-embeddings f, g¢: B X A — B X M which are f.p.
homotopic, then there is an f.p. homeomorphism h: B X M — B X M for which
hf = ¢

Remark. Both of these results come from § 4 of [6]. See also [5] for related
results.

We are now ready for our main result. For notation let 47 be a compact Q-
manifold, let H he the homeomorphism group of 3/ X [0, 1), and let G be the
space of self homotopy equivalences of 1/ X [0, 1). (All function spaces will
have the compact-open topology.)

Lemma 2.1. The inclusion H < G is « weak homotopy equivalence.

Proof. Using the homotopy sequence of the pair (G, H) it suffices to prove
that the relative groups =,(G, H) all vanish. An element of 7,(G, H) may be
represented by an f.p. map f: A" X M X [0,1) — A" X M X [0, 1) for which
floA™ X M X [0,1) is a homeomorphism and f|{*} X M X [0, 1) = id.
(IHere A™ is the standard n-simplex and * € dA" is a basepoint.) We want to
prove that f is f.p. homotopic to a homeomorphism rel dA X M X [0, 1).

Consider the restriction f|A X M X {0}. By Fibered Mapping Approxima-
tion there is a fibered Z-embedding g: A X M X {0} - A X M X [0, 1)
which agrees with f on dA X M X {0} and which is f.p. homotopic to f rel
dA X M X {0}. Now compare ¢ with id: A X 3 X {0} > A X M X [0,1)
and note that ¢ = id on {*} X 1 X {0}. It easily follows that g is f.p. homo-
topic to id because A is contractible.

Using Fibered Z-Set Unknotting there is an f.p. homeomorphism #;: A X
M X [0,1) - A X M X [0,1) for which 7:]A X M X {0} = g. Then h,~'f:
dA X M X [0,1) > dA X M X |0, 1) is an f.p. homeomorphism which is the
identity on A X M X {0}. By a variation of the usual Alexander trick this
extends to an f.p. homeomorphism %: A X M X [0,1) = A X M X [0, 1) for
which s = idon A X M X {0}. Thenh = hihe: A X M X [0,1) > A X M X
[0, 1) isan f.p. homeomorphism and k,~'k,71f is the identity on dA X M X [0, 1)
U (A X M X {0}). Thus ko=h;~'f is clearly f.p. homotopic toid rel 9A X M X
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[0, 1) by again using the Alexander trick. This implies that f is f.p. homotopic
to hrel 9A X M X [0, 1).

Remark 1. Lemma 2.1 is not in the exact form that is needed in the proof of
the theorem. If G, denotes the space of all self-homotopy equivalences of 17,
then the map a: Gy — G, defined by sending f € G to

awx 0,122 w0, 1),

is a homotopy equivalence. A homotopy inverse 8: G — G is easily defined by
sending f € G to the composition

29 a0, 1) L ar x [0, 1) P, ar.

Then Lemma 2.1 implies that the composition

He6ba,
is a weak homotopy equivalence.

Remark 2. The [;-manifold version of Lemma 2.1 was established by Wong
[17] by a different argument. The proof given here is modeled on the proof
given in [2], which was designed to show that any homeomorphism on an /-
manifold which is homotopic to id is isotopic to id.

3. The basic construction. Our main result here is Theorem 3.3, which is
the main tool needed for the proof of the theorem. It is based on the following
notation.

Let A be a Q-manifold and let

EL s
be a fiber bundle with fiber S"=1 X Q X [0, 1). Let £ be the space formed from
£ by taking the one-point compactification of each fiber in E. Then there is a
natural map p: £ — M so that each p~!(x) is the one-point compactification of
p~1(x). Identifying M with £ — E we have £ = E\U M and p|}M = id. Also
EL s

is a fiber bundle with fiber I* = C(S"~! X Q) (the cone over S*™™! X Q) and
0-section 1/. We may write

CS™1 X Q) =51 X QX [0,1) U {x},
where * is the cone point.

LeMMA 3.1. There is a homeomorphism ¢: Q X IF— Q X B"such that ¢(q, x) =
(g.0) forall q € Q.

(B" is the n-ball in R* and 9B" = S*1.)
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Proof. 1t will suffice to construct a homeomorphism ¢’: Q X (I — {*}) —
Q X (B* — {0}) which extends to our desired ¢. To do this we first need a
map6: Q X Q X [0,1] — Qsuch that foreach t,6,: Q X Q — Q is a map which
is projection onto the first factor for ¢ = 1, and is a homeomorphism for ¢ < 1.
Such maps are easily obtained by using Wong’s coordinate-switching trick
(3, p. 18]. Now replace B* — {0} by S~ X [0, 1) and define

P OXSTTXQPX[0,1)—>QXS1X][0,1)

by letting ¢'|Q X S*! X Q X {{} be the homeomorphism taking Q X S*~t X
Q X {t} to Q X St X {t} for which ¢’ (g1, s, go, t) = (0.(q1, q2), s, t). It is clear
that ¢’ extends in our required manner.

LEMMA 3.2, F is homeomor phic to M and M is locally flat in E.
Proof. By stability [3, p. 22] we may write 3/ = M’ X Q, where 3’ is a copy
of M. Then
E-L, % o P9 g
is a fiber bundle with fiber I X Q, and this is Q by Theorem 3.1. Since the
lhomeomorphism group of Q is contractible [16] we conclude that
EB o xo—

is trivial, and therefore £ =~ 31" X Q =

To see that M is locally flat choose U C M’ which is open and contractible.
Then there exists a homeomorphism A: p=1(U X Q) — U X Q X F such that
h(i, q) = (u, q, *), for all («, ¢) in the O-section M’ X (Q, and such that the
following commutes:

FUUX0) ' s UX QX F
\ /)I’O]

Using Lemma 3.1 let ¢: U X Q X F— U X Q X B" be a homeomorphism
such that ¢(u, ¢, *) = (u, ¢, 0), for all (%, g) € U X Q. Then

' = gh: p~2(U X Q) - U X Q X B"

is a homeomorphism such that 4’ («, ¢) = (&, ¢, 0). The inverse,
W) UXQXB"—>E

is an open embedding such that (&')~!(«, ¢, 0) = (u, q).

https://doi.org/10.4153/CJM-1978-098-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1978-098-9

FLAT EMBEDDINGS 1179

THEOREM 3.3. If M has a tubular neighborhood in E X R*, then there is a
Jiber bundle

&5,
with fiber R™* and 0-section M, and a fiber homotopy equivalence f: & — M —
E X R¥ — M. (Here we identify 37 with M X {0} in £ X R*.)

Proof. Assuming that 37 has a tubular neighborhood in £ X R* means that
there is a fiber bundle

&4,
with fiber R"** and 0-section 1/, and an open embedding 7: & — E X R* for
which 4|Af = id. We will construct a homotopy equivalence f’: & — M —

E X R¥ — M for which p,f’ ~ ¢, where p; = p o proj: £ X R* — M. Theorem
2.2 of [4] then implies that f’ must be homotopic to a fiber homotopy equi-
valence f as desired.

Ourmap f': & — M — E X R¥ — M is easily defined to be f' = 1| — M.
Define g: E X R¥ — M — & — M by

—1
gEXﬁ—MlMW—Mﬂﬁg—M

where d is just the end result of an f.p. deformation of £ X R* down to a neigh-
borhood of the 0-section. We need homotopies f'g ~id and gf’ ~ id.
The composition f'g is just
—1 .
PeEX R — - i - & — M i(& - )
S EX R — M.
This 1s homotopic to id because d ~ id. The composition gf’ is just

. -—1
o — v Ex R -t i — L&~

Let6,: & — M — & — M bean f.p. homotopy so that 8, = id and 6, (& — M)
lies in a small neighborhood around 1. Clearly

gf ~gf't ~6, ~id,

where the first homotopy uses 6, and the second uses d ~ id. Thus f’ is a
homotopy equivalence.
Finally we need to check that p,f’ =~ ¢. This arises from

where we have used the fiber homotopy id ~ g.

Remark. To make effective use of Theorem 3.3 in § 4 below the reader should
notice that £ X R*¥ — J is fiber homotopy equivalent to the iterated sus-
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pension bundle, >.F (E) — M. This means that if £ — M (Ehought of as a
Iurewicz fibration) is classified by a map ¢: E — BG,—1, then £ X R¥ — M —
M is classified by

L ﬁ’ BGy—1 — BGryp-1.

4. Proof of the theorem. Let ¢: Al — BG,_; be a map. Since BG,_; is a
classifying space for Hurewicz fibrations with fibers S*~!, this determines a
Hurewicz fibration

5,28 s

whose fibers are homotopy equivalent to S"~!. This implies that if there is a
fiber bundle ¢ — M with fiber R*** and 0-section A/, and a fiber homotopy
equivalence of & — 1 to the iterated suspension fibration >.* (E£,) — M, then

M5 BGr1— BGrir

can be lifted to B Top, ;.

Let H,_; be the group of all homeomorphisms of S"~! X Q X [0, 1). There is

a map B: H,_1 — G,_; defined by sending % in H,_, to

) S X% 57 % 0 x [0, 1) % §7 % @ x [0, 1) DX 5,
It follows from Lemma 2.1 that 8 is a weak homotopy equivalence. Thus 8
induces a map of classifying spaces, §: BH,_; — BG,_;, which is a homotopy
equivalence. This means that ¢: M — BG,_; can be lifted to BH,_,, and thus
there is a fiber bundle £ — A7 with fiber S"~! X Q X [0, 1) which is fiber
homotopy equivalent to £; — M.

Associated with the bundle £ — 1/ there is a codimension n locally flat
embedding i: 1 — M. This is just the construction of § 3. Now suppose that
(M) = k(M) X {0} has a tubular neighborhood in A7 X R*. Then Theorem
3.3 implies that there is a fiber bundle & — M, with fiber R*** and 0-section M,
and a fiber homotopy equivalence ¢ — M =~ > * (E). Since E is fiber homo-
topy equivalent to £; we conclude that

M % BG,-1— BGpyr-1

can be lifted to B Top,y, thus giving our desired result.

5. Proof of the corollary. By the theorem it suffices to find a map ¢: .S* —
BG, such that

S* % BGy — BGayy

does not lift to B Tops i, forany & = 0. Since 73(BG,) = 72(G,) and 73(B Top,)
~ my(Top,), we are looking for a map ¢: S?> — G» which does not stably lift.
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Let F, be the subset of G, consisting of those maps which fix the north pole.
Evaluation at the north pole clearly gives us a fibration sequence, Fy — G —
S2. Now Fyis just 22(S?), and therefore wo(F2) = 74(5%) &~ Z,. (Compare with
[7, p. 211].) To see that 72(G2) # 0 we just consider the commuting diagram,

Lo 7r3(52) — 12(03) = 1:(03) = 7r2(S2) ..
id | x| ex ] lid
oo 13(ST) o T (F2) o ma(Gs) > ma (ST > L

(Here the top row arises from the fibration sequence Oy — O3 — S?, where O,
is the orthogonal group, and the map e: Top, — G,—1 comes from § 1.) Since
12(02) = 0 we must have 7, (F:) — m2(G2) injective. Our desired map ¢: S —
G5 comes from the non-trivial element of 72 (F,) injected into m2(G:). We have
an inclusion and/or suspension-induced commuting diagram,

72 (Fe) — wa(I5) — ma(Fy)

! ! !
w2 (Ga) — w2 (Gs) — m2(Gy)

The computation 72 (Fy) & Z, given above indicates that we are already in the
stable range, so the arrows in the top row are isomorphisms. Moreover it easily
follows from the fibration sequence Fy — G, — S* that the vertical arrow,
w2 (Fy) — m2(Gy), is an isomorphism. Thus

72(F‘2) - 7T2(Gz) — 7F2(G2+k)
is injective, for any & = 0.
To see that

Y

= Gy — Gagx

cannot be stably lifted it suffices to show that the image of 7+ (Fs) in 79 (Gayyx)
does not lie in the image of w2 (Topsy,) in 72(Gayy), for all B = 0. Let Top;/0;
be the homotopy fiber of the inclusion, BO; & B Tops, where BO; is the
classifying space of O;. It follows from [9, 253] that #;(Top;/0;) = 0,17 < 4.
Thus 72(Top;) =~ 72(03) = 0, and it follows that m2(Tops) — 72(G:) is the
0-map. Since Top/O0 has homotopy groups 7:;K(Zs, 3), ¢ = 6 [9, p. 251], we
conclude that m:(Top) = 0. This means that the sequence

m2(Top;) — w2 (Topy) — ... (inclusion-induced)

stabilizes to 0. So on considering the commutative diagram,
7[‘2(]‘0?3) — 7‘{'2(’1‘0?4) — ...
@« | @-1
7F2(Gz) - 7F2(Gg) ...,

we conclude that Image (72 (F2) — 72(G2;)) does not lie in Image (m2(Topasy)
— 72(Gayy)), for any £ = 0.
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