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Abstract

Let T be a Banach algebra homomorphism from a Banach algebra B to a Banach algebraA with ‖T‖ ≤ 1.
Recently, Bhatt and Dabhi [‘Arens regularity and amenability of Lau product of Banach algebras defined
by a Banach algebra morphism’, Bull. Aust. Math. Soc. 87 (2013), 195–206] showed that cyclic
amenability ofA×T B is stable with respect to T , for the case whereA is commutative. In this note, we
address a gap in the proof of this stability result and extend it to an arbitrary Banach algebraA.
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1. Introduction

Let A and B be two Banach algebras and let T ∈ hom(B,A), the set of all Banach
algebra homomorphisms from B intoA with ‖T‖ ≤ 1. Following [1, 2], the Cartesian
product spaceA× B, equipped with the multiplication

(a1, b1) · (a2, b2) = (a1a2 + a1T (b2) + T (b1)a2, b1b2) (a1, a2 ∈ A, b1, b2 ∈ B) (1.1)

and the norm
‖(a, b)‖ = ‖a‖A + ‖b‖B,

is a Banach algebra, which is denoted by A ×T B. Note that our definition of the
multiplication ×T in [1] is slightly different to that given by Bhatt and Dabhi [2],
who assumed commutativity of A. However, this assumption is unnecessary and the
definition (1.1) applies for an arbitrary Banach algebraA.

Bhatt and Dabhi [2] investigated some algebraic properties of A ×T B, such
as Arens regularity and some aspects of amenability, for the case where A is
commutative. In the recent work [1], we verified biprojectivity and biflatness of
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A ×T B. As an application of these results, we generalised [2, Theorem 4.1, part (1)]
for the case whereA is not necessarily commutative.

One of the remarkable results in [2] is that cyclic amenability of A ×T B is stable
with respect to T . That is, ifA is commutative, thenA×T B is cyclic amenable if and
only if A and B also are. In the present note, we investigate this result and correct a
gap in the proof. Moreover, we generalise this result to an arbitrary Banach algebraA.

2. Preliminaries

Let A and B be Banach algebras and T ∈ hom(B,A). Let A′ denote the dual
Banach space of A. For a ∈ A and f ∈ A′, f · a and a · f are defined by f · a(x) =

f (ax) and a · f (x) = f (xa) for all x ∈ A. As remarked in [1], the dual space (A×T B)′

can be identified withA′ × B′ via the linear map θ :A′ × B′ → (A×T B)′:

〈θ( f , g), (a, b)〉 = 〈 f , a〉 + 〈g, b〉,

where a ∈ A, f ∈ A′, b ∈ B and g ∈ B′. Moreover, (A×T B)′ is a (A×T B)-bimodule
with natural module actions of A ×T B on its dual. In fact, it is easily verified that

( f , g) · (a, b) = ( f · (a + T (b)),T ∗( f · a) + g · b) (2.1)

and
(a, b) · ( f , g) = ((a + T (b)) · f ,T ∗(a · f ) + b · g), (2.2)

where a ∈ A,b ∈ B, f ∈ A′ and g ∈ B′. Furthermore,A×T B is a BanachA-bimodule
under the module actions

c · (a, b) := (c, 0) · (a, b) and (a, b) · c := (a, b) · (c, 0)

for all a, c ∈ A and b ∈ B. Similarly,A×T B can be made into a Banach B-bimodule.
We also introduce some further maps similar to those defined in [5]. Let pA :

A ×T B → A and pB : A ×T B → B be the usual projections, which are defined
by pA((a, b)) = a and pB((a, b)) = b, respectively, for a ∈ A, b ∈ B. Let qA : A→
A ×T B and qB : B → A ×T B be the usual injections, defined by qA(a) = (a, 0)
and qB(b) = (0, b), respectively. Finally, define the mapping rA : A ×T B → A by
rA((a, b)) := a + T (b) for all a ∈ A and b ∈ B. One can simply check that qA and rA
are BanachA-bimodule maps and pB and qB are Banach B-bimodule maps.

3. Main results

Let A be a Banach algebra and let X be a Banach A-bimodule. A bounded linear
map D : A→ X is called a derivation if D(ab) = D(a) · b + a · D(b) for all a, b ∈ A.
Given x ∈ X, let adx :A→ X be given by adx(a) = a · x − x · a for a ∈ A. Then adx is
a derivation, which is called an inner derivation at x. Recall from [3] that a derivation
D :A→A∗ is called cyclic if

〈D(a), b〉 + 〈D(b), a〉 = 0
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for all a,b ∈ A.A Banach algebraA is called cyclic amenable if every cyclic derivation
is inner.

In [2, Theorem 4.1, part (4)], it has been proved that if A is commutative, then
A ×T B is cyclic amenable if and only if both A and B also are. There appear to
be some gaps in the proof presented in [2]. In the first part of the proof, it has been
assumed that if D :A×T B→A

∗ × B∗ is a cyclic derivation, then D|A :A→A∗ and
D|B : B → B∗ are also cyclic derivations. However, D|A and D|B do not necessarily
map into A∗ and B∗. Dabhi kindly provided us with a new proof of his result for
the case where A is commutative, but with an extra assumption, which seems to be
necessary. Here, we adapt his proof to the general case whereA is an arbitrary Banach
algebra. First we introduce the concept of a faithful dual space.

Definition 3.1. Let A be a Banach algebra. We say that A has a left (respectively
right) faithful dual space if for each nonzero f ∈ A∗, there exists a ∈ A such that
a · f , 0 (respectively f · a , 0). We say thatA has a faithful dual space ifA has both
a left and a right faithful dual space.

Theorem 3.2. Let A and B be Banach algebras with faithful dual spaces and T ∈
hom(B,A). IfA and B are cyclic amenable, thenA×T B is cyclic amenable.

Proof. Suppose that D :A×T B→A
∗ × B∗ is a cyclic derivation. Then

D = (D1,D2) = (q∗A ◦ D, q∗B ◦ D).

Using (2.1) and (2.2), for all (a, b), (c, d) ∈ A ×T B,

D((a, b)(c, d)) = (a, b) · (D1(c, d),D2(c, d)) + (D1(a, b),D2(a, b)) · (c, d)
= ((a + T (b)) · D1(c, d),T ∗(a · D1(c, d)) + b · D2(c, d))

+ (D1(a, b) · (c + T (d)),T ∗(D1(a, b) · c) + D2(a, b) · d).

It follows that

D1((a, b)(c, d)) = (a + T (b)) · D1(c, d) + D1(a, b) · (c + T (d)) (3.1)

and

D2((a, b)(c, d)) = T ∗(a · D1(c, d)) + b · D2(c, d) + T ∗(D1(a, b) · c) + D2(a, b) · d. (3.2)

Let
d1 = q∗A ◦ D ◦ qA = D1 ◦ qA :A→A∗

and
d2 = q∗B ◦ D ◦ qB = D2 ◦ qB : B→ B∗.

Choosing b = d = 0 in (3.1) and a = c = 0 in (3.2),

d1(ac) = a · d1(c) + d1(a) · c and d2(bd) = b · d2(d) + d2(b) · d.
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Thus, d1 and d2 are derivations. Also, by the fact that D is cyclic, for all a, c ∈ A and
b, d ∈ B,

〈a, d1(c)〉 + 〈c, d1(a)〉 = 〈(a, 0),D(c, 0)〉 + 〈(c, 0),D(a, 0)〉 = 0

and
〈b, d2(d)〉 + 〈d, d2(b)〉 = 〈(0, b),D(0, d)〉 + 〈(0, d),D(0, b)〉 = 0.

Thus, d1 and d2 are cyclic derivations. By the hypothesis, there are ϕ ∈ A∗ and ψ ∈ B∗

such that d1 = adϕ and d2 = adψ. It follows that

D1(a, 0) = a · ϕ − ϕ · a and D2(0, b) = b · ψ − ψ · b (3.3)

for all a ∈ A and b ∈ B. By using (3.1),

aT (b) · ϕ − ϕ · aT (b) = D1(aT (b), 0) = D1((a, 0)(0, b))
= a · D1(0, b) + D1(a, 0) · T (b)
= a · D1(0, b) + a · ϕ · T (b) − ϕ · aT (b).

Thus,
a · (D1(0, b) − adϕ(T (b))) = 0 (a ∈ A).

SinceA has a faithful dual space,

D1(0, b) = adϕ(T (b)) = T (b) · ϕ − ϕ · T (b) (3.4)

and (3.3) and (3.4) imply that

D1(a, b) = D1(a, 0) + D1(0, b) = adϕ(a + T (b)). (3.5)

From (3.1) to (3.3), for all a ∈ A and b ∈ B,

D2(aT (b), 0) = D2((a, 0)(T (b), 0)) = T ∗(a · D1(T (b), 0)) + T ∗(D1(a, 0) · T (b))
= T ∗(a · D1(T (b), 0) + D1(a, 0) · T (b)) = T ∗(D1(aT (b), 0))
= T ∗(aT (b) · ϕ − ϕ · aT (b)).

Thus, again using (3.2) and (3.4),

T ∗(aT (b) · ϕ − ϕ · aT (b)) = D2(aT (b), 0)
= D2((a, 0)(0, b))
= T ∗(a · D1(0, b)) + D2(a, 0) · b
= T ∗(a · (T (b) · ϕ − ϕ · T (b))) + D2(a, 0) · b.

Consequently,
D2(a, 0) · b = T ∗(a · ϕ · T (b) − ϕ · aT (b)). (3.6)

One can easily see that

T ∗(a · ϕ · T (b) − ϕ · aT (b)) = T ∗(a · ϕ − ϕ · a) · b. (3.7)
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Now, (3.6) and (3.7) together with the fact that B has a faithful dual space yield

D2(a, 0) = T ∗(a · ϕ − ϕ · a). (3.8)

From (3.3) and (3.8),

D2(a, b) = D2(a, 0) + D2(0, b) = T ∗(adϕ(a)) + adψ(b) (3.9)

for all (a, b) ∈ A ×T B. Now, we have the tools to prove that D is inner. Suppose that
(a, b) ∈ A ×T B. From (2.1), (2.2), (3.5) and (3.9), for each (x, y) ∈ A ×T B,

〈D(a, b), (x, y)〉

= 〈(D1(a, b),D2(a, b)), (x, y)〉

= 〈D1(a, b), x〉 + 〈D2(a, b), y〉

= 〈(a + T (b)) · ϕ − ϕ · (a + T (b)), x〉 + 〈T ∗(a · ϕ − ϕ · a) + b · ψ − ψ · b, y〉

= 〈a · ϕ + T (b) · ϕ, x〉 + 〈T ∗(a · ϕ) + b · ψ, y〉

− 〈ϕ · a + ϕ · T (b), x〉 − 〈T ∗(ϕ · a) + ψ · b, y〉

= 〈(a · ϕ + T (b) · ϕ,T ∗(a · ϕ) + b · ψ), (x, y)〉

− 〈(ϕ · a + ϕ · T (b),T ∗(ϕ · a) + ψ · b), (x, y)〉

= 〈(a, b) · (ϕ, ψ) − (ϕ, ψ) · (a, b), (x, y)〉

= 〈ad(ϕ,ψ)(a, b), (x, y)〉.

Thus, D = ad(ϕ,ψ) and so D is inner. Therefore, A ×T B is cyclic amenable, as
claimed. �

In the next result, we prove the converse of Theorem 3.2, without any extra
assumption. This generalises the converse [2, Theorem 4.1, part (4)] for an arbitrary
Banach algebraA.

Theorem 3.3. Let A and B be Banach algebras and T ∈ hom(B,A). If A ×T B is
cyclic amenable, then bothA and B are cyclic amenable.

Proof. Suppose that d1 :A→A∗ is a cyclic derivation and let D1 = r∗
A
◦ d1 ◦ rA. We

show that D1 :A ×T B → A
∗ × B∗ is a cyclic derivation. It is easily verified that for

all f ∈ A∗ and (a, b) ∈ A ×T B,

(a, b) · r∗A( f ) = r∗A((a + T (b)) · f ) (3.10)

and

r∗A( f ) · (a, b) = r∗A( f · (a + T (b))). (3.11)
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Using (3.10) and (3.11), for all (a1, b1), (a2, b2) ∈ A ×T B,

(a1, b1) · D1(a2, b2) + D1(a1, b1) · (a2, b2)
= (a1, b1) · [r∗A(d1(a2 + T (b2)))] + [r∗A(d1(a1 + T (b1)))] · (a2, b2)
= r∗A[(a1 + T (b1)) · (d1(a2) + d1(T (b2)))]

+ r∗A[(d1(a1) + d1(T (b1))) · (a2 + T (b2))]
= r∗A[d1(a1a2) + d1(a1T (b2)) + d1(T (b1)a2) + d1(T (b1)T (b2))]
= r∗A ◦ d1(a1a2 + a1T (b2) + T (b1)a2 + T (b1b2))
= r∗A ◦ d1 ◦ rA(a1a2 + a1T (b2) + T (b1)a2, b1b2)
= D1((a1, b1)(a2, b2)).

Thus, D1 is a derivation. We next show that D1 is cyclic. Since d1 is a cyclic derivation,
for all (a1, b1), (a2, b2) ∈ A ×T B,

〈D1(a1, b1), (a2, b2)〉 + 〈D1(a2, b2), (a1, b1)〉
= 〈r∗A(d1(a1 + T (b1))), (a2, b2)〉 + 〈r∗A(d1(a2 + T (b2))), (a1, b1)〉
= 〈d1(a1 + T (b1)), (a2 + T (b2))〉 + 〈d1(a2 + T (b2)), (a1 + T (b1))〉
= 0,

which implies that D1 is cyclic. SinceA×T B is cyclic amenable, it follows that D1 is
inner. Thus, there are ϕ1 ∈ A

∗ and ψ1 ∈ B
∗ such that D1 = ad(ϕ1,ψ1). Consequently, for

each a ∈ A,
D1(a, 0) = (a, 0) · (ϕ1, ψ1) − (ϕ1, ψ1) · (a, 0).

Using this equality together with (2.1) and (2.2),

D1(a, 0) = r∗A(d1(a)) = (a · ϕ1 − ϕ1 · a,T ∗(a · ϕ1 − ϕ1 · a)). (3.12)

Moreover, for all (c, d) ∈ A ×T B,

〈r∗A(d1(a)), (c, d)〉 = 〈d1(a), c + T (d)〉
= 〈d1(a), c〉 + 〈T ∗(d1(a)), d〉
= 〈(d1(a),T ∗(d1(a))), (c, d)〉.

Thus,
r∗A ◦ d1(a) = (d1(a),T ∗(d1(a))). (3.13)

Now, (3.12) and (3.13) imply that d1 = adϕ1 and so d1 is inner. Therefore, A is cyclic
amenable. Similarly, we show that B is cyclic amenable. Suppose that d2 : B → B∗

is a cyclic derivation and let D2 = p∗
B
◦ d2 ◦ pB. It is not hard to see that for all

(a, b) ∈ A ×T B and g ∈ B∗,

(a, b) · p∗B(g) = p∗B(b · g) and p∗B(g) · (a, b) = p∗B(g · b).
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By an argument similar to the proof of the first part, D2 :A×T B→A
∗ ×B∗ is a cyclic

derivation. It follows that there are ϕ2 ∈ A
∗ and ψ2 ∈ B

∗ such that D2 = ad(ϕ2,ψ2). Using
(2.1) and (2.2), for all b ∈ B,

D2(0, b) = (T (b) · ϕ2 − ϕ2 · T (b), b · ψ2 − ψ2 · b).

Thus, for all b, d ∈ B,

〈D2(0, b), (0, d)〉 = 〈(T (b) · ϕ2 − ϕ2 · T (b), b · ψ2 − ψ2 · b), (0, d)〉
= 〈T (b) · ϕ2 − ϕ2 · T (b), 0〉 + 〈b · ψ2 − ψ2 · b, d〉
= 〈b · ψ2 − ψ2 · b, d〉.

On the other hand, by the definition of D2,

〈D2(0, b), (0, d)〉 = (d2(b), d)

and consequently
d2(b) = b · ψ2 − ψ2 · b

for all b ∈ B. It follows that
d2 = adψ2 ,

which implies that d2 is inner. Therefore, B is cyclic amenable, as claimed. �

Remark 3.4. In [4, Theorem 2.2], part (iii), it is mentioned that part (4) of [2,
Theorem 4.1] is valid for an arbitrary Banach algebraA with the same proof as given
in [2]. However, in the light of the earlier discussion and Theorem 3.2, the result given
in part (iii) of [4, Theorem 2.2] may suffer from the same gap as the proof in [2]. We
have not yet been able to prove or provide a counterexample for these results in [4].

Theorem 3.2 leads us to the following natural question.

Question 3.5. Let A and B be Banach algebras and T ∈ hom(B,A) be such that A
and B are cyclic amenable. IsA×T B always cyclic amenable?
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