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Abstract

In this paper, we establish a convergence theorem for fixed points of generalised weak contractions in
complete metric spaces under some new control conditions on the functions. An illustrative example of a
generalised weak contraction is discussed to show how the new conditions extend known results.
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1. Introduction

In 1997, Alber and Guerre-Delabriere [1] defined weakly contractive maps and
established a fixed point theorem in Hilbert spaces. Later, Rhoades [8], by using the
notion of weakly contractive maps, obtained a fixed point theorem in a complete metric
space. Since then, the notions of weak contraction and generalised weak contraction
have been widely studied. Further recent results related to fixed point theorems for
generalised weak contractions can be found in [3-7, 9].

Let (X, d) be a metric space and 7 : X — X be a selfmap of X. T is said to be a
p-weak contraction if

d(Tx,Ty) <d(x,y) —pd(x,y)), x,y€X,

where ¢ : [0, +00) — [0, +00) is a continuous and nondecreasing function with ¢(f) = 0
if and only if # = 0. The following result was obtained by Rhoades [8].

Tueorem 1.1 [8]. If (X, d) is a complete metric space and T is a p-weak contraction
on X, then T has a unique fixed point.

In 2008, Dutta and Choudhury [5] gave the first extension of Theorem 1.1 to more
general ¢-weak contractions.
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TueoreMm 1.2 [S]. Let (X, d) be a complete metric space and let T : X — X be a selfimap
satisfying the inequality

Y(d(Tx,Ty)) < y(d(x,y)) — d(x,y)), x,y€X,

where Y, ¢ : [0, +00) — [0, +00) are both continuous and monotone nondecreasing
Sfunctions with Y(t) = ¢(t) = 0 if and only if t = 0. Then T has a unique fixed point.

To state the following theorems, define the quantity
M(x,y) = max{d(x,y),d(x, Tx),d(y, Ty), %[d(x, Ty) +d(y, Tx)]}.
In 2009, Dori¢ [4] improved Theorem 1.2 as follows.
TueorEM 1.3 [4, Theorem 2.2]. Let (X, d) be a complete metric space andletT : X — X
be a selfmap satisfying the inequality
Y(d(Tx,Ty)) S Yp(M(x,y)) — p(M(x,y)), x,y€X,
where M(x,y) is defined above and

(@) Y :[0,4+00) — [0, +00) is a continuous monotone nondecreasing function with
W) =0ifand only if t = 0;

(b) ¢ :[0,+00) — [0, +00) is a lower semicontinuous function with ¢(t) = 0 if and
only ift = 0.

Then T has unique fixed point.
In 2011, Choudhury et al. [3] gave the following fixed point theorem.

TueorREM 1.4 [3, Theorem 3.1]. Let (X, d) be a complete metric space. Let T : X — X
be a selfmap such that

Y(d(Tx,Ty)) < p(M(x,y)) — p(max{d(x,y),d(y,Ty)}), x,y€X,
where M(x,y) is defined above and

(@) ¢ :[0,+00) = [0,+00) is a monotone increasing and continuous function with
Y(t) =0ifand only if t = 0;
(b) ¢ :[0,+00) — [0, +0) is a continuous function with ¢(t) = 0 if and only if t = 0.

Then T has unique fixed point.

In the case M(x,y) = max{d(x,y),d(y, Ty)}, Theorem 1.4 becomes a special case of
Theorem 1.3. In the same year, Popescu [7] extended the result of Dori¢ [4].

TueOREM 1.5 [7, Theorem 4. Let (X, d) be a nonempty complete metric space and
T : X — X be a mapping satisfying

Y(d(Tx,Ty)) S y(M(x,y)) — (M(x,y)), x,ye€X,

where M(x,y) is defined above and
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(@) ¢ :[0,+00) = [0, +00) is a monotone nondecreasing function with y(t) = 0 if and
only ift =0;

d) ¢ :[0,+00) — [0, +00) is a function with ¢(t) =0 if and only if t =0 and
lim,,, inf p(a,) > 0 if lim, e a, = a > 0;

(©) ¢(a) > y(a) —y(a-) for any a > 0, where y(a—) is the left limit of ¥ at a.

Then T has unique fixed point.

Recently, Moradi and Farajzadeh [6] proved fixed point theorems for ¢-weak and
generalised ¢-weak contraction mappings.

TueEOREM 1.6 [6, Theorem 3.3]. Let (X, d) be a complete metric space andletT : X — X
be a selfmap satisfying

Y(d(Tx, Ty)) <Yp(M(x,y)) —e(M(x,y)), x,y€X,
where M(x,y) is defined above and

(@) ¢:[0,+00) — [0, +00) is a mapping with ¢(0) = 0 and ¢(t) > 0 for all t > 0 and
lim,,_,o ¢(2,) = 0 for any bounded sequence {t,} with lim,_, t, = 0;

(b) ¥ :[0,+00) — [0, +00) is a mapping with Yy(0) = 0 and Y(t) > 0 for all t > O;

(c) either ¥ is continuous or W is monotone nondecreasing and, for all t > 0,
w(a) > y(a) — y(a—), where y(a—) is the left limit of Y at a.

Then T has a unique fixed point.

REmMARK 1.7. Assumption (a) relating to ¢ is equivalent to the following conditions:

(a) lim,_e inf p(a,) > 0 if lim, e a, = a > 0 (that is, (b) of Theorem 1.5);
(b) lim,_, a, = 0 or nonexistent if lim,,_,, inf ¢(a,) = 0.

From this observation, we see that condition (ii) is weaker than (a) of Theorem 1.6 (that
is, lim,, 0 t,, = O if {#,} is bounded and lim,,_,, (%) = 0). Therefore, Theorem 1.6 is a
special case of Theorem 1.5.

Inspired and motivated by these results, our purpose in this paper is to obtain fixed
point theorems for generalised weak contractions that satisfy contractive conditions
which are more general than those given in [3, 6, 7]. Our results also extend and
generalise comparable results in [4, 5, 8] and part of [9].

2. The main results

Tueorem 2.1. Let (X, d) be a complete metric space and T : X — X be a mapping such
that for all x,y € X,

Y(d(Tx,Ty)) < p(M(x,y)) — (M(x, y)), 2.1)

where M(x,y) = max{d(x,y),d(x, Tx),d(y, Ty), :[d(x, Ty) + d(y, Tx)]} and ¢, ¢ satisfy
the conditions:
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(@) ¥, :[0,4+00) = [0, +00) are two functions with y(t) = ¢(t) = 0 if and only ift = 0;
(b) lim, inf (1) > lim,,; sup¥(r) — lim._,; inf (1) for all t > 0.

Then T has a unique fixed point.

Proor. Let xo € X be arbitrary and let {x,},°, be the Picard iteration defined by

Xp+1 = T'x, # x,, for all n > 0. Taking x := x,, y := x,,-1 in (2.1), we obtain

Y(d(Xps1, X)) = Y(d(T X, Txp-1))
S Y(M(xp, X0-1)) — @(M (X, Xp-1))
< ¢’(M(xn, xn—l))y (22)

where M (x,, x,-1) = max{d(x,, X,-1), d(Xp+1, Xp)}. If d(Xp11, X0) > d(x5, x,-1) fOr some
n, then it follows from (2.2) that

Y(d(Xnsr, X)) < Y(d(Xpi1, Xn)) = @(d(Xnr1, X)),
which is a contradiction and so
d(xni1, Xp) < d(Xn, Xp-1)
for all n > 1. Consequently, (2.2) implies that

L//(d(xn+1 > xn)) < lﬁ(d(xn, xn—l)) - go(d(xn, xn—l))
< Y(d(xp, Xn-1)), (2.3)

whence {/(d(x,+1, x,))} is monotone decreasing and bounded below. Thus there exist r,
R > 0 such that

lim d(x,11,x,) =71, lim Y(d(xn11, X)) = R.

If r > 0, then taking lower limits as n — oo in (2.3) gives

lim inf (d(x,, x,-1)) <0,

n—oo

which contradicts the condition (b) in the theorem. Therefore lim,,_, o d(x,41, X,,) = 0.

Next we prove that {x,} is a Cauchy sequence. Assume that this is not true. Then
there exist e > 0 and subsequences {x,x)} and {x,x)} of {x,} such that n(k) is the
smallest index for which n(k) > m(k) > k and d(xk), Xqk)) = €. This implies that
d(Xim()> Xny-1) < € for all k > 1. By the triangle inequality,

€ < d(Xneky Xnky) < dXincky> Xny-1) + d(Xn(r—1 Xnik))
< €+ d(Xn)-15 Xnk))- (2.4)

Letting k — oo in (2.4) gives

,}LTO d(Xm()> Xny) = kh_{{)lo Ad(Xim(k)s Xn(y-1) = €.
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Similarly, it is easy to obtain
kll_)n; A(Xm-15 Xn(k)-1) = €.
Again using (2.1),

Y(d(Xpys Xniy)) = YT Xpy-1, T Xngy-1))
<YM (Xnw)-15 Xnk)-1)) = @M (Xiniy-15 Xn(iy-1))
<YM Xmg)-15 Xnky-1))s (2.5)
where
M (Xpgio)-15 Xngo-1) = MAX{d (X1, Xnk)—1)> A Xm)-1> X )» A Xn)=1> Xn(k))»
%[d(xm(k)—l s X)) + AKXy Xngo-1)1}
< max{d(Xm)-1, Xnt)-1)> A Xm(t)=15> Xm(k))> A(Xn)=1> Xn())»
%[Zd(xm(k)—l s Xn(—1) + dXn-15 Xny) + dXmeys Xmco-1)1)
L dXm)-15 Xnk)-1) + A Ximy-15 Xm)) + A Xngy-15 Xn(k))»

which implies that
d(Xmw-15 Xnky-1) < MXm-15 Xn(h)-1)
< dXmk)—15 Xntt)—1) + AdXmg)=15 Xm)) + dXngy=15 Xuy).  (2.6)
Letting k — oo in (2.6),
kh_>lg M (Xp@y-1, Xmp)-1) = €.
By (2.5),

12{ Y(d(Xmiiy> X)) + 113{ (M (Xi(i)-15 Xa@iy=1)) < SUp Y(M (X j)-15 Xn(j)-1))5
i> i 2k

which yields

liminf ¢(7) + lim inf () < lim sup ¥ (),

1—e€ 1—€ 1—€
which contradicts the fact that € > 0. So {x,} is a Cauchy sequence and lim,_, X,
exists. Write lim,, . X, = ¢.

Finally, we show that ¢ is the unique fixed point of T. If ¢ # Tgq, then d(g, Tq) > 0.
Take x := g,y := x, in (2.1). This gives

W(d(Tq, xu11)) = Y(d(Tq, Tx,)) < Y(M(q, xn)) — p(M(q, x,)), (2.7)
where

M(q’ Xp) = max{d(Qv Xn), d(Q? Tf]), d(xn+1’ Xn)s %[d(Q> Xn+1) + d(xna TQ)]}
< max{d(Q7 xn)’ d(q’ TCI)7 d(xn+1 > xn)’ d(q’ xn) + %[d(xna xn+l) + d(q’ Tg)]}
< d(gq, Xp) + d(Xp, Xp11) + d(q, Tq).
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This implies that
d(q,Tq) < M(q, x,) < d(q, xn) + d(xn, X411) + d(q, Tq),
and so M(q, x,) — d(q,Tq) as n — oo. From (2.7),

lllelf Y(d(Tq, xiv1)) + lllelf ©(M(q, x;)) < supy(M(q, x;))

j=n
for all n > 1. It follows that

Iim infy()+ lim inf @) <
infy()+ lim inf) <

im sup y(7),
t—d(q,Tq 9.Tq) Py

|
d(
which is a contradiction and so ¢ = Tq.
The uniqueness of the fixed point of T is clear. Indeed, if it is not the case, then
there exists p € X such that Tp = p # g = Tq. Observe that
0 < y(d(g.p)) = ¥(d(Tq,Tp))
< Y(M(q, p)) — ¢(M(q, p))
= y(max{d(q, p), 51d(q, Tp) + d(Tq, p)1})
— p(max{d(q, p), 3[d(q. Tp) + d(Tq, p)1})
= yY(d(q, p)) — ¢(d(q, p)) < ¥(d(q, p))

which is a contradiction and so p = g. The proof is complete. O

Remark 2.2. Theorem 2.1 extends and improves [7, Theorem 4], [6, Theorem 3.3]
and [4, Theorem 2.2] in the following sense.

(a) The assumption that ¢ is monotone nondecreasing or continuous is unnecessary.
(b) The assumption that lim inf;_,; ¢(7) > 0 for all > 0 is removed.
(c) The assumption that, for all a > 0, the function i has a left limit at a is not needed.

In particular, [4, Theorem 2.2] is a special case of Theorem 2.1.

ExampLE 2.3. Let X = [0,1) U {1, 2, 3,4, ...} with the metric

Ix—yl ifx,y€[0,1),
dx,y)=<sx+y ifxe[0,1),y>1orxy>1withx#y,
0 if x =y.

Then d(X, d) is a complete metric space [2]. Define a mapping 7 : X — X by

_Ix] if x€[0,1),
T(x)_{x—l ifx=123,.. ..

Then the fixed point set of T is F(T) = {0}. Define i, ¢ : [0, +00) — [0, +0c0) by

i tefo,1],
- t>1.

|t te0,1), _
lﬂ(f) - {([ _ i)Z > 1’ QD(I) -
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Then T, y, ¢ satisfy the conditions of Theorem 2.1 and the functions i and ¢ are neither
continuous nor monotone nondecreasing. In order to prove that these facts hold, we
consider the following possible cases. Without loss of generality, assume that y < x.

Case 1. Let x,y € [0, 1]. Then
d(Tx,Ty)=0, (d(Tx,Ty))=0.

Case 1.1. If x,y € [0, 1), then
M(x,y) = max{d(x,y),d(x, Tx),d(y, Ty), 3[d(x, Ty) + d(y, Tx)]}

= max{x — y, x,y, 3(x +y)}

=x
and
YM(x,y) = x,  @(M(x,y) = 52°.
So
Y(d(Tx,Ty)) < y(M(x,y)) — p(M(x, y)).

Case 1.2. If x=1and y € [0, 1). Then

M(x,y) = max{d(x, ), d(x, Tx),d(y, Ty), $[d(x, Ty) + d(y, Tx)]}
= max{1 +y, 1,y, 3(1 + )}
=1+y

and
YMy)=1+y-=C+y% oM@,y =1+y-Z =84,
Thus
Y(d(Tx, Ty)) < y(M(x,y)) — p(M(x, y)).

Case 2. Let x€{2,3,4,...} and y € [0, 1]. Then
d(Tx,Ty)=x-1, WdTxTy)=(x-73)

and
M(x,y) = max{d(x,y),d(x, Tx),d(y, Ty), 1[d(x, Ty) + d(y, Tx)]}
=max{x+y,2x—1,y, %(x+y+ x—1)}
=2x-1,
and

YM(x,) = Q2x =37, o(M(x,y) =2x- 3.
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Now observe that, for x > 2, we have 96x% — 144x + 49 > 0 which is equivalent to
(x=3P<@2x-3P-@2x-%),
that is,

Y(d(Tx,Ty)) < p(M(x,y)) — o(M(x,y)).

Case 3. Let x,y € {2,3,4, ...} with x # y. Then we have
d(Tx,Ty)=x+y-2, YdTxTy)=(x+y-%)

and
M(x,y) = max{d(x,y),d(x, Tx),d(y, Ty), 5[d(x, Ty) + d(y, Tx)]}
=max{x+y,2x—- 1,2y - L, x+y—1}
=2x-1.
Consequently,

WM(x,y) = 2x =3P, @(M(x,y)) =2x - .
Now we can verify that, for all x,y with 2 <y < x,

(x+y-— %)2 <(2x- %)2 <(2x- %)2—(236— %)'
Hence

Y(d(Tx,Ty)) < y(M(x,y)) — p(M(x, y)).

Case 4. Finally, if x =y, then it is easy to verify that (2.1) of Theorem 2.1 holds.
Further, it is apparent that the functions y, ¢ satisfy the other conditions of Theorem 2.1
except possibly when 7 = 1. In fact, this condition also holds because

2
16

T . . T . — _ 15 — 17
= 11_{111 inf (1) > il_f}lll sup (1) 11_r)111 infe()=1-3=3.
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