Proceedings of the Edinburgh Mathematical Society (2024) 67, 460-507
doi:10.1017/S0013091524000063

ON THE FRACTIONAL POWERS OF A SCHRODINGER OPERATOR
WITH A HARDY-TYPE POTENTIAL

GIOVANNI SICLARI

Dipartimento di Matematica e Applicazioni, Universita degli Studi di Milano — Bicocca,
Milano, Italy (g.siclari2@campus.unimib.it)

(Received 16 February 2023)

Abstract Strong unique continuation properties and a classification of the asymptotic profiles are estab-
lished for the fractional powers of a Schrodinger operator with a Hardy-type potential, by means of an
Almgren monotonicity formula combined with a blow-up analysis.

Keywords: fractional elliptic equations; unique continuation; monotonicity formula; Hardy-type
potentials

2020 Mathematics subject classification: 35R11; 35J75; 35B40; 35B60

1. Introduction

This paper deals with the fractional powers of the operator:

Lo ru = —Au— izu,
' |37|k

on a connected bounded Lipschitz domain Q ¢ RY with N > 3 and 0 €  where,

k ke — 9\ 2
2|2 = fo and «€ (—oo, (2> ) , (1)
i=1

for any k € {3,...,N}. If k=N we will simply write |z| for |z|y.

The operator L, i is an elliptic operator with a homogenous potential with a singular
set of dimension N — k. In view of Hardy—Maz’ja-type inequalities, see § 2, the operator
Lo i has a discrete spectrum on H& (€2). Hence the fractional powers L? , of L, with
s € (0,1) can be defined in a spectral sense in a elementary way, see for example [31].
We will give a more precise definition of L7 , in §2.

In the particular case =0, the operator L7 , reduces to the spectral fractional
Laplacian (—A)® which has been intensely studied, see for example [1, 26] and the

references within.
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Fractional Schrodinger operators with a Hardy-type potential 461

From a mathematical point of view, the interest in Hardy-type potential lies in the
criticality with respect to the Laplacian since the have the same order of homogeneity.
Furthermore the also is a well-established physical interest in operators with Hardy-type
potential thanks to their connections with Coulomb fields, see for example [22] or [24].

In the case of the fractional powers of L, y, a first mathematical interested lies in its
connection with Hardy type inequalities. In particular, the fractional powers of L, y in
the whole space RY already appear in [20], where generalised and reversed Hardy types
inequalities have been obtained using semigroup theory and estimates on the correspond-
ing heat kernel. In this non-compact setting, the operator L7, , can be defined by means

of the spectral theorem for normal unbounded operator on the Hilbert space L?(RY),
see for example [29, Theorem 13.33].

We will focus on the description of the asymptotic behaviour from the singular point 0
for solutions of linear equations involving the operator L7, \, and prove the validity of a
unique continuation principle as a consequence. More precisely, we are interested in the
equation:

L pu=gu in Q, (2)

where the potential g satisfies:

g€ Wi\ {0}),

loc

3

lg(x)] + |z - Vg(z)| < Cylz|~25%¢,  for a.e. z € Q, @)
for some positive constant Cy > 0 and ¢ € (0,1). We will classify the asymptotic profiles
in 0 of solutions of (2) in a suitable weak sense, and obtain a strong unique continuation
property from 0, see Theorem 2.11, Theorem 6.9, and Corollary 2.13 for a precise state-
ments of our results. In particular, we will prove that the asymptotic profile of w in 0 is
an homogenous function. We will also characterise the possible orders of homogeneity,
which have a non-trivial dependence on the singular potential a\x|;27 see Theorem 2.11.
This classification is of particular interest since the presence of an Hardy potential causes
an eventual lack of regularity for the weak solutions of (2).

For the restricted fractional Laplacian with a Hardy-type potential, under similar
assumptions on the potential g and with a non-linear term, a complete classification
of the possible asymptotic profiles and a unique continuation property from 0 have been
obtained in [13]. The asymptotic behaviour of the spectral fractional Laplacian with a
Hardy-type potential is identical since the equivalent problem obtained with a Caffarelli-
Silvestre extension procedure is the same locally. The restricted fractional Laplacian with
a Hardy-type potential has been intensively studied in the literature, see for example
[2, 4, 12, 14, 18] and the references within.

If k=N, it is interesting to compare our results with [13], as far as the minimal order
of homogeneity of the asymptotics profiles are concerned, see (25), Theorem 2.11 and
[13, Proposition 2.3]. In our cases, it is possible to compute explicitly, while for the
restricted fractional Laplacian only a more implicit expression is available.

Similar results in the classical case, that is s =1, in the much more general situation
of multiple potentials, including cylindrical and multi-body ones, and with the presence
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of a nonlinear term, have been obtained in [16]. Furthermore in [16], the authors also
studied regularity properties of the solutions by means of a Brezis-Kato argument and
obtained pointwise estimates.

To study unique continuation properties from 0 for solutions of (2) we start by defining
a precise functional setting for (2) by means of Interpolation Theory. Furthermore, our
approach is based on an Almgren type monotonicity formula combined with a blow-up
argument. Since this approach is local in nature, we need a suitable extension result to
localise the problem, see Theorem 2.7 and also [7, 8, 31]. We will also need a Pohozaev type
identity to develop a monotonicity formula. The singularity of the Hardy type potential
alz|;?, the assumptions (3) on g and the singularity or degeneracy of the Muckenhoupt
weight 31 ~2% in the hyperplane R™ x {0} cause an eventual lack of regularity for solutions
to the extended problem. We overcame this issue by means of an approximation procedure
based on the Implicit Function Theorem and the ideas contained in [19].

The paper is organised as follows. In §2 we provide the precise functional setting
for (2) and state our main results. In §3, we prove the extension Theorem 2.7, study
an eigenvalue problem on a hemisphere, which will turn out to be correlated to the
asymptotic profiles of weak solutions of (2), and discuss some useful inequalities. In §4
we prove a Pohozaev type identity. In §5 we develop a monotonicity formula for the
extend problem while in §6 we carry out the blow-up argument and prove our main
results. Finally in §7, we compute the first eigenvalue of the problem studied in 3 while
in Appendix 1 we provide some further details on the functional setting for equation (2)
which will be introduced in §2.

2. Functional setting and main results

Since we deal with singular potentials of the form a|:r\,;2, Hardy-type inequalities with
optimal constants are fundamental to study the positivity of L, x on H}(Q). In the case
k= N it is well known that:

¢ 2 2/ 2 (RN
- <=
/RN FE dx < N3 v |Vo|“dx, for any ¢ € C°(RY),

2
2
and that <N?) is the optimal constant. A similar result also holds for cylindrical

potential, more precisely for any k € {3,..., N}:

2 2 2
/R d)de(H) /RN|V¢2|dJ:, for any ¢ € C°(RY), (4)

N |zl

2
see [27, Subsection 2.1.6, Corollary 3] or [3]. Furthermore, (ﬁ) is the optimal constant

as conjectured in [3] and proved in [30].
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Let us consider the eigenvalue problem:

Lo pu = pu, in €,
u =0, on 0f).

We say that p is an eigenvalue of (5) if there exists Y € H}(Q) \ {0} such that:

/VY-Vvdx—/iQYvdx:u/Yvdx, for any v € Hg (). (6)
Q o lzf; Q

Thanks to (1) and (4), for any k € {3,---, N} the energy functional:

Jo k(1) ::/ \Vu|2d9:—/ %quaj
Q o lzli

is coercive on HZ()) and so by the Spectral Theorem the set of the eigenvalues
of (5) is a non-decreasing, positive, diverging sequence {/«La,k,n}neN\{o}(We repeat each
eigenvalue according to its multiplicity). Furthermore, there exists an orthonormal
basis {Ya,k,ntnem oy of L?(Q2) made of corresponding eigenfunctions. Since the first
eigenfunction does not change sign, it is not restrictive to suppose that Y, 1 is positive.
For any Hilbert space X let (v1,v2)x be the scalar product on X. Furthermore let,

Un = (0, Yakn)2(q), forany v € L*(Q). (7)
1
Remark 2.1. In view of (4), [[v,  := (Ja,k(v))2 is a norm on Hg(Q) equivalent to

1
the usual norm [|v| ;1) = (J |Vv|? dz)2.
0

The scalar product associated to [|-[|, , is given by:
a
(v, W)k == / Vv Vw — —zvwdz.

By (6), {Yakn/\/Ha,k.n fnem {0} is an orthonormal basis of H}(Q) with respect to the
norm ||-[|,, , and for any v, w € H(Q):

oo
(U, w)a,k - Z Mo, k,nUnWn,

n=1

where v, and w, are as in (7).
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Let us consider the functional space:

0k () = {v€L2 Z O“,”qun<+oo},

which is a Hilbert space with respect to the scalar product:

(0 )s o) = D ntntons  for any vy € (9. )

n=1

For any j € N\ {0}, and v € L?(Q) it is clear that ZZL:1 11, kmVnYakn € L2()
and that it can be identified with the element of the dual space (Hj, ;(2))* acting on
u € H, ;(Q) as:

<Zﬂaknvn akn, U >

J

E a k, nUnUn.

J
= (E ﬂz,k,nvnYa,kmau>
n=1

(S, () B, (@) L2()

It is easy to see that, if v € HS (€2), then the series Zn 1 ua k, nUnYa kn converges in
the dual space (Hsak(Q)) to some F € (H3, ()" such that:

(HZ k(Q))*<F, Ya,k,n>Hi () = /’Ltsx,kmv”“ for any n € N \ {0}

It follows that, for every v € Hgk(ﬂ), we can define the fractional s-power of the
operator L . as:

o0
Lg xv = Zﬂi,k,nvnya,k,n € (H, .(2))".
n=1

More precisely, the operator Ly, ; is the Rietz isomorphism between H, ( ) endowed
with the scalar product (8) and its dual space (Hp, ;(62))", that is:

(Hi,k(m)*<LZ’kvl’U2>HZ,1€(Q) (v1,v2)ms & for all vy, vy € H, 4 (Q).

A similar definition for the spectral fractional Laplacian, that is the operator Lo n,
was given in [8] and in [10].

We would like to characterise the space HY, ; (€2) more explicitly. To this end, let H*((2)
be the usual fractional Sobolev space W*2(2), H§(Q2) the closure of C°(Q) in H*(12),
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and let,

HY2(Q) = {u € HE (%) /Q de’(g)mdx < —l—oo},

endowed with the norm:

[T

V()
o020y = Il + ([ 5o )

where d(z,0Q) = inf{|z — y| : y € 0Q}. For any s € (0,1) let,

H3(Q), ifse(0,1)\ {3},

H*(Q) :=
Hyl*(Q), ifs=1.

465

We also note that H*(€2) = Hg(2) if and only if s € (0, 3], see [25, Theorem 11.1]. In
Appendix 1 we will prove the following Proposition by means of Interpolation Theory.

Proposition 2.2. For any k € {3,...,N}, s € (0,1) and a as in (1):
ok (@) = (L(2), Hy())s,2 = H* (),
with equivalent norms.

Let for any measurable function v : Q@ — R,

v(z), ifzeq,
0, ifzeRV\Q.

Then from [5, Proposition B.1] in the case s # % and from the proof of [5, Proposition

B.1] and (9) if s = § we deduce the following result.

Proposition 2.3. There exists a constant Cn s such that:
10/l s (rny < Cnys. 10l q -

for any v € H*(Q).
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Proposition 2.4. There exists a constant Ky s o such that for any v € H*(Q):

v2(x) 2
| T de < Kxealole - (1)

Proof. The following Hardy-type inequality due to Herbst [22]:

(M2 o e2) A
2s 4 2s 2
P ] Lo e S [ IO

where 4 is the Fourier transform of u, holds for any v € H*(RY). Then (11) follows from
(10). O

By Proposition 2.2, we can define a weak solution to (2) as a function u € H*(Q2) such
that:

(H;k(ﬂ))*(Lzyku, ¢>Hz7k(9) = /quqb dr, for any ¢ € C°(Q). (12)

Thanks to (3), (11) and the Holder inequality, the right hand side of (12) is well defined,
that is it belongs to (H®(£2))* as a linear functional of ¢.

Given the local nature of the Almgren monotonicity formula we need to localise the
problem by means of an extension procedure in the spirit of [8] or [7], see also [31, Section
3.1]. Let us set some notation first. Let z = (z,y) € RY x [0, +00) be the total variable
in RY* := RN x [0, 4+00) and let,

C:=Qx(0,400), 9CL =00 x (0,+00).
For any open set F C Rf“ and any ¢ € C°(E) we define,

16571 (125, = ( [ v¢|2>dz) , (13)

D=

and H'(E,y'~2%) as the completion of C*°(E) with respect to the norm defined in (13).
Thanks to [23, Theorem 11.11, Theorem 11.2, 11.12 Remarks (iii)], for any Lipschitz
subset F of Rf“, the space H'(E,y'~2%) can be explicitly characterised as:

HY(E, y'=2) = {V € WEY(E): / YV 4 VYV dz < -I-oo} .
E

Proposition 2.5. For any ¢ € C°(RY x [0,4+0)) and any k € {3,...,N}:

¢ 2\’
1—2s d < / 1—-2s . 2d 14
/Rw g < (i2z) Ly v 900 (1)

where V,, is the gradient respect to the first N variables.
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Proof. Let ¢ € C°(2 x [0,+00)) and k € {3,...,N}. Then ¢(-,y) € C(Q) for any

y € [0,00) and so multiplying by y'~2% and integrating over (0, 00) we deduce (14) from
(4). O

Let,
H (Coy' ™) ={V e H (C,y'™*): V=0 ondCL}. (15)

The condition V =0 on dC, is meant in a classical trace sense. Indeed the weight 3! —2*

is smooth, bounded and strictly positive on Q2 x [y1, y2] for any 0 < y1 < y2 < +00, and so
we can use classical trace theory for the space H'(Qx (y1,%2)) for any 0 < 31 < y2 < +00.

From [8, Proposition 2.1] and [6, Proposition 2.1, Lemma 2.6] we deduce the following
result.

Proposition 2.6. There exists a linear and continuous trace operator:
Tr: Hy (C,y' %) — H*(Q)

which is also surjective.
See § 3 for a proof of the following next extension theorem,

Theorem 2.7. Let v € H*(Q), k € {3,...,N} and « as in (I). Then there exists a
unique function V € H&L(C, y1=2%) such that V weakly solves the problem:

—div(y!=#VV) = yl=2 %V, in C,

‘w‘k
Te(V) = v, on Q, (16)

: 1-2s9V _
—hmyﬁ(ﬁ y S% =cn,sLg 4v. on Q,

where cy s > 0 is a constant depending only on N and s, in the sense that:

1-2s ) _ 1-25 @ _ s .
/Cy vV ngdz /Cy |$£V¢dz CN,s (Hz,k(ﬂ))*<La7kv7¢(70)>Hg,k(ﬂ)’ (17)

for any ¢ € C°(Q x [0, +00)). Furthermore,
—4S8 —4S a
/yl ? |VV(w,y)|2dz—/ y'~? 72‘/2 dz =cns ||U||12315 () (18)
c c [} ok

and V is the only solution to the minimisation problem:
inf {/ y't2s (|VW|2 - |072w2> dz: W € Hy ((C,y**)and Tr(W) = v} . (19)
c Tl ’

From Theorem 2.7 we deduce the following corollary.
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Corollary 2.8. Let u € H?*(Q) be a solution of (12). Then there exists a unique
U € Hj (C,y'?%) such that:

—div(y' 7*VU) = yl_QsﬁU, in C,

Tr(U) = u, on €, (20)

: 1-259U _
—lim, 5+ y S{Ty =cN,sgu, on €,

where cy s > 0 is the constant depending only on N and s defined in Theorem 2.7, in the
sense that:

/y1_2SVU-V<bdz—/ yl_QSquﬁdz:cJ\w/gu¢(~,0)dx, (21)
c c Q

ks

for any ¢ € C°(Q x [0, +00)). Furthermore,

_ _ «
/yl 25\VU(£v,y)\2dZ—/ y' U dz = e lullfs (g ZCN,s/qudx.
c c ‘x|k ok Q

Let for, any r >0,

Bl :={z¢ Rf“ dz| <}, Sti={ze€ Rf“ Dzl =1}y
Bl :={z=(z,y) € R¥* : |2| <7,y = 0}.
Let 6 = % for any z € RNt and ' = (0y,...,0n).

The asymptotic profile of a solution U of (21) in 0 will turn out to be related to the
following eigenvalue problem:

—divs(0y T VsZ) — ON 5 257 =05 Z, in ST,

N+1 |0|2
- ‘ (22)
— lim Oy TVsZ-v =0, on S,
ON+1—0
where v is the outer normal vector to ST on §, that is v = —(0,...,0,1) and

S:={0 e RV |9]> =1},
ST:={0=(0,0n11) €S:0ns1 >0},
S :={0=(0,0n+1) €S:0n41 =0}

We refer to §3.1 for a variational formulation of (22). By classical spectral theory,
see §3.1 for further details, the eigenvalues of (22) are a non-decreasing and diverg-
ing sequence {’Ya,k,n}neN\{o} (we repeat each eigenvalue according to its multiplicity).
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We have the following estimate on yq x,1:

N —25\2
You,k,1 > = )

2

for any k € {3,...,N} and « as in (1), see Proposition 3.4. We can actually compute
Ya,k,1 in terms of the first eigenvalue 74 1,1 of the problem:

“AGV — W =0 in§, (23)
1015
as
N—2\? N -2
Yok, 1 = 2(1 - S) \/(2> + No,ke,1 — T + Mok, 15 (24)
see § 7. In particular, if £ =N then 714,11 = —o and so,
N—2\? N -2
Ya,N,1 = 2(1 = 5) — ] —a———| -« (25)
9 b 2 2
If k = N, we are able to obtain an explicit expression of v, n,1 for any o € (—o0, ¥52).

For the restricted fractional Laplacian with a Hardy-type potential it is also possible to
obtain a formula for the first eigenvalue of the corresponding problem on a hemisphere
although with a more implicit expression, see [13, Proposition 2.3].

Theorem 2.9. Let U be a non-trivial solution of (21) and suppose that g satisfies (3).
Then there exist an eigenvalue Yo kn 0f (22) and a correspondent eigenfunction Z such
that:

N—2s  [{N—2s\2  N—2s \/us—2
A G e T e A Y T

strongly in H*(By,y'=%).

Remark 2.10. Let r>0. Thanks to [25] there exists a linear and continuous trace
operator:

Try : H'(BF,y' ™) — H*(B)).

If B] C Q, then any function V € H (B}, y*~2%) can be extended to an element V of
HO{L(C’, y172%) (see (15) and [9]) and Trp; (V) = Tr(V), 1. Therefore with a slight abuse
we will simply use Tr instead of Tr B! to indicate the operator Tr Bl

From Remark 2.10 and the previous theorem we obtain the following.
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Theorem 2.11. Let u be a non-trivial solution solution of (12) and suppose that g sat-
isfies (3). Then there exist an eigenvalue Yo 1n of (22) and a correspondent eigenfunction
Z such that:

N_2s_ [(N-2s2 _N-2s \/W
A2 mu(m)—>|x| 2 VT ek my(Z())) (2) ash — 0*

strongly in H*(BY).

We will also prove a more precise and complete version of Theorem 2.9 and
Theorem 2.11 in §6, computing the coordinates of the eigenfunction Z respect to a
basis of the eigenspace corresponding to g k.. Furthermore, we can deduce the follow-
ing strong unique continuation properties as corollaries of Theorem 2.9 and Theorem 2.11
respectively.

Corollary 2.12. Let U be a solution of (21) and suppose that g satisfies (3). If
U(z) = o(|z]") = o(|(z,y)|")as x — 0, y — 0T, for any n € N, (26)
then U =0 on Q x (0,00).
Corollary 2.13. Let u be a solution of (12) and suppose that g satisfies (3). If
u(z) =o(Jz|")as x = 0, for anyn € N,

then u =0 on €.

Remark 2.14. We have considered equation (2) with assumption (3) on the potential
g for the sake of simplicity. With simple modifications to our arguments it is also possible
N
to obtain the same results for a potential g € W2s75(Q) for some ¢ € (0, 1), see [19,
Proposition 2.3] for the corresponding Pohozaev identity. Furthermore, we can obtain
analogous results for the more general equation:

< A
kalt = WU + gu,

r
with \ € (oo, 2281~2<N2S)) with the same approach, where I is the usual I'-function.

3. Preliminaries

We start this section by proving Theorem 2.7.
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Proof of Theorem 2.7. We follow the proof of [8, Proposition 2.1]. Let v € H*(Q2)
and consider:

)= Z Un Yo kon(®)hn(y), where v, = / VYo kon dz, (27)
n=1 Q

and h,, : (0,400) — R is a solution to the problem:

hll 4+ %h’n — taknhn =1, on (0,+00),
hn(0) = 1, (28)
limy o0 hin(y) = 0.

From the proof of [8, Proposition 2.1], (28) admits a unique solution h,, for any n €
N\ {0} and:

— lim y" "R, (y) = sl g (29)
o ok,

for some positive constant cy s > 0 depending only on N and s. Furthermore for any
y € [0+, 00) by (27) and Remark 2.1.

J

ov

2
e

—(z,y dx—i—/ V.V(z,y 2d:(:—/—V2 x,y)dx

ay( ) Q\ (z,y)] o TP (z,y)

= v ) + Hagnvnha(y)*. (30)

Proceeding exactly as in [8, Proposition 2. 1] we can show that (18) holds. Hence, in view
of (14), V. € HY(C,y'"%%) and >/ _ v, Yo kn(z)hn(y) = V in HY(C,y'=2%) as j — oc.
In conclusion V' € Hj 1 (C,y'~?%) since anl On Yok (€)hn (y) € H 1 (C,y'2*) for any
jeEN,j>1

In contrast to [8, Proposition 2.1], V might not be smooth for y > 0 since the functions

Y. k,n might not be smooth on Q. Then we prove that V satisfies (16) in the weak sense
given by (17). Let ¢ € C°(Q2 x [0, +00)). Then,

Z¢n akn )7 Where¢n /¢>$y akn )d

and similarly to (30):

/Q|v¢<x,y>\2dx—/| P )dz = S G0+ ot (31)
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Then by (27) and Remark 2.1
o
V@) oty e~ [ Ve oty ds

Z +Mo¢ k,nUn n(y)¢n(y>

Furthermore, for any j € N, by Holder’s inequality:

+oo
/ Z 'Unh/ b, )+ Ho,ke,nUn ha(y)Pn(y) | dy
0
1 [T =
<o [0 [ 000 + e | dy
0 e
1 T s [y 2 2
+35 y D (@) + takndn(y)? | dy.
0 oy

By (30), (31) and the Monotone Convergence Theorem we conclude that

. / / —
jgngc Z vnhi,( ) + thaknOnhn(y)n(y) | dy = 0.

Hence we may change the order of summation and integration in (32) obtaining

/ yt=2s (vv Vo — V¢>>
c |z}

o) +00
-3 o / Y2 (R ()6 () + fraknlin (1) 60 (9)) dy

An integration by parts, in view of (28) and (29), yields

“+oo
/0 yliQS(h;L(y)QﬁL(y) + Ma,k,nhn(y)¢n(y)) dy = CN,«Sfo,k,n(ﬁn(O)'

It follows that:

oo
/ yl_QSVV'VQJ)dZ_/ yl | |2V¢d25 CN’SZ,U/z’k’nUn(bn(O)a
c C n=1
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and so we have proved (17). If V1 and V2 solve (16) then by (1), (17) and (14) we deduce
that:

/y1‘28|v(vl—%)l2dz:0, and  Tr(Vi —V2) =0
C

thus Vi = V5. Finally V solves the minimising problem (19) in view of (17) and a density
argument. O

By [13] and [28, Theorem 19.7] we have the following result.

Proposition 3.1. For any r> 0 there exists a linear and continuous trace operator:
Trgy : H'(BF,y' ™) = L2(Bf,y' ™),
which is also compact.
For the sake of simplicity, we will write V instead of Tr S+(V) on S;.
A

Remark 3.2. For any r>0 and any V,W € H(B;,y*~2?%), thanks to the Coarea

Formula,
BT‘ 0 SP

hence the function f(p) := [¢+ ‘yl_stU : %W‘ dS is a well-defined element of L(0,r).
P
In particular a.e. p € (0,7) is a Lebesgue point of f.

Y BEVU - S W
|2

yI=BVU - ;W’ dS) dp,

Reasoning as in [13, Lemma 3.1] or[19, Proposition 3.7] we can prove the following.

Proposition 3.3. Let U be a solution of (21). For a.e. r>0 such that B. C Q and
any W € HY(B,F,y'=%9):
/ yl = <VU VW — %UW) dz
BY 2[5
1
= ,/ Yy VU - 2 W dS + CN’S/ g Te(U) Tr(W) dz. (33)
T S;‘F B’

r

3.1. An eigenvalue problem on St

In this section, we provide a variational formulation of problem (22). To this end we
consider the space:

L*(ST,057%7) == {¥ : ST — Rmeasurable: / ONZ W2 dS < +oo},
s+
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and the space H 1(S+,011V_ff ) defined as the completion of C°°(S*) with respect to the
norm:

1/2
o 1-2s( 42 2
601 0v ey = ([ O5r(e? & Daofyas)

where Vg is the Riemannian gradient respect to the standard metric on S.

Proposition 3.4. For any k € {3,...,N}:

—2 N —25\2
(52 ) [oxtgmas< (F52) [ oxiwrass [ oziveas, o

for any ¥ € HY(S*,05.%).

Proof. Let ¢ € C®(ST), f € C°((0,+00)) with f #0, and V(z) := V(r8) = ¢(0) f(r).
From (14) we obtain, passing in polar coordinates,

k—2 ? > N—1-2s ¢2 1-2s (bg
(57) ([ ormrom) (Lo )
< ( / rN“%lf’(r)lzdr) ( / | Ovre’ dS)
0 S
+ (/0 PN 2 () dr> (/S+ a}v—fﬂvgwczs),

and so, thanks to the optimality of the classical Hardy constant, see [21, Theorem 330],

k—2 2</ 12s &P )
A 912 =48
( 2 ) s+ N+1|9|k

< inf o IS </ 912s¢2d5>
T recge (0 too)). g0 [T N2 f(r)2dr \ Jst V!

+ [, okEIVaef as

—2s s —2s
- (%5 >/e}vf1|¢|2ds+/S+9}Vf1|Vs¢l2dS.

In conclusion (34) follows by density. 0

For any k € {3,...,N} and « as in (1), we say that + is an eigenvalue of (22) if there
exists a function Z € H'(ST, 9]1fo) \ {0} such that:

/ G}foVSZ-VS\I/dS—/ 9}fo|0|zzws 7/ ON T2V dS, (35)
st st
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for any ¥ € H!(ST, Q}V_ff) By (1), (34), the Spectral Theorem, and the compactness of
the embedding H'(S*, 05 %) < L*(S*,0%) (see [28, Theorem 19.7]) the eigenvalues
of (22) are a non-decreasing and diverging sequence {%z,k,n}neN\{o} (we repeat each
eigenvalue according to its multiplicity). Let, for future reference,

Va,k,nbe the eigenspace of problem (22) associated to the eigenvalue v g n, (36)
M, ;. nbe the dimension of Vi, k. », (37)

{Zakmii€{l,....,Myrn}}tbea L*(ST, G}fo) orthonormal basis of Vy k.n
of eigenfunctions of problem (22). (38)
Finally {Za kntnem o} = Upei{Zakm,i @ € {1,...,Mqn}} is an orthonormal
basis of L2(S*,05.%).

Remark 3.5. It is worth noticing that Z, i, cannot vanish identically on S’. We argue
by contradiction. In view of [13, Lemma 2.1], we can show with a direct computation that

_N-2s (N725)2+7

V(z):=1z| 2 2 akn 7z kn(2/]2]) solves div(y'=2VV) fylfzsﬁv =0
“lk

on Rg *1 and satisfies both zero Dirichlet and zero Neumann condition on RY x {0}. Let

Yp = {z e R¥ T |z), = 0}. (39)

Note that ¥ has Lebesgue measure 0 and that V is a solution to an elliptic equitation
with a Muckenhoupt weight and bounded coefficients away from ¥;. Then by the unique
continuation principles proved in [32], we conclude that V' = 0. Hence Z, 1 ,, = 0 which
is a contradiction.

3.2. Inequalities in H*(B;", y'~2%)
In this subsection, we prove some useful inequalities.
Proposition 3.6. For any r>0, any k € {0,...,N}, and any V € H' (B}, y'=%):

k—2\? V2 N -2
— / y' B —dz < / y 7|V dz + i / Yy mBV2dz. (40)
2 B |3 Bt 2r st

r

Proof. By density it is enough to prove (40) for any ¢ € C*°(B,"). Passing in polar
coordinates, by (34) and [13, Lemma 2.4], we have that:

k-2 2/ 12, V? <k2)2/r N—1-2 (/ V2(pb) )
s dz = s as | d
(%) AT 2 ) b’ s IO ’
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T _ 2
</ pN-l-%((NQzS) | onzm o+ ehfﬂvswpems) dp
0 st st

N —2s\? & " o
- ) / y1—25—2dz+/ plN =2 (/ 9}Vf1vSV(p9)|2ds) dp
B |2 0 s+

N_
2
) ds> dp

s
< 1—2sv2 ds
<S5
hence we have proved (40). O

" 1 ov
N+1-2s 91—25 V<V (0o 2 +’ 0
+/O,0 (/S+ N+1<p2 sV (pd)| 8p(P)

N —2s 1-2s7,2 / 1-2 2
— S d S d
o /s;k y VedS + ot Y IVV|*dz,

Proposition 3.7. Let r>0 and suppose that h : Bl. :— R is a measurable function
such that:

\h(x)| < Chlz|~2%¢,  for a.e. x € B, (41)

for some positive constant Cp, and some € € (0,1). Then for any k € {3,...,N}, any «
as in (1) and any V € HY (B}, y'=2%)

/ |h| Tr(V)? dx
B

!
s

N —2s
< e 1-25 7112 dy — 1-2s @ V2d / 1-2s1/2 4
< kNs,hT </B+y IVV|"dz Bjy o2 2t —- Sjy z],

r

(42)
where kn s 15 a positive constant depending only on N, s, C},.
Proof. The claim follows from (41), [13, Lemma 2.5, and (40). O
In view of (1) there exists ro > 0 such that:
- 9 \?2
B;B cC and « <k?) +en,skns,gro < 1, (43)

where ky 5,4 is as in Proposition 3.7, ¢y s as in Theorem 2.7 and ¢ as in (3).

Proposition 3.8. Let k € {3,...,N}, a as (1), g as in (3), cn,s as in Theorem 2.7
and 1o as in (43). Then for any V € HY (B, y*=2%) and any r € (0,70)

1-2s 2 a 2
Y VW | — —W ) dz
/BT+ ( | Edr
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N -2
- cN,S/ g Tr(W)? dx + i / y' =2 W2dS
B} 2r st

2 \° as
> <1 —« (k—2> +CN,s/€N,3,g7’8> (/B;f yl 2 |VW|2 dz

-2
+N S /S+ y1—2sW2ds> . (44)

2r

Proof. The claim follows from Proposition 3.7, (3) and (40). O

4. Approximated problems and a Pohozaev-type Identity

In order to obtain a Pohozaev type identity for a weak solution of (20), we approximate
it with a family of solutions to more regular problems. Then we obtain a Pohozaev-type
identity for such solutions and pass to the limit.

Let for any >0

_ - + q_os
H' o (BFy' )= {p e C=(B]): ¢=0on 5} " E >, (45)

Remark 4.1. Let rg be as in (43). By (44) and the Poincaré inequality, for any
re (O7 To),

W, oo = g2 (VWP - SoW? ) de—en. | gTr(W)?da |
S B EdJe "Bl
defines a norm on Hé ot (B;F,y*72%) equivalent to (13). Furthermore

= / y”s(wwﬁ—%W?) dz — cn s / g Te(W)?2 dx
2 et 2 5!

+ / y1—28w2 dZ)
S+

T

[N

NI

defines a norm on H'(B;", y1=2¢) equivalent to (13).

_ Theorem 4.2. Let U be a weak solutions of (20), and ry as in (43). Then there exists
A > 0 such that for any A € (0, \) the problem:

—div(y!=2VV) = ylf?Slgﬂll%ﬁV, n B;E,
V=U, on Sj‘07
—lim, o+ yl_Q""%—‘y/ =cnsgTe(V), on B;O,
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where cy,s > 0 is as in Theorem 2.7, admits a weak solution Uy € Hl(B,,O,y1 28), d.e.:
/ y'THEVU, - VIV dz — / yl—ZsinAW dz = / g Tr(V) Tr(W) du,
B B, |2} + Bl
(46)

for any W € H! S+ (Bro’ y'72%), and Uy = U on S;”‘O. Furthermore,

Uy — Ustrongly in H (B,,O,y1 ) as A — 0T,

(B y' =)

Proof. Let us consider the map @ : R x Hé,sj(B:’yl_zs) (Hé st

defined as

DN, V)W) ;:/ y' "BV VW dz —/ y1_2527VWdz

B B [} +
70 70
a
—CN,s g Tr(V) Te(W) dx +/ y' s < - ) UW dz,
/B;,O ) B, z[f + 2% |2[f

for any W € H1 (Bro,y1 2s). It is clear that ® is well defined and that ® is contin-

uous in (0,0) in view of Holder’s inequality, Proposition 3.7, (3), and (40). Furthermore
®(0,0) = 0.

Let us prove that ®y(0,0) € L(H* 057, (Bro’ yt=2%), (Hé st

phism, where ®y is the partial derlvatlve with respect to V of ®. For any Wy, Wy €

Hé S+ (Brovyl 28):

(BTO’ y172%)*) is an isomor-

(Hly 74:0 (Bj()’yliZS))* <(I)V(07 O)(Wl)7 W2>Hé75‘j0 (BTO’y

1— 25) = (W17W2)g,a,k,0 .

Hence, by Remark 4.1, @y (0, 0) is the Rietz isomorphism associated to the norm [|-[|, , 4 o-
We are now in position to apply the Implicit Function Theorem to @ in the point (0, 0)
and conclude that there exist A > 0, p >0 and a function:

f1(=X\A) = B,(0), (47)

continuous in 0, such that ®(\,V) = 0 if and only if V = f(\) for any A € (=X, )
and V € B,(0). The set B,(0) in (47) is defined as B,(0) = {V € H1 (BTan —2s)
||V||H1(B;'_O,y1_28) < p}

It follows that Uy := U — f(\) solves (46) for any A € (0,)) since U is a solution of
(33). Furthermore, Uy — U strongly in Hl(B;B,yl_Qs) as A — 0% since f is continuous
in 0 and f(0) = 0. O

Remark 4.3. Let U, be a solution of (46). Then, reasoning in the same way
of Proposition 3.3, we can prove that for a.e. r € (0,79), a.e. p € (0,7) and any
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WeHY(BF\Bf,y' ™)

/B+\B+ yl—Qs <VU)\ -VW — |2—|—)\2U/\W) dz
r P

= 1/ y1_2SVU)\ .2 W dS — 7\/ y1_2SVU)\ .2 W dS
T Jst PJsk
+CN,S/ g Tr(Uy) Te(W) de. (48)
BJ\Bj,

Z

Let v be the outer normal vector to B on S, that is v(2) = .

Proposition 4.4. For any A € (0,\), let Uy be a solution of (46). Then for a.e.

r € (0,70)
r 1-2s 2 g 1-2s 2
2/Sr+y |[VU,|? dS T/Sjy VU, -v|*dS
2 [ (gt V) TH(U) P s — 2 / ol TH(UN) P dS
2 Bj. 2 /
N —2s 1—92 9 / 1o
7 /Bjy |[VU,|? dz + Bjy P+ )\2U,\VU>\ zdz. (49)

Proof. We proceed in the spirit of [19, Proposition 2.3], since (|z|? + \?)7'U, €
L2(Bf,y'=%%) and g € W,">°(\ {0}). Then by [19, Theorem 2.1, Proposition 3.6] and

loc

the proof of [19, Proposition 2.2], for any r € (0,7¢) and p € (0,r),

95 OU

Em € H'(BS\BS,y*™"),  (50)

V.Ux € H'(BF\ Bf,y' ™), and y'~
Tr(Ux) € H'¥(B/\ B)), and Tr(V,U,) = VTr(Uy),
VU, -z € HY B\ Bf %), and Te(VUy - 2) = Tre(VUy) -, (51)

where H1$(BL.\ By):={we HY(B.\ By): (%Ui € W*2(BL.\ Bj)for any i =1,...,N}.
We also have, in view of (46), the following identity:

div(y' =2 |VUx|*2 — 2y* 725V U, - 2VU)) = (N —25)|VU,|? +2 U\VU,y -z, (52)

| | + A7
in a distributional sense in B;f \ Bf. Furthermore, thanks to (50),

. —2s L9 _os

div(y' " VU,-2VU,) = —y' 2 mmvm-wyl 25VUAV(VUN-2) € LNB\BY),
k

(53)
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and so by (52):
div(y'~**|VU,[*z) € L' (B} \ B).
Let, for any § € (0,7r),
B:(; ={(z,y) €Bf:y>6§} and S’::[; ={(z,y) €S :y>6} (54)

Integrating by part on B \ B we obtain, for any ¢ € (0, p),

/ div(y' = |VU,|*2) dz = T/ y T2 |VUL P dS — p/ y' T2 |VUL2 dS
Bjé\B;ré st

6 5;5
—§27% |VU*(z,6) dz.  (55)
B/\/W\B/\/ﬁ
r<— p 75

We claim that there exists a sequence §,, — 07 such that:

lim 52—28/ |VU,*(z,6) dz = 0, (56)
B/

n—oo

r2—62 252

p

arguing by contradiction. If the claim does not hold than there exist a constant C' >0
and &g € (0, p) such that B]. x (0,d) C BTJ.B and:

§im2s |VUA?(z,6) do >
B/ \B’/

Vr2-s2 p2—52

%, for any § € (0, o). (57)

Then integrating (57) over (0,dp) we obtain:

5 % ¢
/ 51725/ VU (2,6)dz | d§ > / —dé = +o0,
0 Bl o 0

which is a contradiction in view of the Fubini-Tonelli Theorem. Then we can pass to the
limit as 6 = ¢,, in (55) and conclude that, thanks to the Dominate Convergence Theorem
and the Monotone Convergence Theorem,

/ div(y' =2 |VU|?2) dz = 7'/ y1_25|VU,\\2dS—p/ Yy m2IVUL 2 dS, (58)
BB st sy

for a.e € (0,rp) and a.e. p € (0,7). Testing (48) with VU - z we obtain, in view of (53)
and Remark 4.3,
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/B - div(y' ~2*VU, - 2VU,) dz
T \Cp

1-2s 1-2s o
= Y VU, -V(VU, -z dz—/ Y U\VU, - zdz
/B;\B; ( ) BB} [ + A2
1 1
= —/ y' T2|VU, - 2|2 dS — 7/ y' 72|VU, - 2|2 dS
T Jst pJsy
+engs / gTr(Uy) V, Te(Uy) - x dx. (59)
BJ\Bj,

We note that g Tr(Uy )%z € Wh(B;.\ B),,RY) by (3) and (51) hence integrating by part
we obtain

1
/ g Tr(UA\)V, Te(Uy) - xdx = ff/ (Ng+ - Vg) Tr(Uy)?* dz
BJ\B), 2 Jj\B),

+g/ g|Tr(UA)\2dS’fB/ g Te(Uy)|2dS". (60)
s, 2 /sy,

Arguing as in the proof of (56), we see that there exists a sequence p, — 0% such that:

2

VU, - 2| ds

||

— lim p, / gl T(U)[2dS’ = 0.
!

n—oo
SPn

lim pn/ y' T2 |VU?dS = lim pn/ yto2
S+ n—o0 S+

n—00
Pn pn

Then by the Dominated Convergence Theorem, we can pass to the limit as p = p,, and
n — oo in (58), (59), (60) and conclude that (49) holds in view of (52). O

Proposition 4.5. Let U be a solution of (21). Then, for a.e. r € (0,79)

r 1-2s 2 & 0 1-2s 2
- Y vU —U)dS—r/ Y VU -v|*dS
2 /sr+ <| | |7 g | |

+55 [ Vgra VoI TP do - o [ g ) as’
2 B{« 2 S{”

:N‘Qs/ 28 <|VU|2 - aU2) dz. (61)
B

2 ks

Proof. Let r € (0,7r9) and B:(;, S:(; be as in (54) for any § € (0,7). Then, by (1),

div <y1_25 ¢ Uf z)

[lf + A2
2
(0 U e (N 4226022 2l U2>
/ <|ﬂz+A2* A PR R RS G

(62)
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and y1725‘ |2+)\2 Uizewh 1(B+ RN*1). Integrating (62) by part in B s We obtain

1-2s d 2— 25/
T/S+ ) | ‘2+>\2U)\ S —0 o |x|2+A2U)\($ 5)
r,0 /2

ré—§

_92g (0%
0

04|17|k 2
‘2<|x|z+A2>2UA> de

We claim that there exists a sequence 6,, — 01 as n — oo such that:

lim 6272 /B / W U/\(m 6p)dx =0, (64)

n—oo

7"275%

arguing by contradiction. If (64) does not hold, then there exists a constant C' >0 and

do € (0,7) such that (0,00) x B, C By, and

1-2s o 9

re—

for any 6 € (0, dp). Integrating over (0,dp) we obtain:

6051*28 Y U228 dx | db > 600d5
+oo>/0 /B/ \x|2+)\2 A(9: ) dx _/O 5 49,

a contradiction in view of the Fubini-Tonelli Theorem. Passing to the limit for § = §,, as
n — oo in (63) we conclude that

1-2s 1—2s
s Y _U\VU,-2d s Y 248
/B+y e a2 AT 2/s¢y 27 + 2

T

1 1—2 Q 2
— SIT(N+2—-28)—U
2/3,#’ (( 22 e
04|=’E|% 2
—2—————F___ [ dz. 65
RS A (65)

Now we pass to the limit as A — 07, eventually along a suitable sequence A\, — 0%,
in each term of (49) taking into account (65). We recall that, by Theorem 4.2, Uy — U
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strongly in H*(B;\,y'=2%) for any 7 € (0,70]. It is clear that for any r € (0,70):

lim 1‘2SVU,\2dz:/ =251y |2 dz.
S Y VU ot VU

Furthermore, there exists a sequence A, — 0 as n — oo and G € LQ(B%,y1_28|m|,:2)
such that:

a alz)?
N42-29)—2 p2 —o Pk
Wt2-2)p Rl

«
+
WU)\ | |2U—>0 for a.e. ZEBT()’

Uz, | < |G|, forae. z¢€ B;Band any n € N.

Uf\n — (N —2s)—= U2, for a.e. z € B}

&l o

(66)

Then by the Dominated Convergence Theorem, we conclude that for any r € (0,7g)

alz[} 2
U)\n —QWUkn dz

(N 1-2s @ 772
= (N 25)/Br+y |x|2U dz,

lim yt=2s ((N +2—2s)

n—o00 B;'_

|z \k+/\2

and
I el S ;- N ) — 67
e A S P o7
By (3), (42), (40) and Proposition 3.1:
lim INg + Vg -z|| Tr(Uy) — Tr(U)|? dz = 0, (68)
A—0T Bl

hence, for any r € (0,79),

lim (Ng+x~Vg)|Tr(U,\)|2dw:/ (Ng+ Vg - 2)| Tr(U)? da.
Bl B!

A—0T r

By Fatou’s Lemma and the Coarea Formula,

0
/ liminf/ 1=25\vU, — VU|?dS | dr < hmmf/ y'=2|VU, — VU|*dS = 0,
0 A—0T sj‘ A—0T B;JE)

and so

liminf/ y1’25|VUA|2dS:/ y' 72| VU|* dS,
S .

A—0t s
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for a.e. r € (0,7¢). Similarly, for a.e. r € (0,79):

hminf/ y1‘25|VU,\-V|2dS:/ y' "2¥|VU - v|* dS,
A—0t Sj S;L

and, by (68) and Fatou’s Lemma,

lim inf g|Tr(U,\)|2d’S:/ g| Tr(U)[*dS’.
A—0T s.. s!.

Furthermore passing to the limit for A = A, as n — oo and A, is as in (66), we obtain:

1i 1-2s @ U2 dS — 1—25&0—2 ds
e Jor ' REAR T T gt W
for a.e. r € (0,79), thanks to Fatou’s Lemma and (67). In conclusion (61) holds. O

5. The monotonicity formula

Let U be a non-trivial solution of (21), let ro be as in (43). For any r € (0,7¢] we define
the height and energy functions respectively as:

. 1 1-2s772

r

1 s o
D(r) := P (/+ yt=2 (|VU|2 - 1:|2U2> dz — cN,S// 9| Tr(U)Qdac> . (70)
Bj k Bl

The proof of the next Proposition is very similar to [11, Lemma 3.1] and we omit it.
We also recall that v is the outer normal vector to B;" on S, that is v(z) = ﬁ

Proposition 5.1. We have that H € V[/ﬁ)cl(((), ro]) and:

! _ 2 172587U _ 2
H'(r)= o st Yy £y UdS = TD(’/‘), (71)

in a distributional sense and for a.e. v € (0,r9).
Proposition 5.2. Let H be as in (69). Then H(r) > 0 for any r € (0,70].

Proof. Assume by contradiction that there exists r € (0,rg] such that H(r) = 0.
From (33) and Remark 4.1 we deduce that U = 0 on B; . Let ¥j be as in (39). The
function U is a solution of an elliptic equation with bounded coefficients away from >
and RY x {0}. Then the claim follows from classical unique continuation principles, see
for example [34]. O
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Proposition 5.3. The function D defined in (70) belongs to W2 ((0,70]) and:

roN 2
Di(r) = §m=s |7 ot

r

1
y1725|VU . 1/|2 ds — CN,s/ (Sg + §x . Vg) |TI‘(U)|2 d:c) ,
By

(72)
in a distributional sense and for a.e. r € (0,r9).

Proof. By the Coarea Formula

D'(r) = (25 — N)p~ Nt2s—1 (/B+ yt=2s (|VU2 - aU2> dz —cn s /B/ gl Te(U)|? dx)

&l

v (e (P - S0t ) as eva [ gl @R as' ),
st Edps St

and so (72) follows from (61). Furthermore D € W' ((0,7]) by (72), (70) and the Coarea

loc
Formula. ]

Let us define, for any 7 € (0, 7], the frequency function N as:

N(r) = ) (73)
In view of Proposition 5.2 the definition of A is well-posed.
Proposition 5.4. We have that N € Wli’cl(((),ro]) and for any r € (0,70]:
Ny s - o 25 (74)
Furthermore,
N'(r) = v (r) + va(r), (75)

in a distributional sense and for a.e. 7 € (0,79), where

(g 0708) (1 -2 27 05) - (103 05))

(fsj yl—zsUz ds)g

vi(r) =

)

and

fB; (259 +x-Vg)| Tr(U)|? do
fS+ y1—25U2 ds

vo(T) = —cn s
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Finally,
vi(r) >0, for anyr € (0,ro]. (77)

Proof. Since 1/H,D € W)((0,r]) it follows that A" € W,>'((0,70]). We can deduce

loc loc
(74) directly from (44) and (73).
Furthermore by (71):

iN'(T) _ D'(r)H(r) = D(r)H'(r) _ D'(r)H(r) — 5(H'(r))?
dr H3(r) H2(r) ’

and so (75) follows from (69), (70) and (72). Finally (77) is a consequence of the Cauchy-
Schwartz inequality in L?(S;",y'~2%) between the vectors U and ‘g—g. O

Proposition 5.5. There exists a constant C>0 such that:

N —2s
2

lva(r)] < Cr—1te (/\/(r) + ) ,  for any r € (0,79]. (78)

Proof. The claim follows from (3), (42), (44) and (76). O

Proposition 5.6. There exists a constant C; > 0 such that:
N(r) < Ci, for anyr € (0,70]. (79)

Proof. Thanks to Proposition 5.4, for a.e. r € (0,79):

<N+ N;28)/(T) > vy(r) > —Cr e (/\/(r) N N;2S) |

Hence an integration over (r,rg) yields:

N(r) < 7N;25 + (N(r0)+ N_25>egﬁ3

for any r € (0,r9). O

Proposition 5.7. The limit,

v:= lim N(r), (80)
r—0+

exists and it is finite.
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Proof. Since N € W21 ((0,70]) by Proposition 5.4, for any r € (0,7):

N(r)=N(rg) — /TO N (r)dr = N(rg) — /TO vi(r)dr — /TO va(r) dr. (81)

Since vy > 0 by (77) and vy € L(0,7¢) by (78) and (79), we can pass to the limit as
r — 0 in (81) and conclude that the limit (80) exists. From (74) and (79) it is finite. [J

The proofs of the Proposition 5.8 and 5.9 are standard and we omit them, see for
example [11, Lemma 3.7, Lemma 4.6], [15, Lemma 5.6, Lemma 6.4] or [16, Lemma 5.9,
Lemma 6.6].

Proposition 5.8. Let v be as in (80). Then there ezists a constant K >0 such that:
H(r) < Kr®?,  for any r € (0,7). (82)
Furthermore for any o >0 there exist a constant K, such that:
H(r) > K, for any r € (0,70). (83)
Proposition 5.9. Let vy be as in (80). Then there exists the limit:

lim »=2YH(r), (84)

r—0t

and it is finite.

6. The blow-up analysis

Let U be a non-trivial solution of (21) and let r¢ be as in (43). For any A € (0, o] let,

VAz) = . (85)

By a change of variables, it is clear that V> weakly solves:

—diV(yl_stv)\) _ yl—ZSﬁvk7 in B::)//V
e
. — 925 A s
—hmy_er yl 2 %Ly = CN,s)\2 g(A) Tr(VA), on BLO//\’

in the sense that:

/ yl_gsVV)‘-VWdz—/ Y VAW de
B

4 2
ro/A B;O//\ |$|k
= cN’s)\ZS / N g(\) Tr(VA) Tr(W) dzx,
B
ro/A
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for any W € Hls+ (BF

/3 Y y172%) (see (45)). Furthermore by (69) and a change of
o/

variables:
/ G}fo|V)‘(9)|2dS =1, for any X € (0, ro]. (86)
s+

Since the frequency function A is bounded on [0, 7] (see (74) and (79)) we can prove
the following proposition.

Proposition 6.1. The family of functions {VA})\G(O,TO] is bounded in H'(B,y'=2°).
Proof. For any A € (0,r), thanks to (44), (85) and a change of variables,

)\QS—N
N = / 1‘28(VU2—U2)d— / Tr(U)|* d

2 .
2 N\2s—N N —2s
>(1= _c N ot | e 1-2s 24, —
> ( a(k_2> + en sk, ,97"0) O (/B;\ry |VU|* dz 5
2\’ o N —2s
= (1 e <k—2> + CN,sk'N,s,gT8> (/Bi"‘ yl 2 |VV)\‘2 dZ) — 9 .

Hence the claim follows from (79), (86) and (40). O

Now we establish the following doubling property.

Proposition 6.2. There exists a constant C3 > 0 such that:

1
G- HN) < H(RN) < GRHN), (87)
3
/ yl 29|V)\ dz < C 2N+2 29/ y1—2s|VR)\|2 dZ, (88)
B B
R 1
/ yl 2s|VV)\ dz < Cj 2N 25/ y1_28|VVR)\‘ dz, (89)
B Bt

1
for any A € (0,r9) and any R € [1,2].
Proof. By (71), (74), and (79):

N—-2s H'(r) 2N(r) 2,
— < = < — .e. .
. G = for a.e. r € (0,r9)

An integration over (A, R\) with R € (1, 2] yields:

RQS—N < H(R)\)

< 2C
- H(\) s B,
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thus (87) holds for R € (1,2] while if R=1 it is obvious.
Furthermore for any A € (0,7), by (87) and a change of variables,

Lo N2 —N—-2+42s 1o 5 —N—-242s Lo )
NIV Az = ———— U dz < O3————— —=|U|*d
/B+ Y ‘ ‘ : H (/\) /BEA Y | ‘ e H ()‘R) /BE/\ Y ‘ | :

R
_ C3RN+2—23/
+

y1—25|v>\R|2 dz S 032N+2—2s / . y1—23|v)\R|2 dZ,
B
1

By

for any R € [1,2]. Hence, we have proved (88) and (89) follows from (87) in the same
way. O

In view of the Coarea Formula, there exists a subset M C (0, rg) of Lebesgue measure
0 such that |VU| € L?(S;",y'=2%) and (33) holds for any r € (0,79) \ M.

Proposition 6.3. There exist M>0 and Ao > 0 such that for any A € (0, \o) there
exists Ry € [1,2] such that ByX € M, and

I,

Yy T2EIVVA2dS < M/+ y T2 (VYA 4+ [VA?) de. (90)
R Br,

Proof. By Proposition 6.1 {V>‘}Ae (0 m) is bounded in H'(B3,y*~2%). Hence
"2

limsup/ y T2 (VYA 4+ [VA?) dz < o0 (91)
A—0t BSF

Let, for any A € (0, ),
ﬁua:i/+yk%avvﬂl+wﬂ%dz
B
R

The function f is absolutely continuous on [1,2] and, thanks to the Coarea Formula,
its distributional derivative is given by:

fA(R) = /+ yIBE(VVAPRE 4+ |[VA?)dS  for ae. Re(l,2].
S
R

We argue by contradiction supposing that for any M >0 there exists A, — 07 such
that:

[ B0V W Ryds > 0 [yt v g VR,
Sk B

for any n € N and any R € [1,2]\ ﬁ/\/l, hence for a.e. R € [1,2]. Therefore,

fa, (R) > Mfy,(R), forae. Re[l,2]and any n € N.
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An integration over [1,2] yields fy,, (2) > e fy,, (1) for any n € N. Hence

liminf fy,, (1) < limsup fy,, (1) < e M limsup £y, (2),

n—00 n—00 n—00

and so

liminf £ (1) < e limsup f,(2),
A—=0t A—=0F

for any M >0. It follows that liminf, ,,+ f3(1) = 0 by (91). We conclude that there
exists a sequence A, — 07 as n — oo and V € HY (B, y'~2%) such that:

lim y (VYA 4 VAR 2) dz = 0,
n— oo Bi‘r

and V), — V weakly in Hl(Bfr,yl_%)7 taking into account Proposition 6.1. By
Proposition 3.1, (86) and the lower semicontinuity of norms, we obtain,

/+ y172s(|vv|2 + |V|2) dz=0 and / allvflsv2 ds = 1,
B{ st

which is a contradiction. O

Proposition 6.4. Let Ry be as in Proposition 6.3. Then there exists a constant M > 0
such that:

1-2s RAM20G < U : To
/S+ 0L 2 VVEAN24S <M for any A € (O,mln{)\o, . }) . (92)

Proof. By a change of variables, the fact that Ry € [1,2] and (85):

_ _ H(\) 9
91 2s VVRAA QdS =R N+1+2s / 1—2s vv)\ 2dS
\/S"‘ N+1‘ | A H(R)\)\) SE Yy | |
< 203M/ y B (VVAR + (VA2 dz
BT
R
S 2N+3_2SC§M/+ y1_2s(‘VVR/\>\|2 + |VR>\A|2) dz S M < +OO,
B
1
for some M > 0, in view of Proposition 6.1, (87), (88), (89), and (90). O

Proposition 6.5. Let U be a non-trivial solution of (21) and v be as in (80). Then
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(i) there exists n € N\ {0} such that:

N —2s N —25\2
v=— 2 +\/< 2 > +7a,k,n7 (93)

where Yo kn 15 an eigenvalue of problem (22),

(ii) for any sequence A\, — 0% as p — oo there exists a subsequence Apg = 0" asq — oo
and a eigenfunction Z of problem (22), corresponding to the eigenvalue Yo i n, such
that || Z 1-2s, = 1 and

H ||L2(S+’9N+f)

U(quz)
H()‘pq)

z

— |z|WZ<

| |) strongly in H* (B, y' %) as ¢ — oc.
z

Proof. Let V* be as in (85) and R, as in Proposition 6.3. The family
{VRA)‘})\e (O’min{)\o’%o}) is bounded in H'(Bij",y'~2%), thanks to Proposition 6.1. Let

Ap = 0% as p — oo. Then there exists a subsequence \,, — 0% as ¢ — oo and

Ry A
V e HY(Bf,y" %) such that V' *¢"" ~ V weakly in H'(Bf,y'"2%) as ¢ — oc.
By Proposition 3.1 the trace operator Tr o+ 18 compact and so
1

[ onzweas =1 (94)
s+

in view of (86). Hence V is non-trivial. We claim that:

Ry A
V' Aea P Ly strongly in HY(B;, ytT2%)as ¢ — oo. (95)
. + + . .
For ¢ sufficiently large B;” C BTO/(Rqu Apg) and since Rqu Apg & M, where M is as

in Proposition 6.3, we have that

/ el AVATRRT LIRS v e vl P T P P
By |z[%

R A
OV APa P Ry, A
= ‘/VS+ G}foT st"i_chS(R/\pq)\pq)Qs /B/ Q(Rqu/\pq') Tr(V' a9 To(W) d,
1
(96)

for any W € H' (B, y'~2%), thanks to (33) and a change of variables. We will pass to
the limit as ¢ — oo in (96). To this end we observe that, for any W € H'(B;", y1~2),

/\2s—N
=T /B 940 T )@ TV )0z} d

a2 / GO TV T(W) de
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oy TN / 1_25|VU|2dz—/ 12 %1712 gz
= e H(\) B+y B+y [y
A A
1
N —2s 2

1-25)77/2
) /sj\ry |U|*dS

X

/ y1’25|VW()\~)|2dz—/ g2 L w2 dz
BY B

|z}
3
N—2s 1-2 2
SITW ()2 dS
s [ )
A
3
N -2
:kN,&g)\s/ y1725|VV/\|2dz—/ y1725%|V)‘|2dz+ S
B B s 2
1
N -2
></ y1_25|VW|2dz—/ y1_2S%W2dz+78/ 612\ W|2 dS
By B s 2 s+

by a change of variables, the Holder inequality, (3), (42), (85) and (86). We conclude
that:

=0, (97)

lim
A—0T

/\23/ gO\) Te(VA) Te(W) da
By

by Proposition 6.1 and (40). Thanks to (92), there exists a function f € L? (S"‘,@}{ff)
such that:

R A
av )\pq Pq

5 — f weakly in L*(ST, Hllv__ff)as q — 00, (98)

up to a subsequence. Hence,

R A
oV )‘Pq Pq
li 01_257Wd5:/ 0L-25 fW dS
qi{lolo 4 N o o+ NS

for any W € HY(B;",y*~2%). Furthermore,

a0 [

lim [yt <VVRAP<1 Ma gy - Ly g e W) dz
B+
1

:/+y1*28 (VV~VW aVW) dz
B

1 P
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by Remark 4.1. It follows that:

/+ y' 2 (vv VW - O‘VW) dz = / o5 2 fW dS,
B st

; ol

for any W € HY(B{",y'72%), that is V is a weak solution of the problem:
div(y'=2°VV) = ﬁ‘/z in B,
—lim, o+ yl_zs‘g—‘y/ =0, on Bj.

Ry X
Furthermore testing (96) with V' a9

2 2
lim yl—2s <‘VVR)‘P<1/\”‘7‘ a ‘VRAPq)‘pq‘ > dz

T2
1o Jpf |z[%
R A
. L, OV e P Ry a
= lim | Oy F——F——V P45 = [ 0% fWds,
g—oo Jot ov s+

thanks to (98) and the compactness of the trace operator Trg+, see Proposition 3.1.
Hence from Remark 4.1 and (86) we deduce (95). Let for any r € (0, 1]

1 _ Ry A « Ry A
Dy(r) = N—2s (/ y! TP [VV e pq|2 - —|V P pq|2 dz
r Bt |z[}

R A
—CN7S(R>\pq)\pq)25 /B/ g(Rqu/\pq~)|Tr(V Apq pq)|2dm),

T
and

1

Hy(r) = FN+1-2s

R A
/S+ y1—23|V )qu PQ|2 ds.

T

For any r € (0,1] we also define:

1 —2s o}
Dutr) = g [y (IVVE = V) s

ks
and
_ 1 1-2s 2

T

Thanks to a scaling argument it is easy to see that:

_ Dy(r) DBy Apgr)
Nalr) = 0 = H(Rag Aggr) " Wwgtear): - for any r € (0.1]
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By (95), (97) and Remark 4.1, it follows that:
Hy(r) = Hy(r) and Dgy(r) — Dy (r), asq— oo,for any r € (0,1].

Furthermore Hy (r) > 0 for any r € (0,1] by Proposition 5.2 in the case g = 0 and
Q = Bj. In particular the function:

Dy (r)

N:(0,1] =R, Ny(r):= o)’

is well defined and Ny € Wllocl(((), 1]) by Proposition 5.4 in the case ¢ = 0 and Q2 = Bj.
In view of (100), (80):

Ny (r) = lim N(Ry, Apgr) =~ for any r € (0,1]. (101)

q—o0
Hence Ny (r) is constant in [0, 1] and so:
N{ (r) =0, for any r € (0,1].

By Proposition 5.4 it follows that:

1-2sy/,2 1-2s ? 1 2s av
Ly Vs LY as | | [ 'V ds :o,
Sy Sy Sy

for a.e. r € (0, 1), that is, equality holds in the Cauchy-Schwartz inequality for the vectors
V and 2% in L2(S;, y'=2°) for a.e. r € (0, 1).
Therefore, there exists a function 7(r) defined a.e. in (0,1) such that:

ov

ov

ov

3 —(r0) =n(r)V(rf), forae.r € (0,1)and a.e. § € ST.
v

Multiplying by V(rf) and integrating over ST,

/ Q}foa rd)V(rf)dS = n(r / ONZTIV (10)|? dS, for ae. v € (0,1),
!
and so n(r) = 2111‘[1‘(/(8) = I for a.e. 7 € (0,1) by (71), (71) and (101). Since V is smooth
away from X by classical elliptic regularity theory (see (39)), an integration over (r,1)

yields:
V(re) =V (10) =r7Z(f), for anyr € (0,1] and a.e. § € ST, (102)

where Z = Vig+ and HZ”L?(SJF,O}ijf) =1 by (94). In view of [13, Lemma 1.1], (102) and

(99) the function Z is an eigenfunction of problem (22) and the correspondent eigenvalue
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Ya.kn satisfies the relationship v(N — 25+ ) = Yo, k.n, that is:

N —2s N — 252 N —2s N — 252
V=TT + 5 + Yo,k OF Y = — 5 5 + Ya,k,n

Since 7 Z(0) € HY (B}, y'~2*) by (102) then r*=222(0) € L' (B ,y*~2%) by (40) and
so we conclude that (93) must hold.

Consider now the sequence {V’\pq }qen. Up to a further subsequence, Ve sV weakly
in H'(B;,y'=2%) as ¢ — oo, for some V € H'(B;,y'~2*) and Ryp, — R, for some R €

Ry, A
[1,2] as ¢ — oo. The strong convergence of {V" *Pa""4 }gen to Vin HY(Bi, y*~2%) implies
Ry, A Ry A
that, up to a further subsequence, both V' g P4 and ‘VV Apg P4 ‘ are dominated a.e. by

a L?(Bi,y'~2%) function, uniformly with respect to ¢ € N. Up to a further subsequence,
we may also assume that the limit:

(= tim i) qu),
q—0 H()‘Pq)

exists, it is finite and strictly positive, taking into account (87). Then from the Dominated
Convergence Theorem and a change of variables we deduce that:

lim Yy VP (2)p(2) dz = lim RY T2 /B ) y' "BV (Ry,, 2)0(Ryy, 2) dz

q—o0 BIL q—00 Pq
/Ry,
R)\
p Pq R A
= lim RY*27% q B o+ (2)V 22 P9 ()¢ (Ry, 2)dz
Ap B Pq
q—00 q B+ 1/R)\p

_ BN /B . yl_z“"V(z)qf)(Rz) dz =i /B VPV R)6() dz
R 1

for any ¢ € C*®(B]). By density we conclude that V*P¢ — 0V (-/R) weakly in
L3(B;f,y'2%) as ¢ — oo. Since V4 — V weakly in H'(B;,y'"2%) as ¢ — oo we
conclude that V = vV (-/R) and so V¢ — \/fV(-/R) weakly in H'(B],y'~2%) as
q — oo. Furthermore

: 1-25 [T g ()2 Ao — i N+2-2s 1-2s |7 Apg 2
qlggo B+y |[VVPa(2)|° dz qlgroloR)\pq /B+ y VYR (R, 2)| dz
1 Ry,

H(R,\ )\p ) R A
_ 1. RN—QS Pq q / 1— VV /\pq Pq 2d
S BT [ ey, G (s

= RNy TRV P = /+y1_28|\/ZVV(~/R)|2dz7
B
1/R 1
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by the Dominated Convergence Theorem and a change of variables. Hence Ve
VAV (-/R) strongly in H* (B}, y'=2%) as ¢ — oc.

Thanks to (102), V' is a homogeneous function of degree v and so V = VIRV,

Moreover, since V*P¢ — V strongly in L2 (St, H}V_ff) as ¢ — oo by Proposition 3.1,

1= / ONIIV(9))2dS = VIR / ONEIV(9)2dS = VIR
st st

in view of (86) and (94). We conclude that V = V thus completing the proof. O
Now, we show that the limit (84) is strictly positive, by means of a Fourier analysis
with respect to the L(ST, Q}V_ff)—orthonormal basis { Za,kn nen {0} of eigenfunctions of

problem (22), see §3.1. To this end let us define for any k € {3,..., N}, a asin (1), and
n € N\ {0}:

oni(N) = / 042 U(M0) Zu i i(0) dS.  for amy A€ (0,70], i € 1., Mo, (103)
s+

see (37) for the definition of M, .., and
Thi(A) = cN’S/ gTr(U) Tr <Za,k,n,i (| : |>> dx, (104)
B/, ’
A

for any A € (0,70], @ € 1,..., My k. Thanks to Proposition 5.7 and Proposition 6.5
there exists ng € N'\ {0} such that:

N-2 N — 252
Y= lim N(T’) = — i +\/( S) +7{)¢,k,no- (105)

r—0t 2 2

For any i € {1,..., My k.n,} We need to compute the asymptotics of ¢, ;(A) as A —
’ R, 0>
0r.

Proposition 6.6. Let ng be as in (105). Then for any i € {1,..., Ma gy} and any
r € (0,ro]:

Prg,i(r) | yr N2

“Lrey, i(p)d
= +N_28+27/0 p ng.i(P)dp

Qpno,i ()‘) = )"Y<

N —2s+~

T
- =7 “N=l2s=yy (o) d AV Te A .
el 0i() p>+0< ) as A 0. (106)

Proof. Let n € Nand i € {1,...,Myxn} Let f € C(0,79). Then testing (21)
with the function |2|N 1725 f(|2]) Za.k.n.i(2/]2]) and passing in polar coordinates, by (35),
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we obtain:

N+1-2s ,

i) LB () = Gua(N) i (0,70),

—n (V)

n,i

in a distributional sense, where the distribution ¢, ; € D'(0,70) is define as:

D/(O,r0)<<"»i7f>’D(0,T0) = /0 ’ ){;(_)\2)3 (/S’ g()\-) TI(U)()\-) Tr (Za,k,n,i <||>> dSl) dA,

for any f € C°(0,7p). In particular ¢, ; belongs to Li,.((0,7¢]) by the Coarea FOT(I:Ill?lTi
and a change of variables. If T, ; is as in (104), a direct computation shows that:
1) = ANFI726, (0 in D(0,70),
hence
— (ANr1masrzon (A—“wm(A))’)' — A7) L(A) i D'(0, 7o), (108)
where

N -2 N —2s5)\2
0w = = S+\/< 5 ‘9) + Yoo (109)

From (108) and (107), we deduce that A — ANT1=25F20n (\=ongr (X)) belongs to
WLL((0,70]) hence an integration over (\,r) yields:

!

)\_Un@ni A _ _)\—N—l—i-?S—UnTni A
( (V) i(A)

AN 2s=20n (C’(r) +/ P71, () dp) , (110)
A

for any r € (0, 7], for some real number C(r) depending on r, v, k,n and . Since in view
of (110) A = A=, ;()\) belongs to W, ((0,7]), a further integration yields:

oc

Oni(A) = A7 (7‘””%,1-(7‘) + / p NTiF2smany, (p)dp
A

-l—an/ p~ N—it2s—2on (C(r)+/ ton i, (t) dt) dp)
A p

O.nc(,r),r—N+2s—20n
—N + 25 — 20,

- (r_a"%"n,i(r) + / p NIRRT i (p) dp +
A

—N+2s5—20n —N+2s5—20 T
_ nCOAT T S / oI, () di
—N +2s — 20, —N + 25— 20, Jy ’
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On " —N—1+42s—
T =Y, (p)d
+—N+2y—%nA[) (o) dp
— \n wmxﬂ_fMC“VNHS%ﬂ+‘N_2&+ml/WVW‘”%‘”T (p) dp
ron N —2s+ 20, N — 25420, Jy "
+0'n)\7N+2570n C( )_|_/Tt‘7"71'r (t)dt (111)
_— r n,i )
N —2s+ 20, A ’

for any A € (0, ro].
Let ng be as in (105) and i € {1,..., Mq ko }- By (105) and (109), v = o, and

T%(Z%hmi(')>’dx
. ]
1 1
2 . 2 2
S W R I Tr(za,k,n,i ()) dz
B’A B’A ||

o
< kN,s,gA_N_1+2s_7+€ / y1—23|VU|2 dz _/ y1—2$72U2 dz
B B [}

A~ N-142s—y |Tn0,i()‘)’ < cN’s/\fNA”S*V /B/ lg|| Tr(U)

[N

N —2s
2\ st

y1—2$U2 dz)

Lo @
x / y1*25|vza,k,n,i(z/lzl)\2dz*/ v Zagn (212D dz
gt BY s
N A
3
N — 2s _9s
+ / Y 2| Zokni(2/)2)) 1 dz
2 S:\f‘

3
N -2
= knsg A TTEVHQY / y1’25|VV)‘\2dz—/ R | L PR
B B s 2

[N

_9s Lo N —2s
X </+y1 ? IVZa,k,n,i(z/lzl)Fdz—/ Y T | Za ki (2/)2]) P dz + 5 )
B

] By |zl;

< const A71Te

for any A € (0, rg], by Holder inequality, a change of variables, (3), (42), (82), (85), (86),
(104). Hence

|Tn07¢()\)| < const AN725H7FE for any A € (0, 7). (112)
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Now we show that for any r € (0, 7q]:
"1
c(r) +/O AT, (WA = 0. (113)

From (112) it is clear that [;® A='*7Y,, :(A)dA < +o00. We argue by contradiction.
Since 0y = v > —&=25 by (105) and (109), then from (111) we deduce that:

1Y AT C(r) + /Tt*HW (t)dt) asA— 07"
Png,i N — 25+ 27 r \ nQ,i
and so by (105):
70
/ ANZ=2510, 01 (V)P dA = +o0. (114)
0

On the other hand by Holder inequality, a change of variables, (103) and [13, Lemma
2.4]:

T0 0
/ AN 0,0 i (V)P dA < / AN 12 (/S ON T IUNO)? dS) dA
0 0

U?
= / y' T dz < 400,
B ks
70

which contradicts (114). It follows that:

T A
ANF2577 1O (r) +/ AT, (A )d)\‘ =\ N+2sy / AT, (A)dA
A 0
=O(\"), (115)
in view of (112). In conclusion (106) follows from (111), (113), and (115). O

Proposition 6.7. Let U be a non-trivial solution of (21) and v be as in (80). Then,

lim »~*H(r) > 0.
r—0+

Proof. From (103), since {Za kntnemn {0} is a orthonormal basis of L?(ST, 911\,121‘”), see
§3.1, we have that:

akn

H(\) = / 6L 2T () dS = Z > leni (116)

by (69) and a change of variables. We argue by contradiction supposing that:

lim A" H(\) = 0.
A—0t
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Let ng be as in (105). By (116) for any i € {1,..., Ma k.ng

lim A"2|¢,, i(N)]? = 0.
i A7 ()

By (106), for any i € {1,..., My kny} and any r € (0, 7]

Pnilr) | ar VT /T “14p
: T,..i(p)d
o TN ), P ng.i(P)dp
N —12s + /T —N—-142s—v
_ Y,.i(p)dp=0.
tN st ), ? i(p)dp
(117)
Hence by (106), (112) and (117):
N —2s+7v /A “N—142s—
ni(A) = =N ——— T2 i(p)dp + O(NTE) = O(ATH9),
Pn,i(A) N-2s529 ), ” i(p)dp+ ONTF) = O(N7TF)
as A — 0% for any i € {1,..., Mo kny}- In view of (69) and (85), it follows that:
\/H(/\)/ ONTVAZdS =0(N7¢) as A — 07,
s+
for any Z € V,,,, see (36). Then, in view of (83) with o = §,
/S+ 0L BV AZdS = O(A5) as A — 0%, (118)

for any Z € V,,;. On the other hand by Proposition 6.5 and Proposition 3.1, there exist
Zo € Vg with [ Zo]| 54 g1-2s, = 1 and a sequence \; — 07 as ¢ — oo such that:

V2 — 7, strongly in L*(ST, H}fo) as ¢ — 00. (119)

Since Zy € Vp,, from the Parseval identity, (118), and (119) we deduce that Zy = 0

which contradicts the fact that ||Zg 1-2¢, = 1. O
” ||L2(S+’9N+1S)

We are now in position to state and prove our main results which are a more precise
version of Theorem 2.9 and Theorem 2.11 respectively.

Theorem 6.8. Let U be a solution of (21) and suppose that g satisfies (3). Then there
exists n € N\ {0} such that:

2
v= lim N(r) = N + \/(N_2S> + Yo kn- (120)

r—0t 2 2

Furthermore, let Mo g n and {Zo kn,itic(1,.... M, .} beasin (37) and (38) respectively.
Then for any i € {0,....Mqkn} there exists p; € R such that (B1,...,8m,, ) #
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0,...,0) and
My kon
U(AZ) ~ ; 1 + ,1-2s +
SR El Z BiZa jim,i(2/|2])  strongly in H (By ,y Jas A — 07,  (121)
i=1
where
pni(r) | N2 / e
i= : Tnz d
’ m T N—ast2y )y ” ilp)dp
N—=2s4+~v (" _N_1i0s
m/g p~NTIEETIY, i(p) dp,  for any 1 € (0, 7], (122)

with o ; and Y, ; given by (103) and (104) respectively.

Proof. In view of (80) and Proposition 6.5 we know that (120) holds for some n €
N\ {0}. Furthermore for any sequence of strictly positive numbers A, — 0% as p — oo

there exist a subsequence \,, — 0" as ¢ — oo and real numbers 31, ..., Bm,, 4., such
that:
U(/\Z) Moz,k,n
SR |z|” Z BiZwkmi(z/|2]) strongly in H' (B, y'"*)as ¢ — cot, (123)
i=1

taking into account Proposition 6.5 and (38). We claim that for any ¢ € {1,..., My kn}
the number 3; does not depend neither on the sequence A\, — 07 nor on its subsequence
Apg — 0. In view of (38), (103), (123) and Proposition 3.1

lm A, Von j(Apg) = lim | O HN U (N, 0) Zakn, i (0) dS

g—oo P4 q—00 Js+

Moz,k,n

_ Bi gi-2s 7 A dS =,

= i N+1 %ok nifakn,j = Pjs
i=1 st

for any j € {1,..., Mg kn}. On the other hand for any r € (0, (]

) B e (’I") ,YT—N+2S—2'y r 1y
ol . — P .
qhm )\pq Pn,j ()‘Pq) 7 —+ 9% 27 ; P Tn,] (p)dp
N — 25+ Y

" —N—1+23—WT . d
7N725+27/0 P ng(p) dp,

by (106). Hence

ony(r) Nt
B =

rY N —2s+4 2y

/ p~ Y, 5 (p)dp
0
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N—=2s+79 [7 _N_it054
St =Y, () dp, 124
t e [0 5(p)dp (124)

for any j € {1,..., Mqa xn} and in particular 5, does not depend neither on the sequence
Ap — 07 nor on its subsequence Apg = 07. Then by (124) and the Urysohn Subsequence
Principle we conclude that (121) holds, thus completing the proof. (l

From Theorem 6.8, Proposition 2.6 and Remark 2.10, we can easily deduce the following
theorem.

Theorem 6.9. Let u be a solution of (12) and suppose that g satisfies (3). Let 7,
n € N\ {0}, Makn and {Zo kn,itie(1,... M v} be as in Theorem 6.8. Then

a) )

Makn
z) — |z|” Z Bi Tt (Zagem,i((-/] - ) (@) strongly in H*(B})as A — 07,

i=1

U(

where B; is as in (122) for anyi € {1, -+ , My kn}-

Proof of Corollary 2.12 and Corollary 2.13. We start by proving Corollary 2.12.
Let U be a solution of (21) such that (26) holds and assume by contradiction that U # 0
on Q x (0,00). Let v be as in Theorem 6.8. Then there exists a sequence A\, — 07 such
that:

lim A\, "U(X\gz) =0, foraeze Bf.

q—o0
On the other hand by Theorem 2.9 there exists an eigenfunction Z of (22) such that:

lim A, "U(Xgz) = |2]7Z(z2/]z]), for ae. z € BY,

q—00
up to a further subsequence, which is a contradiction. Arguing in the same way, we can

deduce Corollary 2.13 from Theorem 2.11, taking into account Remark 3.5. O

7. Computation of the first eigenvalue on a hemisphere
Proposition 7.1. Equation (24) holds for any k € {3,...,N}. If k= N then (25) holds.

Proof. Let Y, ;1 be the first eigenfunction of (5) defined in §2. In particular Y, x 1
is positive. By [17, Theorem 1.1] there exists an eigenfunction ¥ of problem (23),
corresponding to the first eigenvalue 7, % 1, such that:

AV CE) Pakiy, ) o o 2T (57 P () o)

strongly in H'(Bf) as A — 0T, since Y, x 1 is positive. Furthermore for any ¢ € C°(Q):

(H(Sl k(Q))*<LZ7kYa,k,lv¢)>Hg k(Q) = ( aLk 17¢) k(Q Ni,k,l/gya,k,l(bdxa
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in view of (8), that is Y, ;1 is weak solution of L} Yok = #5 1Yok in the sense
given by (12). Let U be the extension of Y, 1 provided by Theorem 2.7. Since Y, k1
is positive then |U| is the only solution to the minimisation problem (19) and so we
conclude that U is positive. Then, in view of by Theorem 6.8 and Theorem 6.9,

N—2s (N725)2+ N-—2s

_ N—2s5)2
A? z Takly, pa(Ax) > el 2 " (%7%) Tk B T (Z e ((-/])) (@),

(
(126)
strongly in H*(B}) as A — 0T. Putting together (125) and (126) we obtain:

N-25 (N2 :_ _ N-2 N—22+
2 9 Ya,k,1 = 2 2 Mok, 1

thus (24) follows from a direct computation. Finally, if £ = N, problem (23) reduces to:

—Ag¥ —a¥ =n¥ in§,
which admits —a as first eigenvalue, hence we have proved (25) in view of (24). 0
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Appendix 1. A proof of Proposition 2.2

In this section, we provide, for the sake of completeness, a detailed proof of Proposition
2.2 starting with a preliminary lemma. Let us consider, for any positive sequence {g, } nen,
the weighted ¢?(N)-space defined as:

62(N7 {qn}) = {{an}neN : anai < +oo}

endowed with the norm:

1
oo 2
HonHlzgsganyy = (Wi) |
n=0

Lemma A.1. Let (*(N,{q,}) and (*(N,{p,}) be weighted ¢*(N)-spaces. Then,
((N, {an}), (N, {pn}))s,2 = (N, {g,"p},}), (127)

with equivalent norms.

Proof. We follow the proof of [33, Lemma 23.1]. Let us consider a variant of the
standard K function defined as:

1
. 2
Ks(t,a) == b«ll»rclia { (||b||52(N7{qn}) + 12 ||C||§2(N,{pn})) 1b e (N, {gn}),c € (N, {Pn})} ,

for any ¢ > 0 and any sequence a € (*(N,{q, }) + (N, {p,}). If K(t,a) is the standard
K-function it is clear that Ky(t,a) < K(t,a) < v2Ks(t,a) for any t > 0 and any
sequence a € 2(N,{g,}) + (*(N, {p,}). It follows that we can use Ko to define a norm
on ((2(N,{gn}),*(N,{pn}))s,2 equivalent to the standard one.

We can compute Kj(a,t) explicitly. Indeed, fixed a € (?(N, {g,}) + ¢*(N, {p,}) and
t > 0, we can, for any n € N, minimise the value of b2¢q,, + t*(a, — b,)?p, as a function

https://doi.org/10.1017/50013091524000063 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091524000063

506 G. Siclari

of b,, choosing:

t*pn
= ———F—0Qp.
" qn + tzpn "
With this optimal choice it follows that:
en=n—by= — 4

and so we obtain:

> tzann 2
—Q

th,CLQ: .
() = 3 ol

Then by the Monotone Convergence Theorem and the change of variables t = 7, /2

/Kztat12sdt Z /wl%p”q"dt— /OO o
Qn+t2 0 1+72

Since for any s € (0,1):

] 7_1—25
/ dr < 400,
o 1+ 1+72

we conclude that (127) holds.

Proof of Proposition 2.2. Let us start by proving that for any k € {3,...,

a as in (1)

Hrlx,k(Q) = {U € LQ(Q) : Zﬂa,k,nvi < +OO} = H&(Q)v

n=1

with equivalent norms. If v € H}(Q) then, in view of Remark 2.1,

i < a k.n ) Yoz,k,n
n—1 VvV Mo k,n \/Ma,k,n7
and so by the Parseval’s identity, (6), (7) and Remark 2.1:

o0
+oo > [lull2 = Hakmud.

n=1
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On the other hand if u € Hi,k(Q) let, in view of (6),

J J
(j) L a,k,n Oz k.n
u = E u, E
— ( \/ﬂa,k,n) \//«Lakn tn akn

n=1 n=1

For any j € N\ {0} it is clear that «0) € H}(Q) and if j > i

ZU@ k, nu (130)

H () _un

It follows that {u?)},cn oy converges to u in H}(Q2) by Remark 2.1, and (130). In
conclusion u € H} (). From Remark 2.1 and (129) we deduce that the norms on Hg ()
and HY, , (Q) are equivalent.

For any s € (0, 1], since L?(Q2) and H, , (?) are isomorphic to £*(N) and £*(N, {u5, ;. })
respectively, from Lemma A.1 and (128) it follows that:

H3(Q), ifse(0,1)\ {3},

o () = (L2(), H 1 ()5 2 = (LX(Q), Hg(W)s2 = § T, :
Hyb"(Q), ifs=

1
2

with equivalent norms. The last equality is a classical interpolation result, see for example
[25]. O
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