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Moments and Tails

In this chapter, we look at the moments of a random variable. Specifically, we demonstrate
that moments capture useful information about the tail of a random variable while often be-
ing simpler to compute or at least bound. Several well-known inequalities quantify this intui-
tion. Although they are straightforward to derive, such inequalities are surprisingly powerful.
Through a range of applications, we illustrate the utility of controlling the tail of a random
variable, typically by allowing one to dismiss certain “bad events” as rare. We begin in
Section 2.1 by recalling the classical Markov and Chebyshev inequalities. Then we discuss
three of the most fundamental tools in discrete probability and probabilistic combinatorics.
In Sections 2.2 and 2.3, we derive the complementary first and second moment methods, and
give several standard applications, especially to threshold phenomena in random graphs and
percolation. In Section 2.4, we develop the Chernoff—Cramér method, which relies on the
moment-generating function and is the building block for a large class of tail bounds. Two
key applications in data science are briefly introduced: sparse recovery and empirical risk
minimization.

2.1 Background

We start with a few basic definitions and standard inequalities. See Appendix B for a re-
fresher on random variables and their expectation.

2.1.1 Definitions

Moments As a quick reminder, let X be a random variable with E|X|¥ < +oo for some
non-negative integer k. In that case we write X € L*. Recall that the quantities E[X*] and

E[(X —E X)*], which are well defined when X € L, are called, respectively, the kth moment

and kth central moment of X. The first moment and the second central moment are known vomENTS
as the mean and variance, the square root of which is the standard deviation. A random

variable is said to be centered if its mean is 0. Recall that for a non-negative random variable

X, the kth moment can be expressed as

+o00
E[X*] = / EX'"PIX > x] dx. (2.1.1)
0
The moment-generating function (or exponential moment) of X is the function MOMENT-
GENERATING
My(s) :=E [eSX] , FUNCTION
21
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defined for all s € R where it is finite, which includes at least s = 0. If My(s) is defined on
(—s0, o) for some sy > 0, then X has finite moments of all orders, for any & € Z,
dk

aM,((s) =E [X*e"], (2.1.2)

and the following expansion holds

k
s
My(s) =) HEIX'L sl < s
k>0
The moment-generating function plays nicely with sums of independent random variables.
Specifically, if X; and X, are independent random variables with My, and My, defined over
a joint interval (—sy, S¢), then for s in that interval,

My, 1x,(s) = E [¢9]
— ]E [esX| est]
=E[e] E[e™]
= My, (s)Myx,(s), (2.1.3)

where we used independence in the third equality.
One more piece of notation: if 4 is an event and X € L', then we use the shorthand

ELX;A] = E[X1,].

TATI Tails We refer to a probability of the form P[.X > x] as an upper tail (or right tail) prob-
ability. Typically, x is (much) greater than the mean or median of X. Similarly, we refer to
P[X < x] as a lower tail (or left tail) probability. Our general goal in this chapter is to bound
tail probabilities using moments and moment-generating functions.

Tail bounds arise naturally in many contexts, as events of interest can often be framed
in terms of a random variable being unusually large or small. Such probabilities are often
hard to compute directly however. As we will see in this chapter, moments offer an effective
means to control tail probabilities for two main reasons: (i) moments contain information
about the tails of a random variable, as (2.1.1) makes explicit for instance; and (ii) they are
typically easier to compute — or, at least, to approximate.

As we will see, tail bounds are also useful to study the maximum of a collection of random
variables.

2.1.2 Basic Inequalities

Markov’s inequality Our first bound on the tail of a random variable is Markov s inequality.
In words, for a non-negative random variable, the heavier the tail, the larger the expectation.
This simple inequality is in fact a key ingredient in more sophisticated tail bounds, as we
will see.

MARKOV’S Theorem 2.1.1 (Markov’s inequality). Let X be a non-negative random variable. Then, for
INEQUALITY  all b > 0,

EX
PX > 0] < —~. (2.1.4)
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x/b

1 » b}

b

Figure 2.1 Proof of Markov’s inequality: taking expectations of the two functions
depicted in the figure yields the inequality.

Proof

EX > E[X;X > b] > E[b;X > b] = bP[X > b]. [ ]
See Figure 2.1 for a proof by picture. Note that this inequality is non-trivial only when
b>EX.
Chebyshev’s inequality An application of Markov’s inequality (Theorem 2.1.1) to |[X —E X |?
gives a classical tail bound featuring the second moment of a random variable.

Theorem 2.1.2 (Chebyshev’s inequality). Let X be a random variable with EX? < +00. Cuppysiry's

Then, for all p > 0, INEQUALITY
Var[X
PIIX —EX| > B] < a;[z I (2.1.5)
Proof This follows immediately by applying (2.1.4) to |X — EX|*> with b = 2. [ ]

Of course, this bound is non-trivial only when B is larger than the standard deviation. Re-

sults of this type that quantify the probability of deviating from the mean are referred to

as concentration inequalities. Chebyshev’s inequality is perhaps the simplest instance — we CONCENTRATION
will derive many more. To bound the variance, the following standard formula is sometimes NEQUALITIES
useful:

Var {Zx} = Var[X;]+2 ) Cov[X, X, (2.1.6)
i=1 i=1 i<j

where we recall that the covariance of X; and X; is COVARIANCI
Cov[X;, Xj] := E[X:X;] — E[X] E[X;].

When X; and X; are independent, then Cov[X;, X;] = 0.

Example 2.1.3 Let X be a Gaussian random variable with mean p and variance 0%, that is, Gaussian

whose density is
(=)’
€xp (—? , x eR.

Jx(x) =

1
V2mo?
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/

¥

Figure 2.2 Comparison of the Markov and Chebyshev inequalities: the squared
deviation from the mean (solid) gives a better approximation of the indicator
function (dotted) close to the mean than the absolute deviation (dashed).

We write X ~ N(u,o?). A direct computation shows that E|.X —u| = aﬁ . Hence Markov’s

inequality gives
ElX — 2
POX — il > b] < o L 2.0
b T b

while Chebyshev’s inequality (Theorem 2.1.2) gives

P -l =01 = ()

Hence, for b large enough, Chebyshev’s inequality produces a stronger bound. See Figure 2.2
for some insight. <

UNIFORM Example 2.1.4 (Coupon collector’s problem). Let (X;);cn be i.i.d. uniform random variables
over [n], that is, that are equally likely to take any value in [n]. Let 7},; be the first time that i
elements of [r] have been picked, that is,

Tm-:inf{tz 1: |{X],,AX;}| :1}’

with 7, o := 0. We prove that the time it takes to pick all elements at least once — or “collect
COUPON each coupon” — has the following tail. For any ¢ > 0, we have as n — +o0:

COLLECTOR .
Claim 2.1.5

P T,,,,,—nX:j_1 >enlogn | — 0.

J=1

To prove this claim we note that the time elapsed between 7,,;_; and T}, ;, which we denote by
Ty := Tn; — Tpi—1, is geometric with success probability 1 — % And all t,,;s are independ-

cromeTric  ent. Recall that a geometric random variable Z with success probability p has probability
mass function P[Z = z] = (1 — p)*~!p for z € N and has mean 1/p and variance (1 — p)/p°.
So, the expectation and variance of 7,,, = Z?:l T, are

n . —1 n
E[T,.] =) <1 ! ; 1) =ny j ' =O(nlogn) (2.1.7)
Jj=1

i=1
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and

n - 1 -2 n —+00
VarT,,1 < Y (1 L - ) =Y <Y 7 = e (2.1.8)
j=1 j=1

i=1

So by Chebyshev’s inequality

~ Var[7},,]
P\ \T,, — > enl < _TLmnd
) n;j >enlogn| < Enlogn)?
n ;:ffz
(¢ nlogn)?
— 0,
by (2.1.7) and (2.1.8). <

A classical implication of Chebyshev’s inequality is (a version of) the law of large num-
bers. Recall that a sequence of random variables (X,),>; converges in probability to a random
variable X, denoted by X, —, X, if forall ¢ > 0,

lim P[|X, — X| > ¢] — 0.

n—+00

Theorem 2.1.6 (L> weak law of large numbers). Let X|, X, . .. be uncorrelated random vari- ncorrELATED
ables, that is, E[X;X;] = E[X;]E[X}] for i # j, with E[X;] = n < +00 and sup; Var[X;] <

+o00. Then
1
- E Xk _)p M.
n

k<n

See Exercise 2.5 for a proof. When the X;s are i.i.d. and integrable (but not necessarily
square integrable), convergence is almost sure. That result, the strong law of large numbers,
also follows from Chebyshev’s inequality (and other ideas), but we will not prove it here.

2.2 First Moment Method

In this section, we develop some techniques based on the first moment. Recall that the ex-
pectation of a random variable has an elementary, yet handy, property: linearity. That is, if
random variables X, ..., X} defined on a joint probability space have finite first moments,
then

EX, + -+ X]=EX| ]+ - +E[X¢] (2.2.1)

without any further assumption. In particular, linearity holds whether or not the X;s are
independent.

2.2.1 The Probabilistic Method

A key technique of probabilistic combinatorics is the so-called probabilistic method. The
idea is that one can establish the existence of an object satisfying a certain property — with-
out having to construct one explicitly. Instead, one argues that a randomly chosen object
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exhibits the given property with positive probability. The following “obvious” observation,
sometimes referred to as the first moment principle, plays a key role in this context.

FIRST Theorem 2.2.1 (First moment principle). Let X be a random variable with finite expecta-

MOMENT tion. Then, for any n € R,
PRINCIPLE

EX<u = PX <ul]>0.

Proof  We argue by contradiction. Assume EX < p and PLX < u] = 0. We can write
{X < u} = ,=11X < w+ 1/n}. That implies by monotonicity (see Lemma B.2.6) that,
for any ¢ € (0, 1), it holds that P[X < u + 1/n] < ¢ for n large enough. Hence, because we
assume that P[X < u] =0,
w>EX

=EX;X <pu+1/n]+EX;X > u+ 1/n]

>uPlX <u+1/n]4+(+ 1/ —PX < pn+1/n)])

=u+n""(1-PLX < pu+1/n])

>p+n'(1—¢)

> 1,

a contradiction. m
The power of this principle is easier to appreciate through an example.

Example 2.2.2 (Balancing vectors). Let v,...,v, be arbitrary unit vectors in R”. How
small can we make the 2-norm of the linear combination

xXivp+ X,

by appropriately choosing xi, . .., x, € {—1,+1}? We claim that it can be as small as \/n, for
any collection of v;s. At first sight, this may appear to be a complicated geometry problem.
But the proof is trivial once one thinks of choosing the x;s at random. Let X1,...,X, be
independent random variables uniformly distributed in {—1,+1}. Then, since E[X.X;] =
E[X;]E[X;] = 0 for all i # j but E[X?] = 1 for all i,

EllXivi + -+ Xw, 3 =E | Y XXy (v, v))

Lj

= Z E[Xin(Vi, Vj)]
iJ

= (v, ) E[XX)]
i

2

=> Ivil3
i
:n’

where we used the linearity of expectation on the second line. Hence, random variable Z =
| Xiv; + - - + X,v,||> has expectation EZ = n and must take a value < n with positive
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2.2 First Moment Method 27

probability by the first moment principle (Theorem 2.2.1). In other words, there must be a
choice of X;s such that Z < n. That proves the claim. <

Here is a slightly more subtle example of the probabilistic method, where one has to
modify the original random choice.

Example 2.2.3 (Independent sets). Ford € N, let G = (V, E) be a d-regular graph with n
vertices. Such a graph necessarily has m = nd/2 edges. Our goal is to derive a lower bound
on the size, a(G), of the largest independent set in G. Recall that an independent set is a
set of vertices in a graph, no two of which are adjacent. Again, at first sight, this may seem
like a rather complicated graph-theoretic problem. But an appropriate random choice gives
a non-trivial bound. Specifically:

Claim 2.2.4
n
G)> —.
“0) =5
Proof The proof proceeds in two steps:

1. We first prove the existence of a subset S of vertices with relatively few edges.
2. We remove vertices from S to obtain an independent set.

Step 1. Let 0 < p < 1 to be chosen below. To form the set S, pick each vertex in V'
independently with probability p. Letting X be the number of vertices in .S, we have by the
linearity of expectation that

EX=E {Z 1ves} = np,

velV

where we used E[1,5] = p. Letting Y be the number of edges between vertices in S, we
have by the linearity of expectation

nd
EY:E{X:%AM =7

i,jYeE
where we also used that E[1;c51jc5] = p? by independence. Hence, subtracting,
d
E[Y — Y] =np — 5,

which, as a function of p, is maximized at p = 1/d, where it takes the value n/(2d). As a

result, by the first moment principle applied to X — Y, there must exist a set S of vertices in
G such that

.. .. n

ISI- ek ijeSi =z o (2.22)

Step 2. For each edge e connecting two vertices in S, remove one of the endvertices of e.

By construction, the remaining set of vertices (i) forms an independent set, and (ii) has a size

larger than or equal to the left-hand side of (2.2.2). That inequality implies the claim. [ |
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Note that a graph G made of n/(d + 1) cliques of size d 4+ 1 (with no edge between the
cliques) has «(G) = n/(d + 1), showing that our bound is tight up to a constant. This is
known as a Turan graph. <

Remark 2.2.5 The previous result can be strengthened to

1
“G)2 ) 5T

vel

for a general graph G = (V, E), where §(v) is the degree of v. This bound is achieved for
Turan graphs. See, for example, [AS11, The probabilistic lens: Turdan's theorem].

INDICATOR The previous example also illustrates the important indicator trick, that is, writing a ran-
TRICK dom variable as a sum of indicators, which is naturally used in combination with the linearity
of expectation.

2.2.2 Boole’s Inequality

One implication of the first moment principle (Theorem 2.2.1) is that if a non-negative,
integer-valued random variable X has expectation strictly smaller than 1, then its value is 0
with positive probability. The following application of Markov’s inequality (Theorem 2.1.1)
adds a quantitative twist: if that same X has a “small” expectation, then its value is 0 with
“large” probability.
Theorem 2.2.6 (First moment method). If X is a non-negative, integer-valued random var-
iable, then

PX > 0] <EX. (2.2.3)

Proof Take b = 1 in Markov’s inequality. ]

This simple fact is typically used in the following manner: one wants to show that a cer-
tain “bad event” does not occur with probability approaching 1; the random variable X then
counts the number of such “bad events.” In that case, X is a sum of indicators and Theo-

UNTON rem 2.2.6 reduces simply to the standard union bound, also known as Boole's inequality. We
BOUND record one useful version of this setting in the next corollary.

Corollary 2.2.7 Let B, = Ay U ---U A, where Ay, ..., Ay, is a collection of events
for each n. Then, letting

P 1= Z P41,
i=1

we have
P[B,] < wn-

In particular, if u, — 0 as n — +oo, then P[B,] — 0.

Proof TakeX :=X, =73 7" 1, in Theorem 2.2.6. ]

A useful generalization of the union bound is given in Exercise 2.2.
FIRST We will refer to applications of Theorem 2.2.6 as the first moment method. We give a few
MOMENT example&
METHOD
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2.2 First Moment Method 29

Example 2.2.8 (Random k-SAT threshold). For r € R, let ®,,: {0,1}" — {0,1} be a
random k-CNF formula on n Boolean variables zi, . . ., z, with [rn] clauses. That is, ®,,, is
an AND of [rn] ORs, each obtained by picking independently £ literals uniformly at random
(with replacement). Recall that a literal is a variable z; or its negation z;. The formula ®,,,
is said to be satisfiable if there exists an assignment z = (zy, ..., z,) such that ®,,(z) = 1.
Clearly, the higher the value of r, the less likely it is for @, to be satisfiable. In fact, it is
natural to conjecture that a sharp transition takes place, that is, that there exists an r; € R
(depending on £ but not on 7) such that

0ifr > rj,

lim P[®,, is satisfiable] =

2.2.4
n— 00 lifr < l"z. ( )

Studying such threshold phenomena is a major theme of modern discrete probability. Us- TrrESHOLD
ing the first moment method (Theorem 2.2.6), we give an upper bound on the threshold. PHENOMENON
Formally:

Claim 2.2.9
r>2Mlog2 = limsup P[®,, is satisfiable] = 0.

n— o0
Proof How to start the proof should be obvious: let )X, be the number of satisfying assign-
ments of &, .. Applying the first moment method, since
P[®,, is satisfiable] = P[X,, > 0],

it suffices to show that E.X,, — 0. To compute [E X, we use the indicator trick

Xn = Z l{z satisfies @y} -
ze{0,1}"

There are 2" possible assignments. Each fixed assignment satisfies the random choice of
clauses @, with probability (1 — 27F)I™1 Indeed, note that the rn clauses are picked inde-
pendently and each clause literal picked is satisfied with probability 1/2. Therefore, by the
assumption on 7, for ¢ > 0 small enough and » large enough,

EX, = 2'(1 —27%"
< 2n(1 _ 27/{)(2" log2)(1+¢)n
< zne—(logZ)(l+s)n
— p—en
— 0,

where we used (1 — 1/£)¢ < e~! for all £ € N (see Exercise 1.16). Theorem 2.2.6 implies
the claim. u

Remark 2.2.10 Bounds in the other direction are also known. For instance, for k > 3, it
has been shown that if r < 2¥log2 — k, then

liminfP[D,,, is satisfiable] = 1.

n—00
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See [ANPOS5]. For the k = 2 case, it is known that (2.2.4) in fact holds with r; = 1 [CR92].
A breakthrough of [DSS22] also establishes (2.2.4) for large k; the threshold r} is charac-
terized as the root of a certain equation coming from statistical physics. <

2.2.3 > Random Permutations: Longest Increasing Subsequence

In this section, we bound the expected length of a longest increasing subsequence in a
RANDOM random permutation. Let o, = (0,(1),...,0,(n)) be a uniformly random permutation of
PERMUTATION  [n] := {1,...,n} (i.e., a bijection of [n] to itself chosen uniformly at random among all such
mappings) and let L, be the length of a longest increasing subsequence of g, (i.e., a sequence
ofindices i, < - -+ < i such that 0,,(i}) < - - - < 0,(iy)).

Claim 2.2.11
EL, = O(J/n).
Proof We first prove that
li EL, < (2.2.5)
imsup — <e, 2.
el =

which implies half of the claim. Bounding the expectation of L, is not straightforward as it
is the expectation of a maximum. A natural way to proceed is to find a value ¢ for which
P[L, > £] is “small.” More formally, we bound the expectation as

EL, < ¢P[L, < €]+ nP[L, > £] < £+ nP[L, > €] (2.2.6)

for an £ chosen below. To bound the probability on the right-hand side, we appeal to the first
moment method (Theorem 2.2.6) by letting X, be the number of increasing subsequences of
length €. We also use the indicator trick, that is, we think of X, as a sum of indicators over
subsequences (not necessarily increasing) of length £.

There are (2’) such subsequences, each of which is increasing with probability 1/£!. Note
that these subsequences are not independent. Nevertheless, by the linearity of expectation
and the first moment method,

P[L, > ¢]=P[X, >0 <EX—l<n>< " < " <<eﬁ>2£
bn = =Rl > 01 < BX =5y ) = @y = apgep <\ 70 ) -

where we used a standard bound on factorials recalled in Appendix A. Note that, in order
for this bound to go to 0, we need £ > e./n. Then (2.2.5) follows by taking £ = (1 + §)e/n
in (2.2.6), for an arbitrarily small § > 0.

For the other half of the claim, we show that

EL,
> 1.
v
This part does not rely on the first moment method (and may be skipped). We seek a lower
bound on the expected length of a longest increasing subsequence. The proof uses the fol-
lowing two ideas. First observe that there is a natural symmetry between the lengths of the

longest increasing and decreasing subsequences — they are identically distributed. Moreover,
if a permutation has a “short” longest increasing subsequence, then intuitively it must have
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a “long” decreasing subsequence, and vice versa. Combining these two observations gives a
lower bound on the expectation of Z,. Formally, let D, be the length of a longest decreasing
subsequence. By symmetry and the arithmetic mean-geometric mean inequality, note that

L,+D,
]ELn:]E[ J; }zE‘/LnDn.

We show that L,D, > n, which proves the claim. Let L% be the length of a longest increasing
subsequence ending at position &, and similarly for DW. It suffices to show that the pairs
(LW, D", 1 < k < n, are distinct. Indeed, noting that L*® < L, and D% < D,, the number
of pairs in [L,] x [D,] is at most L,,D,, which must then be at least ».

Let1 <j < k < n.1fo,(k) > 0,(j), then we see that L > LY) by appending o, (k) to the
subsequence ending at position j achieving LY. If the opposite holds, then we have instead
D® > DY Either way, (LY, DY) and (L®, D) must be distinct. This clever combinatorial
argument is known as the Erdds—Szekeres Theorem. That concludes the proof of the second
claim. [ |

Remark 2.2.12 [t has been shown that in fact
EL, = 2/n + cn'/® 4 o(n''®),
asn — 400, wherec = —1.77... [BDJ99].

2.2.4 > Percolation: Existence of a Non-Trivial Threshold on 7.*

In this section, we use the first moment method (Theorem 2.2.6) to prove the existence of
a non-trivial threshold in bond percolation on the two-dimensional lattice. We begin with
some background.

Threshold in bond percolation Consider bond percolation (Definition 1.2.1) on the two-
dimensional lattice IL? (see Section 1.1.1) with density p. Let P, denote the corresponding

measure. Recall that paths are “self-avoiding” by definition (see Section 1.1.1). We say that

a path is open if all edges in the induced subgraph are open. Writing x < y ifx,y € L2 are oren path
connected by an open path; recall that the open cluster of x is

Coi={yeZ : x&y).
The percolation function is defined as PERCOLATION
FUNCTION
0(p) := P,[|Col = +o00],

that is, 6(p) is the probability that the origin is connected by open paths to infinitely many
vertices. It is intuitively clear that the function 6(p) is non-decreasing. Indeed, consider
the following alternative representation of the percolation process: to each edge e, assign a
uniform [0, 1] random variable U, and declare the edge open if U, < p. Using the same U.,s
for densities p; < p,, it follows immediately from the monotonicity of the construction that
0(p1) < 0(p2). (We will have much more to say about this type of “coupling” argument in
Chapter 4.) Moreover, note that 6(0) = 0 and (1) = 1. The critical value is defined as CRITICAL

P VALUL
p(IL?) :=sup{p > 0: 0(p) = 0},
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the point at which the probability that the origin is contained in an infinite open cluster
becomes positive. Note that by a union bound over all vertices, when 6( p) = 0, we have that
P,[3x, |Ci| = 4+00] = 0. Conversely, because {3x, |C,| = 400} is a tail event (see Defini-
tion B.3.9) for any enumeration of the edges, by Kolmogorov’s 0-1 law (Theorem B.3.11) it
holds that P,[3x, |C| = 4+00] = 1 when 6(p) > 0.

Using the first moment method we show that the critical value is non-trivial, that is, it is
strictly between 0 and 1. This is a different example of a threshold phenomenon.

Claim 2.2.13
pe(l?) € (0, 1).

Proof We first show that for any p < 1/3, 6(p) = 0. In order to apply the first moment
method, roughly speaking, we need to reduce the problem to counting the number of in-
stances of an appropriately chosen substructure. The key observation is the following:

An infinite Cy contains an open path starting at 0 of infinite length and, as a result, of a/l lengths.

Hence, we let X, be the number of open paths of length 7 starting at 0. Then, by monotonicity,

P,[1Co| = 400] < P,[N,{X, > 0}] = limP,[X, > 0] < lim sup E,[X,], (2.2.7)

where the last inequality follows from Theorem 2.2.6. We bound the number of paths by
noting that they cannot backtrack. That gives four choices at the first step, and at most three
choices at each subsequent step. Hence, we get the following bound

E, X, < 43" ")p".
The right-hand side goes to 0 for all p < 1/3. When combined with (2.2.7), that proves half
of the claim:
pe(I?) > 0.
For the other direction, we show that 8(p) > 0 for p close enough to 1. This time, we
count “dual cycles.” This type of proof is known as a contour argument, or Peierls’ argument,

puar LaTTiCE  and is based on the following construction. Consider the dual lattice L? whose vertices are
77 + (1/2,1/2) and whose edges connect vertices u, v with |lu — v||; = 1. See Figure 2.3.

Figure 2.3 Primal (solid) and dual (dotted) lattices.
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Note that each edge in the primal lattice 1> has a unique corresponding edge in the dual
lattice which crosses it perpendicularly. We make the same assignment, open or closed, for
corresponding primal and dual edges. The following graph-theoretic lemma, whose proof is
sketched below, forms the basis of contour arguments. Recall that cycles are “self-avoiding”
by definition (see Section 1.1.1). We say that a cycle is closed if all edges in the induced
subgraph are closed, that is, are not open.

Lemma 2.2.14 (Contour lemma). If |Col < 400, then there is a closed cycle around the contour
origin in the dual lattice 1.*. LEMMA

To prove that 8(p) > 0 for p close enough to 1, the idea is to apply the first moment method
to Z, equal to the number of closed dual cycles of length n surrounding the origin. We bound
from above the number of dual cycles of length »n around the origin by the number of choices
for the starting edge across the upper y-axis and for each n — 1 subsequent non-backtracking
choices. Namely,

P[ICo| < +00] < P[In > 4,Z, > 0]

<> Pz, > 0]
< EEZn
< i 33 —py
P
= M Y m+3)301—py!
_3a-p "

+3

1
2 ((1 -31=-py 1-301 —p))
when p > 2/3, where the first term in parentheses on the last line comes from differentiating
with respect to ¢ the geometric series ) _, _, ¢" and setting ¢ := 1 — p. This expression can
be taken smaller than 1 if we let p approach 1. We have shown that 6(p) > 0 for p close

enough to 1, and that concludes the proof. (Exercise 2.3 sketches a proof that 6(p) > 0 for
allp > 2/3)) [ |

It is straightforward to extend the claim to IL¢. (Exercise 2.4 asks for the details.)

Proof of the contour lemma We conclude this section by sketching the proof of the contour
lemma, which relies on topological arguments.

Proof of Lemma 2.2.14 Assume |Cy| < +oo. Imagine identifying each vertex in > with
a square of side 1 centered around it so that the sides line up with dual edges. Paint green
the squares of vertices in Cy. Paint red the squares of vertices in C§ which share a side with
a green square. Leave the other squares white. Let u, be a highest vertex in Cy along the y-
axis and let vy and v, be the dual vertices corresponding to the upper left and right corners,
respectively, of the square of . Because uq is highest, it must be that the square above it
is red. Walk along the dual edge {vy, v}, separating the squares of 1, and uy + (0, 1) from
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vo to vi. Notice that this edge satisfies what we call the red-green property: as you traverse
it from v, to vy, a red square sits on your left and a green square is on your right. Proceed
further by iteratively walking along an incident dual edge with the following rule. Choose
an edge satisfying the red-green property, with the edges to your left, straight ahead, and
to your right in decreasing order of priority. Stop when a previously visited dual vertex is
reached. The claim is that this procedure constructs the desired cycle. Let vy, vi,v,,... be
the dual vertices visited. By construction {v;_;, v;} is a dual edge for all i.

e A dual cycle is produced. We first argue that this procedure cannot get stuck. Let {v;_, v;}
be the edge just crossed and assume that it has the red-green property. If there is a green
square to the left ahead, then the edge to the left, which has highest priority, has the red-
green property. If the left square ahead is not green, but the right one is, then the left
square must in fact be red by construction (i.e., it cannot be white). In that case, the edge
straight ahead has the red-green property. Finally, if neither square ahead is green, then
the right square must in fact be red because the square behind to the right is green by
assumption. That implies that the edge to the right has the red-green property. Hence,
we have shown that the procedure does not get stuck. Moreover, because by assumption
the number of green squares is finite, this procedure must eventually terminate when a
previously visited dual vertex is reached, forming a cycle (of length at least 4).

e The origin lies within the cycle. The inside of a cycle in the plane is well defined by the
Jordan curve theorem. So the dual cycle produced above has its adjacent green squares
either on the inside (negative orientation) or on the outside (positive orientation). In the
former case the origin must lie inside the cycle as otherwise the vertices corresponding to
the green squares on the inside would not be in Cy, as they could not be connected to the
origin with open paths.

So it remains to consider the latter case, where through a similar reasoning the origin
must lie outside the cycle. Let v; be the repeated dual vertex. Assume first that v; #
vo and let v;_; and v;;; be the dual vertices preceding and following v; during the first
visit to v;. Let v be the dual vertex preceding v; on the second visit. After traversing the
edge from v;_; to v;, v; cannot be to the left or to the right because in those cases the
red-green properties of the two corresponding edges (i.e., {v;—i,v;} and {v,v;}) are not
compatible. So vy is straight ahead and, by the priority rules, v;; must be to the left upon
entering v; the first time. But in that case, for the origin to lie outside the cycle as we are
assuming and for the cycle to avoid the path vy, . . ., v;_;, we must traverse the cycle with a
negative orientation, that is, the green squares adjacent to the cycle must be on the inside,
a contradiction.

So, finally, assume v, is the repeated vertex. If the cycle is traversed with a positive
orientation and the origin is on the outside, it must be that the cycle crosses the y-axis at
least once above uy + (0, 1), again a contradiction.

Hence, we have shown that the origin is inside the cycle.
That concludes the proof. ]

Remark 2.2.15 It turns out that p.(L*) = 1/2. We will prove p.(L*) > 1/2, known as
Harris’ Theorem, in Section 4.2.5. The other direction is due to Kesten [Kes80].
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L%

=] My

Figure 2.4 Second moment method: if the standard deviation oy of X is less than
its expectation vy, then the probability that X is 0 is bounded away from 1.

2.3 Second Moment Method

The first moment method (Theorem 2.2.6) gives an upper bound on the probability that a
non-negative, integer-valued random variable is positive — which is non-trivial provided its
expectation is small enough. In this section, we seek a lower bound on that probability. We
first note that a large expectation does not suffice in general. Say, X, is n* with probability
1/n, and 0 otherwise. Then, EX, = n — 400, yet P[X,, > 0] — 0. That is, although the
expectation diverges, the probability that X, is positive can be arbitrarily small.

So we turn to the second moment. Intuitively, the basis for the so-called second moment
method is that if the expectation of X, is large and its variance is relatively small, then we
can bound the probability that X, is close to 0. As we will see in applications, the first and
second moment methods often work hand in hand.

2.3.1 Paley—Zygmund Inequality

As an immediate corollary of Chebyshev’s inequality (Theorem 2.1.2), we get a first version
of the second moment method: if the standard deviation of X is less than its expectation,
then the probability that X is 0 is bounded away from 1 (see Figure 2.4). Formally, let X be
a non-negative random variable (not identically zero). Then

PLY > 0] > 1 — wArX]
(EX)?

(2.3.1)

Indeed, by (2.1.5),

Var[X]
PX=0]<P[lX —EX|>EX] < .
(EX)?
The following tail bound, a simple application of Cauchy—Schwarz (Theorem B.4.8), leads
to an improved version of this inequality.

Theorem 2.3.1 (Paley—Zygmund inequality). Let X be a non-negative random variable. For pai vy

all0 <6 < 1, ZYGMUND
(]EX)Z INEQUALITY

2

PLY = 0EX] = (1 -6 e (2.3.2)
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Proof  We have
EX = EX1x<orx] + E[X1ix>0rx;]
< 6EX + VEX?PLX > 0EX],

where we used Cauchy—Schwarz. Rearranging gives the result. ]

As an immediate application:

SECOND Theorem 2.3.2 (Second moment method). Let X be a non-negative random variable (not
MOMENT identically zero). Then
METHOD (EX)
P[X > 0] > . (2.3.3)
E[X?]
Proof Take 6 | 01in (2.3.2). ]
Since
(EX) | Var[X]
E[X?] (EX)? + Var[X]’

we see that (2.3.3) is stronger than (2.3.1).

We typically apply the second moment method to a sequence of random variables (X),).
The previous theorem gives a uniform lower bound on the probability that {X, > 0} when
E[X?] < CE[X,]? for some C > 0. Just like the first moment method, the second moment
method is often applied to a sum of indicators (but see Section 2.3.3 for a weighted case).
We record in the next corollary a convenient version of the method.

Corollary 2.3.3 Let B, = A,y U ---UA,,,, where A, ,,...,An, is a collection of events
for each n. Write i < Jifi#jand A,; and A, ; are not independent. Then, letting
Hn = ZP[An,i]z Vn = Z]P)[An,i mAn,j]a
i=1 i
where the second sum is over ordered pairs, we have lim, P[B,] > 0 whenever u, — +00
and y, < Cu2 for some C > 0. If moreover y, = o(u?), then lim, P[B,] = 1.

Proof  We apply the second moment method to X, := } " 1, so that B, = {X, > 0}.
Note that

Var[X,] =Y Var[l, ]+ Y Cov[l,,. 14,1,
i i#]
where
Var[l,,,] = E[(14,)’] — (E[14,])* < P[4,],

and, if 4,; and 4,, ; are independent,
Cov[ly,,,14,,1 =0,
whereas, if i < Js

Cov[ly,, 14,1 =E[14, 1,4, 1 — E[1,, JE[14, ] < P[4, N4,,].
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Hence,
Noting
(EX,)* (EX,)’ _ 1
E[X?] (EX,)? + Var[X,] 1+ Var[X,]/(EX,)?
and applying Theorem 2.3.2 gives the result. [ |

2.3.2 > Random Graphs: Subgraph Containment and Connectivity
in the Erdos—Rényi Model

Threshold phenomena are also common in random graphs. We consider here the Erdos—
Rényi random graph model (Definition 1.2.2). In this context, a threshold function for a
graph property P is a function 7(n) such that

0 ifp, K r(n),

limP,, [G, has property P] = .
n al property P 1 ifp, > r(n),

where G, ~ G, is a random graph with n vertices and density p,. In this section, we
illustrate this type of phenomenon on two properties: the containment of small subgraphs
and connectivity.

Subgraph containment

We first consider the clique number, then we turn to more general subgraphs.

Cliques Let w(G) be the cliqgue number of a graph G, that is, the size of its largest clique.
Claim 2.3.4 The property o(G,) > 4 has threshold function n=2/3.

Proof Let X, be the number of 4-cliques in the random graph G, ~ G,,,. Then, noting
that there are (‘2‘) = 6 edges in a 4-clique,

En,p,, [Xn] = (n

6:® 4 6’
4>pn (n'p,)

which goes to 0 when p, < n~%/3. Hence, the first moment method (Theorem 2.2.6) gives
one direction: P, , [w(G,) > 4] — 0 in that case.

For the other direction, we apply the second moment method for sums of indicators, that
is, Corollary 2.3.3. We use the notation from that corollary. For an enumeration S, . . ., Sy,
of the 4-tuples of vertices in G,, let 4,1, ..., A4, be the events that the corresponding 4-
clique is present. By the calculation above we have 11, = ©(n*p%), which goes to +00 when
pn > n?3 Also n2 = O(n®pl?), so it suffices to show that y, = o(n®p)?). Note that two
4-cliques with disjoint edge sets (but possibly sharing one vertex) are independent (i.e., their

presence or absence is independent). Suppose S; and S; share three vertices. Then, i < jand

II;Dn,p,, [An,i | An,j] = pi:’
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as the event 4,, ; implies that all edges between three of the vertices in §; are already present,
and there are three edges between the remaining vertex and the rest of S;. Similarly, if |S; N
S;| = 2, we have again i . J and this time P, [4,; |4, ;] = p>. Putting these together,
we get by the definition of the conditional probability (see Appendix B) and the fact that
Py p, [An;] = PS

= Pld,;N4,)]

n .
i~j

= Z]P)np Anj]Pnpn[AnilAnj]

- ZP"Pn ”J] ZPHPH[AHI |Anj

it t~/

e (O3

= 0(’p,) + O(n°p,")
8 12 8,12
_0( P >+O<npn >
I’lpn I’lpn
=o(n
= o(u;),

812)
where we used that p, 3> n~%? (so that for example n’p? > 1). Corollary 2.3.3 gives the
result: P, , [U;4,;] — 1 when p, > n=?/. n

Roughly speaking, the first and second moments suffice to pinpoint the threshold in this
case because the indicators in X, are “mostly” pairwise independent and, as a result, the sum
is “concentrated around its mean.”

General subgraphs The methods of Claim 2.3.4 can be applied to more general subgraphs.
However, the situation is somewhat more complicated than it is for cliques. For a graph H,
let vy, and ey, be the number of vertices and edges of H, respectively. Let X, be the number
of (not necessarily induced) copies of H, in G, ~ G,,,. By the first moment method,

P[X, > 0] < E[X,] = ©(n"p,") — 0,

when p, <« n~"/_The constant factor, which does not play a role in the asymptotics,
accounts in particular for the number of automorphisms of H,. Indeed, note that a fixed set
of vy, vertices can contain several distinct copies of Hy, depending on its structure.
From the proof of Claim 2.3.4, one might guess that the threshold function is n~"/¢
That is not the case in general To see what can go wrong, consider the graph H, in Figure 2.5
epGE DENSITY whose edge density is —* = ¢ When p, > n~>/°, the expected number of copies of H in
G, tends to +o0. But observe that the subgraph H of H has the higher density 5/4 and,
hence, when n7%/° « p, <« n~*?> the expected number of copies of H tends to 0. By the
first moment method, the probability that a copy of Hy — and therefore H — is present in
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H

Figure 2.5 Graph Hj and subgraph H.

that regime is asymptotically negligible despite its diverging expectation. This leads to the
following definition

e
rg, ‘= max L subgraphs H C H, ey > O} .
Vo

Assume H, has at least one edge.
Claim 2.3.5 “Having a copy of Hy " has threshold n="/"".

Proof We proceed as in Claim 2.3.4. Let Hj be a subgraph of H, achieving ry,. When
pn < n~ ' the probability that a copy of Hjf is in G, tends to 0 by the argument above.
Therefore, the same conclusion holds for H, itself.

Assume p, > n~ ", Let Sy,...,S,, bean enumeration of the copies (as subgraphs) of
Hy in a complete graph on the vertices of G,,. Let 4,; be the event that S; € G,. Using again
the notation of Corollary 2.3.3,

1y = O p, ") = Q(Pp,(n)),
where
®yy, (1) := min {n””pj”: subgraphs H C Hy, ey > 0} )
Note that ®p,(7) — +o00 when p, > n~"/"% by definition of r,. The events 4,,; and 4, ;

are independent if S; and S; share no edge. Otherwise we write i < j. Note that there are
O(n" n*"m 1)) pairs S;, S; whose intersection is isomorphic to H. The probability that both

. . . 2 —
S; and S; of such a pair are present in G, is ©( pf;Hpn(eHo eH)). Hence,

Yn = Z ]P)[An,i ﬁAn,j]

avi

= 2 ()

HCHy,ey>0
O(142)
~ O(Py,(n)
= o(1;),
where we used that ®,(n) — +o0. The result follows from Corollary 2.3.3. [ |
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Going back to the example of Figure 2.5, the proof above confirms that when n=>/¢ «
pn & n~*> the second moment method fails for H, since ®,(n) — 0. In that regime,
although there is in expectation a large number of copies of Hy, those copies are highly
correlated as they are produced from a small (vanishing in expectation) number of copies
of H — producing a large variance that helps to explain the failure of the second moment
method.

Connectivity threshold

Next we use the second moment method to show that the threshold function for connectivity
in the Erdos—Rényi random graph model is 1"%. In fact, we prove this result by deriving
the threshold function for the presence of isolated vertices. The connection between the
two 1is obvious in one direction. Isolated vertices imply a disconnected graph. What is less
obvious is that it also works the other way in the following sense: the two thresholds actually

coincide.

Isolated vertices We begin with isolated vertices.

logn
PRt

Claim 2.3.6 “Not having an isolated vertex” has threshold function

Proof Let X, be the number of isolated vertices in the random graph G, ~ G,,,,. Using
1 —x <e™forallx € R (see Exercise 1.16),
E,p, [X,] = n(l —p,)'"~" < een=bm 0, (2.3.4)
when p, > k’%. So the first moment method gives one direction: P, , [X,, > 0] — 0.
For the other direction, we use the second moment method. Let 4, ; be the event that
vertex j is isolated. By the computation above, using 1 — x > e forx € [0,1/2] (see
Exercise 1.16),

B =) Py [dnid = n(l = p,)'~" = oermm, (23.5)

which goes to +00 when p, < 1"%. Note that 4,,; and 4, ; are not independent for all i # j
(because the absence of an edge between i and j is part of both events) and
]P)n,p,1 [An,i mAn,j] = (1 _pn)Z(n72)+1>
so that
Yo=Y Pup,[Ani N Ayj] = n(n — 1)1 = p,)">.
i#

Because y, is not o(u2), we cannot apply Corollary 2.3.3. Instead we use Theorem 2.3.2
directly. We have

Enp X2 _ tn+ %

E,p, [X,]? Ky

< I’l(l _pn)rhl + n2(1 —Pn)2"73

S w—p
1 1

<
a0y T 1p

(2.3.6)
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which is 1 + o(1) when p, <K 105” by (2.3.5). The second moment method implies that
Py, [Xy > 0] — 1 in that case. |

Connectivity We use Claim 2.3.6 to study the threshold for connectivity.

Claim 2.3.7 Connectivity has threshold function 10%.

Proof We start with the easy direction. If p, < 10%, Claim 2.3.6 implies that the graph
has at least one isolated vertex — and therefore is necessarily disconnected — with probability
going to 1 as n — +o0.

Assume now that p, > 1"%. Let D, be the event that G, is disconnected. To bound
P, [D,], we let Y, be the number of subsets of k vertices that are disconnected from all
other vertices in the graph for k£ € {1, ...,n/2}. Then, by the first moment method,

n/2 n/2
P, [Da] < P, [Z Y > 0} <Y B ¥
k=1 k=1
k

The expectation of Y} is straightforward to bound. Using £ < n/2 and (Z) <n,

]En,p,,[Yk] = <Z>(1 _pn)k(n—k) < (l’l(l _pn)n/z)k '

The expression in parentheses is o(1) when p, > 1"% by a calculation similar to (2.3.4).
Summing over k,

400

Py [Dal < D (n(1 = p)")" = Om(1 — p,)") = o(1),

k=1
where we used that the geometric series (started at £ = 1) is dominated asymptotically by its
first term. So the probability of being disconnected goes to 0 when p,, > 105" and we have
proved the claim. [ |

A closer look We have shown that connectivity and the absence of isolated vertices have
the same threshold function. In fact, in a sense, isolated vertices are the “last obstacle” to
connectivity. A slight modification of the proof above leads to the following more precise
result. For k € {1,...,n/2}, let Z; be the number of connected components of size £ in G,,. In
particular, Z; is the number of isolated vertices. We consider the “critical window” p,, = %”,
where ¢, := logn + s for some fixed s € R. We show that, in that regime, asymptotically
the graph is typically composed of a large connected component together with some isolated
vertices. Formally, we prove Claim 2.3.8, which says that with probability close to 1, either
the graph is connected or there are some isolated vertices together with a (necessarily unique)
connected component of size greater than n/2.

Claim 2.3.8

1
]Pn,p,,[Zl > 0] > 1

eS

n/2
+o(l) and P,, [Z 7 > o] = o(1).

k=2
The limit of IP,,, [Z; > 0] can be computed explicitly using the method of moments. See
Exercise 2.19.
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Proof of Claim 2.3.8 We first consider isolated vertices. From (2.3.5), (2.3.6), and the sec-
ond moment method,

1\ 1
Z 0] > —log n+np,+np? _ 1
Pl = 0= (e Fr) = ol

as n — +o0 by our choice of p,,.

To bound the number of components of size k£ > 1, we note first that the random variable
Y used in the previous claim (which imposes no condition on the edges between the vertices
in the subsets of size k) is too loose to provide a suitable bound. Instead, to bound the
probability that a subset of k vertices forms a connected component, we observe that a
connected component is characterized by two properties: it is disconnected from the rest of
the graph; and it contains a spanning tree. Formally, for £ = 2,...,n/2, we let Z, be the
number of (not necessarily induced) maximal trees of size & or, put differently, the number
of spanning trees of connected components of size k. Then, by the first moment method, the
probability that a connected component of size > 1 is present in G, is bounded by

n/2 n/2 n/2
P, [Z Z > 0} <P, [Z Z, > o} <Y Eu,[Z] (23.7)
k=2 k=2 k=2

To bound the expectation of Z;, we use Cayley’s formula, which states that there are k2
trees on a set of & labeled vertices. Recall further that a tree on & vertices has k£ — 1 edges
(see Exercise 1.7). Hence,

B (2] = (n)kk_zpfi_' (1=p)""™",
k —— ——

— ()
()
where (a) is the number of trees of size k (as subgraphs) in a complete graph of size n,
(b) is the probability that such a tree is present in the graph, and (c) is the probability that
this tree is disconnected from every other vertex in the graph. Using that k! > (k/e)* (see
Appendix A) and 1 —x < e for all x € R (see Exercise 1.16),

&Mﬂfk it = p)t R
k k
ne o k(n—
< T kknp];e Pnk(n—k)

k
<n (ecne*(1*5)6”>

k
=n (e(logn + s)e_(l_é)“‘)g"“)) )

For k < n/2, the expression in parentheses is o(1). In fact, for2 < k < n/2,E,,,[Z;] = o(1).
Furthermore, summing over k > 2,

n/2

1 k
ZEW (2] < Z (e(logn+s)e7<l°g"“>) = 0~ 1og® n) = o(1).

Plugging this back into (2.3.7) gives the second claim in the statement. [ ]
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2.3.3 > Percolation: Critical Value on Trees and Branching Number

Consider bond percolation (see Definition 1.2.1) on the infinite d-regular tree T,. Root the
tree arbitrarily at a vertex 0 and let Cy be the open cluster of the root. In this section, we
illustrate the use of the first and second moment methods on the identification of the critical
value

p(Tq) = sup{p € [0, 1]: 6(p) = 0},

where recall that the percolation function is 6(p) = P,[|Cy| = +00]. We then consider
general trees, introduce the branching number, and present a weighted version of the second
moment method.

Regular tree Our main result for T is the following.

Claim 2.3.9

1

T)=——.
pc( d) d—1

Proof Let 9, be the nth level of Ty, that is, the set of vertices at graph distance » from 0.
Let X, be the number of vertices in 9, N Cy. In order for the open cluster of the root to be
infinite, there must be at least one vertex on the nth level connected to the root by an open
path. By the first moment method (Theorem 2.2.6),

0(p) = P,[|Col = +00] < P,[X, > 0] < E,X, = d(d — 1)""'p" — 0, (2.3.8)

asn — +oo, forany p < ﬁ. Here we used that there is a unique path between 0 and any
vertex in the tree to deduce that P,[x € Cy] = p” for x € 9,. Equation (2.3.8) implies half of
the claim: p.(T,) > ﬁ.

The second moment method gives a lower bound on P,[X,, > 0]. To simplify the notation,
it is convenient to introduce the “branching ratio” b := d — 1. We say that x is a descendant
of z if the path between 0 and x goes through z. Each z # 0 has d — 1 descendant subtrees,
that is, subtrees of T, rooted at z made of all descendants of z. Let x A y be the most recent
common ancestor of x and y, that is, the furthest vertex from 0 that lies on both the path from
0 to x and the path from 0 to y; see Figure 2.6. Letting

Figure 2.6 Most recent common ancestor of x and y.
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o = EylX,] = [leecu} =G+,

X€ED,

we have

2
Xz] - <ZIXEC0 )

X€90,

=D PBluyetl

X,VE,
n—1
= ZPP[X (S Co] + Z Z l{x/\yE()m}pmpz(n "
XED, m=0 x,y€d,
n—1
— [, + (b + 1)bn71 Z(b _ l)b(nfrrI)*lpanm
m=0
+o0
<t b+ Db — D™D (bp) ™"
m=0
, b—1 1
= lu/i’l + /"Ln :

b+1 1—(bp) "

where, on the fourth line, we used that all vertices on the nth level are equivalent and that,
for a fixed x, the set { y: x Ay € 9,,} is composed of those vertices in 9, that are descendants

of x Ay but not in the descendant subtree of x A y containing x. When p > d+1 = %, dividing
by (E,X,)* = u? — +o0, we get
EplX;1 <L, ot (2.3.9)
EX,)? ~ wn b+1 1—(bp)!
<14 b—1 ' 1
- b+1 1—(bp)!
=: Cpp.

By the second moment method (Theorem 2.3.2) and monotonicity,
0(p) = P,[ICo| = +00] = P,[¥n, X, > 0] = limP,[X, > 0] = C, > 0,

which concludes the proof. (Note that the version of the second moment method in (2.3.1)
does not work here. Subtract 1 in (2.3.9) and take p close to 1/b.) ]

The argument in the proof of Claim 2.3.9 relies crucially on the fact that, in a tree, any
two vertices are connected by a unique path. For instance, approximating P,[x € Cy] is
much harder on a lattice. Note furthermore that, intuitively, the reason why the first moment
captures the critical threshold exactly in this case is that bond percolation on T} is a “branch-
ing process” (defined formally and studied at length in Chapter 6), where X, represents the
“population size at generation n.” The qualitative behavior of a branching process is gov-
erned by its expectation: when the mean number of children bp exceeds 1, the process grows
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exponentially on average and “explodes” with positive probability (see Theorem 6.1.6). We
will come back to this point of view in Section 6.2.4 where branching processes are used to
give a more refined analysis of bond percolation on T,.

General trees Let .7 be a locally finite tree (i.e., all its degrees are finite) with root 0. For
an edge e, let v, be the endvertex of e furthest from the root. We denote by |e| the graph
distance between 0 and v,. Generalizing a previous definition from Section 1.1.1 to infinite,
locally finite graphs, a cutset separating 0 and +o0 is a finite set of edges IT such that all
infinite paths (which, recall, are self-avoiding by definition) starting at 0 go through IT. (For
our purposes, it will suffice to assume that cutsets are finite by default.) For a cutset I1, we
let I, := {v.: e € I1}. Repeating the argument in (2.3.8), for any cutset I1, by the first
moment method (i.e., union bound),

6(p) = B,[IC| = +o0]
<P,[CoNTI, # 0]

<Y PBluel

uell,

= p“. (2.3.10)

eell

This bound naturally leads to the next definition.

Definition 2.3.10 (Branching number). The branching number of .7 is given by BRANCHING

NUMBER

br(7) =sup A > 1: inf A s o0t (2.3.11)
cutset
eell

Using the max-flow min-cut theorem (Theorem 1.1.15), the branching number can also be
characterized in terms of a “flow to +00.” We will not do this here. (But see Theorem 3.3.30.)

Equation (2.3.10) implies that p.(.7) > @. Remarkably, this bound is tight. The proof
is based on a “weighted” second moment method.

Claim 2.3.11 For any rooted, locally finite tree 7,

1
(T)= ———.
p() 7)
Proof Suppose p < ——. Then, p~' > br(.7) and the sum in (2.3.10) can be made

br(7)
arbitrarily small by definition of the branching number, that is, 8(p) = 0. Hence we have

shown that p.(.7) > @.

To argue in the other direction, let p > @, p~ ! < i <br(7),and & > 0 such that
doa = (2.3.12)
eell

for all cutsets I1. The existence of such an ¢ is guaranteed by the definition of the branching
number. As in the proof of Claim 2.3.9, we use that 6(p) is the limit as n — 400 of the
probability that C, reaches the nth level (i.e., the vertices at graph distance n from the root 0,
which is necessarily a finite set in a locally finite tree). However, this time, we use a weighted
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count on the nth level. Let 7, be the first n levels of .7 and, as before, let 9, be the vertices
on the nth level. For a probability measure v, on d,, we define the weighted count

Vu(z
X ZIZECO ( )

oy p[Z € Co]

The purpose of the denominator is normalization, that is,

EpX, =Y vi(z) = 1.

z€0,

Observe that, while v,(z) may be 0 for some zs (but not all), we still have that X, > 0,Vn
implies {|Co| = +00}, which is what we need to apply the second moment method.

Because of (2.3.12), a natural choice of v, follows from the max-flow min-cut theorem
(Theorem 1.1.15) applied to .7, with source 0, sink 9,, and capacity constraint |¢(x,y)| <
k(e) := e~ 'A71¢l for all edges e = {x,y}. Indeed, for all cutsets IT in .7, separating 0 and
3y, we have Y, _pk(e) = Y, .pe 'A7 > 1 by (2.3.12). That then guarantees by Theo-
rem 1.1.15 the existence of a unit flow ¢ from 0 to d, satisfying the capacity constraints.
Define v,(z) to be the flow entering z € 9, under ¢. In particular, because ¢ is a unit flow,
v, defines a probability measure. It remains to bound the second moment of X,, under this
choice. We have

2
V,(2)
-5 (Do)

z€9,
Py[x,y € Co]
P,[x € ColP,[y € Col

= v@va(y)
X,VED,

m 2(n )

S Y lonon

m=0 x,y€0,
n
= prm Z Z l{xAy:z] Vn(x)vn(y)
m=0 Z€Dy \X,yED,

In the expression in parentheses, for each x descendant of z, the sum over y is at most
V,(x)v,(2) by the definition of a flow; then the sum over those xs gives at most v,(z). So

E,X? < Zp Y )

m=0 ZEy

< Zp D A T)

Z€

8_1 Z(pk)—nz
m=0

8_1

BT
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where the second line follows from the capacity constraint, and we used pA > 1 on the last
line. From the second moment method (recalling that X, = 1),

0(p) = P,[ICo| = +00] > P,[Vn, X, > 0] = limP,[X, > 0] > C.;} > 0.

&A.p

It follows that
0(p)>C.,, >0,

&rp

and p(7) < %. That concludes the proof. u

Note that Claims 2.3.9 and 2.3.11 imply that br(T,;) = d — 1. The next example is more
striking and insightful.

Example 2.3.12 (The 3—1 tree). The 3—1 tree 93\_1 is an infinite rooted tree. We give a
planar description. The root p (level 0) is at the top. It has two children below it (level 1).
Then on level n, for n > 1, the first 2"~! vertices starting from the left have exactly 1 child
and the next 2! vertices have exactly 3 children. In particular, level n has 2" vertices, which

we denote by u,, 1, ..., u,o. For vertex u, ; we refer to j/2" as its relative position (on level rrLative
n). So vertices have 1 or 3 children according to whether their relative position is < 1/2 POSITION
or > 1/2.

Because the level size is growing at rate 2, it is tempting to conjecture that the branching
number is 2 — but that turns out to be way off.

Claim 2.3.13 br(Z_1) = 1.

What makes this tree entirely different from the infinite 2-ary tree, despite having the same
level growth, is that each infinite path from the root in .75_; eventually “stops branching,”
with the sole exception of the rightmost path which we refer to as the main path. Indeed, let viam path
' =vy ~ vy ~ v, ~ - with vy = p be an infinite path distinct from the main path. Let
x; be the relative position of v;, i > 1. Let v, be the first vertex of I' not on the main path. It
lies on the kth level.

Lemma 2.3.14 Let v be a vertex that is not on the main path with relative position x and
assume that 0 < x < «a < 1. Let w be a child of v and denote by y its relative position. Then,
1 .
3X ifx <1/2,

Y= Lol herwi
x—5(1 —a) otherwise.

Proof  Assume without loss of generality that v = u, ; for some n andj < 2". If j < 2"°1,
then by construction v has exactly one child with relative position
_J 1]
Y= g = 3"
That proves the first claim.
If j > 2"~!, then all vertices to the right of v have 3 children, all of whom are to the right
of the children of v. Hence, the children of v have relative position at most
232"~ 3j-2" 3 1
y < = = —X— —.
2n+1 2n+1 2 2
Subtracting x and using x < « gives the second claim. [ |

https://doi.org/10.1017/9781009305129.003 Published online by Cambridge University Press


https://doi.org/10.1017/9781009305129.003

48 Moments and Tails

We now apply Lemma 2.3.14 to v; as defined above and its descendants on I' with o =

1 — 1/2*%. We get that the relative position decreases from v; by 1/2*! on each level until it

falls below 1/2 at which point it gets cut in half at each level. Once this last regime is reached,

each vertex on I from then on has exactly one child — that is, there is no more branching.
We are now ready to prove the claim.

Proof of Claim 2.3.13 Take any A > 1. From the definition of the branching number (Def-
inition 2.3.10), it suffices to find a sequence of cutsets (I1,,), such that

Y Mo,
eell,

asn — +oo. What does not work is to choose I1, := A, to be the edges between level n — 1
and level n, since we then have
> oatd=2am,

eeN,

which diverges whenever A < 2. Instead, we construct a new cutset ®, based on A, as
follows. We divide up A, into the disjoint union A, U A, where A, are the edges whose
endvertex on level n has relative position < 1/2 and A} are the rest of the edges. Start with
D, :=0.

Step 1. For each edge e in A, , letting v be the endvertex of e on level n, add to @, the edge
{v/,v"} where v/ and v" are the unique descendants of v on level m, — 1 and m,,, respectively.
The value of m, > n is chosen so that

2Mp T < i (2.3.13)
2n

Any infinite path from the root going through one of the edges in A, has to go through the
edge that replaced it in ®,, since there is no branching below that point by Lemma 2.3.14.
Step 2. We also add to @, the edge {w',w"} on the main path where w = u,,_; 501 is on
level ¢, — 1 and w” = uy, e is on level £,. We mean for the value of ¢, to be such that any
infinite path going through an edge in A" has to go through {w’,w"} first. That is, we need
all vertices of level n with relative position > 1/2 to be a descendant of w”. The number of
descendants of w” on level J > £, is 3/~ until the last J such that it is < 27~!, which we
denote by J*. A quick calculation gives

g £,log3 —log2
| log3—1log2 |’

After level J*, the leftmost descendant of w” has relative position < 1/2 by Lemma 2.3.14.
Therefore, we need n > J*. Taking
log3/2
¢, = L og3/ nJ, (2.3.14)

log3

will do for n large enough, say n > ny.
Finishing up. By construction, &, is a cutset for all n > ny. Moreover,
1

doaT = g < =

n
ecd,

for n large enough, where we used (2.3.13) and (2.3.14). Taking n — -+oo gives the
claim. ]
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As a consequence of Claims 2.3.11 and 2.3.13, |C,| < o0 almost surely for all p < 1
on Z_,. <

2.4 Chernoff-Cramér Method

Chebyshev’s inequality (Theorem 2.1.2) gives a bound on the concentration around its mean
of a square integrable random variable. It is, in general, best possible. Indeed, take X to
be u + bo or u — bo with probability (26?)~! each, and u otherwise. Then EX = p,
VarX = o2, and for B = bo,

1 VarX
== 5
However, in many cases, much stronger bounds can be derived. For instance, if X ~ N(0, 1),
by the following lemma

PlIX —EX| = ] = P[|X — EX]| = f]

1

R (2.4.1)

PX —EX| = B] ~ \/gﬁ_l exp(—f/2) <

as B — 4o0. Indeed:

Lemma 2.4.1 Forx > 0,

+o00
(x—l _x—3)e—x2/2 < / e_};/zdy < x—l e—xz/z_
X

Proof By the change of variable y = x 4 z and using ¢ */2 < 1
+00 +oo
/ e_yz/zdy < e_xz/Z/ e dz = e 27!,
X 0
For the other direction, by differentiation,

+o0
/ (1 -3y efyz/zdy =@x!'—x7) e, u

In this section, we discuss the Chernoff—-Cramér method, which produces exponential tail
bounds, provided the moment-generating function (see Section 2.1.1) is finite in a neighbor-
hood of 0.

2.4.1 Tail Bounds via the Moment-Generating Function

Under a finite variance, squaring within Markov’s inequality (Theorem 2.1.1) produces
Chebyshev’s inequality (Theorem 2.1.2). This “boosting” can be pushed further when stronger
integrability conditions hold.

Chernoff-Cramér We refer to (2.4.2) in the next lemma as the Chernoff—Cramér bound.  ciirrnorr
CRAMER

Lemma 2.4.2 (Chernoff-Cramér bound). Assume X is a random variable such that Mx(s) < ., wp

~+00 for s € (—So, So) for some sy > 0. For any f > 0 and s > 0,

PIX = B] < exp[—{sp — Wx(s)}], (24.2)
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where

Wy (s) := log Mx(s)
is the cumulant-generating function of X.

Proof  Exponentiating within Markov’s inequality gives for s > 0,

. . S
PX 2 ] = Ble™ 2 &%) = "0 — exp [~ (58 — wx(o)]. .
Returning to the Gaussian case, let X ~ N(0,v), where v > 0 is the variance and note
that
+00 )

Mx(s) =

()
= eXp 7 .

By straightforward calculus, the optimal choice of s in (2.4.2) gives the exponent

,82
sup(sB — s*v/2) = 7 (24.3)

s>0

achieved at sg = B/v. For B > 0, this leads to the bound

2
PIX = B] < exp <—2ﬂ—v> , (2.4.4)

which is much sharper than Chebyshev’s inequality for large B — compare to (2.4.1).
As another toy example, we consider simple random walk on Z.

Lemma 2.4.3 (Chernoff bound for simple random walk on Z). Let Z,,...,Z, be independ-
rRapevacter  ent Rademacher variables, that is, they are {—1, 1}-valued random variables with P[Z; =
VARIABLE 11=P[Z =—1]=1/2. Let S, = }_,_, Zi. Then, for any > 0,

P[S, = Bl < e P/, (2.4.5)

Proof  The moment-generating function of Z; can be bounded as follows

le(S)zeszes (]), Z(Sz/zy &2, (2.4.6)

Jj=0 Jj=0

Taking s = f/n in the Chernoff—Cramér bound (2.4.2), we get

PIS, > B] < exp (—sB + n¥z(s))
< exp (—S,B + ns2/2)
— P,

which concludes the proof. u
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Observe the similarity between (2.4.5) and the Gaussian bound (2.4.4) if one takes v to
be the variance of S, that is,

v = Var[S,] = nVar[Z,] = nE[Z}] = n,

where we used that Z; is centered. The central limit theorem says that simple random walk is
well approximated by a Gaussian in the “bulk” of the distribution; the bound above extends
the approximation in the “large deviation” regime. The bounding technique used in the proof
of Lemma 2.4.3 will be substantially extended in Section 2.4.2.

Example 2.4.4 (Set balancing). Letv,,...,v, be arbitrary non-zero vectors in {0, 1}". Think
of v; = (vi1,...,Vi,) as representing a subset of [n] = {l,...,n}: v;; = I indicates that
j 1s in subset i. Suppose we want to partition [r] into two groups such that the subsets
corresponding to the v;s are as balanced as possible, that is, are as close as possible to
having the same number of elements from each group. More formally, we seek a vector
x =(x1,...,x,) € {—1,41}" such that B* = max;_;__,, |x - v;| is as small as possible.

A simple random choice does well: select each x; independently, uniformly at random in
{—1,+1}. Fix ¢ > 0. We claim that

P [B* > /2n(logm + 10g(28—1))] <e. 2.4.7)

Indeed, by (2.4.5) (considering only the non-zero entries of v;),

P [Ix v;| > /2n(logm + 10g(28*1))]
< 2n(logm + 10g(28‘1))>
exp  —

IA
&}

2||villy

IA

€
’

where we used that ||v;||; < n. Taking a union bound over the m vectors gives the result.
In (2.4.7), the \/n term on the right-hand side of the inequality is to be expected since it
is the standard deviation of |x - v;| in the worst case. The power of the exponential tail
bound (2.4.5) appears in the logarithmic terms, which would have been much larger if one
had used Chebyshev’s inequality instead. |

The Chernoff-Cramér bound is particularly useful for sums of independent random
variables as the moment-generating function then factorizes; see (2.1.3). Let

Wi (B) = sup(sp — Wx(s))

seRy

be the Fenchel-Legendre dual of the cumulant-generating function of X. FENCHEL—
LEGENDRE

Theorem 2.4.5 (Chernoff-Cramér method). Let S, = Ziin Xi, where the X;s are i.i.d. ran- puaL
dom variables. Assume My, (s) < +00 on s € (—so, So) for some sy > 0. For any > 0,

P[S, > B] < exp <—n\IJ)*(1 (g)) . (2.4.8)
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In particular, in the large deviations regime, that is, when =bn for some b>0, we
have

|
—limsup — log P[S, > bn] > Wy, (b). (2.4.9)
o N
Proof By independence, we get
W5 (B) = sup(sB — nW(s) = supn (s () — Wi (0) ) = mur (> ).

5>0 s>0

and then we optimize over s in (2.4.2). ]

We use the Chernoff-Cramér method to derive a few standard bounds.

POISSON Poisson variables We start with the Poisson case. Let Z ~ Poi(A) be Poisson with mean 2,

where we recall that
k

A
]P’[Z:k]:ef)‘ﬁ, k€Z+.

Letting X = Z — A,

ké
lIJX(S) — 10g (Z e—}\ﬁ es(f—)\))

£>0

s\
= 10g (e—(l-&-s)x Z (ee):) )

£>0
— IOg (ef(lJrs)kee“)»)

=AM —s—1),
so that straightforward calculus gives for 8 > 0,

Wi (B) = sup(sf —i(e’ —s— 1))

s>0

A[(0=2(+2)-4]
().

achieved at sg = log (1 + %), where 4 is defined as the expression in square brackets in the
above display. Plugging W} () into Theorem 2.4.5 leads for 8 > 0 to the bound

P[Z > )+ B] < exp (—)»h <§)) . (2.4.10)
A similar calculation for —(Z — ) gives for 8 < 0,
P[Z <)+ B] <exp (—)»h (g)) . (2.4.11)
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If S, is a sum of n 1.i.d. Poi(A) variables, then by (2.4.9) fora > A,

a—»x
—hmsup log P[S, > an] > Ah( )

n A
Io (a> + A
=a —)—a
g\i
=:I}°(a), (2.4.12)
and similarly for a < A,
—lim sup log]P[S < an] = I'(a). (2.4.13)

n

In fact, these bounds follow immediately from (2.4.10) and (2.4.11) by noting that S, ~
Poi(n1) (see, for example, Exercise 6.7).

Binomial variables and Chernoff bounds Let Z ~ Bin(n, p) be a binomial random varia- sinomiAL
ble with parameters n and p. Recall that Z is a sum of i.i.d. indicators Yy, ..., Y, equal to 1

with probability p. The Y;s are also known as Bernoulli random variables or Bernoulli trials, Brrnouris
and their law is denoted by Ber(p). We also refer to p as the success probability. Letting
Xi=Y—pandS,=Z—np

Wy, (s) = log (pe’ + (1 — p)) — ps.
For b € (0,1 — p), letting a = b + p, direct calculation gives

Wi, () = Sug(sb — (log[pe’ + (1 —p)] — ps))

1—
= (1 —a)log ? + alog 7_ D(al|p), (2.4.14)
I—p p
achieved at s, = log ;1(1 L Z‘; The function D(a||p) in (2.4.14) is the so-called Kullback—Leibler 11 1nack—
divergence or relative entropy between two Bernoulli variables with parameters a and p, LFIBLER

respectively. By (2.4.8) for § > 0, PIVERGENCE
P[Z = np+ B] < exp(—nD (p+ B/nlp)) .
Applying the same argument to Z' = n — Z gives a bound in the other direction.

Remark 2.4.6 In the large deviations regime, it can be shown that the previous bound is
tight in the sense that

1
- log P[Z > np + bn] — D (p + bllp) =: I}2(b),

as n — —+oo. The theory of large deviations provides general results of this type. See, for
example, [Durl0, section 2.6]. Upper bounds will be enough for our purposes.

The following related bounds, proved in Exercise 2.7, are often useful.

Theorem 2.4.7 (Chernoff bounds for Poisson trials). Let Yy,...,Y, be independent {0, 1}-
valued random variables with P[Y; = 1] = p; and u = ), p;. These are called Poisson poisson
trials. Let Z =), Y;. Then: TRIALS
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(i) Above the mean
(a) Foranyé > 0,
e :
P[Z > (1+d)u] < (W) .
(b) Forany( <4 <1,
P[Z > (14 8)u] < e /3.
(ii) Below the mean
(a) Forany(0 < 3§ < 1,
e’ "
iz = (- ona = (—55)
(b) Forany (0 <48 < 1,
PIZ < (1-d)u] <e

2.4.2 Sub-Gaussian and Sub-Exponential Random Variables

The bounds in Section 2.4.1 were obtained by computing the moment-generating function
explicitly (possibly with some approximations). This is not always possible. In this section,
we give some important examples of tail bounds derived from the Chernoff-Cramér method
for broad classes of random variables under natural conditions on their distributions.

Sub-Gaussian random variables

We begin with sub-Gaussian random variables which, as the name suggests, have a tail that
is bounded by that of a Gaussian.

General case Here is our key definition.

SUB- Definition 2.4.8 (Sub-Gaussian random variables). We say that a random variable X with
GAUSSIAN mean | is sub-Gaussian with variance factor v if’
VARIABLE
A AB SZU
Wy_,.(s) < -5 Vs e R (2.4.15)

for some v > 0. We use the notation X € sG(v).

Note that the right-hand side in (2.4.15) is the cumulant-generating function of a N(0, v).
By the Chernoff-Cramér method and (2.4.3) it follows immediately that

2
PLX — = ~FIVPIY == ) < exp (-5 ). 24.16)
where we used that X € sG(v) implies —X € sG(v). As a quick example, note that this is
the approach we took in Lemma 2.4.3, that is, we showed that a uniform random variable in
{—1, 1} (i.e., a Rademacher variable) is sub-Gaussian with variance factor 1.
When considering (weighted) sums of independent sub-Gaussian random variables, we
get the following.
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Theorem 2.4.9 (General Hoeffding inequality). Suppose Xi,...,X, are independent ran-
dom variables where, for each i, X; € sG(v;) with 0 < v; < 400. For wy,...,w, € R, let
Sy = > icy WiXi. Then

S, €sG (Xn: wfvi) )
i=1

In particular, for all B > 0,

132
]P’[S,,—ES,,Z/B]Sexp(— )

230 Wi
Proof  Assume the X;s are centered. By independence and (2.1.3),
(swiPvi 87D, WiV
Ws, (5) = Z Wi (5) = Z Wy (swi) < Z ST .

Bounded random variables For bounded random variables, the previous inequality reduces
to a standard bound.

Theorem 2.4.10 (Hoeffding’s inequality for bounded variables). Let Xi,...,X, be inde-
pendent random variables where, for each i, X; takes values in [a;, b;] with —o0 < a; < b; <
+oo. Let S, =) _._, X;. Forall B > 0,

i<n

28
P[S, — ES, > B] < exp <—m) :

By Theorem 2.4.9, it suffices to show that X; — E X; € sG(v;) with v; = %(bi — a;)*. We first

give a quick proof of a weaker version that uses a trick called symmetrization. Suppose the svvmvETRIZA-
X;s are centered and satisfy |.X;| < ¢; for some ¢; > 0. Let X/ be an independent copy of X; TION

and let Z; be an independent uniform random variable in {—1, 1}. For any s,

E [es)(,-] -F [es]E[X,-*X,’ \Xi]]
< E[E [ | X]]
= E[e@ ],
where the first line comes from the taking out what is known lemma (Lemma B.6.16)
and the fact that X, is centered and independent of X;, the second line follows from the
conditional Jensen’s inequality (Lemma B.6.12), and the third line uses the tower prop-

erty (Lemma B.6.16). Observe that X; — X! is symmetric, that is, identically distributed to
—(X; — X)). Hence, using that Z; is independent of both .X; and X/, we get

E[¢%] = E [E[e“ | z]]

[E [ | 2]
= [¢451)]
[

B[40 |x, — x]]]
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From (2.4.6) (together with Lemma B.6.15), the last line is
<E [e(s(x,-fxi’»z/z]
< o4
since |X;|, | X/| < c;. Putting everything together, we arrive at
E [eSX"] < 67401252/2.

That is, X; is sub-Gaussian with variance factor 4c?. By Theorem 2.4.9, S, is sub-Gaussian
with variance factor ) ,_, 4c; and

t2
P[S, > 1] < exp (—m) .

Proof of Theorem 2.4.10  As pointed out above, it suffices to show that X; — EX; is sub-
Gaussian with variance factor }‘(bi — a;)%. This is the content of Hoeffding’s lemma below
(which we will use again in Chapter 3). First an observation:

Lemma 2.4.11 (Variance of bounded random variables). For any random variable Z taking
values in [a, b] with —oco < a < b < +00, we have

Var[Z] < %(b —a)’.

Proof Indeed,

‘Z_a—{—b' b—a

<
2

- 2
b b\’ b—a\’
Var[z] = Var|z = X2 | < | (2= ¢ < ) .
2 2 2
|
Horrrping's  Lemma 2.4.12 (Hoeftfding’s lemma). Let X be a random variable taking values in [a, b] for
LEMMA —00 < a < b < +o0. Then, X € sG (1(b — a)?).

Proof Note first that X —EX € [a—EX,b—EX]and ;(b—EX)—(a—EX))* = 1(b—a)*.
So without loss of generality we assume that EX = 0. Because X is bounded, My(s) is finite
for all s € R. Hence, by (2.1.2),

and

M(0) _

Wy (0) = log Myx(0) = 0, V(0) = Mx(0)

EX =0,

and by a Taylor expansion,

2 S2

’ § " * " *k
Wi (s) = Wx(0) + sWy (0) + S Wy (s7) = —Wx(s7)
for some s* € [0, s]. Therefore, it suffices to show that for all s,

Wi(s) < %(b —a)’. (2.4.17)
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Note that

i) = MO (M,;@)z

My(s) ~ \ Mx(s)

2
_ ! ]E[XZeSX]—< : E[XesX]>
My (s) My (s)

:E|:X2 e ] — (E[X e D2
Mx(s) Mx(s)

The trick to conclude is to notice that —~— defines a density on [, b] with respect to the

Mx(s)
law of X. The variance under this density — the last line above — is less than }T(b —a)’ by
Lemma 2.4.11. This establishes (2.4.17) and concludes the proof. ]

Remark 2.4.13 The change of measure above is known as tilting and is a standard trick in
large deviation theory. See, for example, [Durl0, section 2.6].

Since we have shown that X; — [EX; is sub-Gaussian with variance factor %(b,« — a,)%,
Theorem 2.4.10 follows from Theorem 2.4.9. [ |

Sub-exponential random variables
Unfortunately, not every random variable of interest is sub-Gaussian. A simple example is
the square of a Gaussian variable. Indeed, suppose X ~ N(0,1). Then W = X? is x2-
distributed and its moment-generating function can be computed explicitly. Using the change
of variable u = x/1 — 2s, for s < 1/2,

My (s) = e dx

1 +oo
A/ 2 »/—oo

1 1 oo
= X / e "% du
V1 =2s 27 J-x
1
= 2.4.18
(1 —25)1/2 ( )

When s > 1/2, however, we clearly have My (s) = +o0. In particular, ' cannot be sub-
Gaussian for any variance factor v > 0. (Note that centering ¥ produces an additional factor
of ¢™ in the moment-generating function which does not prevent it from diverging.) Further
confirming this observation, arguing as in (2.4.1), the upper tail of W decays as

PV > B]=PLX > /]
1
~\ 2 VAT exp(— VBT /2)

1
~ 4 2B exp(—pB/2),

as B — +oo. That is, it decays exponentially with 8, but much slower than the Gaussian
tail.
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General case We now define a broad class of distributions which have such exponential tail

decay.
SUB- Definition 2.4.14 (Sub-exponential random variable). We say that a random variable X with
EXPONENTIAL - mean | is sub-exponential with parameters (v, ) if
VARIABLE 2
Y 1
Wr-u(s) = 5= Vsl =<~ (2.4.19)
o

for some v,a > 0. We write X € s€(v,a).!

Observe that the key difference between (2.4.15) and (2.4.19) is the interval of s over which
it holds. As we will see, the parameter « dictates the exponential decay rate of the tail. The
specific form of the bound in (2.4.19) is natural once one notices that, as |s|] — 0, a centered
random variable with variance v should roughly satisfy

2 2 2
log E[¢**] ~ log {1 + sE[X] + %E[Xz]} ~ log{l n 37”} ~ ST"

Returning to the x? distribution, note that from (2.4.18) we have for |s| < 1/4:

1
Wy i(s) = —s — 7 log(1 — 2s)

§2 +°°(2S)1—2
=— 14

2| 5
<=2 1/2]"~
<5 ;|/|

&2
<—x4

2

Hence, W € s£(4,4).
Using the Chernoff—-Cramér bound (Lemma 2.4.2), we obtain the following tail bound for
sub-exponential variables.

Theorem 2.4.15 (Sub-exponential tail bound). Suppose the random variable X with mean
W is sub-exponential with parameters (v, ). Then, for all B € R,

exp(—£) 0= <v/a,
exp —%) ifB > v/a.
In words, the tail decays exponentially fast at large deviations but behaves as in the sub-

Gaussian case for smaller deviations. We will see that this awkward double-tail allows to
extrapolate naturally between different regimes. First we prove the claim.

PIX —p = B] < (2.4.20)

Proof of Theorem 2.4.15 We start by applying the Chernoff—-Cramér bound. For any 8 > 0
and |s| < 1/a,

PLX — 1 > B] < exp (—sB + Wx(s) < exp (—sp +5°v/2).

! More commonly, “sub-exponential” refers to the case o = /v.
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At this point, the proof diverges from the sub-Gaussian case because the optimal choice of
s depends on ( because of the additional constraint |s|] < 1/«. When s* = /v satisfies
s* < 1/a, the quadratic function of s in the exponent is minimized at s*, giving the bound

’32
PLY > B] < exp (—5)

for0 < B <v/a.
On the other hand, when 8 > v/«, the exponent is strictly decreasing over the interval
s < 1/a. Hence, the optimal choice is s* = 1/«, which produces the bound

PLX > B] < exp (—é + L)

o 2a?

< exp (—é + ﬁ)

o 2o

where we used that v < Ba on the second line. ]

For (weighted) sums of independent sub-exponential random variables, we get the
following.

Theorem 2.4.16 (General Bernstein inequality). Suppose X1, ..., X, are independent ran-
dom variables where, for each i, X; € sE(vi, ;) with 0 < v, a; < +00. For wy,...,w, € R,
let S, = Ziin w;X;. Then,

i=1

n
S, € s& (Z wfui,max |w,-|a,-) .
1

In particular, for all B > 0,

_ B> : < < Wi
€Xp ( 230 why; lfo — 'B — max; |wile;’
___ B : Yo wivi

€xXp ( 2 max; |wi|o; lfﬁ > ax; |wilo;

Proof Assume the X;s are centered. By independence and (2.1.3),

sy T
Wy, (s) = Z Wi (s) = Z Wy (sw;) = Z ( 12) - = > ;

P[S, —ES, = B] =

i<n i<n i<n
provided |sw;| < 1/«; for all i, that is,

1
S| < —m8 ——.
| | - maXi|wi|ai u
Bounded random variables: revisited We apply the previous result to bounded random

variables.

Theorem 2.4.17 (Bernstein’s inequality for bounded variables). Let Xi,...,X, be inde-
pendent random variables, where, for each i, X; has mean w;, variance v; and satisfies
|X; — il < cforsome <c < +4oo. LetS, =Y .. X. Forall B >0,

i<n
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P <_4Zﬂf’i v-) FO=p = Z'%' -,
exp (— ;) ifB > ==t

Proof We claim that X; € s€(2v;,2c¢). To establish the claim, we derive a bound on all
moments of X;. Note that for all integers £ > 2,

ELX; — wil* < & EIX — wil? = &2,

Hence, first applying the dominated convergence theorem (Proposition B.4.14) to establish
the limit, we have for |s| < zic,

400

SXi—pi)] — S )k
Ble ] =} B — )]
k=0
+00 Sk
< T+ SE[G = p)l + ) 57w
k=2
- v 52y <% ‘o
<1+ 7 + ? Z(CS)
k=3
2, 1 ecs
=14+—114=
+ 2 { + 31— cs}
<1+s2v,- 1_}_1 1/2
- 2 31-1/2
c14+5)
- 2
2
< —2v; ).
< exp ( > v>
Using the general Bernstein inequality (Theorem 2.4.16) gives the result. ]

It may seem counter-intuitive to derive a tail bound based on the sub-exponential prop-
erty of bounded random variables when we have already done so using their sub-Gaussian
behavior. After all, the latter is on the surface a strengthening of the former. However, note
that we have obtained a better bound in Theorem 2.4.17 than we did in Theorem 2.4.10 —
when B is not too large. That improvement stems from the use of the (actual) variance for
moderate deviations. This is easier to appreciate through an example.

Example 2.4.18 (Erdos—Rényi: maximum degree). Let G, = (V,, E,) ~ G, be a random
graph with n vertices and density p, under the Erd6s—Rényi model (Definition 1.2.2). Recall
that two vertices u,v € V, are adjacent if {u,v} € E, and that the set of adjacent vertices
of v, denoted by N(v), is called the neighborhood of v. The degree of v is the size of its
neighborhood, that is, §(v) = |[N(v)|. Here we study the maximum degree of G,,

D, = max §(v).
vel,

We focus on the regime np, = w(logn). Note that for any vertex v € V,,, its degree is Bin(n—
1, p,) by independence of the edges. In particular, its expected degree is (n — 1)p,,. To prove
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a high-probability upper bound on the maximum D,,, we need to control the deviation of the
degree of each vertex from its expectation. Observe that the degrees are not independent.
Instead, we apply a union bound over all vertices, after using a tail bound.

Claim 2.4.19 Foranye > 0, as n - +oo,

P [|Dn —np,| = 24/(1 + ¢)np, logn] — 0.

Proof For a fixed vertex v, think of §(v) = S,_; ~ Bin(n — 1,p,) as a sum of n — 1
independent {0, 1}-valued random variables, one for each possible edge. That is, S, =
Z;:ll X;, where X; is a bounded random variable. The mean of X; is p, and its variance is
pa(1 — py). So in Bernstein’s inequality (Theorem 2.4.17), we can take u; = p,, v; ‘=
pu(l —py), and ¢ := 1 for all i. We get

exp (—f—) if0< B <,
exp(—2) ifp>v,

where v = (n — 1)p,(1 — p,) = w(logn) by assumption. We choose g to be the smallest
value that will produce a tail probability less than n='~¢ for & > 0, that is,

B = /4 — Dp,(1 — p,) x /(1 +&)logn = o(v),

which falls in the lower regime of the tail bound. In particular, 8 = o(np,) (i.e., the deviation
is much smaller than the expectation). Finally, by a union bound over v € V,,,

P[Si-1 = (n—Dp, + Bl < {

1
P [D,, > (0 — D, + v/4(1 + )pu(l — p)(n — l)logn] <nx —— =0
n &
The same holds in the other direction. That proves the claim. [ |

Had we used Hoeffding’s inequality (Theorem 2.4.10) in the proof of Claim 2.4.19 we
would have had to take 8 = /(1 + &)nlogn. That would have produced a much weaker
bound when p, = o(1). Indeed, the advantage of Bernstein’s inequality is that it makes
explicit use of the variance, which when p,, = o(1) is much smaller than the worst case for
bounded variables. |

2.4.3 > Probabilistic Analysis of Algorithms: Knapsack Problem

In a knapsack problem, we have » items. Item i has weight 7; and value V;. Given a weight
bound WV, we want to pack as valuable a collection of items in the knapsack under the
constraint that the total weight is less than or equal to VV. Formally, we seek a solution to
the optimization problem

Z'=max 3 Y xVjix, . Lx, € [0,1, ) W <WE. (2.4.21)
j=1

J=1

This is the fractional knapsack problem, where we allow a fraction of an item to be added to kwarsack
the knapsack. PROBLEM
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Figure 2.7 Vizualization of the greedy algorithm.

It is used as a computationally tractable relaxation of the 0-1 knapsack problem, which
also includes the combinatorial constraint x; € {0,1},V]. Indeed, it turns out that the
optimization problem (2.4.21) is solved exactly by a simple greedy solution (see Exercise 2.8
for a formal proof of correctness): let 7 be a permutation of {1, ..., n} that puts the items in
decreasing order of value per unit weight

Vay o Ve o L Vam

Weay = Wrey — T Wawm
add the items in that order until the first time the weight constraints is violated; include
whatever fraction of that last item that will fit. This greedy algorithm has a natural geometric
interpretation, depicted in Figure 2.7, that will be useful. We associate item j to a point

W, V) e, 1] and keep only those items falling on or above a line with slope 6 chosen to
satisfy the total weight constraint. Specifically, let

Ng={jelnl:V,>0wW},

Ao=1{jeln]: V,=0W},
and
©* =inf{0 =0 : Wa, < W},

where, for a subset of items J C [n], W, = .., W

We consider a stochastic version of the fractional knapsack problem where the weights
and values are i.i.d. random variables picked uniformly at random in [0, 1]. Characterizing
Z* (e.g., its moments or distribution) is not straightforward. Here we show that Z* is highly
concentrated around a natural quantity. Observe that, under our probabilistic model, almost
surely |Ag| € {0, 1} for any 6 > 0. Hence, there are two cases. Either ®* = 0, in which case
all items fit in the knapsack so that Z* = 27:1 W;, or ® > 0, in which case |Ag<| = 1 and

78 =Vap + OV = Was WV, (2.4.22)
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One interesting regime is YV = tn for some constant t > 0. Clearly, T > 1 is trivial. In
fact, because

- 1
E ,21: W; | =nEW] = n,
we assume that 7 < 1/2. To further simplify the calculations, we restrict ourselves to the
case T € (1/6,1/2). (See Exercise 2.8 for the remaining case.) In this regime, we show that
Z* grows linearly with » and give a bound on its deviation.

Although Z* is technically a sum of random variables, the choice of ®* correlates them
and we cannot apply our concentration bounds directly. Instead, we show that ®* itself can
be controlled well. It is natural to conjecture that ®* is approximately equal to a solution 6,
of the expected constraint equation E[W,, ] = WV, that is,

nivg, = nt, (2.4.23)

T

where w, is defined through

EWs]=E|Y W,
_jEAe

=E| Y 1y, > 0w} w,
J=1

=: I’lv_Vg.

Similarly, we define
\_/g = E[I{Vl > 9W1} V]] .

We see directly from the definitions that both wy and vy are monotone as functions of 6.
Our main claim is the following.

Claim 2.4.20 There is a constant ¢ > 0 such that for any § > 0,

P [lZ* —nvg | > +/cn logS—I] <34
for all n large enough.
Proof  Because all weights and values are in [0, 1], it follows from (2.4.22) that
Vag <ZF < Vag +1, (2.4.24)

and it will suffice to work with V4, . The idea of the proofis to show that ®* is close to 6; by
establishing that ¥, is highly likely to be less than tn when 6 > 6., while the opposite holds
when 6 < 6.. For this, we view W, as a sum of independent bounded random variables and
use Hoeffding’s inequality (Theorem 2.4.10).
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Controlling ®*. First, it will be useful to compute w, and 6, analytically. By definition,

E[l V] > 9W1} W]]

/ / 1{y > Ox}xdydx
In1/6
=/ (1 —O0x)xdx
0

1 1lg ifg <1,
:{21 v s (2.4.25)

o otherwise.

Plugging back into (2.4.23), we get the unique solution

1
6, _3<——1) € (0,1)
for the range 7 € (1/6,1/2).
Now observe that, for each fixed 0, the quantity

=Y 1> 0wy W,
j=1
is a sum of independent random variables taking values in [0, 1]. Hence, for any 8 > 0,
Hoeftding’s inequality gives

2
P[Wa, —nivy = B] < exp (—ﬁ) :
n

Using this inequality with 0 = 6, — % (with n large enough that & < 1) and B = 3C/n
gives
P [WA —3n (1 -6, + £> > 3Cﬁ} < exp (—2(3C)%)
2 Jn) ~ - ’
where we used (2.4.25). After rearranging and using that 3n (3 — 6;) = nt by (2.4.23)
and (2.4.25), we get

€

i

C
PlOo*>0,——|=P|W > < —2(3C)%).
oz ]2 2] zomicen

Applying the same argument to —W,, with 6 = 6, + % and combining with the previous
inequality gives

C
P [|@* -6, > %] <2exp(—2(3C)). (2.4.26)

Controlling Z*. We conclude by applying Hoeffding’s inequality to V,,. Arguing as above
with the same 6’s and B, we obtain

P [VAg o =N _c = 3c\/z} < exp (—2(3C)) (2.4.27)
- -
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and
P [VAQ . — Ny, +e = —3C\/ﬁ} < exp (—2(3C)2). (2.4.28)
T+W T n
Again, it will be useful to compute vy analytically. By definition,

]E[l V] > 9W1} V]]

/ / 1{y > Ox}ydxdy

1A0
=/ y—zdy+/ ydy
0 9 16
11 .
_ 7 692 if 6 < 1,
= otherwise.

Assuming 7 is large enough that 0, + C/\/n < 1 (recall that 6, < 1), we get

_ _ 1 C C? C
Vo ~Vo+ L T ¢ Zﬁer T =

NG
A quick check reveals that, similarly, v, —e — Ve, < % Plugging back into (2.4.27)
and (2.4.28) gives
P |:VAH o = nve, + 4Cﬁ:| < exp (—2(3C)2) (2.4.29)
T
and
P [VAS . < vy, — 4cﬁ] <exp (—2(3C)). (2.4.30)
T+W

Observe that the following monotonicity property holds almost surely
bp <01 =<0, = Va, = Va, = Va,- (2.4.31)
Combining (2.4.24), (2.4.26), (2.4.29), (2.4.30), and (2.4.31), we obtain
P[|Z* — nve,| > 5CV/n] < 4exp (—2(3C))
for n large enough. Choosing C appropriately gives the claim. |

A similar bound is proved for the 0-1 knapsack problem in Exercise 2.9.

2.4.4 Epsilon-Nets and Chaining

Suppose we are interested in bounding the expectation or tail of the supremum of a stochastic
process

sup)(f’
teT
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where 7 is an arbitrary index set and the X;s are real-valued random variables. To avoid
measurability issues, we assume throughout that .7 is countable.? Note that ¢ does not in
general need to be a “time” index.

So far we have developed tools that can handle cases where .7 is finite. When the supre-
mum is over an infinite index set, however, new ideas are required. One way to proceed is
to apply a tail inequality to a sufficiently dense finite subset of the index set and then extend
the resulting bound by a Lipschitz continuity argument. We present this type of approach in
this section, as well as a multi-scale version known as chaining.

First we summarize one important special case that will be useful below: .7 is finite and
X, is sub-Gaussian.

Theorem 2.4.21 (Maximal inequalities: sub-Gaussian case). Let {X,},co be a stochastic
process with finite index set .7 . Assume that there is v > 0 such that, for all t, X; € sG(v)
and E[X;] = 0. Then,

E |:supXt} <+/2vlog| 7,

teT

and, for all B > 0,

2
P[susz > /2vlog |7 | +,3:| < exp (—/3—) .

€T 2v

Proof  For the expectation, we apply a variation on the Chernoff-Cramér method (Sec-
tion 2.4). Naively, we could bound the supremum sup,. » X; by the sum ), _ |.X;|, but that
would lead to a bound growing linearly with the cardinality |.77|. Instead we first take an
exponential, which tends to amplify the largest term and produces a much stronger bound.
Specifically, by Jensen’s inequality (Theorem B.4.15), for any s > 0,

1 1
E |:supXt} =-E |:sup th} < -logE |:exp (sup th)] .
€T § €T § €T

Since e*? < ¢ + ¢’ by the non-negativity of the exponential, we can bound

o
B [sup| < iog | S Elenp (sxo]}

Lte T
1

= B log ZMX,(S):|

LieT

1 r 2
—log |17 eT]
s L

log |7
_ log| |+g
s 2

IA

2 Technically, it suffices to assume that there is a countable % C .7 such that sup,. o X; = sup,c 7, X almost
surely.
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The optimal choice of s (i.e., leading to the least bound) is when the two terms in the sum
above are equal, that is, s = \/2v~!log |.7|, which gives finally
E |:supX[:| <V2vlog|7],
teT

as claimed.
For the tail inequality, we use a union bound and (2.4.16):

P[suprzﬂvlogwwﬁ} = > PX = V2viog 7] + 8]

teT

teT
2vlog|.T 2
17| exp <_<\/ viog[ 7]+ B) )
2v

132
< .
= exp ( 2v)°

as claimed, where we used that 8 > 0 on the last line. ]

Epsilon-nets and covering numbers

Moving on to infinite index sets, we first define the notion of an ¢-net. This notion requires
that a pseudometric p (i.e., p: 7 x .7 — R, is symmetric and satisfies the triangle ine-
quality) be defined over 7.

Definition 2.4.22 (s-net). Let .7 be a subset of a pseudometric space (M, p) and let ¢ > 0.

The collection of points N € M is called an s-net of .7 if £-NET
T < B(te),
teN
where B,(t,€) = {s € T : p(s,t) < &}, that is, each element of 7 is within distance ¢ of an
element in N. The smallest cardinality of an g-net of 7 is called the covering number COVERING
NUMBER

N(Z,p,e) =inf{|N|: N is an e-net of T'}.

A natural way to construct an g-net is the following algorithm. Start with N = ¢ and succes-
sively add a point from 7 to N at distance at least & from all other previous points until it is
not possible to do so anymore. Provided .7 is compact, this procedure will terminate after a
finite number of steps. This leads to the following dual perspective.

Definition 2.4.23 (¢-packing). Let .7 be a subset of a pseudometric space (M, p) and let
& > 0. The collection of points N C 7 is called an e-packing of 7 if

t¢B,(f,e) Vt#1t €N,

that is, every pair of elements of N is at distance strictly greater than ¢. The largest cardi-
nality of an e-packing of 7 is called the packing number PACKING

NUMBER
P(T, p,e) = sup{|N|: N is an e-packing of T }.
Lemma 2.4.24 (Covering and packing numbers). For any .7 C M and all ¢ > 0,
N(T,p,e) < P(T,p,¢).
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Proof Observe that a maximal e-packing N is an e-net. Indeed, by maximality, any element
of 7 \ N is at distance at most ¢ from an element of N. ]

Example 2.4.25 (Sphere in R¥). We let B*(x, £) be the ball of radius & around x € R with
the Euclidean metric. We let S := S/~ be the sphere of radius 1 centered around the origin
0, that is, the surface of B*(0,1). Let 0 < & < 1.

Claim 2.4.26

&

k
NS, p,e) < <§) .

Proof Let N be any maximal e-packing of S. We show that |[N| < (3/¢)*, which implies the
claim by Lemma 2.4.24. The balls of radius &/2 around points in N, {B*(x;,£/2): x; € N},
satisfy two properties:

1. They are pairwise disjoint: if z € B¥(x;, £/2) N B¥(x;, £/2), then [lx; — x;[l2 < |lx; — zl|» +
lx; — zll» < &, a contradiction.

2. They are included in the ball of radius 3/2 around the origin: if z € Bf(x;, £/2), then
Izll2 < llz = xillo + lIxill = €/2+1 =< 3/2.

The volume of a ball of radius /2 is 2 G2 and that of a ball of radius 3 /2 is A CTPI

eV T(k/2+1) T(k/2+1)
Dividing one by the other proves the claim. [ |
This bound will be useful later. |

The basic approach to use an e-net for controlling the supremum of a stochastic process
LIPSCHITZ is the following. We say that a stochastic process {X,},c & is Lipschitz for pseudometric p on
PROCESS T if there is a random variable 0 < K < +o0 such that

|AXVI_XS|§Kp(S9t)9 Vsatey'

If in addition X; is sub-Gaussian for all 7, then we can bound the expectation or tail proba-
bility of the supremum of {X,},c » — if we can bound the expectation or tail probability of
the (random) Lipschitz constant K itself. To see this, let N be an s-net of .7 and, for each
t € 7, let 7(¢) be the closest element of N to ¢. We will refer to 7 as the projection map of
N. We then have the inequality
sup X; < sup(X; — Xz()) + sup Xz < Ke +sup X;, (2.4.32)
teT teT teT seN
where we can use Theorem 2.4.21 to bound the last term. We give an example of this type
of argument next (although we do not apply the above bound directly). Another example
(where (2.4.32) is used this time) can be found in Section 2.4.5.

SPECTRAL Example 2.4.27 (Spectral norm of a random matrix). For an m x n matrix 4 € R"*", the
NORM spectral norm (or induced 2-norm, or 2-norm for short) is defined as
_ | 4x]|»
141l == sup = sup |l4x|, = sup (4x,y), (2.433)
xeR™"\{0} ||X||2 xe§r—1 xeSr—!
yesm—l

where S"~! is the sphere of Euclidean radius 1 around the origin in R”. The rightmost ex-
pression, which is central to our developments, is justified in Exercise 5.4.
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We will be interested in the case where 4 is a random matrix with independent entries.
One key observation is that the quantity (4x,y) can then be seen as a linear combination of
independent random variables

(Ax,y) ley, "

Hence we will be able to apply our previous tail bounds. However, we also need to deal with
the supremum.

Theorem 2.4.28 (Upper tail of the spectral norm). Let A € R™*" be a random matrix whose
entries are centered, independent, and sub-Gaussian with variance factor v. Then there
exists a constant 0 < C < 400 such that, for all t > 0,

4], < C/v(m + /n+1),
with probability at least 1 — ™"

Without the independence assumption, the norm can be much larger in general (see Exer-
cise 2.15).

Proof Fix ¢ = 1/4. By Claim 2.4.26, there is an e-net N (respectively M) of S"~! (respec-
tively S”~1) with |[N| < 12" (respectively |[M| < 12™). We proceed in two steps:

1. We first apply the general Hoeffding inequality (Theorem 2.4.9) to control the deviations
of the supremum in (2.4.33) restricted to N and M.
2. We then extend the bound to the full supremum by Lipschitz continuity.

Formally, the result follows from the following two lemmas.

Lemma 2.4.29 (Spectral norm: e-net). Let N and M be as above. For C large enough, for
allt > 0,

1 2
P max (Ax,y) > EC\/;(\/E—I- i+l <e .
Xe

yeM

Lemma 2.4.30 (Spectral norm: Lipschitz constant). For any e-nets N and M of S"~' and
S"=1, respectively, the following inequalities hold:

sup (4x,y) = | 4ll> = T2 W (Ax,y).
xeN - xeN
yeM yeM

Proof of Lemma 2.4.29 Recall that
(Ax,y) Zx,yj i

is a linear combination of independent random variables. By the general Hoeffding inequal-
ity, (Ax,y) is sub-Gaussian with variance factor

Y Gt v = Ixl3llyl3v = v

Lj
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forall x € N andy € M. In particular, for all 8 > 0,

/32
PliAx,y) = B < exp (—5)

Hence, by a union bound over N and M,

1
P max (Ax,y) > EC\/U(\/E +/n+1)
X€E

yeM

<y P [(Ax,y> > %Cﬁ(«/ﬁ+ \/ﬁ+t)]

xeN
yeM

2
< IN|IM]exp (—% {%Cﬁ(ﬂ+ Ji+ r)} )

2
< 12" exp (—% {m+n+ t2})

< e_tz

for C?/8 = log12 > 1, where in the third inequality we ignored all cross-products since
they are non-negative. |

Proof of Lemma 2.4.30  The first inequality is immediate by definition of the spectral norm.
For the second inequality, we will use the following observation:

(AX,y) — (AX0,¥o) = (AX,y — yo) + (4(X — Xo), Yo)- (2.4.34)

Fix x € " !and y € S"! such that (4x,y) = [|4]|, (which exist by compactness), and let
Xo € N and y, € M such that

Ix =Xl <&  and Iy — yoll < .
Then (2.4.34), Cauchy—Schwarz and the definition of the spectral norm imply
41|z = (4X0,¥o) =< I 4l21Ix[l21ly — Yoll2 + [141l2]1x = Xoll2[l¥oll2 < 2&[|4]|>.
Rearranging gives the claim. ]

Putting the two lemmas together concludes the proof of Theorem 2.4.28.

We will give an application of this bound in Section 5.1.4. <
Chaining method
We go back to the inequality
sup X; < sup(X; — Xz() + sup Xz (2.4.35)
teT teT teT

Previously we controlled the first term on the right-hand side with a random Lipschitz con-
stant and the second term with a maximal inequality for finite sets. Now we consider cases
where we may not have a good almost sure bound on the Lipschitz constant, but where
we can control increments uniformly in the following probabilistic sense. We say that a
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stochastic process {X;},c# has sub-Gaussian increments on (.7, p) if there exists a deter- sun-

ministic constant 0 < JC < 400 such that GAUSSIAN
INCREMENTS

X, — X, € sG(K?p(s,1)*) Vs,te T.

Even with this assumption, in (2.4.35) the first term on the right-hand side remains a supre-

mum over an infinite set. To control it, the chaining method repeats the argument above at cHAINING
progressively smaller scales, leading to the following inequality. The diameter of .7, denoted METHOD
by diam(.7), is defined as

diam(.7) = sup{p(s,?): s,t,€ T}.

Theorem 2.4.31 (Discrete Dudley inequality). Let {X;};c 7 be a zero-mean stochastic proc-
ess with sub-Gaussian increments on (7, p) and assume diam(.7) < 1. Then

E|:supXt:| < CZ2 k\/logf\/‘(y 0,27

teT
for some constant 0 < C < 4-00.

Proof Recall that we assume that .7 is countable. Let .7, C .7, j > 1, be a sequence of
finite sets such that .7, 1 .7. By monotone convergence (Proposition B.4.14),

E [supX,] =supE |:supX,:| .
teT Jj=1 te.J;
Moreover, N (.7, p, &) < N(Z,p,¢) for any ¢ > 0 since .7; C .7. Hence, it suffices to
handle the case |.7| < +o0.
g-nets at all scales. For each k > 0, let N; be an 2 *-net of .7 with |N;| = N(.7, p,27%)
and projection map ;. Because diam(.7) < 1, Ny = {f}, where f, € 7 can be taken

arbitrarily. Moreover, because .7 is finite, there is 1 < x < 400 such that N, = .7 for all
k > k. In particular, 7, () = ¢ for all € .7. By a telescoping argument,

k—1
X =X, + Z (X0 = X)) -
k=0

Taking a supremum and then an expectation gives

[supX,] ZE[sup () — X,,k(t))}, (2.4.36)

te T

where we used E[X; ] = 0.
Sub-Gaussian bound. We use the maximal inequality (Theorem 2.4.21) to bound the expec-
tation in (2.4.36). For each k, the number of distinct elements in the supremum is at most
{G(), i1 (0): t € T} < INg X Niwt|
= |Ni| X |Niq1l
< N(T,p, 27 D).
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For any € 7, by the triangle inequality,
P((0), i1 (1) < P(ER(0), 1) + p(t, 741 (1) < 275 427571 < 2704,

so that
Xoortty — Xy € SGC?272442)

for some 0 < K < o0 by the sub-Gaussian increments assumption. We can therefore
apply Theorem 2.4.21 to get

I |:SuP (Xrnr — Xru(t)):| < V2K2-2%4210g(N(T, p,27%1)2)
7

te

< 27" log N(7, p,27F-1)

for some constant 0 < C < +00.
To finish the argument, we plug back into (2.4.36),

k—1

ﬂmﬁszakVWM$mwﬂ

eI =0

which implies the claim. u
Using a similar argument, one can derive a tail inequality.

Theorem 2.4.32 (Chaining tail inequality). Let {X;},c o be a zero-mean stochastic process
with sub-Gaussian increments on (7, p) and assume diam(.7) < 1. Then, for all ty € T
and B > 0,

k=0

+00 2
P |:SUP(Xt - X,) = CZT"\/logN(g,p,Z*k) + ﬁi| < Cexp (—'B—>
teT c

for some constant 0 < C < +00.

We give an application of the discrete Dudley inequality in Section 2.4.6.

2.4.5 > Data Science: Johnson—Lindenstrauss Lemma and Application to
Compressed Sensing

In this section, we discuss an application of the Chernoff-Cramér method (Section 2.4.1) to
dimension reduction in data science. We use once again an g-net argument (Section 2.4.4).

Johnson—Lindenstrauss lemma

The Johnson—Lindenstrauss lemma states roughly that, for any collection of points in a high-
dimensional Euclidean space, one can find an embedding of much lower dimension that
roughly preserves the metric relationships of the points, that is, their distances. Remarkably,
no structure is assumed on the original points and the result is independent of the input
dimension. The method of proof simply involves performing a random projection.
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Lemma 2.4.33 (Johnson-Lindenstrauss lemma). For any set of points xV, ..., x" in R"
and 6 € (0,1), there exists a mapping f: R" — R with d = ©(6~2logm) such that the
following hold: for all i, j,

(1= )Ix? —xV1, < I D) — D)2 < (1 + ) — x5 (2.4.37)

We use the probabilistic method: we derive a “distributional” version of the result that,
in turn, implies Lemma 2.4.33 by showing that a mapping with the desired properties exists
with positive probability. Before stating this claim formally, we define the explicit random
linear mapping we will employ. Let 4 be a d x n matrix whose entries are independent
N(0, 1). Note that, for any fixed z € R”,

2
d n

Eldz|3 =E | Y (> dyz | | =dVar| Y 4z | =dlzl3, (2.4.38)

i=1 \ j=1 J=1

where we used the independence of the 4;;s (and, in particular, of the rows of 4) and the fact

that
E|) 4z | =0. (2.4.39)

j=1

Hence, the normalized mapping
1
L=—4
NZ]

preserves the squared Euclidean norm “on average,” that is, E ||Lz||§ = ||z||§. We use the

Chernoff-Cramér method to prove a high-probability result.

Lemma 2.4.34 Fix §,0 € (0,1). Then the random linear mapping L above with d =
O(0~%1og8~") is such that for any 7 € R" with ||z]l, = 1,

Pl Lzl — 1] = 0] < 6. (2.4.40)

Before proving Lemma 2.4.34, we argue that it implies the Johnson—Lindenstrauss lemma
(Lemma 2.4.33). Simply take § = 1/(2 (’;’)), apply the previous lemma to each normalized
pairwise difference z = (x? — x)/||x®) — x|, and use a union bound over all (%) such
pairs. The probability that any of the inequalities (2.4.37) is not satisfied by the linear map-
ping f(z) = Lz is then at most 1/2. Hence, a mapping with the desired properties exists for
d = O(0~ 2 logm).

Proof of Lemma 2.4.34 We prove one direction. Specifically, we establish
3
P[lILzll, > 1+0] <exp (_Zd92>' (2.4.41)

Note that the right-hand side is < § for d = (02 logs~"). An inequality in the other
direction can be proved similarly by working with —I below.

Recall that a sum of independent Gaussians is Gaussian (just compute the convolution
and complete the squares). So

(A2 ~ N, llz[13) = N(0, 1)  Vk,
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where we argued as in (2.4.38) to compute the variance. Hence,

d
= 4zll} = ) (42);

k=1

is a sum of squares of independent Gaussians, that is, x2-distributed random variables.
By (2.4.18) and independence,

1

Mw(S) = m

Applying the Chernoff—-Cramér bound (2.4.2) with s = %(1 — d/p) gives

My (s) 1 on (B
P _ —a-p2 ()
W= Pl = =5 = gpa— sy = ¢ (d)

Finally, take 8 = d(1 + 6)*. Rearranging we get
P[ILzll = 1+ 6] = P[ll4z]l; = d(1 +6)]
=P[W = p]
< ed[l—(1+9)2]/2 [(1 + 9)2]
= exp (—d(6 + 6°/2 — log(1 + 0)))

3
< exp (_Zd02> ,

where we used log(1 +x) < x — x?/4 on [0, 1] (see Exercise 1.16). ]

dj2

Remark 2.4.35 The Johnson—Lindenstrauss lemma is essentially optimal [Alo03, section
9] any set of n points with all pairwise distances in [1 — 0,1 4 0] requires at least Q(logn/
(0*log 6~")) dimensions. Note, however, that it relies crucially on the use of the Euclidean
norm [BC03].

To give some further geometric insights into the proof, we make a series of observations:

1. The d rows of \/LZA are “on average” orthonormal. Indeed, note that for i # J,

1 n
E |:;l ZAikAjk:| - ]E[Atl]E[Ajl] =0
k=1
by independence and
[ ZA ] E[42]

since the A4;s have mean 0 and variance 1. When 7 is large, those two quantities are con-
centrated around their mean. Fix a unit vector z. Then \/%Az corresponds approximately to
an orthogonal projection of z onto a uniformly chosen random subspace of dimension d.
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2. Now observe that projecting z on a uniform random subspace of dimension d can be done
in the following way: first apply a uniformly chosen random rotation to z; and then project
the resulting vector on the first d dimensions. In other words, ﬁ l4z|l> is approximately
distributed as the norm of the first d components of a uniform unit vector in R". To
analyze this quantity, note that a vector in R” whose components are independent N(0, 1),
when divided by its norm, produces a uniform vector in R”. When d is large, the norm of
the first d components of that vector is therefore a ratio whose numerator is concentrated
around +/d and whose denominator is concentrated around /z (by calculations similar
to those in the first point).

3. Hence, ||Lz||, = \/g X \/LﬁHAzIIz should be concentrated around 1.

The Johnson—Lindenstrauss lemma makes it possible to solve certain computational prob-
lems (e.g., finding the nearest point to a query) more efficiently by working in a smaller
dimension. We discuss a different type of application next.

Compressed sensing

In the compressed sensing problem, one seeks to recover a signal x € R” from a small

number of linear measurements (Lx);, i = 1,...,d. In complete generality, one needs n such
measurements to recover any unknown x € R” as the sensing matrix L must be invertible (or, sensinG
more precisely, injective). However, by imposing extra structure on the signal and choosing MATRIX
the sensing matrix appropriately, much better results can be obtained. Compressed sensing

relies on sparsity.

Definition 2.4.36 (Sparse vectors). We say that a vector z € R" is k-sparse if it has at most «-sparsi
k non-zero entries. We let .7} be the set of k-sparse vectors in R”". Note that ./}" is a union VFCTOR
of (Z) linear subspaces, one for each support of the non-zero entries.

To solve the compressed sensing problem over k-sparse vectors, it suffices to find a sens-
ing matrix L satisfying that all subsets of 2k columns are linearly independent. Indeed, if
x,x' € .7, then x—Xx' has at most 2k non-zero entries. Hence, in order to have L(x—x') = 0,
it must be that x — x’ = 0 under the previous condition on L. That implies the required in-
jectivity. The implication goes in the other direction as well. Observe for instance that the
matrix used in the proof of the Johnson—Lindenstrauss lemma satisfies this property as long
as d > 2k: because of the continuous density of its entries, the probability that 2k of its
columns are linearly dependent is 0 when d > 2k. For practical applications, however, other
requirements must be met, in particular, computational efficiency. We describe such a com-
putationally efficient approach.

The following definition will play a key role. Roughly speaking, a restricted isometry
preserves enough of the metric structure of .} to be invertible on its image.

Definition 2.4.37 (Restricted isometry property). A d X n linear mapping L satisfies the REsTRICTED
(k, 6)-restricted isometry property (RIP) if for all z € ./, I[SOMETRY

PROPERTY
(I =0)lzl> = lILzll2 = (1 + )zl (2.4.42)
We say that L is (k,0)-RIP

Given a (k, 0)-RIP matrix L, can we recover z € .} from Lz? And how small can d be? The
next two claims answer these questions.

https://doi.org/10.1017/9781009305129.003 Published online by Cambridge University Press


https://doi.org/10.1017/9781009305129.003

76 Moments and Tails

N

Figure 2.8 Because ¢! balls (square) have corners, minimizing the ¢! norm over a
linear subspace (line) tends to produce sparse solutions.

Lemma 2.4.38 (Sensing matrix). Let A be a d x n matrix whose entries are i.i.d. N(0, 1)
and let L = LdA. There is a constant 0 < C < +o00 such that if d > Cklogn, then L is
(10k, 1/3)-RIP with probability at least 1 — 1/n.

Lemma 2.4.39 (Sparse signal recovery). Let L be (10k, 1/3)-RIP. Then for any x € .}, the
unique solution to the following minimization problem

m%n lzlli subjectto Lz = Lx (2.4.43)
zeR"
iszF =x.

It may seem that a more natural alternative approach to (2.4.43) is to instead minimize
the number of non-zero entries in z, that is, ||z|lo. However, the advantage of the £! norm
is that the problem can then be formulated as a linear program, that is, the minimization
of a linear objective subject to linear inequalities (see Exercise 2.13). This permits much
faster computation of the solution using standard techniques — while still leading to a sparse
solution. See Figure 2.8 for some insights as to why ¢! indeed promotes sparsity.

Putting the two lemmas together shows we obtain the next claim:

Claim 2.4.40 Let L be as in Lemma 2.4.38 with d = ©(klogn). With probability 1 — o(1),
any x € S} can be recovered from the input Lx by solving (2.4.43).

Note that d can in general be much smaller than » and not far from the 2k bound we derived
above.

e-net argument We start with the proof of Lemma 2.4.38. The claim does not follow im-
mediately from the (distributional) Johnson—Lindenstrauss lemma (i.e., Lemma 2.4.34). In-
deed, that lemma implies that a (normalized) matrix with i.i.d. standard Gaussian entries is
an approximate isometry on a finite set of points. Here we need a linear mapping that is an
approximate isometry for all vectors in .}, an uncountable space.

For a subset of indices J C [n] and a vector y € R”, we let y, be the vector y restricted
to the entries in J, that is, the subvector (;);e;. Fix a subset of indices / C [n] of size 10k.

https://doi.org/10.1017/9781009305129.003 Published online by Cambridge University Press


https://doi.org/10.1017/9781009305129.003

2.4 Chernoff-Cramér Method 77

We need the RIP condition (Definition 2.4.37) to hold for all z € R” with non-zero entries
in / (and all such 7). The way to achieve this is to use an g-net argument, as described in
Section 2.4.4. Indeed, notice that, for z #~ 0, the function ||Lz|2/||zll>

1. does not depend on the norm of z, so that we can restrict ourselves to the compact set
0B == {z: Zppy =0, |lzll> = 1}, and
2. is continuous on dB;, so that it suffices to construct a fine enough covering of 9B, by a

finite collection of balls (i.e., an e-net) and apply Lemma 2.4.34 to the centers of those
balls.

Proof of Lemma 2.4.38 Let I C [n] be a subset of indices of size &' := 10k. There are
(Z) < n¥ = exp(k’ log n) such subsets and we denote their collection by Z(k', n). We let N,
be an e-net of 3B;. By Claim 2.4.26, we can choose one of size at most (3/¢)* . We take

1
C'/6nlogn

for a constant C’ that will be determined below. The reason for this choice will become clear
when we set C’. The union of all e-nets has size

E =

3\
|\Urezw mNi| < n* <—> < exp(C"k" logn)
€
for some C” > 0. Our goal is to show that

1
sup |lILzl2 — 1] = 3 (2.4.44)

2€U ez ) 0BI
We seek to apply the inequality (2.4.32).

Applying Johnson—Lindenstrauss to the e-nets: The first step is to control the supremum
in (2.4.44) — restricted to the e-nets. Lemma 2.4.34 is exactly what we need for this. Take
0 =1/6,8 =1/2n| U, N;|), and

d =0 (07 log(2n| U; Nj1)) = O(K' logn),

as required by the lemma. Then, by a union bound over the N;s, with probability 1 — 1/(2n),
we have

1
sup [ILzla — 1] < —. (2.4.45)
z€U1N1 6

Lipschitz continuity: The next step is to establish Lipschitz continuity of |||Lz||; — 1|. For
vectors y, z € R”, by repeated applications of the triangle inequality, we have

WLzl — 11 = Lyl — HI = [IILzl2 — ILyll2| < LGz — p)ll2.

To bound the rightmost expression, we let 4, be the largest entry of 4 in absolute value and
note that
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2

||L(z—y)||§—2 ZL,,(Z, )

i=1
d
=

Z L1 e w7
i=1 Jj=1
2
<dn <LA ) lz — i3
< ndllz—yl3,
where we used Cauchy—Schwarz (Theorem B.4.8) on the second line. Taking the square root,

we see that the (random) Lipschitz constant of |||Lz], — 1| (with respect to the Euclidean
metric) is at most K := /n4,.

Controlling the Lipschitz constant: So it remains to control 4. For this we use the Chernoff—
Cramér bound for Gaussians (see (2.4.4)), which implies by a union bound over the entries

of A that
P4, > C'\/logn] < P [Eli, Jo 14yl = cu/logn]
5 ( (C'/log n)2>
<nexp|———-—
2
1
< —
~ 2n
fora C’ > 0 large enough. Hence, with probability 1 — 1/(2n), we have 4, < C'+/logn and
1
Ke < 3 (2.4.46)

by the choice of ¢ made previously.

Putting everything together: We apply (2.4.32). Combining (2.4.45) and (2.4.46), with prob-
ability 1 — 1/n, the claim (2.4.44) holds. That concludes the proof. ]

¢! minimization Finally we prove Lemma 2.4.39 (which can be skipped).

Proof of Lemma 2.4.39  Let z* be a solution to (2.4.43) and note that such a solution exists
because z = x satisfies the constraint. Without loss of generality assume that only the first &
entries of x are non-zero, that is, xp,px; = 0. Moreover, order the remaining entries of x so
that the residual » = z* — x has its entries rp,) ) in non-increasing order in absolute value.
Our goal is to show that ||r||, = 0.

In order to leverage the RIP condition, we break up the vector r into 9k-long subvectors.
Let

Ly=1[k], L={9G-D+Dk+1,...,09+ Dk}Vi>1,
and j,‘ = U]>z . We will also need ]01 = ]0 @) [1 and [01 = 11
We first use the optimality of z*. Note that x;, = 0 implies that

125l = Nzg I+ Nz e = Nzl + g I

https://doi.org/10.1017/9781009305129.003 Published online by Cambridge University Press


https://doi.org/10.1017/9781009305129.003

2.4 Chernoff-Cramér Method 79

and
Ixl = Il Il < Nz e+ el
by the triangle inequality. Since ||z*||; < ||x||; by optimality (and the fact that x satisfies the
constraint), we then have
el < el (2.4.47)
On the other hand, the RIP condition gives a similar inequality in the other direction. In-

deed, notice that Lr = 0 by the constraint in (2.4.43) or, put differently, Lr;, = — >, Lry,.
Then, by the RIP condition and the triangle inequality, we have

2 4
Shrlle < WLrglla < 3 IErglls < 23 el (2.4.48)

i>2 i>2

where we used the fact that by construction r;,, is 10k-sparse and each r;, is 9k-sparse.
We note that by the ordering of the entries of x,

(AR
9k 9% ’

where we bounded r; , entrywise by the expression in parenthesis. Combining (2.4.47)

i+1

and (2.4.49), and using that ||r;||; < \/%Hrlo |l by Cauchy—Schwarz, we have

Z||r1,||z < Z e 1l I - 75, 1l1 - 77,112 - ||r,01||2.
i>2 j>1 V9k 3\/Z 3«/% 3 3

Plugging this back into (2.4.48) gives

llrp,, 113 < 9k ( (2.4.49)

2
Il <23 Mgl < Sl Do,
i>2
which implies r;, = 0. In particular, r;, = 0 and, by (2.4.47), r;, = 0 as well. We have
shown that r = 0. Or, in other words, z* = x. [ ]

Remark 2.4.41 Lemma 2.4.39 can be extended to noisy measurements using a modifica-
tion of (2.4.43). This provides some robustness to noise which is important in applications.
See [CRT06bD].

2.4.6 > Data Science: Classification, Empirical Risk Minimization,
and VC Dimension

In the binary classification problem, one is given samples S, = {(X;, C(X;))}_, where X; € sinary
R? is a feature vector and C(X;) € {0, 1} is a label. The feature vectors are assumed to be CLASSIFICATION
independent samples from an unknown probability measure u, and C: RY — {0,1} is a
measurable Boolean function. For instance, the feature vector might be an image (encoded
as a vector) and the label might indicate “cat” (label 0) or “dog” (label 1). Our goal is to
learn the function (or concept) C from the samples.
More precisely, we seek to construct a hypothesis h: R — {0, 1} that is a good approx- 1vroTHESIS
imation to C in the sense that it predicts the label well on a new sample (from the same
distribution). Formally, we want % to have small true risk (or generalization error): TRUE RISK
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R(h) = P[h(X) # CX)],

where X ~ u. Because we only have access to the distribution u through the samples, it is
natural to estimate the true risk of the hypothesis / using the samples as

1 n
Ry(h) = ~ Zl 1HAX) # CX)),

which is called the empirical risk. Indeed, observe that ER, (%) = R(h) and, by the law of
large numbers, R, (k) — R(h) almost surely as » — +-o00. Ignoring computational consider-
ations, one can then formally define an empirical risk minimizer

h* € ERMy(S,) = {(h € H: R,(h) < R,(W),YH € H)},

where H, the hypothesis class, is a given collection of Boolean functions over RY. We assume
further that #* can be defined as a measurable function of the samples.

Overfitting Why restrict the hypothesis class? It turns out that minimizing the empirical
risk over all Boolean functions makes it impossible to achieve an arbitrarily small risk.
Intuitively considering too rich a class of functions, that is, functions that too intricately
follow the data, leads to overfitting: the learned hypothesis will fit the sampled data, but
it may not generalize well to unseen examples. A learner A is a map from samples to
measurable Boolean functions over R, that is, for any n and any S, € (RY x {0, 1})", the
learner outputs a function A(-,S,): RY — {0, 1}. The following theorem shows that any
learner has fundamental limitations if all concepts are possible.

Theorem 2.4.42 (No free lunch). For any learner A and any finite X C R? of even size
|X| =: 2m > 4, there exist a concept C: X — {0, 1} and a distribution  over X such that

P[R(A(-,Sn)) > 1/8] = 1/8, (2.4.50)
where S,, = {(X;, C(X))}1, with independent X; ~ 1.

The gist of the proof is intuitive. In essence, if the target concept is arbitrary and we only get
to see half of the possible instances, then we have learned nothing about the other half and
cannot expect low generalization error.

Proof of Theorem 2.4.42 We let u be uniform over X'. To prove the existence of a concept
satisfying (2.4.50), we use the probabilistic method (Section 2.2.1) and pick C at random.
For each x € X, we set C(x) := Y,, where the Y,s are i.i.d. uniform in {0, 1}.

We first bound E[R(A(-,S,))], where the expectation runs over both random labels
{Y,}xex and the samples S,, = {(X;, C(X;))}",. For an additional independent sample X ~ p,
we will need the event that the learner, given samples S,,, makes an incorrect prediction
on X

B ={AX,S,)) # Yx},
and the event that X is observed in the samples S,,

O=Xe{X,....Xu}}

https://doi.org/10.1017/9781009305129.003 Published online by Cambridge University Press


https://doi.org/10.1017/9781009305129.003

2.4 Chernoff-Cramér Method 81

By the tower property (Lemma B.6.16),
E[R(A(-,Sn))] = P[B]
= E[P[B|Sul]
= E[P[B]0,S,IP[O]Sy] + P[B| O°, S, ]PLO° | Syl]
> E[P[B| O, Su]P[O° | Sl
1 1

_X,
22

=
where we used that

e P[O°|S,,] > 1/2 because | X'| = 2m and p is uniform, and
e P[B|0°,S,] = 1/2 because for any x ¢ {X|,...,X,]} the prediction A(x, S,,) € {0,1} is
independent of Y, and the latter is uniform.
Conditioning over the concept, we have proved that
1

E[E[R(AC-, S | {Tadrex]l = 7.

Hence, by the first moment principle (Theorem 2.2.1),
PIE[R(A(-, Sp)) [ {Yilex] = 1/4] > 0,

where the probability is taken over {Y,},cx. That is, there exists a choice { yy}xex € {0, 1}
such that

E[R(A(-, S) [ {Yy = yedrex] = 1/4. (2.4.51)

Finally, to prove (2.4.50), we use a variation on Markov’s inequality (Theorem 2.1.1)
for [0, 1]-valued random variables. If Z € [0, 1] is a random variable with E[Z] = u and
a € [0, 1], then

EZl <axPlZ<a]l]+ 1 xXP[Z>a] <P[Z>a]+a.
Taking o = /2 gives
PlZ= /2] = /2.

Going back to (2.4.51), we obtain
|
87
establishing the claim. [ |

g [R(A(’Sm)) = é ’ {Yx Zyx}xe)c'i| =

The way out is to “limit the complexity” of the hypotheses. For instance, we could restrict
ourselves to half-spaces

Hy = {h(x) = 1x"u>a}: ue R, a e R},
or axis-aligned boxes
Hp = {h(x) = 1{x; € [o;, Bi], Vi}: —o00 <a; < Bi < 00, Vi}.

In order for the empirical risk minimizer #* to have a generalization error close to the best
achievable error, we need the empirical risk of the learned hypothesis R, (%*) to be close to
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its expectation R(/#*), which is guaranteed by the law of large numbers for sufficiently large
n. But that is not enough, we also need that same property to hold for all hypotheses in
H simultaneously. Otherwise we could be fooled by a poorly performing hypothesis with
unusually good empirical risk on the samples. The hypothesis class is typically infinite and,
therefore, controlling empirical risk deviations from their expectations uniformly over H is
not straightforward.

Uniform deviations Our goal in this section is to show how to bound

E [sup {Ru(h) — R(h)}] — [sup{ Zz(h X,) — E[¢(h, X)] H (2.4.52)
heH

in terms of a measure of complexity of the class H, where we defined the loss (A, x) =
1{h(x) # C(x)} to simplify the notation. We assume that H is countable. (Observe for in-
stance that, for Hy and Hp, nothing is lost by assuming that the parameters defining the
hypotheses are rational-valued.)

Controlling deviations uniformly over H as in (2.4.52) allows one to provide guarantees
on the empirical risk minimizer. Indeed, for any 4’ € H,

R(h*) = R,(h*) + {R(h*) — R,(h*)}
< Ru(h*) + sup {R(h) — R,(h)}
heH

< R,(W) + sup {R(h) — R,(h)}
heH
= R(W) + {R,(W) — R(W)} + sup {(R(h) — R,(h)}
< R(H) + sup {R,(h) — R(h)} + sup {R(h) — R,(h)},
heH heH

where, on the third line, we used the definition of the empirical risk minimizer. Taking an
infimum over /', then an expectation over the samples, and rearranging gives

E[R(A")] — inf R(H)

<E |:sup {R,(h) — R(h)}} +E [sup {R(h) — R,,(h)}] : (2.4.53)
heH heH

This inequality allows us to relate two quantities of interest: the expected true risk of the
empirical risk minimizer (i.e., E[R(#*)]) and the best possible true risk (i.e., infy <y R(A)).
The first term on the right-hand side is (2.4.52) and the second one can be bounded in a
similar fashion as we argue below. Observe that the suprema are inside the expectations and
that the random variables R, (k) — R(h) are highly correlated. Indeed, two similar hypotheses
will produce similar predictions. While the absence of independence in some sense makes
bounding this type expectation harder, the correlation is ultimately what allows us to tackle
infinite classes 7.

To bound (2.4.52), we use the methods of Section 2.4.4. As a first step, we apply the
symmetrization trick, which we introduced in Section 2.4.2 to give a proof of Hoeffding’s
lemma (Lemma 2.4.12). Let (g;)7_, be i.i.d. uniform random variables in {—1,41} (i.e.,
Rademacher variables) and let (X/)"_, be an independent copy of (X;)._,. Then,
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E [SUP {Ru(h) — R(h)}}

heH

=E | sup {n > eh, X)) — E[e(h, X)]”

he?—l

- L
=E sup {; E [£(h, X;) — E[€(h, X)) | ()6‘),’7:1]]”
| e i=1

1 n
=E|supE [; > Lk, X;) — €k, X)) ‘ (&)ﬂlﬂ
i=1

he

<E|sup {% Z[E(h,Xi) - E(h,X,.’)]}:| ,

_he?—t =1

where on the fourth line we used taking it out what is known (Lemma B.6.13) and on the
fifth line we used sup,, EY;, < E[sup, Y;] and the tower property. Next we note that £(4, X;) —
£(h,X]) is symmetric and independent of &; (which is also symmetric) to deduce that the last
line above is

E[igg{nZS [e(h,X;) — Z(hX)]”
[222 Ze(i(hXH—sup Z( e)e(h, X)]

—2F |:;§2£n > eil(h, X):|

The exact same argument also applies to the second term on the right-hand side of (2.4.53),

SO
E[R(h*)] — 1nf R(W) <4E |:sup Zs A(h, X):| (2.4.54)
heH N
Changing the normalization slightly, we define the process
1 n
Zyh)y=— ) &l(h,X;), heH. (2.4.55)
L
Our task reduces to upper bounding
E [sup Zn(h)i| . (2.4.56)
heH

Note that we will not compute the best possible true risk (which in general could be “bad,”
i.e., large) — only how close the empirical risk minimizer gets to it.
VC dimension We make two observations about Z,(%).

1. It is centered. Also, as a weighted sum of independent random variables in [—1, 1], it is
sub-Gaussian with variance factor 1 by the general Hoeffding inequality (Theorem 2.4.9)
and Hoeffding’s lemma (Lemma 2.4.12).
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2. It depends only on the values of the hypothesis /4 at a finite number of points, X, ..., X,.
Hence, while the supremum in (2.4.56) is over a potentially infinite class of functions H,
it is in effect a supremum over at most 2" functions, that is, all the possible restrictions of
the As to (X))1_,.

A naive application of the maximal inequality in Lemma 2.4.21, together with the two ob-
servations above, gives

E |:sup Zn(h):| < \/2 log2" = \/211 log 2.
heH

Unfortunately, plugging this back into (2.4.54) gives an upper bound, which fails to converge
to0asn — 4o0.

To obtain a better bound, we show that in general the number of distinct restrictions of H
to n points can grow much slower than 2”.

Definition 2.4.43 (Shattering). Let A = {{y,...,£,} € RY be a finite set and let H be a
class of Boolean functions on RY. The restriction of H to A is

Ha = {(h(€y),...,h(L,)) : h e H}.

SHATTERING — We say that A is shattered by H if |H | = 221, that is, if all Boolean functions over A can
be obtained by restricting a function in H to the points in A.

\%e Definition 2.4.44 (VC dimension). Let H be a class of Boolean functions on R?. The VC
pivENsION  dimension of H, denoted ve(H), is the maximum cardinality of a set shattered by H.

We prove the following combinatorial lemma at the end of this section.

Lemma 2.4.45 (Sauer’s lemma). Let H be a class of Boolean functions on R?. For any finite

set A =1{,...,£,) SR
ve(H)
en
Hal < .
Tl = (vc(%))

That is, the number of distinct restrictions of H to any n points grows at most as & n
Returning to E[sup,., Z,(h)], we get the following inequality.

VC(H).

Lemma 2.4.46 There exists a constant 0 < C < 400 such that, for any countable class of
measurable Boolean functions H over RY,

E [sup Z,,(h)] < Cy/ve(H)logn. (2.4.57)
heH
Proof Recall that Z,(h) € sG(1). Since the supremum over H, when seen as restricted to

en

ve(H)

ve(H)
{X1,...,X,}, is in fact a supremum over at most ( ) functions by Sauer’s lemma

(Lemma 2.4.45), we have by Lemma 2.4.21,

en ve(H)
a[spn] = 2| () |

That proves the claim. u
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Returning to (2.4.54), the previous lemma finally implies

gk g = ac, T
heH n

For hypothesis classes with finite VC dimension, the bound goes to 0 as n — +o0.
We give some examples.

Example 2.4.47 (VC dimension of half-spaces). Consider the class of half-spaces.

Claim 2.4.48
ve(Hy) =d + 1.

We only prove the case d = 1, where Hy reduces to half-lines (—oo, y] or [y, +00). Clearly,
any set A = {£;,£,} C R with elements is shattered by Hy. On the other hand, for any
A = {€,£,,¢43} with £; < £, < {3, any half-line containing ¢, and ¢; necessarily includes
£, as well. Hence, no set of size 3 is shattered by Hy. |

Example 2.4.49 (VC dimension of boxes). Consider the class of axis-aligned boxes.

Claim 2.4.50
VC(HB) =2d.

We only prove the case d = 2, where Hp reduces to rectangles. The four-point set A =
{(—=1,0),(1,0),(0,—1),(0,1)} is shattered by Hg. Indeed, the rectangle [—1,1] x [—1,1]
contains A, with each side of the rectangle containing one of the points. Moving any side
inward by ¢ < 1 removes the corresponding point from the rectangle without affecting the
other ones. Hence, any subset of A can be obtained by this procedure.

On the other hand, let A = {£;,...,€5} € R? be any set of five distinct points. If the
points all lie on the same axis-aligned line, then an argument similar to the half-line case in
Claim 2.4.48 shows that A is not shattered. Otherwise consider the axis-aligned rectangle
with smallest area containing A. For each side of the rectangle, choose one point of A that
lies on it. These necessarily exist (otherwise the rectangle could be made even smaller) and
denote them by xy for the highest, xg for the rightmost, xg for the lowest, and xw for the
leftmost. Note that they may not be distinct, but in any case at least one point in A, say
¢5 without loss of generality, is not in the list. Now observe that any axis-aligned rectangle
containing xy, Xg, Xs, Xy must also contain ¢5 since its coordinates are sandwiched between
the bounds defined by those points. Hence, no set of size 5 is shattered. That proves the
claim. <

These two examples also provide insights into Sauer’s lemma. Consider the case of rect-
angles for instance. Over a collection of #n sample points, a rectangle defines the same {0, 1}-
labeling as the minimal-area rectangle containing the same points. Because each side of a
minimal-area rectangle must touch at least one point in the sample, there are at most n* such
rectangles, and hence there are at most n* <« 2" restrictions of Hp to these sample points.

Application of chaining It turns out that the v/logn factor in (2.4.57) is not optimal. We
use chaining (Section 2.4.4) to improve the bound.

We claim that the process {Z,(/)},c# has sub-Gaussian increments under an appropriately
defined pseudometric. Indeed, conditioning on (X;)7_,, by the general Hoeffding inequality
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(Theorem 2.4.9) and Hoeffding’s lemma (Lemma 2.4.12), we have that the increment (as a
function of the ¢;s which have variance factor 1)

S UgX) — Uk X))
Zig) =2 = ) o=

i=1
is sub-Gaussian with variance factor

"\ (g, X)) — €(h,X;)
S (e

2 1 n
) x 1= - [, X) — th X)T.
i=1

i=1
Define the pseudometric

n

1/2 " 1/2
1 1
pu(g,h) = [; Z[z(g,xo—f(h,)a)]z} = [; Z[g()ﬁ)—h()ﬁ)]z} ,

i=1 i=1

where we used that £(4, x) = 1{Ah(x) # C(x)} by definition. It satisfies the triangle inequality
since it can be expressed as a Euclidean norm. In fact, it will be useful to recast it in a more
general setting. For a probability measure 1 over R?, define

e = bty = [ (09— g dnto

EMPIRICAL Let pu,, be the empirical measure
MEASURE

1 n
o = Mo, = ZSX,-, (2.4.58)
i=1

where §, is the probability measure that puts mass 1 on x. Then, we can rewrite

(g, 1) = g — hllzu,)-

Hence we have shown that, conditioned on the samples, the process {Z,(h)},c3 has sub-
Gaussian increments with respect to || - [|;2(,,)- Note that the pseudometric here is random
as it depends on the samples. Though, by the law of large numbers, ||g — /|| 2(,,) approaches
its expectation, ||g — Allz2(,), as n — +o0.

Applying the discrete Dudley inequality (Theorem 2.4.31), we obtain the following bound.

Lemma 2.4.51 There exists a constant 0 < C < 400 such that, for any countable class of
measurable Boolean functions H over R?,

400
E[supzn(h)] <CE {Z 27+ log NI | - ||Lz<u,,>,2-k)]
heH k=0

where [, is the empirical measure over the samples (X;)._,.

Proof Because H comprises only Boolean functions, it follows that under the pseudo-
metric || - |lz2(.,) the diameter is bounded by 1. We apply the discrete Dudley inequality
conditioned on (X;)"_,. Then we take an expectation over the samples. ]
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Our use of the symmetrization trick is more intuitive than it may have appeared at first. The
central limit theorem indicates that the fluctuations of centered averages such as

(Ry(8) — R(2)) — (Ru(h) — R(h))

tend to cancel out and that, in the limit, the variance alone characterizes the overall behavior.
The ¢;s in some sense explicitly capture the canceling part of this phenomenon, while p,
captures the scale of the resulting global fluctuations in the increments.

Our final task is to bound the covering numbers N (H, || - [l124,), 27).

Theorem 2.4.52 (Covering numbers via VC dimension). There exists a constant 0 < C <
+o00 such that, for any class of measurable Boolean functions H over RY, any probability
measure n over RY, and any ¢ € (0, 1),

2 Cve(H)
NH, | - 2> €) < (E) .

Before proving Theorem 2.4.52, we derive its implications for uniform deviations. Compare
the following bound to Lemma 2.4.46.

Lemma 2.4.53 There exists a constant 0 < C < 400 such that, for any countable class of
measurable Boolean functions H over R?,

E |:sup Z,,(h)i| < Cy/ve(H).

heH
Proof By Lemma 2.4.51,

..
E |:supZn(h)j| <CE ZZ‘k\/logj\/'(”H, | - ||L2(M”),2k):|

heH | k=0
_+OO . 2 C've(H)
<CE|) 27 [log (F)
_k=0
+o00
= CJ/ve(H)E {Z 27"Vk +1/C log 2}
k=0
< C"Jve(H)

for some 0 < C” < +o00. [ ]

It remains to prove Theorem 2.4.52.

Proof of Theorem 2.4.52 Let G = {g1,...,gv} € H be a maximal e-packing of H with
N > N(H, | - |z, €), which exists by Lemma 2.4.24. We use the probabilistic method
(Section 2.2) and Hoeffding’s inequality for bounded variables (Theorem 2.4.10) to show
that there exists a small number of points {xi,...,x,} such that G is still a good packing
when H is restricted to the x;s. Then we use Sauer’s lemma (Lemma 2.4.45) to conclude.

1. Restriction. By construction, the collection G satisfies

lgi — gillizy > &, Vi#j.

https://doi.org/10.1017/9781009305129.003 Published online by Cambridge University Press


https://doi.org/10.1017/9781009305129.003

88 Moments and Tails

For an integer m that we will choose as small as possible below, let X = {X},...,X,}
be i.i.d. samples from 5 and let px be the corresponding empirical measure (as defined
in (2.4.58)). Observe that, for any i # j,

1 m
E [Ilgf - gjllfzw] =E [; > e — gj(Xk)]2:| = llg — gl 2
k=1

Moreover, [g/(X;) — gi(Xi)]* € [0,1]. Hence, by Hoeffding’s inequality there exists a
constant 0 < C < +oo and an m < Ce~*log N such that

5 5 3e?
Pllg — gz — g — gilli2guy = e

k=1

- (_Z(m . 3¢2 /4)2)

m 382
=P |:m||gi — g7 — Z[gi(Xk) - g(X) = mTj|

m
9 4
= eXp <—§m€ )
1
< ]W

This implies that, for this choice of m,
8 . .
P [Ilgi = &ill2guy) > 3 Vi #J] > 0,

where the probability is over the samples. Therefore, there mustbe aset X' = {xy,...,x,} C
R such that

& . .
lgi — gillz2quay > 2 Vi #j. (2.4.59)

2. VC bound. In particular, by (2.4.59), the functions in G restricted to X" are distinct. By
Sauer’s lemma (Lemma 2.4.45),

N =1Gx| < [Hal < (J(%)VC(H) < (%) " (2.4.60)
Using that 55 log N = log N'/?? < NP where D = vc(H), we get
eCe~*log N\ "™ L ave(H
(T”H)g) < (Ce )N, (2.4.61)
where C" = 2eC. Plugging (2.4.61) back into (2.4.60) and rearranging gives
N < (Ce)™ .
That concludes the proof. u
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Proof of Sauer’s lemma Recall from Appendix A (see also Exercise 1.4) that for integers
0<d<n,

4 in en\4
< (=) . 2.4.62
>(3)= (%) (2:462)
k=0
Sauer’s lemma (Lemma 2.4.45) follows from the following claim.

Lemma 2.4.54 (Pajor). Let H be a class of Boolean functions on R and let A = {€,, ..., £L,} prjor’s
C R? be any finite subset. Then LEMMA

[Hal < {S C A: S is shattered by H}

where the right-hand side includes the empty set.
Going back to Sauer’s lemma, by Lemma 2.4.54 we have the upper bound
[Hal < |{S € A: Sis shattered by H}] .

By definition of the VC-dimension (Definition 2.4.44), the subsets S C A that are shattered
by H have size at most vc(). So the right-hand side is bounded above by the total number
of subsets of size at most d = vc(H) of a set of size n. By (2.4.62), this gives

H en ve(H)
<

Tl = (vc(%)) ’
which establishes Sauer’s lemma.

So it remains to prove Lemma 2.4.54.

Proof of Lemma 2.4.54 We prove the claim by induction on the size n of A. The result is
trivial for n» = 1. Assume the result is true for any H and any subset of size n — 1. To apply
induction, for: = 0, 1 we let

H ={heH: h(,) =1},
and we set
AN ={,.. .., 0}
It will be convenient to introduce the following notation:
S(A;H) = |{S € A: Sis shattered by H}|.

Because |H | = |HS | + |H),| and the induction hypothesis implies S(A’; H') > |HY,,| for
t = 0, 1, it suffices to show that

S(A;H) > S(A;HY) + S(A;HY. (2.4.63)
There are two types of sets that contribute to the right-hand side.

e One but not both. Let S € A’ be a set that contributes to one of S(A’; H°) or S(A’; H')
but not both. Then, S is a subset of the larger set A and it is certainly shattered by the
larger collection . Hence, it also contributes to the left-hand side of (2.4.63).
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e Both. Let S C A’ be a set that contributes to both S(A’; H°) and S(A’; H'). Hence,
it contributes two to the right-hand side of (2.4.63). As in the previous point, it is also
included in S(A; H), but it only contributes one to the left-hand side of (2.4.63). It turns
out that there is another set that contributes one to the left-hand side but zero to the right-
hand side: the subset S U {£,}. Indeed, by definition of H‘, the subset S U {£,,} cannot be
shattered by it since all functions in it take the same value on ¢,. On the other hand, any
Boolean function /4 on S U {£,} with 4(¢,) = ¢ is realized in H* since S itself is shattered
by H'.

That concludes the proof. u

Exercises

Exercise 2.1 (Moments of non-negative random variables). Prove (B.5.1). (Hint: Use Fu-
bini’s Theorem to compute the integral.)

Exercise 2.2 (Bonferroni inequalities). Let 4,...,A4, be events and B, := U;4;. Define
SO= 3" P4, N N4
1<ij<--<i,<n

and
Xn = Z 1A,v-
i=1

(1) Letxo <x; <--- <Xy > X441 > -+ > x, be a unimodal sequence of non-negative
reals such that ) 7" (—1)x; = 0. Show that Zfzo(—l)/x,- is > 0 for even ¢ and < 0
for odd £.

(i1)) Show that, for all 7,

Xy
Z lAn lAiz T lAir = )

1<iy<--<i,<n

(ii1) Use (i) and (ii) to show that when ¢ € [n] is odd

¢
P[B,] <Y (~1y~'s”
r=1

and when ¢ € [n] is even

¢
P[B,] = > (—1y7's".
r=1
These inequalities are called Bonferroni inequalities. The case £ = 1 is Boole’s
inequality.

Exercise 2.3 (Percolation on Z?: a better bound). Let £/ be the event that all edges are open
in [-N,N] x [-N, N] and E, be the event that there is no closed self-avoiding dual cycle
surrounding [—N, N]*. By looking at E, N E,, show that 6(p) > 0 for p > 2/3.
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Exercise 2.4 (Percolation on Z¢: existence of critical threshold). Consider bond percolation
on L4,

(i) Show that p.(IL¢) > 0. (Hint: Count self-avoiding paths.)
(ii) Show that p.(LL9) < 1. (Hint: Use the result for I.2.)

Exercise 2.5 (Sums of uncorrelated variables). Centered random variables X, X, ... are
uncorrelated if

E[X.X,]=0 Vr # s.

(1) Assume further that Var[X,] < C < +oo for all ». Show that

1 C?

(i) Use (i) to prove Theorem 2.1.6.

Exercise 2.6 (Pairwise independence: lack of concentration). Let U = (U,,...,U,) be
uniformly distributed over {0, 1}*. Let n = 2 — 1. For all v € {0, 1}*\0, define

X, = -v) mod 2.

(i) Show that the random variables X,, v € {0, 1}*\0, are uniformly distributed in {0, 1}
and pairwise independent.

(ii) Show that for any event 4 measurable with respect to o(X,,v € {0,1}°\0), P[4] is
eitherOor > 1/(n+ 1).

Exercise 2.5 shows that pairwise independence implies “polynomial concentration” of the
average of square-integrable X,s. On the other hand, the current exercise suggests that in
general pairwise independence cannot imply “exponential concentration.”

Exercise 2.7 (Chernoff bound for Poisson trials). Using the Chernoff-Cramér method,
prove part (i) of Theorem 2.4.7. Show that part (ii) follows from part (i).

Exercise 2.8 (Stochastic knapsack: some details). Consider the stochastic fractional knap-
sack problem in Section 2.4.3.

(i) Prove that the greedy algorithm described there gives an optimal solution to prob-
lem (2.4.21).
(i1) Prove Claim 2.4.20 for t € (0, 1/6).

Exercise 2.9 (Stochastic knapsack: 0-1 version). Consider the stochastic fractional knap-
sack problem in Section 2.4.3.

(i) Adapt the greedy algorithm for the 0-1 knapsack problem and show that it is not
optimal in general. (Hint: Construct a counter-example with two items.)
(i) Prove Claim 2.4.20 for the greedy solution of (i).

Exercise 2.10 (A proof of Pélya’s theorem). Let (S;) be simple random walk on ¢ started
at the origin 0.
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(i) For d = 1, use Stirling’s formula (see Appendix A) to show that P[S,, = 0] =
Om~12).

(i) Forj =1,...,d, let N,(j) be the number of steps in the jth coordinate by time 7.
Show that

A 3
P [Ny) = [Z"—d fz] Vj] > 1 — exp(—icyn)

for some constant x; > 0.
(iii) Use (i) and (ii) to show that, for any d > 3, P[S,, = 0] = O(n~%/?).

Exercise 2.11 (Maximum degree). Let G, = (V,,E,) ~ G,,, be an Erdos—Rényi graph
with n vertices and density p,. Suppose np, = Clogn for some C > 0. Let D, be the
maximum degree of G,,. Use Bernstein’s inequality to show that for any ¢ > 0,

P[D, = (n — )p, + max{C,4(1 + ¢)}logn] — O,
asn — +00.

Exercise 2.12 (RIP versus orthogonality). Show that a (k,0)-RIP matrix with £ > 2 is
orthogonal, that is, its columns are orthonormal.

Exercise 2.13 (Compressed sensing: linear programming formulation). Formulate (2.4.43)
as a linear program, that is, the minimization of a linear objective subject to linear inequali-
ties.

Exercise 2.14 (Compressed sensing: almost sparse case). By adapting the proof of Lemma
2.4.39, show the following “almost sparse” version. Let L be (10k,1/3)-RIP. Then, for
any x € R”, the solution to (2.4.43) satisfies ||z* — x|, = O((x)/vk), where n(x) :=
mingye gy [|x — x|

Exercise 2.15 (Spectral norm without independence). Give an example of a random matrix
A € R™" whose entries are bounded, but not independent, such that the spectral norm is
Q(n) with high probability.

Exercise 2.16 (Spectral norm: symmetric matrix). Let 4 € R"*" be a symmetric random
matrix. We assume that entries on and above the diagonal 4, ;, i < j, are centered, independ-
ent, and sub-Gaussian with variance factor v. Each entry below the diagonal is equal to the
corresponding entry above it. Prove an analogue of Theorem 2.4.28 for 4. (Hint: Mimic the
proof of Theorem 2.4.28.)

Exercise 2.17 (Chaining tail inequality). Prove Theorem 2.4.32.

Exercise 2.18 (Poisson convergence: method of moments). Let 4,,...,A4, be events and
A := U,;A;. Define

S(r) = Z P[Ail ﬂ s ﬂAir]

1<ij<--<i,<n

and
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Assume that there is & > 0 such that, for all r,

p
s B
rt’

Use Exercise 2.2 and a Taylor expansion of e™* to show that
PLX, = 0] — e *.
In fact, X, < Poi(t) (no need to prove this). This is a special case of the method of moments.

Exercise 2.19 (Connectivity: critical window). Using Exercise 2.18 show that, when p, =
l"gT"”, the probability that an Erdés—Rényi graph G, ~ G, contains no isolated vertex

converges to e ¢

Bibliographic Remarks

Section 2.1 For more on moment-generating functions, see [Bil12, section 21].

Section 2.2 The examples in Section 2.2.1 are taken from [AS11, sections 2.4, 3.2]. A
fascinating account of the longest increasing subsequence problem is given in [Rom15],
from which the material in Section 2.2.3 is taken. The contour lemma, Lemma 2.2.14, is
attributed to Whitney [Whi32] and is usually proved “by picture” [GrilOa, Figure 3.1]. A
formal proof of the lemma can be found in [Kes82, Appendix A]. For much more on perco-
lation, see [Gril0b]. A gentler introduction is provided in [Ste].

Section 2.3 The presentation in Section 2.3.2 follows [AS11, section 4.4] and [JLR11, sec-
tion 3.1]. The result for general subgraphs is due to Bollobas [Bol81]. A special case (in-
cluding cliques) was proved by Erdos and Rényi [ER60]. For variants of the small subgraph
containment problem involving copies that are induced, disjoint, isolated, and so on, see,
for example, [JLR11, chapter 3]. For corresponding results for larger subgraphs, such as
cycles or matchings, see, for example, [BolO1]. The connectivity threshold in Section 2.3.2
is also due to the same authors [ER59]. The presentation here follows [vdH17, section 5.2].
For more on the method of moments, see, for example, [Durl0, section 3.3.5] or [JLR11,
section 6.1]. Claim 2.3.11 is due to R. Lyons [Lyo90].

Section 2.4 The use of the moment-generating function to derive tail bounds for sums of
independent random variables was pioneered by Cramér [Cra38], Bernstein [Ber46], and
Chernoff [Che52]. For much more on concentration inequalities, see, for example, [BLM13].
The basics of large deviation theory are covered in [Durl0, section 2.6]. See also [RAS15]
and [DZ10]. Section 2.4.2 is based partly on [Ver18] and [Lug, section 3.2]. Section 2.4.3
is based on [FR98, section 5.3]. Very insightful, and much deeper, treatment of the ma-
terial in Section 2.4.4 can be found in [Verl8, vH16]. The presentation in Section 2.4.5
is inspired by [Har, Lectures 6 and 8] and [Tao]. The Johnson—Lindenstrauss lemma was
first proved by Johnson and Lindenstrauss using non-probabilistic arguments [JL84]. The
idea of using random projections to simplify the proof was introduced by Frankl and Mae-
hara [FM88] and the proof presented here based on Gaussian projections is due to Indyk and

https://doi.org/10.1017/9781009305129.003 Published online by Cambridge University Press


https://doi.org/10.1017/9781009305129.003

94 Moments and Tails

Motwani [IM98]. See [Ach03] for an overview of the various proofs known. For more on
the random projection method, see [Vem04]. For algorithmic applications of the Johnson—
Lindenstrauss lemma, see, for example, [Har, Lecture 7]. Compressed sensing emerged in
the works of Donoho [Don06] and Candes, Romberg, and Tao [CRT06a, CRT06b]. The re-
stricted isometry property was introduced by Candes and Tao [CT05]. Lemma 2.4.39 is due
to Candés, Romberg, and Tao [CRT06b]. The proof of Lemma 2.4.38 presented here is due
to Baraniuk et al. [BDDWOS]. A survey of compressed sensing can be found in [CW08]. A
thorough mathematical introduction to compressed sensing can be found in [FR13]. The ma-
terial in Section 2.4.2 can be found in [BLM13, chapter 2]. Hoeffding’s lemma and inequality
are due to Hoeffding [Hoe63]. Section 2.4.6 borrows from [Ver18, vH16, SSBD14, Haz16].
The proof of Sauer’s lemma follows [Verl8, section 8.3.3]. For a proof of Claim 2.4.48 in
general dimension d, see, for example, [SSBD14, section 9.1.3].

https://doi.org/10.1017/9781009305129.003 Published online by Cambridge University Press


https://doi.org/10.1017/9781009305129.003



