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ON COHOMOLOGICAL DEFORMATIONS OF
BICROSSED PRODUCT HOPF ALGEBRAS

JEONG HEE HONG AND WOICIECH SZYMANSKI

We construct and describe two classes of examples of twisted bicrossed product
Hopf algebras corresponding to matched pairs of finite groups.

INTRODUCTION

In this article we describe in detail two methods of producing finite dimensional
Hopf algebras by deforming bicrossed products corresponding to matched pairs of finite
groups. Our motivation to study these constructions has two sources. Firstly, the
classification of finite dimensional Hopf algebras is not yet in sight and their theory
is still in the stage of finding new ways of building the objects in question. Secondly,
there is an interesting interplay between the theory of Hopf *-algebras (or Kac algebras)
and the Jones index theory of subfactors. Namely, subfactors of depth 2 correspond to
crossed products of Kac algebras. Furthermore, it has been shown recently (3, 4] that
a depth 2 inclusion of the type PX C P x H, with K, H finite groups acting outerly on
a factor von Neumann algebra P, corresponds to a cohomologically deformed bicrossed
product Kac algebra related to a matched pair of groups G = KH [6].

We briefly outline such a deformation. If G = KH is a matched pair of groups and
k is a field then there is a natural way to define a Hopf algebra structure in the crossed
product algebra k(K) x H [6]. The multiplication and comultiplication of the resulting
bicrossed product Hopf algebra K 0 H may be deformed by means of suitably matched
2-cocycles p: HxHxK — k* and v: K x K x H — k*. This construction goes back
to Kac [5] and is essentially equivalent to the problem of finding all k-Hopf algebra
extensions of k(K) by H. Even though this problem was solved in principle by Kac in
terms of cohomology of his double complex associated to the matched pair, concrete
non-trivial examples are difficult to handle due to excessively hard calculations (7, 8].
The crux of the problem lies in solving the key equation (2) of the present article. We
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believe that Proposition 1 singles out the easiest obtainable non-trivial solutions. This
we demonstrate in Examples 3 and 4, which deal with matched pairs S, = D4Z3 and
PSL(2,F;) = (Z7 x Z3)Dy, respectively. The latter example involves a matched pair
decomposition of a simple group.

Recently much progress has been made in finding deformations of finite dimensional
Hopf algebras by means of pseudococycles [1, 9, 10, 11]. In brief this method works
as follows. If A is a Hopf algebra then one tries to find an invertible 2 € A ® A such
that A with the old multiplication and a new comultiplication Aq(z) = QA(z)Q7! is
a Hopf algebra. Technical difficulties in constructing non-trivial pseudococycles Q) are
formidable. In Theorem 7 of the present article we construct a class of pseudococycles
for bicrossed product Hopf algebras built on semi-direct product groups G = K x H
with H Abelian.

One of the most natural invariants used in distinguishing non-isomorphic Hopf alge-
bras is the intrinsic group of group-like elements. An z # 0 is group-like if A(z) = z®z.
Group-like elements are also important in the investigations of towers of subfactors [2].
For both constructions discussed in this paper we describe group-like elements of the
resulting Hopf algebras (see Proposition 2 and Theorem 9). The result of Proposition
2 is not actually new. It was originally proved in [3, Proposition 2.2]. We feel that the
present argument is much cleaner, more illuminating and, in addition, similar to the
one used in the proof of Theorem 9.

In closing let us mention three open problems which naturally arise from the present
article. Firstly, the precise relationship between the two deformations from Proposition
1 and Theorem 7 is not clear to us at the moment. Secondly, we feel that removal
of some simplifying assumptions of Theorem 7 (H Abelian, G a semi-direct product)
should be possible. Thirdly, it would be interesting to find a subfactor realisation of
the construction from Theorem 7. This would perhaps be analogous to the composi-
tion of subfactors relevant to the 2-cocycle deformations of bicrossed products as in
Proposition 1.

2-COCYCLE DEFORMED BICROSSED PRODUCTS

Let G be afinite group and H, K its subgroups such that G = KH, KN H = (e},
that is, each element g of G has a unique decomposition g = th forsome t € K, h € H.
H actson K (ason aset) by {h-t} = KNHth™! and, likewise, K acts on H by {t-h} =
HNKht~'. Forany h€ H, t € K we have (h-t)h = (t-h)t, (t-h)"' = (h-t)- R,
(h-ty ' =(@t-h)-t7', h-e=e, t-e=c¢,and (t-h)-st~' = (h-s)(h-t)"'. From
these identities it follows, in particular, that both HX = {he H |¢-h = h Vt € K}
and K¥ = {t € K| h-t=1tVh € H} are subgroups of H and K, respectively.

We now describe what is essentially a special case of the Kac double complex (see
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[5] or [8] for a more recent exposition). Let k be a field such that both |H| and |K|

are non-zero in k£ and let k* be the multiplicative group of non-zero elements of k,

viewed as a trivial H and K module. For n,m = 0,1,... we consider C*"C™ =

{q} : (HH) X (HK) — k‘}. Each C"C™ is an Abelian group with pointwise
n m

multiplication. Throughout this article all groups will be written multiplicatively, no

matter if they are Abelian or not. We define coboundary maps g™ : C"C™ —
C**1C™ and 8™ : C"C™ — C"C™*! by

o B, Byt o tm) = (e, ... vhag1, BT (b1, 1 tm))
H¢h1’ hi—1, hihig, hiva, . oo s oy, by, - ,tm)('l)i
$(h1, - bty )T
O Blha, - sty ) = (T (b ha)s 2, )
ﬁ¢(h1,...,hn,tl,...,ti_l,tit,.ﬂ,t,.n,,,_ m+1)( 1)t

- )m+1

(R, ... by try s b)Y

with the actions H x [[K — [[K and K x [JH — []H defined as
m m n n

holty, oo tm) = ((h'tl—l)—l"" ’ (h" (tl"'tm—l)_l)(h'(tl---tm)-l)_l)y
(b hn) = (AT T () ) (B Be) 7)),

In particular, the above action of H on K is induced from the action of G on its
homogeneous space G/H = K. Likewise for the action of K on H. We denote orbits
and stabilisers for these actions by Og(t), H;, Ok (h), and Kp, respectively. We shall
usually write 8™ = Oy and O™ = Ox. We have Oydy = 1, 8x0x = 1, and
80k = OxBy. The complex {C*C™,8y} is obviously isomorphic to the standard
complex of inhomogeneous cochains of the group H with values in the H-module
Ccoc™ = {d) :JIK — k*}. We shall denote groups of coboundaries, cocycles, and
cohomologies of ;,nhis complex by B*C™, Z*C™, and H*C™, respectively. Likewise, the
complex {C™C*,k} is isomorphic to the standard complex of inhomogeneous cochains
of the group K with values in the K-module C*C° = {qb :[IH -» k‘}. We denote
n

groups of coboundaries, cocycles, and cohomologies of this complex by C*B*, C"Z*,
and C™H*, respectively. We shall also use the notation B*Z™ = B"C™ n(C"Z™,
ZnZ™ = Z*C™NC"Z™, and so on.
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Let k(K) denote the algebra of k-valued functions on K with pointwise multi-
plication. Let v : H — Aut(k(K)) be the action induced by the action of H on K
and let u € C?C' be a normalised 2-cocycle for . That is, pu(h, f,g7* - t)u(g, hf, t) =
u(g, h,t)u(gh, f,t) and u(g,h,t) = 1 whenever g = e or h = e. We denote by H?2
the subgroup of C2C"? consisting of all such functions. We consider the twisted crossed
product algebra k(K) ., , H. This algebra has a basis {p,vs |t € K, h € H} such
that

PtUPsVg = Oths (R, 9, t)Peung
with & the Kronecker symbol. Similarly, let v € C1C? be a normalised 2-cocycle for
the action o : K — Aut(k(H)), induced by the action of K on H. Again this means
that v(s=!-g,t,7)v(g,s,tr) = v(g, s, t)v(g,st,v) and v(h,s,t) = 1 whenever s =e or
t = e. We denote by H2 the subgroup of C1C? consisting of all such functions. The
twisted crossed product algebra k(H) %, , K has a basis {gn2; | h € H, t € K} such
that

dg2sqnzt = 5g,s~hu(g, S, t)ngst-

Algebras k(K) x, , H and k(H) %,, K are dual to one another through the bilinear
form

(Pt'Uh, ngs) = 5z,h.5(53_s.h

This duality determines a coassociative comultiplication
A k(K) %y, H = (K(K) %, H) ® (k(K) x4, H)
such that
(A(a),by ® bs) = (a,b1b2)
for any a € k(K) x4, H, by,b; € k(H) x,, K. On the basis this yields

A(pivg) = Z I/((t . h—l)—l, (h—l .t) (h—l .s)—l’ R 3)pta‘1v(s,h—1)‘l ® PsUR.
sEK

A preserves the multiplication if and only if

v(s-h,st1t)w((s -g‘l)—l, (g7 s)(g7? 't)_l,g_l -t)
v((s-h)(s-g=1) !, (g7 - ) (gt 1), g7 - t)
_ plh, g, b - s)
p(t-hy@t-g=1)" (h-s)(h-t) ulh, g, h-t)

(1)

for any h,g € H, s,t € K. If (1) holds then we say that the pair (u,v) is matched.
This implies that u(h,g,t) = v(h,t,s) =1 whenever h=¢, g=¢, s=¢e,or t =e.
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If (p,v) are matched then we define a counit € : k(K) x, , H — k and an antipode
S : k(K) »y,, H— k(K) %, , H by

€(pivn) = Ote
Stoen) = (6 h) 8B 6wy (57 ) A 8)] -1t

to obtain a Hopf algebra structure on k(K) x,,, H. We shall denote this Hopf algebra
by K, H. Clearly Hi<, , K = (K<, , H)°, the dual Hopf algebra.

In order to describe some classes of solutions to (1) we now define two involutive
maps: C2C! — C2CY, ¢ — ¢(h,g,t) = ¢(h,g,t~1)™", and C'C? - C1C?, ¢
(h,t,s) = ¥(h~1,t,5). Note that ¢ € H2 if and only if ¢ is a normalised element, of
Z2C', and ¢ € H? if and only if ¥ is a normalised element of C'Z2. We define an
automorphism ® : C'C? — C1C? by

(@¢)(h,t,s) = ¢((ts)™ - B7L, (¢7F - B7Y) s ATt

It is easy to verify that ®(C'Z?%) = C'2?, ®(C'B?) = C'B?, ®(Z'C?) = Z'C?, and
®(B!C?) = B1C?. We can now rewrite identity (1) as

(2) By dY = Ok .

From (2) one immediately gets the following.

PrOPOSITION 1. If G = KH is a matched pair of finite groups, u € Hg,
veEH?, i€ Z?Z', and v € Z'Z2, then the cocycles (u1,v) are matched.

In order to distinguish non-isomorphic Hopf algebras one may often calculate their
intrinsic groups of group-like elements. For twisted bicrossed products this can be done
with the help of the following Proposition 2. If h € H and ¢-h = h for any t € K then
h acts on K by automorphisms and v(h,-,-) is an inhomogeneous 2-cocycle of K with
values in the trivial K-module k*. We denote

Ho={heH|t-h=h, Vt€ K and v(h,-,-) is a coboundry},
Ko={teK|h-t=t, Vh € Hand u(,-,t) is a coboundry}.

Both Hy and Kg are subgroups of H and K, respectively. We denote G(K t<, , H) =
{a€e Ky, H| A(e) = a®a, a # 0}, the intrinsic group of group-like elements. The
following proposition was originally proved in [3, Proposition 2.2]. The proof below
is different and we believe much more transparent. It is also similar to the proof of
Theorem 9, below.
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PROPOSITION 2. There exist exact sequences

1 -5 Hom(K,k*) -» G(K <, , H) - Hy — 1,
1 > Hom(H,%*) » G(Hr,, K) - Ko — 1.

PROOF: Let 0# a =3 A npivn € (K<, H) for some Ay p € k. Then A(a) =
th

a ® a if and only if

(3)  Asp Z},f\ts-l,gvg =dr((t- 2T BT YR )T AT sy
g€

for any t,s € K, h € H. Since {vy} are linearly independent this equality can only

be satisfied if there exists exactly one h € H such that A, # 0. For this A~ we have

)\tdg/\u, # 0 for any t € K. Hence, every element a € G(K <, H) is of the form

a = Aptvn, h a fixed element of H, A # 0. We write a = ay,r. Now (3) yields
t

(4) v(h,z,y) = ,\,,.z,\h.yx(—h%m)(h_y)

for any z,y € K, and s-h = h for any s € K. Thus h € Hy. Since arpay 4 =
axr phg for any h,g € Ho the map axp — h gives a surjective homomorphism = :
G(Kuw,, H) —» Hy. If h = e then v(h,z,y) = 1 by (1), and (4) implies that
A € Hom (K, k*). Hence ker(w) = Hom (K, k*}, which gives the first exact sequence.
The second one is constructed analogously. 0

We now describe two examples taking k£ = C, the complex numbers. We de-
note by S,,, A,, Z,, and D,, the symmetric, alternating, cyclic, and dihedral group,
respectively.

ExXAMPLE 3. There is a decomposition S = D4Z3, K =Dy = ((1 23 4),(1 4)(2 3))
and H = Z3 = ((1 2 3)). Since K(; 2 3 = {(13),(2 4)) there is a normalised w €
Z%(K( 2 3),C*) (bicharacter) such that [w] has order 2 in H?(K( 2 3),C*). Then
there is a T € C'Z? such that ((123),t,s) = w(t,s) for t,s € K 23 and
vo(h,t,s) = 1if h=e,t =€, or s =e. Since K¥ = ((13)) the restriction of
7o to K¥ is a coboundary and there exists a ¢ € C*C?! such that ¢(h,e) = ¢(e,t) =1
and 7 = Dp(Ok¢) is 1 when restricted to K#. If z € K x K and K, # (e) then
z € K¥ x K¥, Consequently, for any z € K x K and h € H our ¥ is constant on
(H_h, z). This implies that ¥ € B1C? and, hence, 7 isin Z'Z? and [7] is non-trivial in
C'H?. Since Hy = 1 and Ko = K¥ | by Proposition 2 we have G(K >, H) = Z; x Z
and G((K o<, H)?) is an extension of Z3 by Z;. Since G((K g, H)®) is generated

2 .
by 21 3) and 3 6'q( 5 35 63 = 1, it follows that in fact G((K bq, H)°) = Dj3.
=0

https://doi.org/10.1017/50004972700036558 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700036558

[7] On cohomological deformations 371

ExaMPLE 4. We consider PSL(2,F;) = KH, where

) [ R e
R S [

We are looking for a normalised i € Z?Z'. However, since the orders of H and K are
relatively prime it sufficies to find i € Z2B!. The action of K on H\ {e} is transitive
and if b, f are distinct elements of H \ {e} then K, N K; = (e). Since K ) =
Ks N Ko, K(p) # () implies b=¢, c = e, or ¢ = b1, Thus, if z(b,d"1,K) =1
then & € C?B'. However, up to a factor in B2C* any element of Z2C! satisfies this
requirement. Thus, any & € Z2C? such that fi(b,c,r) = 1 whenever b =e, ¢ = ¢,
r =e, or ¢ = b~! yields a deformation of the bicrossed product in question. The action
of H on K\{e} has 5 orbits: On(s), Ox(t), On(t?), On(st®), and Og(st®), with
point stabilisers H, = (e), H, = (gh), H,2 = (¢2h), H,;s = (¢%,h), and H,s =
(g%,gh). This implies that matched cocycles are generated by suitably normalised fi;
and g such that the restriction of zi; to H,s is non-trivial and its restriction to H,,s is
trivial in H%(Z, x Zy,C*), while the restrictions of iz to both H_,s and H,;s are non-
trivial. One can verify that fz1fi2 yields a Hopf algebra isomorphic to the one resulting
from fi;. Thus, in the present case there are two non-isomorphic deformations. Since
Ko = Ho = 1, Proposition 2 gives G(K 1, H) & Z3 and G((K >, H)°) ¥ Z, x Z,
for any u.

PSEUDOCOCYCLE DEFORMED BICROSSED PRODUCTS

The comultiplication in K o< H can be also twisted with the help of a pseudo-
cocycle. The following Definition 5 and Proposition 6 are borrowed from [1]. For
convenience we denote A = K< H.

DEFINITION 5: An invertible element 2 € A®A is a pseudococycle if the following
conditions hold:

1. (ideA) (2 )T ) Qe I)A®id)(Q)
commutes with (A @ id)A(A),

2. (e®id)(R), (id®e)(NN), m(S®id)(N), and m(id ® S)(Y) are in the
centre of A.

PROPOSITION 6. If Q is a pseudococycle then A with a new comultiplication

Aq(z) = QA(z)Q!
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(and old multiplication, counit, and antipode) is a Hopf algebra.

The Hopf algebra A with the new comultiplication as in Proposition 6 is denoted by
Agq. In general finding all possible pseudococycles is an exceedingly difficult problem.
In order to be able to construct concrete new examples of deformed bicrossed products
we consider below a special class of pseudococycles of the form

(5) Q= Z w(t1 S)pt'ua(s) ®p3vﬁ(t)
t,seK

with ¢, : K 2 H, w : Kx K — k*. If a(t) = B(t) = e for any ¢t € K then the
resulting Hopf algebra Agq is isomorphic to K <, H for a suitable cocycle v. We
restrict our considerations to the case when both a and 8 are H-invariant, that is,

(6) a(h-t) = a(t) and B(h-t) = B(2)

for any h € H and ¢ € K. Condition (6) implies that an Q as in (5) is invertible with

N l= Z w™H(efs) - ¢, B(t) - s)ptva-l(s) ® PsUg—1z)-
t,s€K

We only deal with a more managable case when the group G is a semi-direct product
K xH and H is Abelian. We further require that K acts on itself through (¢, s) = a(t)-s
and (t,s) — B(t) - s. For these two maps to be true actions we must have

(7a) a)a(s)a” (ts) -r =1,
(7b) B)B(s)B™ (ts) -7 =,

for any 7,s,t € K. If @ and B are as above then we say that they are matched if
(8) a(t)Bt)-t=t

for any t € K.
Assuming that o and f satisfy (6) and (7) we now define a cochain complex
{F*,0}, with 8 = 8, 5, as follows. We set F™ = {w 1K = k*} and consider each
n

F™ a left H-module with the action A - w{ti,... ,ts) =w(h-t1,... ,h-t,). We define
the coboundary maps by

w(t1,- .. s tn+1) =(@(tns1) - w) (1, - . ,t,,)“”"“(ﬂ(tl) -w)(t2y-- -y tag1)

n .

—1)*
Hw(tl,--- sbicn titigns bige, - - tagn) T
i=1
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We denote the corresponding groups of cocycles, coboundaries, and cohomologies by
Z*, B*, and H*, respectively. We also define a bijection F? —» F?, w— @, by

@(t,s) = w(als) - t,B(¢) - s).

It turns out (see Theorem 7 below) that for  as in (5) to be a pseudococycle it is
necessary that @ is a 2-cocycle, that is, @ € Z2. For w € F? we say that w is H-
normalised if the following three functions (of ¢ € K): w(e,t), w(t,€), and w(t,t71),
are H-invariant.

THEOREM 7. Let G = K x H be a finite group with H Abelian. Let o, :
K — H be such that (6), (7), and (8) hold, and let w € F? be H-normalised and such
that @ € Z%. Then the corresponding Q as in (5) is a pseudococycle in the sense of
Definition 5.

PROOF: Suppose that a and f satisfy (6) and the corresponding € is as in (5).
Let U = (id® A)(Q" ) (I @ Q1) (2 ® I)(A ® id)(Q). To simplify the notation for any
z,y,z € K we denote D = D(z,y,2) = (e (yz")a(y) - =) (a(2) - y2z~!). We have

U= > (¥ 2)PsVa(y-1)a-1()a(D,5)
z,y,2€K

® Pyz-1Ya-1(z)a(D,2) ® PzVg~1(y2=1)g-1(2)8(D 1)
where

n(z,y,2) = w(D, B(yz~")B(z) - z)w(a(y) - z,2(2)B(z) - yz~*)
w™H(a(2)B(z) - y2~1, Byz"")B(z) - D)w™H aly) - 2, B(z) - y).
If t € K then U commutes with (A @ id)A(p;) = Y. Pis-1 @ p,-1 @ pr if and only

rseK

if
zy~! (a_l(z)oz‘1 (yz~Hea(y) - z“l):cy
=57 (e (2)a (2" aly) - 2)yz"") Blyz"")B(a) - 2

for any z,y, 2 € K. Condition (7) implies that the above identity holds.

If h € H then U commutes with (A ® id)A(v,) = vp ® vp @ vy if and only if the
function #n is h-invariant, that is, h - n = n. This is the case if n(z,y,2) =1 for any
z,y,z € K. If o and B satisfy (7) then = 1 if and only if 0 = 1. Thus, we have
shown that the Q satisfies condition 1 of Definition 5. On the other hand if a and 3
are matched and w is H-normalised then it easily follows that condition 2 of Definition
5 holds true as well. 0
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Under the hypothesis of Theorem 7 we have

Aq(pivn) = Z w(W, )w ™ (A~ - W, A7 - 5)pwup ® pyvs,
s€eK

with W = (a(s)-t)(8~(t) -s71), forany t € K, h € H.

PROPOSITION 8. Let G = K xH be a finite group with H Abelian. Let o, 3 :
K — H be such that (6), (7), and (8) hold, and let wy,ws € F? be H-normalised and
such that Wy, w, € Z2. Let Q;, i = 1,2, be the pseudococycles as in (5) corresponding
to w, and wq, respectively. If [0]] = (@3] in H? then the Hopf algebras Aq, and Agq,
are isomorphic.

PROOF: Let Aq, = span{p;vn | h € H, t € K} and Ag, = span{P,V,, | h €
H, t € K}. Let ¢: Ag, = Agq, be the map defined by ¢(pyvn) = A(t)A"1(R™! - ) P,V.
Then ¢ is an algebra isomorphism such that (¢ ® ¢)Aq, = Ag,¢ and, thus, ¢ is a
Hopf algebra isomorphism. O

As before in order to distinguish non-isomorphic Hopf algebras Aq arising from
the construction in Theorem 7 we determine below the intrinsic group of group-like
elements G(Aq) = {z € Ag\ {0} | Aq(z) = z ® z}. To this end with the hypothesis
of Theorem 7 in place we define

Ho={he H|[h & =[3] in H?},

a subgroup of H. Somewhat analogously to Proposition 2 we have the following.

THEOREM 9. Under the hypothesis of Theorem 7 there exists a short exact se-

quence
152" G(Ag) > Hp— 1.

PROOF: Let A(t,f) €k, t €K, feH,and 0# z =) A(t, f)p:vs be such that
t.f

QA(z) = (r ® z)Q0. By expanding 2 and z and simplifying we see that this equality
holds if and only if

(9)  As, f) Z w(g™ -t,g7 1 8)A(t, g)vg = /\((a'l(s) ) (B7(t) - s),f)w(t,s)vf
geH

for any t,s € K, f € H. For (9) to be satisfied it is necessary that there is a unique
h € H such that A(t,g) = 0 if g # h. Thus, writing A(t) = A(t,h), we have z =
3= A(t)pevn and (9) is equivalent to
teK
Ma™(s)-t)(B71(t)-s))  w(h™!-t,h7.5)

A(s)A(D) N w(t, s)

(10)
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for any t,s € K. Substituting in (10) z for a=!(s)- ¢, y for B71(t) - 5, and using (6)
we see that (10) is equivalent to

(11) h-w=(0)\)w.

Thus h € Hp and 7 : £ — h gives a surjective homomorphism 7 : G(Aq) — Hy. If

n(z) = e then A =1 and hence kern = Z!. 1]
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