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Abstract

Nonlinear filtering is investigated in a system where both the signal system and the
observation system are under non-Gaussian Lévy fluctuations. Firstly, the Zakai equation
is derived, and it is further used to derive the Kushner—Stratonovich equation. Secondly,
by a filtered martingale problem, uniqueness for strong solutions of the Kushner—
Stratonovich equation and the Zakai equation is proved. Thirdly, under some extra
regularity conditions, the Zakai equation for the unnormalized density is also derived in
the case of «-stable Lévy noise.
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1. Introduction

Consider a partially observed system (X, Y) on a complete filtered probability space (€2, §,
{Sr}iero,71, P) with T > 0 a fixed time. Here X, stands for the unobservable component
of the process, referred to as the signal process, whereas Y; is the observable part, called the
observation process. Given a Borel measurable function F, the nonlinear filtering problem leads
to evaluating the ‘filter’ E[ F (X;) | S,Y], where S,Y is the o -algebra generated by {¥;, 0 < s < ¢}
and E|F(X;)| < oo fort € [0, T].

Filtering problems arise from various contexts in engineering, information science, and
finance. Filtering problems for systems with Gaussian noise have been widely studied; see [3],
[19], and the references therein. When X and Y are continuous diffusion processes, Rozovskii
[19] formulated a nonlinear filtering theory by means of stochastic evolution systems. See [20]
for more recent results under more general conditions.

Nonlinear filtering problems with jump diffusion signal processes or observation processes
are considered by some authors. In [14], Meyer-Brandis and Proske studied a nonlinear filtering
problem with continuous diffusion signals and mixed observations, modeled by a Brownian
motion and a generalized Cox process, whose jump intensity is given in terms of a Lévy
measure (see Section 2.2). Later, Mandrekar et al. [12] added jumps to signal processes
and obtained the corresponding Zakai equation. Popa and Sritharan [15] derived Zakai and
Kushner—Stratonovich equations for nonlinear filtering problems with It6—Lévy diffusion signal
processes and continuous diffusion observation processes. In [4] and [5], Ceci and Colaneri
dealt with a filtering problem of a jump diffusion process X and a correlated jump diffusion
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Nonlinear filtering of stochastic dynamical systems 903

process Y in the one-dimensional case. They derived Kushner—Stratonovich equations by the
innovation method in [4] and Zakai equations by the change of measure in [5]. These two
methods are major approaches to investigate nonlinear filtering problems.

In this paper, we combine It6-Lévy diffusion signal processes in [15] with mixed
observations in [14] and study a type of nonlinear filtering problems for the multidimensional
case. Compared with the results in [4] and [5], our driven processes are more general and the
assumption conditions are weaker. We derive the Zakai and Kushner—Stratonovich equations
and then represent the filter by an integral. It is worthwhile to mention that the integral
characterization of the unnormalized filter was considered in [7] under the same assumption to
Assumption 5.1 (see Section 5). Since signals are continuous diffusion processes in [7], our
Lemma 5.1 is a generalization of [7, Theorem 2.2]. Note that Grigelionis and Mikulevicius
[8] studied a nonlinear filtering problem with jump diffusion signal processes and observation
processes and derived the Zakai and Kushner—Stratonovich equations. However, because their
observation processes are very general, the integral representation for the filter was not obtained
in [8].

This paper is arranged as follows. In Section 2 we introduce Sobolev spaces and a-stable
Lévy processes. Zakai and Kushner—Stratonovich equations are derived in Section 3. In
Section 4, by a filtered martingale problem (FMP), uniqueness for strong solutions of the
Kushner—Stratonovich equation and the Zakai equation is proved. In Section 5, we prove the
existence of the unnormalized and normalized densities under some regularity conditions.

The following convention will be used throughout this paper: C with or without indices will
denote different positive constants (depending on the indices) whose values may change from
one place to another.

2. Preliminary

2.1. Sobolev spaces

Let Co(IR") be the space of continuous functions f on R" satisfying limy|—eo f(x) =0
with norm || f|le,rr) = sup,egn | f(x)]. Let G%(R") be the set of f € Co(R") such that f
is twice differentiable and the partial derivatives of f with order < 2 belong to Cy(R"). Let
@f (R") stand for the space of all k-times differentiable functions on R" with compact support.
Let S(R™) be the Schwartz space of all rapidly decreasing real-valued C* functions on R" and
S’(R") the space of all tempered distributions on R”. Let f and f be the Fourier transform
and Fourier inversion transform of f € S’(R"), respectively. That is,

9

i 1 .
- A{n e ‘(”*x)f(x) dx, f) = W Aén el(u,x)f(x) dx
for all u € R”. We introduce the following Sobolev space:
H2(R") == {f € S'(R"): || fllr.2 < 00}

for any A € R, where

1712 = [ W o dn

In particular, H*2(R") = L>(R").
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2.2. Symmetric «-stable Lévy processes

Definition 2.1. A process L = (L;);>0 with Lo = 0 almost surely (a.s.) is a n-dimensional
Lévy process if

(i) Lhasindependentincrements;i.e. L; — L isindependentof L, — L, if (u, v)N(s,t) = &

(i) L has stationary increments; i.e. L; — L has the same distribution as L, — L, if t —s =
v—u>0;

(iii) L; is stochastically continuous;
(iv) L; is right-continuous with left limit.
The characteristic function of L, is given by
Elexp{i{z, L;)}] = exp{t ¥ (z)}, z e R".

The function W : R" — C is called the characteristic exponent of the Lévy process L. By the
Lévy—Khintchine formula, there exist a nonnegative-definite n x n matrix (0, a measure v on
R”" satisfying

»({0}) = 0, / (ul A Dyv(du) < oo,
R\ {0}

and y € R” such that
1 .
V(@) =il y) - S Qz>+/ @ — 1 —i(z, u) Ljuy<1p)v(du).
R"\{0}

The measure v is called the Lévy measure.

Definition 2.2. For « € (0,2). An n-dimensional symmetric «-stable process L* is a Lévy
process such that its characteristic exponent W is given by

Y(z) = —-Ci(n,a)|z|* forz e R”
with C1(n, o) 1= 7~ 12T ((1 + &) /2T (n/2) /T ((n + @) /2).

Thus, for an n-dimensional symmetric a-stable process L%, the diffusion matrix Q = 0, the
drift vector y = 0, and the Lévy measure v is given by

Cr(n, ) : _al((n+a)/2)
v(du) = Wdu Wlth CQ(I’Z,Ol) = Zl_an”/zr(l —a/z)'
Define
(Lo f)(x) = /Rn\ (F (xt) = £0) = B (0 1) Lgui=11) (W) du for f € C3R".

Then £, extends uniquely to the infinitesimal generator of LY and by [2, Example 3.3.8,
p. 166], for every f € C°(R"),

(Lo f)(x) = Ci(n, )[—(—=A)* F1(x).
Moreover, the following result is well known (see [1]).

Theorem 2.1. Let £, be as above for a € (0,2) and L = A, as defined on C°(R") in
L2(R"). Then L4, 0 < a < 2, has a unique closed extension to a self-adjoint negative
operator on the domain H*2(R").
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3. Nonlinear filtering

In this section we study nonlinear filtering for a non-Gaussian signal-observation system,
and derive Zakai and Kushner—Stratonovich equations.
Consider the following signal-observation (X, ¥;) system on R" x R™:

dX; = b (X;)dt +01(X,)dB, +/ fi(Xi—, u)N,(dt, du)
Uy
+f g1(X;—, u)Np(de, du), (3.1a)
U\U,
dy, :bg(t,X,)dt+02(t)th+/ fo(t, w)Ny(dr, du)
Uy

+/ &2(t, u)Ny(dz, du), 0=<t=T, (3.1b)
U\U,

where B, W are d-dimensional and m-dimensional Brownian motion, respectively, and p
is a stationary Poisson point process of the class (quasi left-continuous) defined on (£2, §,
{St}ier0,11, P) with values in U and characteristic measure vi. Here v; is a o-finite measure
defined on a finite-dimensional, measurable normed space (U, ) with the norm || - ||y. Fix
U; € Uwith v (U\Up) < oo and fUl ||u||% vi(du) < oco. Let N, ((0, ¢], du) be the counting
measure of p; such that EN,((0, t], A) = tv;(A) for A € U. Denote

N, ((0, 11, du) := N, ((0, t1, du) — tv;(du),

the compensated measure of p;. Let N, be an integer-valued random measure and its predictable
compensator is given by A (¢, X;—, u)tvy(du), where the function A(z, x,u) € [¢, 1),0 < < 1,
and v, is anothero—ﬁrlite measure defined on U with v, (U\U;) < oo and fUz ||u ||[[2J v (du) < 00
for U, € 4. Thatis, N, ((0, ¢], du) := N, ((0, t], du) — r(¢, X;—, u)tvo(du) is its compensated
measure. Moreover, By, W;, N),, N, are mutually independent. The initial value X is assumed
to be a random variable independent of Yy, B;, W;, Np,, and N,. Under P, the initial value Xg
is assumed to have a density function p with values in LZ(R").

The mappings b;: R" — R”, by: [0, T] X R* —» R", 01: R" — R4 5,10, T]
Rmxm- R x Up = R, fp - [0,T] x Uy > R™, g1: R* x (U\ Uy) —» R”, and
g2: [0, T] x (U\ Uz) — R™ are all Borel measurable. We make the following assumptions,
in order to guarantee existence and uniqueness for the solution of (3.1).

Assumption 3.1. (i) (Hb1 ). For x1, xp € R",

1,01, f1
[b1(x1) — b1(x2)| < Li|x1 — x2lk1(Jx1 — x2]),

lo1(x1) — o1 (e 1* < Lilx1 — w2 (31 — x2),
/ |fien,w) = fie2, )P vi(du) < Ll — x21” 311 — xa),
Uy
hold for p’ = 2 and 4, where | - | denotes the length of a vector in R” and || - || the Hilbert—

Schmidt norm from R? to R”". Here L is a constant and «; is a positive continuous function,
bounded on [1, 0o) and it satisfies

where §; > 0,i = 1, 2, 3, are constants.
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(ii) (Hj, ,, j,)- Forx e R",
|muW+mmmW+/|ﬁ@mﬁm@@5mu+uw.
Uy

(iii) (Hb]z,zfz,fz)‘ It holds that o, (¢) is invertible for r € [0, T'], b2, 03, a{l are bounded by a
positive constant L;, and

T
/ / | f2(s, w)|*v2(du) ds < oo.
0o Ju,

By [17, Theorem 1.2], (3.1) has a pathwise unique strong solution denoted by (X;, Y;). Set

t t
A7 ::exp{—/o (a5 1 ($)ba(s, X;)) AW — %/0 oy ($)ba(s, X)|* ds
t t
—/ / log A(s, Xs5—, u)N, (ds, du) —f (1 — A(s, Xs,u))vz(du)ds}.
0 Uy 0 Uz

Throughout, we use the convention that repeated indices imply summation.

Assumption 3.2. Let

T _ 2
E[exp{/(; Aj a )L?S(S),(Xsb,t)u)) va(du) ds” < o0.
2 ’ S

by (s, Xy))' AW + 1226 Xom ) 546 d
/@@nm» fﬁzm&,)“ W,

Set

and then under Assumption 3.2, M is a locally square integrable martingale. Moreover,
My — M;— > —1a.s. and

E[exp{% < M M®>7 + < MY, M9 >7}]
17 r 1—AGs, Xy, ) \*
:E[exp{—/ |02_1(s)b2(s,X5)|2ds+/ / (M>
2 0 0 Uz )"(Sv XS5 u)
X A(s, X, u)vy(du) ds}i|
< 00,
where M® and M4 are continuous and purely discontinuous martingale parts of M, respectively.

Thus, from [16, Theorem 6], i{ follows that At_l, the Doléans—Dade exponential of M, is a
martingale. Define a measure P via

https://doi.org/10.1239/aap/1444308887 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1444308887

Nonlinear filtering of stochastic dynamical systems 907

By the Girsanov theorem for Brownian motions and random measures, it follows that under the
measure P (3.1) is transformed as

dX; = b1(X;)dt +o01(X;)dB; ~|—/ fi(Xe—, M)Np(dt, du)
U,
+/ 81(X¢—, u)Np(dz, du),
U\U;

%, =) dW, + [ fott, N (dr, du) + / o2t N, (dr, du),
U, U\U,

where
t
W, =W, +/ oy "()ba(s, Xg)ds,  N(dr, du) := Ny (dt, du) — drvp(du).
0

We collect some properties of A;, Wt, and N in the next lemma.

Lemma 3.1. (i) A, satisfies the following equation:
A =1 —1—/ AS(OEI(s)bz(s, X)) dW; +/ f As—(M(s, Xs—,u) — 1)N(ds, du).
0 0 JU,

(ii) Under the measure P, W; is a Brownian motion and N is a Poisson martingale measure.

Proof. For (i), by the 1t6 formula, we obtain

t _ . . 1 t _
Ar=1+ /0 As(o5 $)ba(s, X)) AW + /0 Asloy (5)bas, Xo) [ ds

t
+/ / Ag_(A(s, X5—,u) — 1)N, (ds, du)
0 JU,
t t
+ / f Ao (1 — A(s. Xo—, u))va(du) ds + / Aslos  (5)bas, Xo)I? ds
0 Ju, 2 Jo
t t
=1+/ As(az_l(s)b2(s,Xs))idWSi+/ / As—(A(s, Xs—, u) — DN (ds, du).
0 0 JO,

For (ii), we use [10, Theorem 3.17].

Set 3 y
P,(F) :=E[F(X)A, | §)1,

where E denotes expectation under the measure P. The equation satisfied by P,(F) is called
the Zakai equation.
In order to derive the Zakai equation, we need the following lemma.

Lemma 3.2. Let &W, 35’ be the o -algebras generated by {Ws, 0<s <t}, {1\7((0, s], A),0 <
s <t,A ey}, respectively. Then

5 =8 v vl

Since its proof is similar to that in [19, Lemma 4, p. 228], we omit it.
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As in [18], introduce the infinitesimal generator £ of X,

az‘P(x) ,k

w(x) L1
2 9x;9x;

(Lp)(x) = bi(x) + @oy (x)

+ / [o(x + g1.0r, 1)) — 9()1v1 (du)
U\Uy

9 .
+fU [(P(X+f1(x,u)) —o(x) — (p(x)ff(x,u)}w(du) for o € C°(R"),
1

8xl‘

and denote its domain by D(L). ~
Now, we are ready to obtain the Zakai equation for P, (F').

Theorem 3.1. (Zakai equation.) For F € D(L), the Zakai equation of (3.1) is given by
~ ~ t ~ t ~ . ~
P (F) = Po(F) +/ Pg(LF)ds +/ Py(F (05 ' ()ba(s, )" dW]
0 0

t
+/ / Ps_(F(\(s, -, u) — 1))N(ds, du). (3.2)
0 JU,

Proof. Applying the It6 formula to X;, we have

t
F(X,) = F(Xo) + / O i (x,) ds + f X ik (x,) Bk
0 8x 0 ox

i

t
+ / / [F(Xy— + f1(Xs—. u)) — F(Xs_)IN,(ds. du)
0 JU;

t
+ / / [F(Xs + g1(Xs_, 1)) — F(X,)IN,(ds, du)
0 JU\U;

f F(Xy)
4 / / [F(Xs_+f1(xs_,u>)— = 3( ) ’(Xs_,u)]vl(dwds
Uy Xi

32F(X) ok ki

By the mutual independence of B;, 1(7,, (dt, du), Wy, and ]\7(dt, du), it is clear that

t t
F(X)A, = F(Xo) + / F(X,_)dA, + [ Ay_dF(Xy).
0 0
- - - t
E[F(X)A: | 3 1=EI[F(Xo) | §1 +E[ /0 F(Xs-)dA, | 3 }
t
+1F:[/ Ay dF(Xy) gty}
0

=L+ DL+ (3.3)

Taking the conditional expectation on both sides of this equation, we obtain

We now evaluate /1, I, and I3 one by one. First, by the independence of X( and &Y , we have

I = E[F(Xo)] = E[F(Xo) | §51=Po(F). (3.4)
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<74 }
t
+ EU / Ay F(Xs)(h(s, Xs—, 1) — DN (ds, du) ‘ S,Y}
0 JU,

=: Iy + I»n.

By Lemma 3.1, it holds that

t
L= EU AsF(Xg) (05 ' (9)ba(s, X)) dW!
0

For I, by Lemma 3.2 and [19, Theorem 1.4.7], we obtain

t ~ . ~
Iy = /0 BIA, F(X5)(05  (5)bas, Xp))' | Y 1dW.

For 15, using the same method to that in the proof of [19, Theorem 1.4.7], we can prove by
the definition of stochastic integrations with respect to random measures (see [9]) and Lemma
3.2 that

t
o= [ [ BIACFOGO0G X = 1) | 51N s, d,
0 JU,

Note that E[A‘Y_F(XX_)()»(S, Xs_,u)—1) | Sf] is not predictable. Using the method of [13
Theorem 2.3], we show that it admits a predictable modification.
Thus,

t t

12:/ By (F (a5 (s)bas, .))i)dW;'Jr/f Ps_(F(A(s, -, u) — 1))N(ds, du). (3.5)
0 0 JO,

%,Y}

r t
+E / / AfF(Xs— + g1(Xy— ) — F(X;)INp(ds, du) | 3 }
U\U,

g

+E// [F(Xs—+f1(Xs ) — F(Xy) —
Uy

sf]
b’(X)‘SYd ! ZEAw
] S+2/0 [ saxiax

For I3, from the independence of B, N p>and § Y it follows that
T 9F(X, I 3dF(X,)
13=]E|:/ ( )b‘(X)ds S,Y}HE[/ Asga;k(xs)dzaf
0 8x 0 8}6

t
+E / / AIF (X + fi(Xoms 1)) — F(Xs )N, (ds, du)|sf]
0 JU;

1 1 82F(Xy)
El= | A —"0k X0 (X,)d
+ 2/0 ax 8] ( )01( s)ds

BF(X )

— i (X ,M)} (3.6)

E[/ s[F(Xs— + g1(Xs—, u)) — F(Xs-)]vi(du) ds | §,i|
U\Ul

0F (X,
f/ [ [F(XY_+f1(Xg ,u)) — F(X-) — ( )f1<xv ,u)”ﬂ

X vi(du) ds

x v1(du)ds

lk(X )U]

[ BF(X)
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t
:/ BIA LF(X,) | 3 1ds
0
t
= / Py (LF)ds, (3.7)
0

where we have used the property of random measures (see [9]).
Combining (3.3) with (3.4), (3.5), and (3.7), we obtain the Zakai equation (3.2).

Thus, by Theorem 3.1, ]@,(1) satisfies the following equation:
t t
If",(l):l—i—/ By((05 ' ()ba(s, -))i)dWSi-f-/ / Py_(A(s, -, u) — DN (ds, du)
0 0 JU,
t
—14 / By ()P, (03 (9)bals. ))) AW
0
t
+/ / Py ()P,_(A(s, -, u) — )N(ds, du). (3.8)
0 JU,
Set
t t
M, ::/ Py (a5 (5)ba(s, -))i)dvif;'+// Ps_(A(s, -, u) — DN(ds, du).
0 0 JU,

Since v < A(z, x,u) < 1, by (H, b2 o ) the Jensen inequality, and Assumption 3.2, we obtain
IP’,(I) = &(M),, the Doléans—Dade exponentlal of M. Thus, Pt(l) > 0.
Besides, set
P/(F) := E[F(X)) | §/1,

and then, by the Kallianpur—Striebel formula, the following holds:
E[F(X0)A: | §1 _ Bi(F)
E[A; | /] Py (1)

By using (3.8), the Zakai equation (3.2), and the It6 formula, together with a similar argument
as in the proof of Theorem 3.1, we obtain the Kushner—Stratonovich equation satisfied by P; (F').

P/(F) =E[F(X,) | §/1= (3.9)

Theorem 3.2. (Kushner—Stratonovich equation.) For F € D (L), P;(F) solves the following
equation:

t t i
Py (F) = Po(F) +/0 Py(LF)ds + A (s (F (05 ()ba(s, )

— Py(F)Ps (05 (s)baCs, )')) dW!
N / / Py (FA(s, -, u)) — Ps_(F)Py_(A(s, -, u))
Uz

Ps_ (A (s, -, 1)) N(ds, du), (3.10)

where W, := W, — fot Ps(o, ! (s)ba(s, -)) ds is the innovation process and
N(dt, du) = N;(dz, du) — P,_ (A (¢, -, u))va(du) dt.

The Kushner—Stratonovich equation (3.10) corresponds to [8, Equation (3.2)].
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4. Uniqueness for the Kushner-Stratonovich equation and the Zakai equation

In this section we first show uniqueness for strong solutions to the Kushner—Stratonovich
equation by means of an FMP (see [11]), and then apply the relation between the Kushner—
Stratonovich equation and the Zakai equation to prove uniqueness for the Zakai equation.

In this section we assume that g1(x, u) = 0, g2(¢f,u) = 0, and A(¢, x,u) = A(t,u). And
then (3.1) is written as

X\ _ (( r(Xo) o1(X)0\ . ( By
¢ (Yt> N (bz(t, X;)) dr + ( 00>(1) ) d (Wr)
fHiXi—,u)\ = 0 ~
+/TU1 ( o )Np(dt, du) +/U2 (fz(t,u)> Ny (dt, du). @.1)

Lemma 4.1. Suppose that (Hbll,o] f]), (Hgl o f|)’ and (H}! ) are satisfied. Then the

by,02, f2
infinitesimal generator of (4.1) is given by
OH(x, ) LPHOLY) e &
£X,YH , — 1 _ ! J
(x,y) ox; 1(x) + 2 oxiox oy (x)o;” (x)

0H (x, .
+/U [H(x + fiCeu),y) — H(x, y) — %f{(x, u)]w(du)
1 1

OH (x,y) 19%H(x, )

M gl o)) Ik kq
+ v bz(tyx)+2 8y13yq 0y (I)Uz ()
0H (x,
+/U [H(x,y+fz(r,u))—H<x,y>— %fz’a,m]x(r,uwdu)

for H € D(LYXY).

By the It6 formula and the definition of the infinitesimal generator, it is easy to prove the
above lemma. Therefore, we omit its proof.

Before introducing an FMP, we define several notations. Let & (R") denote the set of the
probability measures on R” and M (R") denote the set of positive bounded Borel measures on
R”. For a process m-valued in P (R") or MT(R"), 7;(F) = fR,, F(x)m, (-, dx), F € Gg(R”).

Definition 4.1. A process (7, U) defined on a probability space (2, §, {S:}sef0,71, P), with
cadlag trajectories and values in 2 (R") x R”, is a solution of the FMP (LX"Y | X, Yp) if 7 is
FV-adapted and, for all H € D(LXY),

t
i (H( Uy — / 7 (LYY HC, Uy)) ds
0

is a (P, §V)-martingale and E[7o(H (-, Up))] = E[H (X0, Yo)].

Definition 4.2. Uniqueness for the FMP (£L%Y, X, Y) means that if (i, U) is a solution of
the FMP (NaCX Y X, Yy), for each t € [0, T] there exists a Borel measurable & (R")-valued
function H; satisfying

7 = HU), P, = H,(Y), P-a.s.,

and (7r, U) has the same distribution as (P, ).
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Definition 4.3. A strong solution for (3.10) is a &Y -adapted, cadlag, & (R")-valued process
{1 }sef0,17 such that {7;};¢[0,7] solves (3.10), i.e. for F € D (L),

‘ ‘ .
7 (F) = Po(F) +/0 s (LF)ds + /0 (705 (F (o5 ' (8)ba (s, )"
— 75 (F)7s (o (9)ba(s, D)) AW,
where W, := W, — fol ns(oz_l(s)bz(s, ) ds.

Definition 4.4. A strong solution for (3.2) is a §) -adapted, cadlag, M* (R")-valued process
{1t }refo, 77 such that {;}se[0,7] solves (3.2), i.e. for F € D (L),

t t

1 (F) = Bo(F) + /0 ps(LF) ds + fo s (F (o5 ()b (s, )y AW

t
+// ws— (FYO\(s, u) — 1)N(ds, du).
0 JU,

Now we prove uniqueness for solutions of the Kushner—Stratonovich equation.

Theorem 4.1. Suppose that uniqueness holds for the FMP (L% | X, Yo). Let {m:}icro.1) be
a strong solution of (3.10). Then 7y = Py, P-a.s. for all t € [0, T].

Proof. For G € C°(R™), applying the Itd formula to (3.1), we obtain

"AG(Y. 1 [13%2G(Y.
Cbats X ds 45 [ I
0 0yidy;j

2
G (Yy-)
dy;

02”( (s)afj (s)ds

G(Y)) = G(Yo) +f0

t .
—i—/ / |:G(Ys_ + fals,u)) — G(Ys-) — le (s, u)]k(s, u)vy(du) ds
0 JU,

L aG(Yy) ’ )
+ / o2 (s) W, + / f (G + fals. 0) — G(¥,)IN;(ds, du).
o Oy 0 Ju,

Thus, from the above formula, Definition 4.3, and the It6 formula, it follows that, for F € D (L),

G (Yy)

o (s) AW,
dy

t t
7 (F)G(Y,) = Po(F)G(Yo) + /0 B[ L5 (FOG(Yy)]ds + /0 7, (F)
t ) . "
+ /0 GV (F (05 (5)ba(s, ') — s (F)ts (0 ($)ba(s, ) )] AW
t
+ / / 75 (F)G (Yo + fo(s, 1)) — G(¥s)IN, (ds, du). “2)
0 JU,

Note that W, is a ?’,Y -Brownian motion (see [11]) and

A

_ t
W, = W, - fo (13 (05 (5)ba(s. ) — Pyl ()ba(s. ) ds.

Set
h(s) := 15(0;5  (5)ba(s, ) — Ps(ay (5)ba(s, ),

t
=T /\inf{t > 0: f |h(s)|*ds > N},
0
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and then Ty is a ?lY—stopping time and ty — T as N — oo by (H}!

. Define the
b2,09, f: )
probability measure nmR

dPy ™ - 1 [™ 2
— = exp{/ h(s)dW; — —f [h(s)] ds}.
0 2 Jo

Thus, from the Girsanov theorem, we have that W, isa thY -Brownian motion under Py .
Observe (4.2). Under Py,

TN
nmAmva<nWM>—:/ s LYY (F()G(Yy)) ds
0
is a F,¥ -martingale. Moreover, for H € D(LXY),
TNNE
nwAAHo,nNM»——/’ (LYY H(, Y)) ds
0

isa (Py, §Y)-martingale. By uniqueness for the FMP (L%Y, X, Yp) and [11, Corollary 3.4],
we know that there exists a 2 (R")-valued function H; such that

T Lreryy = Hi (V) Vo) = Pr Ljp<ay),s Py-a.s.
Since Py and P are equivalent, we could have
T Ypeoyy = Pr Ljaoy)s P-a.s.
Taking the limits on two sides as N — oo, we have
7, = Py, P-a.s.

The proof is completed.
Next, we state and prove uniqueness for solutions of the Zakai equation.

Theorem 4.2. Suppose that uniqueness hgldsfor the FMP (LXY | X, Yo). Let {1es}iefo. ) be
a strong solution of (3.2). Then u; = P, P-a.s. forallt € [0, T].

Proof. For ¢ > 0, define the stopping time
To:=inf{t > 0: u,—(1) < e} AT.
Set

Mt nt,
Mmrg(l)’

AT, =

and then 7, ,, is a §Y -adapted, cadlag, P (R")-valued process. For F € D(L), applying the
It6 formula to psaz, (F)/iinz, (1), we obtain

[ATe

IATe )
Tine, (F) = Po(F) +/0 s (LF) ds +/0 (s (F (05 (s)ba(s, )

— 2 (F)ms (o (9)ba(s. ) dW.
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Thus, {7az, }re[0.7] is a strong solution of (3.10). By Theorem 4.1,
Tt 1{t<re} =P 1{t<rg}, P-a.s. 4.3)

Next, observe sz, (1) and ]f", Az (1). Note that If", Az (1) > 0. By the It6 formula, it holds
that

pone () _ | +/M“[us((az‘<s>bz<s, DY s
Pinr, (1) 0 Pq(1) Po(1)

For s < 7., from (4.3), it follows that

Py((03” (5)ba s, m} awi.

s(1 — ; s(1 _ . s ~1 by (s, - i
D (o7 @bats ) = W (07 (0)bas, ) = L2 0200 D)

By(1) Ps(1) Ps(1)
Thus,

pine, (1) =B, (1), Pas. (4.4)
Substituting (4.3) into (4.4), we have

P lyeryy = PP (1) Yyegyy = gt (1) Yoy = pis Ljporyy,  P-ass.

Since P and PP are equivalent,

ED[ 1{[<Ts} = Mt 1{t<rs}, P-a.s.

Thus, 7, > inf{t > 0: B;(1) < &} A T. Note that inf{r > 0: P;(1) < e} AT = T when ¢ is
small enough. So 7, = T and P; = u,, P-a.s. The proof is completed.

Remark 4.1. Uniqueness of the FMP (L%Y, X, Y) is required in Theorems 4.1 and 4.2. In
fact, by [11, Theorem 3.3], this could be assured by adding regular conditions to by, bs, o1, 02,
f1, and f; such that D(LYY) is a dense algebra in Cp(R" x R™). Here we do not impose
concrete conditions.

5. The Zakai equation for the unnormalized density in the case of «-stable Lévy noises

In this section we solve (3.2) and obtain the unnormalized and normalized densities under
extra regularity conditions in the case of a-stable Lévy noises.

Assume that fi(x,u) = g1(x,u) = u, U=R"\ {0}, U; = {u € U: |u] < 1}, vi(du) =
(Ca(n, a)/|u|"*%) du, and A(¢, x, u) = A(¢, u). Thus, (3.1) becomes

dX[ = b](Xt) dt +(7] (Xt) dBt +f

[ul<1

dy, = ba(t, X,)dt—i—crz(t)dW,—i—/ ot u) Ny (dt, du)—i—/ 92, u) Ny (dt, du).
Uy U\U,

uN,(dr, du) +f uN,(dt, du),

|lul>1

Under the measure P, by the [t6—Lévy decomposition theorem, the above system is converted
to
dXt = bl(Xt) dt + oy (Xt) dBt + dLa,

dY, = on(t) dW, +/ Fo(t, u)N(dt, du)+f g2(t, u) Ny (dr, du),
U,y U

\Uz2

https://doi.org/10.1239/aap/1444308887 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1444308887

Nonlinear filtering of stochastic dynamical systems 915

t t
LY :=/ / uN,(ds, du) —l—/ / uNp(ds, du)
0 Jul=1 0 Jul>1

is a symmetric a-stable process independent of B;. The infinitesimal generator .£ of X; is given

where

by
dp(x) 10%0(x) 4
oc — 1 _ 1 J
(Lo)(x) ox; 1) + 2 9x0x, o (X)o;” (x)
dp(x) ; Ca(n, @)
= foper 00 = e | S
dp(x) 10%(x) ; :
== bl (x) + 5mafk(x)al"f (x) + (La@)(x) forg € CERM).
i i0Aj
To solve the Zakai equation for the unnormalized density, we need some stronger assump-
tions.
Assumption 51. Fori =1,2,...,.nandk =1,2,...,d, b’i is one time differentiable in x
and al’k is twice differentiable in x. Moreover, by, o1 and all their derivatives are bounded by
Ls.
Define the adjoint operator L* of £L for € C°(R") as
9 . 1 2 . )
(L)) = == GIOY(0)) + 55— 0* )0 ()P () + (La¥) (x)
i i J
= (AY)(x) + (BY)(x),
where y "
W[ 130 (x)o,’ (x)) | 10(c{" (x)a}’ (x))
A = —b} — —
(AY)(x) i [ 1) + 5 ix, + 5 ox,
192y (x) :
e O @ () + (Lad) (),
i0Xj
b (x) 1020 (x)ot (x))
B = —— - 1 1 .
(Byr)(x) [ ox; 3 9x:0%; ¥ (x)

Thus, by [18, Lemma4.2 ], A generates a strongly continuous contraction semigroup on Co(R™).
Consider the following stochastic partial differential equation with jumps on the filtered
probability space (2, §, {F) Yrefo.17, P):

dpr = [AB, + Bl dr + pi(o5 ' (Dba(t, ) AW/ + fU pr—(u(t, u) = DN (dr, du), 50
2 .
po=A7'p.
By [13, Theorem 2.4], (5.1) admits a unique mild solution py, satisfying the following equation:

t t .
=" AT o+ f A 85 ds + / e G (05 (9)ba(s, ) AW
0 0
t
+/ / =95 (A(s,u) — 1)N(ds, du). (5.2)
0 JU,

Moreover, p; is predictable and E[suptem,n ||,5z||% ,] < oo.

https://doi.org/10.1239/aap/1444308887 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1444308887

916 H. QIAO AND J. DUAN

Note that if more conditions are required, we could obtain some better properties of p; (see
[13, Theorem 2.7, 2.8]). Here we concentrate on providing a more general result.

Lemma 5.1. We have p; is density-valued and for F € C2°(R"), the following representation

holds:
Bp) = [ F@aw . 5.3)
Proof. For F € C°(R"), by the Sobolev imbedding theorem (see [19, Theorem 3.4.4]), the
following holds:

IP,(F)| < sup |F(x)[B:(1) < C||F |42 (1),

xeR"

where ¢ > n/2. Besides, P, (1) satisfies (3.8). By the Burkholder—Davis—Gunder inequality

and case 3 of Assumption 3.1 (H}sz,fz), we obtain

T n
B[ sup Bi(1)?] =3+ 3C1E[ f Po(1)? Y IPs (05 (9)Da(s., -))l)|2ds}
1€[0,T] 0 i
~ T ~
+3CEU / Py (1)2|A(s, u) — llzvz(du)ds:|
0 U,
T ~ ~
< 3+3cf E[ sup }P’S(l)z]<nL‘2‘+/ It u) — 1|2v2(du)> dr.
0 s€[0,7] Uz
From the Gronwall inequality, it follows that
~ ~ 2 - - 2
(E[ sup }P’t(l)]) 5]14:[ sup B,(1) ] < 0.
t€[0,T] 1€[0,T]

Thus, there exists a ' with ' C Qand P(Q') = 1, such thatforw € &/, SUP; (0.7 P, (1) < oo.
So the Riesz representation theorem implies that there exists a u; taking values in H~4-2(R")
and satisfying

P,(F) = f F(x)u; (x) dx. (5.4)
Rn

Next, ~observe uy. Firstly, using the method of [13, Theorem 2.3], we could show that the
solution ]P’,~ (F) of (3.2) is predictable. And it follows from (5.4) that u, is predictable. Secondly,
replacing P; (F) by fR,, F(x)u;(x)dx in (3.2), we obtain

t
/ Fx)u;(x)dx = / F(x)uog(x)dx +/ £F(x)</ ug(x) ds) dx
n R? R” 0

t
+ F(x)( | m(x)(oz‘(s)bz(s,x))"dvifj)dx
n 0

t
+/ F(x) (/ / ug(x)(A(s, u) — I)N(ds, du)) dx.
R? 0 JU,

From this we know that u;(x) is a weak solution to (5.1). By [6, Theorem 5.4, p. 121], u;(x)
is also a mild solution to (5.1). So u; = p;. The proof is completed.

By Lemma 5.1, we know that p; is the unnormalized density and (5.2) is the Zakai equation
for the unnormalized density.
Now we are in the position to state the main result of this section.
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Theorem 5.1. (Integral representation of the filter.) There exists a § ty -adapted density function
pr(x) given by

pr(x) = £ () (5.5)
Jien

pr(x) dx’
such that for F € CP(R"), Pi(F) = [pu F(x)p;(x) dx.
Proof. For F € C°(R"), by (3.9) and (5.3), we conclude that
Py(F) _ Jan FX)f(x) dx pi (x)
ElF(X) | §1=P/(F) = ——= ==& =/F<—>d
[ ( l) | gl] t( ) ]P’t(l) fRn ,5t(x) dx n (x) /‘Rn ,5;()6) dx X

Thus, the conditional distribution P[X; € dx | § ,Y ] is absolutely continuous with respect to the
Lebesgue measure with the filtering density function

01 (x)

pr(x) = —fRn 50 dx

The proof is completed.

This theorem says that the solution to the nonlinear filtering under Lévy noises (i.e. the
‘filter’) or the conditional expectation P;(F) = E[F(X;) | S,Y ], may be represented as an
integral via a normalized density p,. This normalized density is obtained by solving (5.2)
together with the normalization (5.5).

Acknowledgements

We would like to thank Dan Crisan and Remigijus Mikulevicius for helpful discussions and
we also wish to thank the anonymous referee for his/her suggestions and improvements. This
work was partly supported by National Science Foundation of China (grant no. 11001051 and
grant no. 11371352) and by the National Science Foundation (grant no. 1025422).

References

[1] ALBEVERIO, S., RUDIGER, B. AND Wu, J.-L. (2000). Invariant measures and symmetry property of Lévy type
operators. Potential Anal. 13, 147-168.
[2] APPLEBAUM, D. (2009). Lévy Processes and Stochastic Calculus, 2nd edn. Cambridge University Press.
[3] BAIN, A. AND CRrisaN, D. (2009). Fundamentals of Stochastic Filtering. Springer, New York.
[4] Cecr, C. AND COLANERI, K. (2012). Nonlinear filtering for jump diffusion observations. Adv. Appl. Prob. 44,
678-701.
[5]1 Cecr, C. AND CoLANERI, K. (2014). The Zakai equation of nonlinear filtering for jump-diffusion observations:
existence and uniqueness. Appl. Math. Optimization 69, 47-82.
[6] Da PrATO, G. AND ZABCZYK, J. (1992). Stochastic Equations in Infinite Dimensions. Cambridge University
Press.
[71 FrEey, R., ScumiIDT, T. AND XU, L. (2013). On Galerkin approximations for the Zakai equation with diffusive
and point process observations. SIAM J. Numer. Anal. 51, 2036-2062.
[8] GRIGELIONIS B. AND MIKULEVICIUS R. (2011). Nonlinear Filtering Equations for Stochastic Processes with
Jumps. In The Oxford Handbook of Nonlinear Filtering, Oxford University Press, pp. 95-128.
[9] IKEDA, N. AND WATANABE, S. (1989). Stochastic Differential Equations and Diffusion Processes, 2nd edn.
North-Holland, Amsterdam.
[10] Jacop, J. AND SHIRYAEV, A. N. (1987). Limit Theorems for Stochastic Processes. Springer, Berlin.
[11] Kurtz, T. G. AND OCONE, D. L. (1988). Unique characterization of conditional distributions in nonlinear
filtering. Ann. Prob. 16, 80-107.
[12] MANDREKAR, V., MEYER-BRANDIS, T. AND PROSKE, F. (2011). A Bayes formula for nonlinear filtering with
Gaussian and Cox noise. J. Prob. Statist. 2011, 259091.

https://doi.org/10.1239/aap/1444308887 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1444308887

918

[13]
[14]
[15]
[16]
[17]
(18]
[19]

[20]

H. QIAO AND J. DUAN

MARINELLI, C., PREVOT, C. AND ROCKNER, M. (2010). Regular dependence on initial data for stochastic
evolution equations with multiplicative Poisson noise. J. Functional Anal. 258, 616-649.

MEYER-BRANDIS, T. AND PROSKE, F. (2004). Explicit solution of a non-linear filtering problems for Lévy
processes with application to finance. Appl. Math. Optimization 50, 119-134.

Popa, S. AND SRITHARAN, S. S. (2009). Nonlinear filtering of Itd—Lévy stochastic differential equations with
continuous observations. Commun. Stoch. Anal. 3, 313-330.

PROTTER, P. AND SHIMBO, K. (2008). No arbitrage and general semimartingales. In Markov Processes and
Related Topics, Institute of Mathematical Statistics, Beachwood, OH, pp. 267-283.

Qi1a0, H. (2014). Euler—-Maruyama approximation for SDEs with jumps and non-Lipschitz coefficients. Osaka
J. Math. 51, 47-66.

Qi1a0, H. AND DUAN, J. (2012). Stationary measures for stochastic differential equations with jumps. Preprint.
Available at http://arxiv.org/abs/1209.0658.

Rozovskiy, B. L. (1990). Stochastic Evolution Systems, Linear Theory and Applications to Nonlinear Filtering
(Math. Appl. (Soviet Ser.) 35). Kluwer, Dordrecht.

ZHANG, X. (2011). Stochastic partial differential equations with unbounded and degenerate coefficients.
J. Differential Equat. 250, 1924—-1966.

https://doi.org/10.1239/aap/1444308887 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1444308887

