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1. S u m m a r y . Le t F(x) be the cont inuous d i s t r i b u t i o n 
function of a r a n d o m v a r i a b l e X and F (x) be the e m p i r i c a l 

n 
d i s t r i b u t i o n function d e t e r m i n e d by a r a n d o m s a m p l e X , . . . , X 

t a k e n on X. Us ing the me thod of B i r n b a u m and Tingey [ l ] 
we a r e going to d e r i v e the exac t d i s t r i b u t i o n s of the r a n d o m 
v a r i a b l e s 

sup ( F ( x ) - F (x)), sup ( F (x ) -F(x) ) , sup ( F ( x ) - F (x)) 
F(x) < b n a < F(x) n F (x) < b n 

— — n — 

and sup ( F (x ) -F(x) ) , w h e r e 0 < a < 1, 0 < b < l and 
a < F (x) 

— n 
w h e r e the ind ica ted sup1 s a r e t aken ove r a l l x' s such tha t 
-oo < x < x and x < x < + oo with F(x ) = b , F(x ) = a in the 

b a — b a 
f i r s t two c a s e s and over a l l xf s so tha t F (x) < b and 

n — 
a < F (x) in the l a s t two c a s e s . We a r e a l s o going to d i s c u s s 
b r i e f ly the a s y m p t o t i c behav iou r of t h e s e r a n d o m v a r i a b l e s 
and the c o n s i s t e n c y of the r e l e v a n t s t a t i s t i c a l t e s t s . 

2. In t roduc t ion . Let Y = F(x) . Then Y is a un i fo rmly 
d i s t r i b u t e d r a n d o m v a r i a b l e on (0, 1) and we have Y , . . . , Y 

1 n 
a s a r a n d o m s a m p l e on Y r e s u l t i n g f rom th i s t r a n s f o r m a t i o n . 
Let Y < . . . < Y be the c o r r e s p o n d i n g o r d e r s t a t i s t i c s 

wh ich d e t e r m i n e s the e m p i r i c a l d i s t r i b u t i o n function 

* T h i s r e s e a r c h w a s p a r t i a l l y suppor t ed by the Office of Nava l 
R e s e a r c h 0 4 2 - 0 2 3 , C o n t r a c t Nonr 1858(05) to P r i n c e t o n U n i v e r s i t y . 
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0 f o r Y < Y 
(1) 

( 2 . 1 ) G (Y) = ; - f o r Y < Y < Y 
n \ n (k) — (k+1) 

1 f o r Y , < Y 
(n) -

We a r e g o i n g t o n e e d t h e f o l l o w i n g r e s u l t of B i r n b a u m a n d 

T i n g e y : 

(2 . 2 ) P { s u p ( F ( x ) - F (x)) < E } = P { s u p ( Y - G ( Y ) ) < E ) 

n n 
-oc < x < +oc 0 < Y < 1 

1 k 
— + E — + E 

E n n 1 

»'• I f ••• I I Y =0 Y 
(0) (1] 

/ / 
Y Y Y Y 

(k) (k+1) ( n - 2 ) ( n - 1 ) 

dY dY . . . dY dY . . . dY dY 
(n) ( n - 1 ) (k+2) (k+1) (2) (1) 

k 

= 1 - £ T . (E ) . 

w h e r e T (E ) = < n ) ( l - £ - i ) R " J ( e + - ) J " E , k = [ n ( l - £ )] = g r e a t e s t 
j , n j n n 

i n t e g e r c o n t a i n e d in n ( l - £ ) a n d 0 < E < 1 . 

3. E x a c t d i s t r i b u t i o n s of r a n d o m v a r i a b l e s of s e c t i o n 1. 

U s i n g t h e n o t a t i o n of s e c t i o n s 1 a n d 2 w e a r e g o i n g t o p r o v e : 

T H E O R E M 1. 

( 3 . 1) P { s u p ( F ( x ) - F (x)) < E } = P { s u p ( Y - G (Y)) < E } 

F ( x ) < b n 0 < Y < b 

w h e r e k = [n(b-E )] w i t h 0 < e < b . 

1 - Z T . (E ) = N (E , b , n ) , 
j , n 1 

94 

https://doi.org/10.4153/CMB-1965-012-5 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1965-012-5


COROLLARY 1. 

(3 .2 ) P{ sup ( F ( x ) - F ( x ) ) < e } = P{ sup (G (Y)-Y) < £ } 
a < F(x) n a < Y < 1 

= N ' (E , a , n ) , 
1 

w h e r e Nf (. ) i s ob ta ined by put t ing b = 1-a in N ( . ) of 
1 1 

T h e o r e m 1. 

The s t a t e m e n t of C o r o l l a r y 1 fol lows i m m e d i a t e l y f r o m 
T h e o r e m 1 a f t e r put t ing b = 1-a and r e p l a c i n g l - F ( x ) by F(x) 
and 1 -F (x) by F (x) in i t . We a l s o note h e r e tha t C o r o l l a r i e s 

n n 
2 , 3 and 4 a s s t a t ed be low follow exac t ly the s a m e way f r o m 
t h e i r r e s p e c t i v e p r e c e d i n g t h e o r e m s . 

T H E O R E M 2. 

(3 .3 ) P{ sup ( F ( x ) - F (x)) < E } = P{ sup ( Y - G ( Y ) ) < E } 

F (x) < b n 0 < G (y) < b n 

n — n — 

= 1 - S T . (E ) - N (E , b , n ) , 

j = o >>n 2 

w h e r e k = m i n { [nb] , [n ( l -£ )]} , 0 < E < 1 . 

COROLLARY 2. 

(3 .4 ) P{ sup ( F (x)-F(x)) < E } = P{ sup (G (Y)-Y) < E } 
a < F (x) n a < G (Y) < 1 n 

— n — n 

= N ^ ( E , a , n ) , 

^ h e r e N ' ( - ) i s ob ta ined by put t ing b = 1-a in N (. ) of 

T h e o r e m 2. 

P roof of T h e o r e m 1. It i s c l e a r t ha t the d i s t r i b u t i o n of 
he r a n d o m v a r i a b l e sup ( F ( x ) - F (x)) i s the s a m e a s tha t 

F(x) < b n 
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of sup (Y-G (Y)), and saying that 

Y < b 

(3. 5) sup (Y-G (Y)) < e 
n 

Y < b 

is equivalent to saying: Y < G (Y ) + e for all Y < b. From 
n — 

the definition of G (Y) it follows that Y < G (Y) + e for all 
n n 

Y < b occurs if and only if the ordered random sample 

(3.6) 0 < Y ( l ) < Y ( 2 ) < . . . < Y ( n ) < l 

falls into the region 

' ( J - ! ) < * ( j ) ' n 

i - i 
Y / - < Yi-\ < + e f o r j = 1 . 2 , . . . , k + l , 

(3.71 
Y <Y < 1 for j - ï - 2 . 

where Y iO and k is the greatest integer so that 

(3. 8) - + e < b , 
n — 

(that is k = [n(b-E )] with 0 < e < b) . 

The density function of (3. 6) is given by 

(3.9) p ( Y m , - . , Y ) - nldY . . .dY 
(1) (n) (1) (n) 

and thus the probability that (3. 6) falls into the region (3. 7) is 

given by the last two lines of (2. 2) with k = [n(b-e )] and 

0 < £ < b. This completes the proof of Theorem 1. 

The proof of Theorem 2 is exactly the same as that of 

Theorem 1. To indicate its main lines we have there that 

Y < G (Y) + E for all Y such that G (Y) < b occurs if and 
n n — 

only if (3. 6) falls into region (3. 7) where k is now defined as 

the greatest integer such that — + e < b + e < 1» that is 
n — — 
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k =[nb] < [n ( l -e )] with 0<e < 1 . Thus k = min{ [nb] , [n(l-E )]} . 
F r o m h e r e we can p r o c e e d exac t ly the s a m e way a s we did above 
when p rov ing T h e o r e m 1. 

4. L imi t i ng d i s t r i b u t i o n s . If we put e - -y- in 
, . ^ n 

t h e o r e m s 1 - 2 of sec t ion 3 then the following s t a t e m e n t s hold: 

T H E O R E M 3. 

(4 .1) l im N ( -£- ,b f n) = 6 ( \ , b ) , 
1 v n 1 

n -*oo 
w h e r e 

4> ( \ , b ) - 1/N/TIT J e"* / 2 dt-(e~ / ^ ) / e"* / 2 dt , 
- 00 - 00 

X \ - 2 \ ( l - b ) 
and a =-7=======-, 6 - /T-TT-T^ • We note h e r e tha t when 

\ / b ( l - b ) v b ( l - b ) 
-2X 2 

b = 1, tha t i s when a - (3 = +00, then we have < b ( \ , l ) = l - e , 
the o r i g i n a l t h e o r e m of Smi rnov [4], 

COROLLARY 3. 

(4 .2 ) l im N » ( r , a, n) = <b ( \ , a) , 
1 v n 2 

n-*co 
w h e r e 

6 2 2 y 2 
4> ( X . a ) - 1 / N / 2 Ï f e " 1 / 2 dt - (e" X /N/~2^) / e"* / 2 dt 

. 0 0 

X X-2Xa 
and 6 = , f i =7 , v = ; • ., . When a = 0 , tha t is when 

\ / a ( l - a ) \ / a ( l - a ) 
-2X 2 

6 = y = -1-00, then <j> ( X , 0) = 1 - e , the above quoted 
S m i r n o v t h e o r e m aga in . 
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T H E O R E M 4 . 

( 4 . 3 ) l i m N ( — , b , n ) = è ( \ , b ) , 
Z \ n 1 

n-*oc 

w h e r e 6 ( X , b ) i s a s it w a s d e f i n e d in T h e o r e m 3 . T h u s 

T h e o r e m s 1 a n d Z a r e e q u i v a l e n t in t h e l i m i t . 

C O R O L L A R Y 4 . 

( 4 . 4 ) l i m N ' ( r , a , n ) = 4> < \ , a ) , 
Z \ ' n Z 

n-^oo 

w h e r e 6 ( \ , a) i s a s it w a s d e f i n e d in C o r o l l a r y 3 . T h u s 
Z ' y 

C o r o l l a r i e s 1 a n d Z a r e e q u i v a l e n t in t h e l i m i t . 

H a v i n g go t t h e e x p l i c i t f o r m s of T h e o r e m s 1 a n d Z, a 

n a t u r a l w a y t o d e r i v e t h e o r e m s 3 a n d 4 w o u l d b e t h r o u g h 

m a k i n g u s e of S t i r l i n g ' s a p p r o x i m a t i o n f o r l a r g e f a c t o r i a l s 

a n d s o m e c h a n g e - o f - v a r i a b l e t e c h n i q u e s . In f a c t w e w o u l d 

h a v e t o p r o v e o n l y T h e o r e m 3 t h i s w a y , f o r w e a r e g o i n g t o 

s h o w t h a t T h e o r e m 3 i m p l i e s T h e o r e m 4 . T h u s w e w i l l h a v e 

t o h a v e a n a c t u a l d e r i v a t i o n f o r T h e o r e m 3 o n l y . 

T h e o r e m 3 i t s e l f c o u l d a l s o b e v e r i f i e d t h r o u g h m a n i p u ­

l a t i o n s w i t h g e n e r a t i n g f u n c t i o n s a n d t h e i r l i m i t i n g f o r m s , t h e 

L a p l a c e t r a n s f o r m s , t h e w a y F e l l e r p r o v e d t h e K o l m o g o r o v -

S m i r n o v t h e o r e m s in [Z] . 

N o n e of t h e s e w a y s of p r o o f i s s i m p l e a n d t h e y a r e 

d e f i n i t e l y n o t s h o r t . H o w e v e r , w e c a n g e t T h e o r e m 3 a n d i t s 

c o r o l l a r y a s i m m e d i a t e b y - p r o d u c t s of a t h e o r e m of M a n i j a , 

w h i c h we a r e g o i n g t o q u o t e h e r e . U s i n g t h e m e t h o d of F e l l e r 1 s 

p a p e r [ Z ] , h e p r o v e d t h e f o l l o w i n g t h e o r e m : 

T H E O R E M ( M a n i j a [3 ] ) : 

l i m P { s u p ( E ( x ) 

n-»oc a <c F ( x ) < b 

w h e r e 0 < a < b < l a n d 

F (x); 
n 

4>(a,b;\) 
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6 a " l e ( t l , t 2 ) - 2 \ 2 y P " l G ( t l , t 2 ) 

(t>(a,b;X) =C f f e d t l d t 2 " C e I I e d t l d V 
- 0 0 - 0 0 - 0 0 - 0 0 

w h e r e C = i / 2 i r V l - R , R = ^ 7 7 ^ , 8 (t , t . ) = l / ( l - R 2 ) [ t ^ + 2 R t t + t j ] , 
v b ( l - a ) 1 2 1 1 2 2 

— 2 2 2 
0 (t , t ) = 1 / (1 -R )[t - 2R t t +t ], and a, (3, 6, y a r e a s defined 
in T h e o r e m 3 and C o r o l l a r y 3. 

If, in the above t h e o r e m , a = 0 we i m m e d i a t e l y get 
T h e o r e m 3 and , when b = 1, C o r o l l a r y 3 i s gained. We r e m a r k 
h e r e tha t we can ac tua l ly equate a to z e r o and b to one in 
Mani ja 1 s t h e o r e m , for F e l l e r 1 s me thod of proof does not r e q u i r e 
the r e s t r i c t i o n 0 < a < b < 1 and i s va l id for a = 0 or b = 1. 

It r e m a i n s to show tha t T h e o r e m 3 i m p l i e s T h e o r e m 4. 
To do t h i s , le t us c o n s i d e r the event I Y - G (Y) |< 6, w h e r e 

n — 
6 > 0 and is a r b i t r a r i l y s m a l l . In c a s e of T h e o r e m 7 we have 
tha t 0 < G (Y) < b and thus it follows tha t | Y - b I < 6 or 

n — — 
J Y - b | > 6. The second c a s e can only r e s u l t f r o m Y~b < - 6 , 

and t h i s t o g e t h e r wi th - 6 < Y - G (Y) i m p l i e s tha t G (Y) < Y + 6 < b ; 
— n n ™ ™ 

t hus 

(4 .5 ) sup (Y-G (Y) )< sup (Y-G (Y)) . 
Y < b - 6 n G (Y) < b n 

— n — 

Let A be the event tha t sup (Y-G (Y)) < ~~r™ » and let 
G ( Y ) < b " ^ 

n ~ x 
A' be the event that sup (Y-G (Y)) < -F- . Then, by (4.5), 

Y < b - 6 n ^ 
A C A 1 , and if we le t B be the even t I Y- G (Y) I < ô, then 

— n — 
A B Ç A ' B . Thus 

c e c 
A = AB UABCB UA'BCB UA! , 

c 
w h e r e B deno te s the c o m p l e m e n t a r y event of B . T h e r e f o r e 

P(A) < P ( B C ) + P(A' ), tha t i s 
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(4. b) 

P { sup (Y-G (Y) )< -£-} 

G l Y X b n ^ 
n ~ 

< P { | Y - G ( Y ) | > 6} + P{ sup (Y-G (Y)) < - ^ } . 
Y < b - 6 n ^ 

It can be s i m i l a r l y shown tha t 

P{ sup (Y-G (Y) )< - £ } 
Y < b+ 6 n ^ 

( 4 .7 ) 
< P{ lY-G (Y)l > 6} + P { sup (Y-G (Y))<-7-} . 

G ( Y ) < b n " ^ 
n — 

We a l s o have 

(4 .8 ) l i m P{ |Y - G (Y) I > 6} = 0 
n 

n->oo 

and T h e o r e m 3 s t a t e s tha t 

(4 .9 ) l im P{ sup (Y - G (Y)) < -£-} = < j>(X,b) . 
n \ /n 1 

n-> ex? Y < b 

It fol lows then f r o m (4. 6), (4. 7) , (4. 8) and (4. 9) t ha t 

l i m sup N (-7=- , b , n ) < <b (X , b -ô ) , 
2 \ ln — 1 

n-^oc 
(4 .10 ) ^ 

l i m inf N ( r , b , n) > <b (X , b+6) . 
2 \! n — 1 

n->oc 
Since 6 can be c h o s e n a r b i t r a r i l y s m a l l , and an i n t e g r a l i s a 
con t inuous function of i t s upper l i m i t , it fol lows tha t 

l im N f - 7 - , b , n ) = 4> (X,b) , 
2 N/n 1 

n->oo 

and t h i s t e r m i n a t e s the proof of T h e o r e m 4. 

1 0 0 
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T h e o r e m s 1 - 4 and t h e i r c o r o l l a r i e s p rov ide s t a t i s t i c a l 
t e s t s or o n e - s i d e d confidence c o n t o u r s for unknown cont inuous 
d i s t r i b u t i o n funct ions when we would want to w o r k with t r u n c a t e d 
t h e o r e t i c a l or e m p i r i c a l d i s t r ibu t ion funct ions . 

5. C o n s i s t e n c y . Let us c o n s i d e r the null hypo thes i s 
H :F(x) = F (x) which we would like to t e s t a g a i n s t the a l t e r n a -

o o 
t ive H :F(x) = F (x), w h e r e F (x) is a given cont inuous 

1 1 o 
d i s t r i b u t i o n function, F (x) i s cont inuous too and s a t i s f i e s 

1 
the r e l a t i o n 

(5. 1) sup ( F (x) - F (x)) = d > 0 , 
F (x) < b ° 

o — 

and le t x < x , w h e r e F (x ) = b , be a va lue of x such tha t 
o — b o b 

(5 .2) F (x ) - F (x ) - d . 
o o 1 o 

We a r e going to use the t e s t - s t a t i s t i c of T h e o r e m 1 to 
t e s t t h i s s t a t i s t i c a l h y p o t h e s i s . The c r i t i c a l r eg ion of t h i s t e s t 
i s defined by 

(5. 3) P{ sup (F ( x ) - F (x)) > e } < a , 
F (x) < b 

o — 

w h e r e e i s chosen a s the s m a l l e s t pos i t ive n u m b e r such 
n, a 

tha t (5. 3) holds and can be found f rom N (e , b , n ) of T h e o r e m 1. 
1 

To show c o n s i s t e n c y of th i s t e s t a g a i n s t the c l a s s of 
a l t e r n a t i v e s speci f ied in (5. 1), we take £ = \ / \Jn w h e r e 

n, a a 
\ i s such tha t 

a 

(5 .4 ) l i m P { sup ( F ( x ) - F (x)) < \ / \ fn) = 1 - a, 
n-^oo F (x) < b 

o — 

and can be found f rom (4. 3). Thus we have 
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; 3 . 5) l i m P { s u p ( F ( x ) - F (x)) > X / \ r n ) -

n-Kr F (x) < b ° 
o — 

a n d t h e t e s t i s c a l l e d c o n s i s t e n t if 

(5.fr) l i m P { s u p ( F ( x ) - F (x)) > X / \ T n | F (x)} = 1 
_ , ^ . o n — Q ' 1 

n-*oc F (x) < b 
o — 

U s i n g r e l a t i o n ( 5 . 2 ) w e h a v e 

P { s u p ( F ( x - F (x)) > X / \Tn F x)} 
^ / v ° n —a 1 
F (x) < b 

o — 

> P{F (x )-F (x ) > X / N/nlF (x) } 
— o o n o — a 1 

= P{F (x )-F (x ) < d - X/\Tn } 
n o l o — 

and thus, taking limits on both sides of (5.7), we get (5. 6), 

that is, consistency, as a straightforward consequence of the 

weak convergence of the individual sample quantiles to the 

corresponding true quantiles. 

Consistency of a possible statistical test based on 

Corollary 1 can be shown similarly. We have shown that in 

the limit Theorem 2 and Corollary 2 with z - \\ N' n , are 

equivalent to Theorem 1 and Corollary 1 respectively, and 

so the statistical tests based on them are the same asymptoti­

cally as the ones treated above. 
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