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Abstract

The standard Hawkes process is constructed from a homogeneous Poisson process and
uses the same exciting function for different generations of offspring. We propose an
extension of this process by considering different exciting functions. This consideration
may be important in a number of fields; e.g. in seismology, where main shocks produce
aftershocks with possibly different intensities. The main results are devoted to the
asymptotic behavior of this extension of the Hawkes process. Indeed, a law of large
numbers and a central limit theorem are stated. These results allow us to analyze the
asymptotic behavior of the process when unpredictable marks are considered.
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1. Introduction

The standard Hawkes process (HP) is a temporal point process having long memory,
clustering effect, and the self-exciting property. The standard HP and its extension to a
marked point process are of wide interest, partly because of their many important applications
and illustrative examples in the theory of non-Markovian point processes constructed by a
conditional intensity. The seminal ideas are due to Hawkes [10], [11] and Hawkes and
Oakes [12], whereas useful reviews on the topic are provided by Daley and Vere-Jones [5]
and Zhu [22]. Its applications include fields such as finance, genetics, neuroscience, and
seismology; see, e.g. Carstensen et al. [4], Embrechts et al. [6], Gusto and Schbath [9],
Ogata [17], [18], and Pernice et al. [19].

As mentioned, the standard HP is a cluster process, where the starting points of the clusters are
called immigrants and appear according to a homogeneous Poisson process on the nonnegative
time axis. Each immigrant is the ancestor of a first generation of offspring, each point of a
first generation offspring is the ancestor of a second generation point offspring, and so on.
Thereby, the cluster for an immigrant is a set of generations of offspring. More precisely,
for a given ancestor appearing at a time s, the associated offspring point process is Poisson
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with the intensity function y (¢ — s), which is defined for t+ > s and is not dependent on
immigrant and offspring points generated before time s. Thus, the clusters, conditional to the
immigrants, are independent. Note that the same exciting function y is used for all offspring
processes. This is the crucial difference to the extension proposed in this paper, where we allow
different exciting functions for the different generations of offspring. This extension could be
relevant, for instance, in seismology, where main shocks generate aftershocks with different
possible intensities.

The main objective of this paper is to investigate the asymptotic behavior of our extension
of the HP process. Indeed, a law of large numbers and a central limit theorem are established.
Furthermore, by making use of these results, a central limit theorem is proved when unpre-
dictable marks are added to the process. In particular, our asymptotic results do not require
the complete identification of offspring processes, but only of the integrals of their exciting
functions. We also extend a result obtained by Fierro ez al. [7]. Recently, functional central limit
theorems for linear and nonlinear HPs were obtained in [1] and [21], respectively. However, their
results are based on the standard HP, while ours, coming from a more general definition of the
HP, cannot be obtained from these papers. Simulation algorithms and statistical methodology
for the extension proposed in this paper remain as open problems to be developed in future
studies. For details on exact and approximate simulation algorithms for the standard HP with
unpredictable marks, see [14], [15].

This paper is organized as follows. In Section 2, which is divided into four subsections, we
introduce our results. In Section 2.1 we define the HP with different exciting functions and
establish some preliminary facts. In Section 2.2 we present two of the main results namely, a
law of large numbers and a central limit theorem for the process. In Section 2.3 we consider
two special cases, one case is the standard HP and the other concerns the case consisting of a
finite number of generations. In Section 2.4 we state a central limit theorem for the process
with unpredictable marks. The proofs of our results are provided in Section 3.

2. The Hawkes process with different exciting functions

2.1. Definition and preliminary results

In the sequel, {y,},en denotes a sequence of locally integrable functions from R; to
R4. Here Ry = [0, 00) is the nonnegative time axis, and N = {0, 1,...,} the set of
nonnegative integers. Given a locally integrable function y from R, to R, in what follows,
by a Poisson process with intensity y we mean a counting process L, defined on R, such that
{L; — fot y (u) du};>¢ is a martingale. Note that L could be homogeneous or inhomogeneous,
as y is constant or not, respectively.

The following proposition is the basis of what we name the HP with different exciting
functions. For concepts related to counting processes and their stochastic intensities; see [2].

Proposition 2.1. There exist a probability space (2, ¥, P) and a sequence {N"}, cN of nonex-
plosive counting processes, defined on R, without common jumps, and satisfying the following
three conditions.

(A1) NV is a Poisson process with intensity yy.

(A2) For each n > 1, N" has predictable stochastic intensity A" given by A} = fot Yt —
s)dN"—1

(A3) For each n € N, conditional to NO,....N", N"t! is a Poisson process with
intensity A"t
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Definition 2.1. Let {N"},cn be as in Proposition 2.1 and N = Y2 N". We call N 0 the
immigrant process, N" (n > 1) the nth generation offspring process and N the HP with
exciting functions {y, },eN-

Remark 2.1. In the standard HP, 9y = u is constant and y, = y for all n > 1. In this case
there is no need to identify the offspring processes, since N has stochastic intensity A given by
e =1+ fo vyt —s)dN;.

Remark 2.2. In Proposition 2.1, condition (A3) allows us to obtain, recursively, the joint
distribution of N°, ..., N, forn € N. Itis easy to see that (A2) and (A3) are equivalent.

Remark 2.3. Note that N is univocally defined in distribution. Indeed, according to
Theorem 3.6 of [13], there exists, on the Skorohod space, a unique counting process having
predictable stochastic intensity A = yo + Y ooy A"

Let A" be the compensator of N”, that is, for eachn € Nandt > 0, A} = fol AL ds,
where kg = yp(s) is a deterministic function. Thus, for eachn € N, M" = N" — A is a
(F, P)-martingale, where F = {%;};>0 with & = O'(NSO; s < t) being the o -algebra generated
by {N%;0 <s <1t}.

Proposition 2.2. Foreachn € N\ {0} andt > 0, AT = [y yu(t —s)N'~!ds.

For two locally integrable functions f and g from Ry to R, f * g denotes the convolution
between f and g, i.e. (f * g)(t) = fot f(t —s)g(s)ds fort > 0.

Proposition 2.3. For eacht > 0,

t 0
E(N:) =/0 D ok ya) () du.

n=0
Proposition 2.3 motivates us to consider the following condition:

(B) for each r > 0, the sequence {y;, },cn satisfies

t o
f D ok ) () du < oo
0 n=0

LetM =Y 2, M". Thenthe HP N is a counting process with compensator A = Y > ) A"
and, under condition (B), M = N — A is a (I, IP)-martingale.

For any measurable function 4 : [0, co) — [0, oc], we denote its Laplace transform by L[#],
ie fors € R, L[hl(s) = [~ e h(u) du.

Remark 2.4. Under condition (B), N is a nonexplosive counting process with predictable
compensator A.

Proposition 2.4. Condition (B) is satisfied when one of the following conditions holds.
(C1) there exists so > 0 such that sup,, .y L[y 1(s0) < 1.

(C2) limg_s o0 SUPgey LIViI(s) = 0.

(C3) There exist C > 0 and a > 0 such that sup; o Yk (1) < Ce“t,

(C4) [ supgen v (s) ds < oo.

(C5) supgen fo- vi(s)ds < 1.
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2.2. Asymptotic results

Let p = supgen fooo Vk(s)ds. In this subsection we assume that the following condition
holds:

(D) there exists yg = lim;— oo (1/1) fé yo(s)ds and p < 1.

In particular, from Proposition 2.4, condition (B) holds when condition (D) is satisfied.

In the sequel, mg = %, for each p € N\ {0}, m, :%]_[{7:1 fooo yi(u)du, and
m = Z;‘;O mp. Note that, under condition (D), m < oo.

For the standard HP, the condition that p < 1 is usually assumed in order to obtain a
nonexplosive process (see, e.g. [5]).

We have the following law of large numbers.

Theorem 2.1. Ast — oo, {N;/t};~0 and {A;/t};~0 converge P- almost surely (a.s.) to m, and
{M;/t};~0 converges in quadratic mean to 0.

The following central limit theorem is the main result of this paper. Since additional
assumptions on the exciting functions are needed, before we present it, we define h = Z;ozl hp,
where h, =y, x--- %y for p € N\ {0}.

Theorem 2.2. Foreacht > 0, let X; = (N; — mt)/+/t and

[’} oo ptj 00 2
oy = Z(l +Z l_[ / y,-(u)du) mj.
=0 p=li=j+170

Additional to condition (D), suppose that the following two conditions hold.
(B1) 1im; 00 V/7((1/1) o vo(u) du — ) = 0.
(E2) lim;—o0 v/7 [ h(s)ds = 0.

Then, 01%, < ooand, ast — 00, {X;}r=0 converges in distribution to a normal random variable

with mean 0 and variance a]%,.

Remark 2.5. In Theorem 2.2, condition (E1) is satisfied when yy is constant and a sufficient
condition for (E2) is:

(E3) lim/—o [, s'/2h(s)ds = 0.

Proposition 2.5 below gives a simple condition in order for (E3) to hold, which is similar to
that considered by Bacry et al. [1].

Proposition 2.5. Let a € [0, 1) and suppose that S = supcy f0°° u®yr(u)du < oo. Then,
fooo u®h(u) du < oo.

The proofs of Theorems 2.1 and 2.2, provided in Section 3, involve the following three
lemmas.

Lemma 2.1. Let g be a nonnegative measurable function defined on R,.. Then, for eacht > 0,

t o0 t
/(g*yo)(v)dv§</ g(r)dr)(/ )/o(u)du>-
0 0 0
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Lemma 2.2. For each q € (0, 2] there exists C > 0 such that

o0
ZsupE( sup |M¢/ﬁ|Q) <C.

=0 t>0 O<u<t

Lemma 2.3. For each integer p > 1,

p—1
AI’:Zyp*u'*yjH*Mf—i—yp*n'*yl*yo*l 2.1
i=0
and
oo p—1 oo
A=ZZV,;*“'*J/]'+1*M'/-i-ZJ/p*'-'*J/l*Vo*l. (2.2)
p=1j=0 p=0
Moreover,
ey
Jim — > 0> Blyp ke xyjgnx M1 =0 (2.3)
p=1 j=0
and
P
lim E(sup L —m, ) =0. 2.4)
t—00 peN

Additional to the above three lemmas, we use the following lemma to prove Theorem 2.2.
Lemma 2.4. For each j € Nandu = 0, lim E(M! — M ,|2/1) =0.
— 00

2.3. Two particular cases

Below we consider two special cases where condition (D) is satisfied and, consequently, the
process {X;};~0, defined in Theorem 2.2, has asymptotic normality. Following this we will
derive two corollaries of Theorem 2.2.

In the first case, the functions y,, (n € N\ {0}) are assumed to be equal and, hence, the
following result covers the case of the standard HP.

Corollary 2.1. Suppose that the exciting functions y, = y do not depend on n, for n > 1,
condition (E1) holds, fooo y(m)du < 1, and foooul/zy(u) du < oo. Then, ast — o0, {Xt}i>0
converges in distribution to a normal random variable with mean 0 and variance

ol = %
N = .
(A= o v du)’
The second particular case is when there exists n* € N such that y,+;; = 0, almost

everywhere (a.e.) with respect to the Lebesgue measure. Then, there is at most n* genera-
tions of offspring processes. The particular case of n* = 1 corresponds to a Neyman-Scott
cluster point process where the ‘mother point process’ (i.e. the immigrant process) is included
(see, e.g. [16]).
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Corollary 2.2. Suppose that condition (E1) holds and that there exists n* € N such that
Va1 = 0, a.e. with respect to the Lebesgue measure. In addition, we assume that for each
ief{l,....n*), [ vidu <1 and [;°u'?yi(u)du < oo. Then, ast — o0, {X/}i=0
converges in distribution to a normal random variable with mean 0 and variance

aN_Z<1+ZJ ﬁ / y,(u)du) m;.

p=1i=j+1

Remark 2.6. It is worth mentioning that an independent proof of Corollary 2.2 could be given

with weaker assumptions. Indeed, if for some n* € N, y,+;; = 0, a.e., then in order to
obtain the asymptotic normality of {X;};~0, it is enough to assume that fooo y;(u) du < oo, for
iefl,...,n*}.

2.4. Unpredictable marks

Consider the extension of the standard HP with unpredictable marks defined in [3], [5],
and [14] to the case of our HP with different exciting functions, i.e. for each k € N, we
associate a random mark &; to the kth jump time 7}, where these marks are independent
identically distributed (i.i.d.) and independent of N. (The reader should note that although
the terminology ‘unpredictable marks’ is not used in [3], the meaning of this terminology is
simply that the marks are i.i.d. and independent of N.) Moreover, assume that the marks are
real-valued random variables with mean v and variance o-2. Under these assumptions, we study
the asymptotic distribution of the process {R;};~¢ defined by

N;
1
R, = — —vE(Ny) ).
ﬁ<];§k VE( ))

Using the notation of Theorem 2.2, we have the following central limit theorem, which extends
a result obtained by Fierro et al. [7].

Theorem 2.3. If conditions (D), (El), and (E2) are satisfied, then {R;};~0 converges in
distribution to a normal random variable with mean O and variance mo?* + UZGI%,.

The proof of Theorem 2.3 uses the following lemma.

Lemma 2.5. Let {U;};~0 and {V;};~0 be two real stochastic processes defined on (2, ¥, P)
and (U, V) be a bivariate random vector defined on the same probability space. Moreover,
suppose that the following two conditions hold.

(F1) Forany & > 0, there exists Cy > 0 such that sup,. o P(max{|U;|, |V;|} > C;) < e.
(F2) Foranyboundedfunctionsu andv fromRtoR, lim;_, oo E(u(Uy)v(V;)) = E(u(U)v(V)).
Then, as t — oo, {(U;, Vi) }i=0 converges in distribution to (U, V).

3. Proofs

Below 14 stands for the indicator function of a set A.

Proof of Proposition 2.1. Let (2, ¥, P) be a complete probability space where a Poisson
process N, with intensity yy, is defined. Let {A,‘},Zo be the increasing and (F, P)-adapted
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t u
Atl =/ (/ yl(u—s)dN?> du.
0 0

Since Al is predictable and continuous, it follows from Theorem 3.6 of [13] that there exists a
counting process N'! adapted to the filtration F with compensator A!. Consequently, for any
predictable process {C;}s>0, we have

o0 o0 oo
]E(/ Cy ng> = IE([ Cy dAi) = E(/ Coa! ds),
0 0 0

where )»th = f(;‘ y1(u—s) dNS0 . This proves that A! is a stochastic intensity for N!. Because N°
is nonexplosive, for each ¢ > 0, A,1 < 00, P-a.s., which implies that N Lis nonexplosive.

process defined as

Next, suppose that N!, ..., N are nonexplosive counting processes having stochastic
intensities AL, ..., A", respectively, given by
t
A;":/ ym(t—s)defl, 1<m<n,
0

and let {A;"H }i>0 be the (I, P)-adapted and increasing process defined as

t/ ru
Al :/ (/ yl(u—s)de> du.
0 0

We have that A1 is predictable and continuous, and as before, Theorem 3.6 of [13] implies that
there exists an (I, P)-adapted counting process N”*! with compensator A”*!. Accordingly,
for any predictable process {C;}s>0, we have

o o o0
IE(/ Cs ng“) = ]E(/ Cy dA?“) = IE(/ Coait! ds>,
0 0 0

where A1 = [y, 1(u — 5) AN?. This proves that A"*! is a stochastic intensity for N"*!.
Since N" is nonexplosive, for each t > 0, A?“ < 00, P-a.s., which implies that NoHL g
nonexplosive. Hence, by induction, {N"*}, <N is a sequence of nonexplosive counting processes
satisfying (A1) and (A2).

Let n, p € N with p > 0. Since A"*7 depends on w € Q only through N"*P~!(w),
conditional to N°, ..., N*tP~1 N"*P is distributed as a Poisson process with intensity A" 7.
In particular, (A3) holds. Let us prove that N* and N"*? have no common jumps. Suppose
that T is a stopping time such that AN} = 1, P-a.s. Hence, T is measurable with respect to
the o -algebra generated by N” and, thus,

o0
E(ANT™ | NPT = E( / L7y () AN | N”*P‘)
0
oo
- E(/ L7y Ay P du | N"+P1>
0

o0
:/ L )EG P | NPl du
0

=0
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because for each w € €2, the Lebesgue measure of {T (w)} equals 0. Consequently,
E(AN]ANTP) = E(ANJE(AN}T? | NPT =0,

and, therefore, AN;AN;” =0, P-a.s., which completes the proof.

Proof of Proposition 2.2. By the Fubini theorem and a change of variable, we have

t u
A7=/ (/ yn(u—s)ng—‘)du
0 0
t t—s
=/ (f y,,(u)du) dn!
0 0

t
:[ Fo(t —s)dN" 1,
0

where F, (1) = fO[ ¥y (u) du. Integrating by parts, we obtain
t 1
/ Fu(t —s)dN""' = F,(ON!"" — F, () N§ ™! +/ Ya(t —s)N' ' ds
0 0

and, hence, A} = fot Vu(t — s)N;”l ds, which concludes the proof.

Proof of Proposition 2.3. Let uo = yp and, foreachn > 1 and t > 0, u,(t) = EQA}).
From Proposition 2.2, we have

t t
[in (1) =E(f0 yn(r—s)dN;’—1> =f0 Yu(t — HEQ N ds = (v * un—1) (@)

It follows by induction that p, = yp * y1 * - - - * ¥, and, hence,

[ee] t o
SEWD = [ Y ows e mwan
n=0 (U—

which concludes the proof.

Proof of Proposition 2.4. Let H(t) = E(N;), r = sup,cy L[yx]1(s0) and suppose that (C1)
holds. By Proposition 2.3,

oo

1 r
LIH < n+1:—
[H1(s0) < so;)r i <

Consequently, H < oo a.e. with respect to the Lebesgue measure, and since H is continuous,
for each t > 0, H(t) < oo, which implies (B).

Note that (C2) implies that there exists so > 0 such that sup, . L[yx1(s0) < 1. Hence, (C2)
implies that (C1) and, consequently, (B) are satisfied. Under (C3), we have

o C
0 < sup LLyxl(s) < C/ e T du = :
0

keN §—a

whenever s > a, and, thus, (C3) implies (C2) and, consequently, also (B).
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By the dominated convergence theorem (DCT), (C4) implies (C2) and, hence, (B) holds.
Finally,

00 00 00 00 n+1
/ (Yo -+ yp)(u)du = </ VO(M)dM> </ Vn(u)du> =< <SHP/ Yk (s) dS>
0 0 0 keN JO

and, therefore, (C5) implies (B), concluding the proof.

Proof of Proposition 2.5. This proof is similar to that given in Lemma 5 of [1]. Let A, =
Jo~ t*hp(t) dt. We have

o0 t
A, :/ t"‘(/ yp(t—u)hp_l(u)du> dt
0 0
= / hp—1(u) (/ (wu+ )Yy () ds) du
0 0
< (/OO hp—1(u) du) </oos°‘yp(s) ds) du
0 0
+ (/ Yp(s) ds) (f u”hp_1(u) du) du
0 0

< SpP"' + pAp_t.
The case p = 0 is clear and by assuming p > 0, it follows that

A, Ay - S

pP pPTl T p’

Summing from p = 2 to n and taking into account that A; < S, we obtain A, < Snp"_l.
Consequently, we have

o0 o S
t“h(t)dt < —— < o0,
/o (1—-p)?

which concludes the proof.

Proof of Lemma 2.1. 1t holds that

t t v
f(g*)/o)(v)dv=f (/ g(v—u)m(u)du)dv
0 0 0
t t—u
:/ yo(u)(/ g(r)dr) du
0 0
[e)e) t
s(/ g(r)dr)(/ yo(u)du>,
0 0

Proof of Lemma 2.2. Since E(ktj) = yj*-- %y *p, fort > 0, from Lemma 2.1, we have

which concludes the proof.

. t oot
E(A{)=fo (yj %%y % y0) () du spffo vo(u) du.
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Hence, the Jensen and Doob inequalities imply that

) . \4/2 . ) !
E( sup |MJ|4) §1E< sup |Md|2) < 29E(A})?/? squ”/z(/ Vo(u)du>
O<u<t O0<u<t 0

Thus,

q/2

. . 1 t q/2
supE( sup |M,f/\/f|q> <24pJa/2 Sup(;/ yo(u)du>
0

t>0 O<u<t t>0
and, consequently,

o0
ZsupIE( sup |M,f/\/;|q> <C

=0 t>0 O<u<t
where C = 29 sup,. o((1/1) f(; yo(u) du)?/2 /(1 — p?/?). This completes the proof.

Proof of Lemma 2.3. Foreach p € N,N? = MP+ AP andforeachp > 1, AP =y« NP~
Hence, (2.1) follows by 1nduct10n and (2 2) is obtained from (2.1).
Let F(t) = (1/1) Zp | Z O(yp % V41 % [M7]), fort > 0. Then

|F<r>|=' Z(lM’l* Z Vp * ~*y,-+1)’
p=j+1 t
< —Zosup |M;, | Z (yp %% yjp0) ) du
—o O0=u=t p=j+1
=—Z sup | M| Z 1_[/ yi (u) du
o 0=u=t p=j+li=j+1
o J
< 1Y u M|

3

l1—p iso0sust 1

and from Lemma 2.2, it follows that lim;_, oo E(|F(¢)|) = 0, which proves (2.3).
Leth, =yp*---xyrandh =377  h,. We have

1 1 !
?(Vp*"'*VI*VO*])(t) = ;/0 (hp * yo)(u) du

t 1 1
—/ hp(s)<—/ yo(u) du) ds
0 t Ji—s
1 t t
+—/ yo(u)du/ hp(s)ds
t Jo 0

1 L t
_(yp*...*yo*l)(t)—mp= |:—/ VO(“)du_%]/ hP(S)dS
t r Jo 0

o
—%/ hp(s)ds
t

t t
—/ hp(s)[l/ VO(M)dMi| ds. 3.1
0 t Ji—s

and, hence,

https://doi.org/10.1239/jap/1429282605 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1429282605

The Hawkes process with different exciting functions 47

Thus,

sup
peN

1
;(Vp*"'*yl*yo*l)(t)_mp

o0 o o t
/ h(s)ds + %/ h(s)ds + / h(s) <l / vo(u) du) ds.
0 t 0 t Ji—s

By making use of fooo h(s)ds < p/(1 — p) < oo and the DCT, we have

<

l t
—/ yo(u) du —yo
t Jo

1
lim sup |=(yp *---*y1 *xyo * 1)(¥) —mp| =0. 3.2)
t%oopeN t

To prove (2.4) define A; = sup |(A,p/t) — m| and note that from (2.1) we have
peN

E(A;) < E(F (7)) + sup
peN

1
;(yp*"'*yl*VO*l)(t)_mp

From (2.3) and (3.2), we obtain lim;_,oc E(A;) = 0, which proves (2.4) and the proof is
complete.

Proof of Theorem 2.1. We have

EMY) =Y E@M)) =Y E(M]P).

j=0 j=0
2
> - 0’

which proves that {M;/t},;~( converges in quadratic mean to 0.
From (2.2), for each t > 0, we have

Hence, from Lemma 2.2 and the DCT, we obtain
00 j
. N . My
pn B = 3 i 5
]=

t

A 1T 1 &
/ .
— = x-okyip x M+ — R S ER R
" tZZVp Vi+1 +tZyp Y1 * Y0

p=1j=0 p=1
Hence, from (2.3) and the Fatdu lemma, in order to prove that {A;/t};~o converges P-a.s. to
m, it suffices to prove that

N R
tl_l)IgO;Zy,,*n-*yl*yo*l:m. 3.3)
p=1
Lemma 2.1 implies that
o0 t o0 %)
1 1
Dosup—(ypekyixyox DO <sup( = [y du ) D[ (px--xy)(r)dr
o110 1 =0\ Jo po1 /0
1 t
Ssup(—/ yo(u)du> P
=0\ Jo 1—p
< 0.
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Hence, (3.3) follows from the DCT along with (3.2). Since {M;/t};~ is uniformly integrable,
{M;/t};~0 converges P-a.s. to 0. Thus, {N;/t};~o converges P-a.s. to m and the proof is
complete.

Proof of Lemma 2.4. Letu > 0. Note that

i M) — M) 2\ 1! 3
im E — )= lim — yo(s)ds =0
t—u

1—00 t—>oo t
andfor j > I defineh; = y;*-- %y, and choose t* > O such that (1/1) fé yv)dv <y+1,

if £ > r*.
For r > t* we have

oM = MEP) g A=A
t t

1 t
- —/ (hj * o) () dv
t

tJi—u

t—u 1 r—s
[ hj(s) <— / yo(r) dr) ds
0 ’ P Ji—s—u
t 1 r—s
+/ hj(s)<—f Yo (r) dr) ds
t—u t Jo

o0 1—s t
< /0 hﬂs)(%/ yo(r) dr) ds + (O + 1)/ hj(s)ds.
t—s—u I—u

Since [;° hj(s)ds < 0o, wehavelim, .o [;, hj(s)ds = 0. Moreover, (1/1) [/~ yo(r)dr
< (o + 1) and lim;— o (1/1) ft:s_u yo(r) dr = 0. Hence, the DCT implies that

e8] 1 =S
lim f hj(s) (— / yo(r) dr) ds =0.
=00 Jo t Ji—s—u

Ml _ MJ 2
lim E(—| ! il ) =0

Therefore,

t

and the proof is complete.

Proof of Theorem 2.2. From (2.2), for each t > 0,

1 1 i
X, = —=M +— /(y sk yip) (WM;_, du + Do,
(=M ﬁ;]; 0 : L
where
o0 1 t
DO*’:Z\/;<;/ y,,*-~-*y0(u)du—mp).
p=0 0
Let
1 00 p—l M] [ee]
Fom oMt Y3 [Ty du
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and D; = X; — Y; fort > 0. Note that D; = Dy ; — D2 ; + Do, where

1 oo p—1 ‘ . .
D”"__E:z:/w%ﬂ“”*h+DWMMLu—Aﬁym
Vi =
p=1j=
and
00 p=lpi oo
Dy = ZZ_;/ (yp - xyjpr)(u) du.
p=1 j=0 !

We need to prove that { Do ;};~0, { D1,¢}s>0 and that { D, ;};~ converge in probability to 0.
From (3.1) we have

1 t oo oo
[Do,¢| S«/?;/O yo(u) du — g /0 h(s)ds +%«/?/ h(s)ds
t
o0 1 t
+/0 h(s) ﬁ - yo(u) du|ds

and condition (E1) implies that

, 1 [! o N
tl_lfrolo ﬁ(;/o vo(u) du — Vo) = tl—lfgoﬁf,s yo(u)duds = 0.

Since fooo h(s)ds < p/(1 — p) < oo, from the DCT we have

o0 1 t
lim h(s)|— u)du|ds =0
=0 Jo () \/; s VO( )
and by condition (E2), lim;—, o Do = 0.
‘We have
N [ M7, — M)
E(D1,) = Z Z/ (yp*---* yj+1)(u)IE<’_“—t> du
— = Jo NG
p=1j=0
and, since

|Mtjfu - Mtl| < Zsup()fuft |MI£|
Vi B V.
we have (v % - -+ % yj 1) WE(M,]_, — M|//7) is bounded by

su Mj
Cp i) =2(yp % - % yjr1) (W) Supﬂg(pofL"”').
t>0 \/;

Thus, by Lemma 2.2,

oo p—1 Lo 0o 0 00
ZZf Cpjwydu=Yy" Y / Cp.j(u)du
p=1j=0 j=0 p=j+1"0
20 (Sup0§u§t|MI£|>
supE| —————
—p =0 t>0 N/;
< Q.
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Consequently,
oo p=l oo |M] _M]|
lim sup E(| D1 4]) < / (yp % -+ % yip) () limsu E(’_—’) du.
t—>oop t I;]go A Yp Vi+ t—>oop \/;

By the Jensen inequality and Lemma 2.4, lim sup, _, ., E(lMtj_ M t] |/+/t) = 0, which proves
that lim sup,_, ., E(|D1,]) = 0.

We have
oo p—l1 |M]| o0
E(|D2,t|)§ZZE( ! )/ (yp -+ xyjr1)u)du
and
|M/'|> s /°° SUPg<u=r Ml -
E (Yp*x-xyi+1)@)du <supE| —=——=——— | pP /.
N A & .

Since, by Lemma 2.2,

oo p—1 j o i
su M, ; su M,
Z Z supE<M>pl)J __P Z sup]E( Po<u<: | u|> .

s er N1 NG L=p iz =0 Vi
we obtain
. XA IMIN [
lim E(|Ds,]) < ;;)%E(7)/t (- vy @) dut

But sup, _ E(|Mf|/ﬁ) < oo and fooo(yp * - % yj11)(u) du < 0o. Consequently,
lim E(|D2;]) =0.
t—>00

Due to the fact that {Dj ;};,~0 and {D2};~0 converge in probability to 0, it remains only
to prove that {Y;},;~o converges in distribution to a normal random variable with mean 0 and
variance O’]%,. To this purpose, we use Theorem 1 of [20, Chapter 8]. For each j € N, let

oo ptj

w=1+3 ] [ nwa

p=li=j+1
and note that ¥, = Z;//t, where Z = {Z:};>0 is given by Z; = Z?’;Oa‘/Mlj. Since
SUpjen o < 00, We have
o .
E(th) < sup a? ZE(lM,]|2) = sup onZIE(N,) < o0.
jeN =0 jeN

Moreover, the martingales M/ (j € N) have no common jumps. Hence, the predictable
quadratic variation of the martingale {Z;};>¢ is given, for each ¢t > 0, by

o (0.¢]
(Z) =) (M) =) iy,
j=0 j=0
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As usual, [#] denotes the integer part of 7 (# > 0). By making use of Lemma 2.2, it is easy
to see that {Y; — Y[;1};~0 converges in probability to 0. Consequently, in order to prove the
convergence of {Y;};-0, it suffices to prove {Y,},en\ (0} converges in distribution to a normal
random variable with mean O and variance o.

For n > 1, define &, = (Zy — Zy—1)/~/n fork = 0,...,n, where Z_; = 0. Hence,
{&1.kJo<k<n 1s a martingale-difference array with respect to {&,, x Jo<k<n, Where foreachn € N,
&nk = Fi. Thatis, &,y is &,  measurable, for k = 0,...,nand E(&, x | &,xk—1) = 0 for
k=1,....,n

Note that

© o2(A/ J 0o 2A0
(A Ak 1) ai Ay
ZE@ME:M P p) D ik Sk S Sk
k=1 j=0 =0
and N |
; 2 2 2 A
SOEGE | Gk —on =Y a2 (2 —m; ).
k=1 =0 n
Thus,

nk|8nk ) —of| <

ZaZ]E‘

Note that if m j» = 0 for some j* € N, from (2.4) we have

-

. A
= lim ZazE - —mj
n—oo J n
Jj=0

=0.

e’} Aj
. n
lim Zaz-]E — —m;
n—oo J n
j=0

Next, assume that m; # O for all j € N. This implies that % # 0 and, from (2.1) and
Lemma 2.1, we obtain

Al 1 [ 1 [
sup E{ — ) < sup |— (yj*---*xyD@du )| - yo(u) du
n>1,jeN nm; n>1,jeN\M; Jo nJo
= sup (—]_[/ J/i(u)du> (—f yo(u)du)
n=1,jeN\M;j = 1 Jo nJo

1 n
=sup— [ yo(u)du
0

n>1 Yon
< 00.
Since )
A Ay,
E——m/ <mJE——1<(C+1)mJ,
n m;n

where C = SUP,>1, jeN ]E(A{;/nmj) and Z?OZO mj =m < oo, from (2.4) in Lemma 2.3 we
obtain )
Al
=0.

2 —_—
i e[| =2 i o]
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Hence,

lim E =0.
n— 00

n
D EE | Enk-1) — o
k=1

To complete the proof, we need to verify that {&, x}o<k<, satisfies the Lindeberg condi-
tion stated in Theorem 1 of [20, Chapter 8]. For this purpose, we prove that the sequence
{maxo<k<n &n,k}nen{o} is uniformly integrable and converges in probability to O (see, e.g. [8,
pages 314-315]). To this purpose, it suffices to prove that

. 2 o
Jm B 610) =0 64

Let k' = min{k < n: Ef,k = maxo<k<n f;‘f’k or k = n}. By the Doob optional sampling
theorem, we have

IE( max 3,k) = E(Sikﬁ) = ia?c,{, 3.5)
j=0

0<k<n

where ¢ = E(A], — A}, ,)/n. Lemma 2.1 and (2.1) imply that

S Ky ; 1 (!
e = —]E(/ (yjx- %y % Vo)(u)du> <2p’ Sup-/ yo(u) du
n kx—1 >0 I Jo

n

and sup,.o(1/¢) fot yo(u) du Z?io tx?p/ < Q. Consequently, from (3.5), in order to obtain
(3.4) it remains only to prove that for each j € N, lim,_, ¢}, = 0.
We have
. 1 k
cn < — max (vj %% y1 % y0)(u) du
n 0<k<n Jr_q

1 [k
—fk Gyxee o 0)0) da

n
1 . .
= ;E(A',in — Ain_l),

where 0 < k, < n. Hence, from (2.4) we obtain lim,, _, o c,]; = 0. Therefore, (3.4) holds and
the proof is complete.

Proof of Lemma 2.5. For each C > 0, let ¢¢ be the function from R to R defined as

—C ifx <—-C,
oc(x) =1x ifC<x<C,
C if x > C.

Due to (F1), it suffices to prove that, for each C > 0, {(¢c(U;), oc(V;))}s=0 converges in
distribution to (¢c(U), ¢c(V)). Fix C > 0 and let f be a bounded and continuous function

from R2 to R and ¢ > 0. From the Stone—Weierstrass theorem, there exist u;, ..., u, and
V1, ..., Uy, real continuous functions, defined on K = [—C, C] x [—C, C] such that
r
sup [ f(x,y) = > ui(X)vi ()| < e
(x,y)eK i—1
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Hence,

[ELf (pc(Un), oc (VD] — E[f (¢c(U)), ¢c(V)]

ZE[ui((PC(Ut))Ui (pc (V)] — Elu; (c (U))vi(pc(V)]| + 2¢
i=1

and from (F2), we obtain

lim sup |E[ f (¢oc (U1)), oc (V)] = ELf (oc (U)), oc(V)]] < 2e.

—00
Since ¢ > 0 is arbitrary, the proof is complete.

Proof of Theorem 2.3. Foreachn € N\ {0} and ¢ > 0, let

N, —E(N)
Xy \/—Z(%“k—v) and Y, =v (#)

We have { X, },en o) and {Y;}~0 are independent and

| Ni
Rl == TXN[ + Yl" (36)

By the standard central limit theorem and Theorem 2.2, {X,,},en\ (0} and {Y;};~0 converge in
distribution to two normal random variables X and Y, respectively. We assume that X and Y
are defined on (2, ¥, P) and, hence, they are independent. By Theorem 2.1, (3.6), and the
Slutsky theorem, it suffices to prove that {(X ,, ¥;)};>0 converges in distribution to (X, Y). For
this purpose, we use Lemma 2.5. Since {Xy, };~0 and {Y;};>¢ are convergent in distribution,
we have {(Xx,, Yr)}s>o0 satisfies (F1). Let # and v be continuous and bounded functions from
RtoR, ¢, = sup,cp |u(x)|, and ¢, = sup,cp |v(x)]. Since {X,};~¢ converges in distribution
to X, there exists r* > 0 such that |[E[u(X;) — u(X)]| < &, forall t > ¢*.
Since X is independent of {Y;};~0 and Y, we have

[E@Xy)v(¥r) —u(X)v¥ )] < [E(u(Xy,) —u(X)Jo¥)| + [E@X)[v(Y) —v@))]

< [E[@(Xn,) — u(X)v (Y1) Ly, >l
+ 2¢ucyP(N; < 1%) + cu|E[v(Yr) — v(Y)]].

For each w € {N; > t*}, we have

IE[u(XN,) — u(X)v(Yy) Ly, >4y IN:](@)]
= (Y (@)E[(u(XN,) — u(X)) In,>r) | Nil()]
< B[ (XN, @) — u(X) Iy,>ry | Nil()]
= B[ (XN, (@) — u(X)] 1w, >r4) (@)
< cpe.
Consequently,

IE@(Xn)v(Yy) —u(X)vY)) | < cve +2cucyP(N; < %) + cu|E[v(Yy) — v(V)]].

But & > 0 is arbitrary and lim;_, oo {2¢,c, P(N; < t*) + ¢, |E[v(Y;) — v(Y)]|} = 0. Therefore,
lim; o0 [E[u(Xn,)v(Y;) — u(X)v(Y)]| = 0 and, by Lemma 2.5, the proof is complete.
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