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FINITE GROUPS ADMITTING' FIXED POINT FREE
AUTOMORPHISMS OF ORDER pg

by CHENG KAI:NAH*
(Received 10th August 1985)

By the results of Rickman [7] and Ralston [6], a finite group G admitting a fixed
point free automorphism « of order pq, where p and q are primes, is soluble. If p=gq,
then |G| is necessarily coprime to |af, and it follows from Berger [1] that G has Fitting
height at most 2, the composition length of {a). The purpose of this paper is to prove a
corresponding result in the case when p#gq.

Following Thompson [9], Shamash and Shult [8] obtained an exponential bound for
the Fitting heights of finite soluble groups admitting cyclic fixed point free automorphism
groups. For the special case we consider in the present note, the bound (namely, 2) we
obtain follows by no means from that implied in [8]. It is also easy to see that this bound
is best possible (see e.g. a construction of Gross [3]).

All groups considered are finite, and the notation used is standard.

We shall need the following well-known lemmas. For the convenience of the reader,
we include the proofs.

Lemma 1. Let H be a finite group and let V be an H-module over a field k. If k is an
extension field of k and V=k (X), V, then Cy(K)=k (X), Cy(K), for any K< H.

Proof. This can be shown easily by writing Vz@wen(w ® V), where Q is a k-basis
for k. ‘

Lemma 2. Let A be an abelian normal subgroup of a finite group G. Let W be an A-
homogeneous component of V, for an irreducible G-module V over a splitting field k for A.
Put B=C (W) and assume that B# A. Then

(a) Vg(WcG(A/B))G-

(b) If A is a self-centralizing minimal normal subgroup of G possessing a cyclic
complement C in G, then C4;(A/B)=A. Consequently V=(W,)° and V.= @ k[C]. Hence
C has a fixed point on V and (in view of Lemma 1) this conclusion also holds without the
hypothesis on k.

Proof. (a) In view of Clifford’s Theorem it suffices to show that Ng(W)=Cs(A/B).
Clearly, C5(A/B)<NgW). On the other hand the homogenous action on W of the
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cyclic group A/B forces A/BNgW)ACN W)/ Cx (W) to be a central factor of
o

Ng(W)/Cn w(W); that is to say, Ng(W)<Cg;(A/B).

(b) Since CH{A4/B)=a C,C (CA/B)) =4, it follows that C{A/B)=1 and Cy4A4/B)= A.
Now V=(W,)¢ is a consequence of (a), while Vo= @ k[C] is obtained by application of
Mackey’s Theorem. In particular C has a fixed point on V.

Theorem. A finite group G admitting a fixed point free automorphism a/of order pq,
where p and q are distinct primes, is metanilpotent.

Proof. In view of [6], G is soluble. Let G be a minimal counter-example. Then every
a-invariant proper subgroup of G is metanilpotent. Moreover, if we put H=G{a) (the
semidirect product), then by [4, V.8.10] G/N is metanilpotent for every non-trivial
normal subgroup N of H which is contained in G. In what follows these observations
will be used without further reference.

Clearly (a) is a Carter subgroup of H. We set a=a,a,, where |o,|=p and |o,|=4.

(1) V=F(G)=F(H) is the unique minimal normal subgroup of the soluble group H; in
particular V=Cg(V) is an elementary abelian r-group for some prime r, and is comple-
mented in H by a maximal subgroup X (so that V is a faithful and irreducible X-module
over GF(r)), which can be chosen such that (o) <X:

By the minimality of G, there exists precisely one minimal normal subgroup V of H
contained in G. Assume that V* is a minimal normal subgroup of H not contained in G.
Then V*<Z(H), for V* is H-isomorphic to a central chief factor of H in H/G = (a).
Thus V* is contained in the Carter subgroup {a) of H. Hence one of the Sylow
subgroups of {(a) (namely V¥) centralises G, while the other necessarily acts fixed point
freely on G. The nilpotency of G now follows from a celebrated theorem of Thompson.
Thus V* cannot exist, i.e. V is the unique minimal normal subgroup of H. It follows
that F(H)=V and by (4, 111.4.2(c)]®(H)=1. In particular H splits over V:H=XV with
XnV=1 In view of H=XF(H), a Carter subgroup of X is contained in a Carter
subgroup of ‘H (using Gaschiitz [2, IL.13]), ie. in a conjugate of <ad. From
X/XNnG=XG/G=H/G=~{a) we infer that a Carter subgroup of X (which covers
X/X n G) has order |<a>| and so is a conjugate of {(a). Without loss of generality we set
() =X. '

(2) Put Y=XNG=G/V. Then Y=TS, where S=0(Y) is a special s-group for some
prime s#r, TeSyl(Y) for some prime t+s is a-invariant, and [T,S*]=1 for every T{a)-
invariant proper subgroup S* of S. Further, Y/F(Y) is a t-chief factor of X, and
F(Y)/(O[(Y)x ®(S))=S/®(S) is a s-chief factor of X satisfying Cy(S/®(S))=F(Y)
(ie.{a)T acts faithfully and irreducibly on §=S/®(S), where T=T/O/(Y)). We may
assume that [T, a,)=1. Then Cs(a,)#1 and a, acts fixed point freely on S; in particular

p#s:

Let G/G, be a chief factor of H. Then G/G, is a t-group for some prime ¢, and G, is
metanilpotent by induction. In fact Go=F,(G). We have Gon Y=F(Y) and
Y/F(Y)=G/Gy. From (1) we see that F(Y) is an r'-group, where r is the prime dividing
|V|- Since Y/F(Y)#1 is a t-group, there exists a prime s#t and a T eSyl,(Y) such that
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TO(Y)eHall; ,(Y) is not nilpotent. As in (1) we obtain without loss of generality that
(o) ENZ(T)SN,(TO,Y)). From s+#r it is easy to deduce that TO,(Y)V is not
metanilpotent. Minimality of G now implies that Y=TO(Y).

Let Y, be an a-invariant proper subgroup of Y. Assume that Y, is not nilpotent. In
view of Y=TO(Y) with TeSyl(Y), this implies the existence of a non-central s-chief
factors of Y, (below O(Yy)). Let V=V,=---=V,=1 be a Y,-composition series of V.
From V=Cgx(V) we have that (7., Cy (Vi/Vi-)=0.Y,). Now s#r yields an
ie{l,...,n} such that Y,/Cy, (V/V;_,) is not nilpotent. Consequently Y,V is not
metanilpotént, which is against the minimality of G. Thus every a-invariant proper
subgroup of Y is nilpotent. In particular [T,S*]=1 for every T{a)-invariant proper
subgroup S* of S.

Now one can modify the proof of the Hall-Higman reduction (see [4, I11.13.5]) to
obtain that S=0,(Y) is a special s-group, T<a) acts irreducibly on S/®(S), and T acts
nontrivially on this group. Set §=S/®(S) and T'=T/O(Y). If C4,,(5)# 1, then as in the
proof of (1), C7~<a>(§) is a central subgroup of 7<(«) and so is contained in the Carter
subgroup (a). We get a contradiction agalnst Thompson’s theorem. Thus CM,)(S)—I
By Lemma 2(b), C<a>(T)aél observe that T=Y/F(Y), a chief factor of X =Y<a). We
set without loss of generality C<a>(T) a,>. Application of Lemma 2(b) to a (faithful)
{a,>T-composition factor of § now yields Cs(a,)# 1. Finally, Cs(e,)=1 follows from

o) =g <) T.

(3) Set k=GF(r) and let neN be such that k=GF(r") .is a splitting field for all
subgroups of X. Consider an irreducible k{ X]-submodule W of V®kE Then Cx(W)=1
and Cy(x)=0:

First of all, note that the existence of n is guaranteed by a theorem of Brauer
(cf. [S, VIL.2.6.b]). Further, Lemma 1 yields Cy g (Xo)=Ci(X,) ®,,k_ for all X,£X.
Thus Cy(W)=a X centralises a non-trivial k-subspace of the irreducible k[ X]-module V
and hence acts trivially on V. That is, Cy(W)<C,(V)=1 (see (1)). Finally

Cw() = CV@,E(O‘) =Cy() ®k k=0.
4) P(S)+#1:

Assume false. Then S=3§ is elementary abelian, and is faithful and irreducible module
over GF(s) for T{a). Let W be as in (3). Consider the decomposition Wg=
W,® - ®W, of the k[S]-module W; into homogeneous components W, and put
S;=Cs(W) (so that S; is the kernel of S on any irreducible component V; of W,). Clearly,
Nt Si=Cs(W)=1, (1., Cx(5/S;) =Cx(S)=0,Y)S. From this we get an ie{l,...,h}
such that «,¢ Cx(S/S;) while o,¢Cy(S/S;) is a consequence of (2) and S=§. Thus -
Nx(W,) n{a)=1, and by taking the elements of {a) as part of a transversal to Ny(W)),
we see that the induced module W§T¢®|,, contains a free k[{a)]-module. This gives a
fixed point of a in W, a contradiction.

(5) Cwla,)=0, where W is as in (3):

Recall that ®(S)#1 by (4). Let Woi,=W, @@ W, be the decomposition of the
restriction of W to @(S) into ®(S)-homogeneous components W, By Clifford’s Theorem,
W=((W,))*, where A=N,(W,)=Y, as (by (2)) ®S)<Z(Y). Moreover W, is an
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irreducible A-module. By Mackey’s Theorem, as X ={a) Y ={a) A,
Wi = (W) )ﬁ)(a)@(S) =(W1)an <a>°(s))(a)0(5) =(W)wun <a>)0($))<a>°(s),

where 4 N (ade{l,{a,>, {a,),{ad>}.

Suppose A N {(a)=1. Then Mackey’s Theorem yields the existence of a regular {a)-
submodule of W,,, and thus a fixed point of {a) on W, contradicting Cy(x) =0 (see (3)).
An{a>=<a) would imply that ®(S) acts homogeneously and thus (by (2) and the
choice of W) as a scalar on W=W,, where A={a)Y=X. Consequently we would have
1#£D(S) S Z(X), as Cx(W) =1, contradicting the fixed point free action of « on Y.

An<ay=<a,) gives the desired conclusion Cy(a,)=0 as follows. If Cy(a,)#0, then
we may assume that Cy, (x,)#0; indeed from W=((W)),,, )$®Y we see that each W, is

some (W) =W, ® o, where j€{0,1,...,p—1}. Further, [a,,a,]=1 shows that each W,
is ag-invariant. This gives the decomposition of Cy(a,) into o -invariant subspaces
CWl(ozq) @ - ® Cy,(2,) On the other hand a, induces a transitive permutation on
{W,,...,W,} and thus on {Cy (a,),...,Cy,(a,)} "too. Now it is clear that there exists a
trivial {a)-submodule of (((CWl(aq))<a >)<“>, and thus a fixed point of {(a) on W=
( W1)<a »v)¥, a contradiction.

Con51der lastly A <a)>=<{a,>. Then as in the previous case Cy(a,)=0. Set S;=
Cs(x,). Then So# 1. This is obvious when g=s. When g#s, we have S=Cs(a,)[S,a,],
where [o,,S]#S, as Cg(a,)#1 (see (2)). Since a, acts fixed point freely on both S, and
W, the (semidirect) product S;W admits a fixed point free automorphism of prime order,
thus S,W 'is nilpotent. From (1) and (2) we have r#s, so SoW=S,xW, with
SoeSyl(SoW) and WeSylL(SoW). In particular 1#£S,<C,(W)=1. With this we
complete the proof of (5).

In what follows we shall consider a k[ X]-module W as defined in (3).

(6) The case s=q.

Set §;,=<a,»S. Let A be a maximal abelian normal subgroup of S,. Then A is self-
centralising, as S, is an s-group.

Now assume that a,¢ A. Then [a,, A]#1, and there exists an {a,>A-composition
factor U of W such that [U,[a;, A]]#0—note that Cx(W)=1 and r+#s=gq. Let
Uy=U,@® - ®U, with A-homogeneous components U,. Clifford’s Theorem gives
U=((U,)p)**, where B=N, ,4(U,) acts irreducibly on U,. Clearly B2 A. Suppose
B=A. Then U=((U,))* and by Mackey's Theorem, U ,=((U}) oy ()™ =
((U),)¢ = @k[{a,)] contains a fixed point of «,, contradicting (5). Thus B={a,>A.
Then U=U, is a homogeneous 4-module, A/C A(U) is abelian and faithful on U, and
thus is cyclic. Moreover a, normalises C,(U) and therefore induces a non-trivial
automorphism on A/C ,(U): observe that [U, [a,, A]]#0. This, however, contradicts the
fact that U is a homogeneous A-module. We have therefore shown that «, € A.

In particular [S,,0,a,]<[4,0,]=1;ie X*"~ D’=0 for every %XeS=S/®(S). Since
(o, T1#1, a result of G Higman (see e.g. [5;1X.1.10]) states that the minimal
polynomial of a, on Sis x9—1. Consequently q=2. Now consider the action of a on the
semidirect product TW. From [T, a,]=1 (see (2)) we get Cr(a,)# 1. Thus «, induces a
fixed point free automorphism of order 2 on Cy(x,)W, whence this group is abellan In
particular Cr(a,) £ Cx(W)=1, a contradiction.

https://doi.org/10.1017/50013091500017958 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500017958

FIXED POINT FREE AUTOMORPHISMS OF ORDER pq 55

(7) t=r and O(Y)=1 (i.e. T=T):

From [T,2,]=1 we deduce that C=Cr(a ) F 1. In view of (5), o acts fixed point
freely on CW, which therefore is mlpotent Now Cx(W)=1 requires that t=r. In
particular, O,(Y)=1.

(8) The case q+#s:

Let U be a homogeneous component of Wy, s,. We have ®(S) <Z(K), where K=<{a,>TS
(note that [a,, ®(S)]=1 follows from (5)). Thus K<Ny(U). Since ®(S) does not lie
in Z(X)=2Z({«,>K), we cannot possibly have the faithful X-module W commdmg with
U. This shows that Ny(U)=K. Put D=Cy(U). Observing that W=Pr-, U%, we see
that (-, D* »=Cx(W)=1. Therefore D cannot contain a non-trivial subgroup of K
normalised by «, and so is contained in S: note that K/TS and TS/S are chief factors
of K isomorphic to Sylow subgroups of K. Consider R=S/D. Since S is a special s-
subgroup and @®(S) is not contained in D,R'=®(R)=SD/D=®(S)D/D is of order s.
Next note that due to (5) and Lemma 2 together with g#s, a, centralises every abelian
a -invariant subgroup of R. In particular Z(R)<Cpg(a,). Let Ro/R" be an (o, »T-
invariant complement in R/R" of Z(R)/R". Then Z(R,) <Z(RyZ(R))=Z(R), which gives
Z(Ry)=Ry N Z(R)=R'=®(R). Knowing already that the latter group is of order s, it is
easy to see that R, must be an extraspecial s-group. Put R, =[Ry,a,] and R, =Cpg (a,).
Then [R,,a,Ro]=1, [Ry, Ry, 0 1S[Z(Ry),a,]=1, so that [R;,R,]=[a, Ro,Ry]=1.
Thus R, and R, are extraspecial, as also Rg=R;R,, so Z(R,)<Z(R,). Now from [4,
V.17.13] we have |R,[=2°"*!, g=2""", and in particular o, acts irreducibly on
R,/®(R,)=[R,,,], where Ro=Ro/®(Ry).

However considering the action of (a,>T on R,, we find from Lemma 2(b) that R,
becomes a free a,-module on extending the field to the algebraic closure of GF(s), and
hence must be a free a,-module itself (for two modules which become isomorphic after
field extension, are already isomorphic, by the Noether-Deuring Theorem). Since o, is
irreducible on [ﬁo,aq], this means R, is a free a,-module of rank 1, so |CR o(ocq)l =2. But
R, is also extraspecial, and so R,/®(R,) cannot have order 2. This is a final
contradiction and the proof of our theorem is complete.
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REFERENCES
1. T. R. BerGer, Nilpotent fixed point free automorphism groups of solvable groups, Math. Z.
131 (1973), 305-312.

2. W. GascHU1z, Lectures on Subgroups of Sylow Type in Finite Soluble Groups (Notes in Pure
Mathematics 11, The Australian National University, Canberra, 1979).

3. F. Gross, A note on fixed-point-free solvable operator groups, Proc. Amer. Math Soc. 19
(1968), 1363-1365.

4. B. Huprert, Endliche Gruppen I (Springer-Verlag, Berlin, New York, 1967).

https://doi.org/10.1017/50013091500017958 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500017958

56 CHENG KAI-NAH

5. B. Huppert and N. Bracksurn, Finite Groups Il (Springer-Verlag, Berlin, Heidelberg, New
York, 1982).

6. E. W. RaLston, Solvability of finite groups admitting fixed-point-free automorphisms of order
rs, J. Algebra 23 (1972), 164-180.

7. B. Rickman, Groups which admit a fixed-point-free automorphism of order P2, J. Algebra 59
(1979), 77-171.

8. J. Suamasu and E. Suuit, On groups with cyclic Carter subgroups, J. Algebra 11 (1969),
564-597.

9. J.G. THOMPSON Automorphisms of solvable groups, J. Algebra 1 (1964), 259-267.

DEPARTMENT OF MATHEMATICS
NATIONAL UNIVERSITY OF SINGAPORE
KENnT RIDGE

Sincapore 0511

https://doi.org/10.1017/50013091500017958 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500017958

