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DEFORMATIONS OF SECONDARY CLASSES
FOR SUBFOLIATIONS

DEMETRIO DOMINGUEZ

ABSTRACT.  The purpose of this paper is to study the rigidity and deformations of
secondary characteristic classes for subfoliations.

1. Introduction. Let M be an n-dimensional manifold, TM its tangent bundle. A
(91, g2)-codimensional subfoliation on M is a couple (F}, F;) of integrable subbundles
F; of TM of dimension n — ¢q;, i = 1,2, and such that F, C F;. Feigin [9], Cordero-
Masa [3], Carballés [1], Wolak [16] and the author ([4], [5], [6], [7], [8]) have studied
the secondary characteristic classes for subfoliations.

In this paper, using the techniques of Cordero-Masa [3], we discuss the rigidity and
deformations of secondary characteristic classes for subfoliations. This generalizes the
result of Heitsch [11] on the rigidity of secondary characteristic classes of a foliation
under one-parameter deformations.

In Section 2 we prove the rigidity theorem for subfoliations which generalizes
Heitsch’s rigidity theorem [11] for foliations. This result is then applied in Section 3
to see which classes of the Vey basis of H*(W0,) (as defined in [4]) are rigid. It follows
in particular that the Godbillon-Vey classes for subfoliations of codimension (g, g;) are
variable. A similar result holds for subfoliations with trivialized normal bundle (in the
sense of [3]).

The variable classes are used in [8] to prove that the homology group
H4,42(BT'(4, 4,); Z) admits an epimorphism onto Euclidean space, where BI'(g, 4,) is the
Haefliger classifying space for subfoliations of codimension (g, g2) (as defined in [7]).

Throughout the paper all objects are of type C*.

2. Deformations of secondary classes for subfoliations. In this section, using the
techniques of [3], [4] and [7], we discuss the rigidity and deformations of secondary
characteristic classes for subfoliations.

For any manifold M, TM denotes the tangent bundle of M, and A*(M) the algebra of
differential forms on M. If (F, F,) is a subfoliation (q,, ¢2)-codimensional on M, then Q;
denotes the normal bundle v F; = TM/ F; of F;, i = 1,2, Qo the quotient bundle Fy / F»,
and v (F, F») the normal bundle Q, @ Qy of (Fy, F»). If V! and V © are two connections
on a vector bundle E over M with structure group GL(g) = GL(g; R), and if

b=y A Ay, @ - cl €A1, Ye) ®Rler, ... )
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is an element (here the y;, are the relative suspensions of the Chern polynomials ¢;, €
I(GL(q)) = Rlc1,...,cql with iy < -+ < i), then ¢(V 1.V 9) denotes the differential
form

ANV LV CE)A - AANV LV A cp(QY A -+ A cg(QYr € A*(M),

where Q! is the curvature of V! and A(V',V)(c;,) = . (cia (Q)), where Q is the
curvature of the connection V = V! + (1 — 1)V ? on the vector bundle E X [0, 1] over
M x [0,1] and 7,: A"(M X [0, 1]) — A™"'(M) denotes integration over the fiber of the
disc bundle M x [0, 1] over M.

Let (Fy, F») and (F, F;) be subfoliations on M of codimension (m + q;,m + ¢g,) and
(m,m + qy) respectively withd = g —q; 2 0and m 2 1. Let N be a leaf of F
and iy: N — M the canonical immersion. Then the subfoliation (F, F>) induces on N a
(q1, g2)-codimensional subfoliation (Fyy, Fay) = (F) |n, F2 |v). Analogously, the exact
sequences of vector bundles

0 — Q@ — O — O — 0

0 — F/FF - Qi — vF — 0
associated to (Fy, F) and (F, F)) respectively with vF = TM/ F, induce the following
exact sequences of vector bundles over N:

0 — Qw=Fww/Fin — Qv — Qilvn — O
0 — Qw=1TN/Fiy — Qilvn — wvN — 0

where vN = vF |y is the normal bundle of the leaf N of F. It is easy to verify that the
vector bundle (F / F1)® Qg over M is canonically (F, F;)-foliated and that the canonical
(F1n, Foy)-foliated bundle structure of the normal bundle v(Fiy, Fon) = Qiv ® Qon
of the subfoliation (Fy, Foy) on N is induced by the canonical (F, F;)-foliated bundle
structure of (F/ F1) @ Q.

LEMMA 2.1.  The following diagram is commutative

AuFy Fy)

H*(WOp)  — Hpp(M)
| waapy It

*(FNFaN)

A
H*(WO0)  —  Hpp(N)

where Ay, r,) and Ay, Fy) are the characteristic homomorphisms of (F1,F,) and
(F1\n, Fan) respectively (as defined in [3]), WOp (resp. WO;) is the complex correspond-
ing to the pair (m + q\,m + q3) (resp. (q1,q2)), and W(dp)* denotes the homomorphism
induced by the canonical inclusion

p: GL(q1) x GL(d) — (GL(m) x GL(g1)) x GL(d) — GL(m + q1) X GL(d).

PROOF. Let zirjpy = Yoy N Yy ® cicyy € WOr be a cocycle of the Vey ba-
sis (see [4]). Denote by ¢ (resp. by ¢’) the element y; ® ciy = Yy NNy, ®
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cli cjl;l":3| S A()’l»)’%---)®R[CI»C2,---yCm+q,] (resp~ y,l'l) ®C/r) = -)/I,‘ VANRERWAY yi’g ®

¢ ! € AOYLY;, .. ) ®RIC, ¢y, ) withiy < -+ < dgand i} < -0 < i,
where the yi (resp. the y) are the relative suspensions of the odd Chern polynomials ¢; €
I(GL(m + 1)) = Rlci,...,Cmiq,] (tesp. ¢ € I(GL(d)) = RIc},...,c}]), dege; =
degc; = 2iand degy; = degy, = 2i — 1. Then z;7;7) = ¢ - ¢’ € WOp. Consider now
the exact sequence of vector bundles

0 F/F 50 5HvF—0

associated to (F, Fy). By Theorem 3.3 in [3], we can choose basic connections V|, V|,
V' (analogously, Riemannian connections V", V[, V) on F/ F;, Q; and v F respec-
tively, and such that they are compatible with the homomorphisms i and 7 (in the sense
of [3]). Therefore, V' = Vy @ V/ is a basic connection and V" = V. @ V| isa
Riemannian connection on v F & (F/ Fy) (in the sense of [3]).

Letoy,...,Omsq, bealocal framing of Q; suchthat w(ay), ..., m(0,)is alocal framing
of vF and Oy, . . ., Omsq, is a local framing of F/ Fy. An easy computation shows that
with respect to the local framing 01, ..., Oym4q, , the local connection forms 6, and 8 of
Vi and V[ are given by

_ [ 0 O ]
x 0[]
, 0. O
o= o)

respectively, where 8 and 6/ (resp. 8/ and 6, are the local connection forms of Vi
and V. (resp. of V| and V") with respect to the local framing 7 (0),...,7(g,) (resp.
Om+ls - - - »Omsg, ). Hence we have

(2.2) ¢V, V) =¢(V', V") € A"M).

Now, let V be a basic connection and V| a Riemannian connection on Qg. Then
Vb =V, @V (resp. V" = V[ ® V() is a basic connection (resp. a Riemannian
connection) on v(Fy, F,) = Q1 ® Qo, and we can use V? and V’ to compute the char-
acteristic homomorphism Ay, r,) of (Fi, F2) (see [3]). From (2.2) it follows that the
cohomology class Axr, rlzi )] € Hpr(M) is represented by the closed form

¢(Vi,V) A ¢'(Vo, V) = ¢(V', V) A ¢'(Vo, V) € A*(M).

Next, consider the canonical immersion iy: N — M. Then Vy = i}(VF) (resp.
Vi = (V) is the natural flat connection (resp. a Riemannian connection) on v N,
and V,?, = Vin @ Von (resp. _V_;\, = V|, ® V{)is a basic connection (resp. a Rieman-
nian connection) on v (Fyy, Fan) = Qv @ Qon, where Viy = i(V)), Vov = i%(Vo),
Vi = (V) and V{y = i5(V{). Whence, we can use V2 and Vy, to compute the
characteristic homomorphism Ay r,, F.) Of (Fin, Fon). Denote by V, (resp. by V) the
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connection Vy @ V,y (resp. the Riemannian connection V; @ V) on vN @ Qn. By
(2.2) we have then

@2.3)  in(6(ViL.VDA$'(Vo, V§)) = ¢ (VK. Vi) A ¢'(Von, Viy) € A*(N).

In order to compute the differential form ¢ (V;, V') we consider the restriction ho-

momorphism
I(GL(m + q1)) R I(GL(m)) ® 1(GL(q1))
R[cl,..l.l,cm+q,] — R[c’l,...,dm]Q|§|>R[cl,...,cq,]
given by
(2.4) p,*ci::)c]'»c,-_j, i=1,....,m+q
=

withcy = 1,co = 1, ¢ = Ofori > m, and ¢; = 0 € I(GL(qy)) for i > g, where the ;
and ¢} denote the Chern polynomials. By (2.4) we have
(2.5) preaict = D (Cop1€26k + CripCor-1)s

k=1

i=1,...,[(m+q +1)/2]. Now, denote by Q},, Qy and Q,y the curvatures of Vy, Vy
and Vy respectively. Since Qy = 0, it follows from (2.4) that

2.6) c) () = ¢ih(Qin),
where ¢ € 1 (GL(m + q|)> on the left, and ¢, € I (GL(ql)) on the right. On the other

hand, using (2.5), we obtain by an easy computation the formula

2.7 ANV Vi) = 3 AVN, VX)) A Caiiin(Q1n)
) =1
+A(V N, V{\(c2i-1) + exact .

Now, if 2k—1 = m,and if 2i—1+p; > m+q; or 2i—1+p > m+qy, then 2(i—k)+p; > q
or 2(i — k) + p > qo, where 2p; = degc;), 2p, = deg c’(/-,) and p = p; + p>. Hence, by
(2.3), (2.6) and (2.7) it follows that

N A F 2 in]) = [0 (Vi V) A ¢'(Von, Vi)l
= [( /~\1 AV in, Vi) A cpQin) A ¢'(Von, Vi)l
= A*(FW.FZN)(W(dp)*[z(i,i’,/,/')])- n

REMARKS. 1) In the previous results, the leaf N of F can be replaced by any (n —m)-
dimensional integral manifold of F, where n is the dimension of the manifold M.
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2) A similar result holds for subfoliations with trivialized normal bundle (in the sense
of [3]).

Let f: M — X be a submersion, where X is a manifold of dimension m 2 1. Con-
sider now the case where F is the tangent bundle 7(f) along the fibers of f. Then the
(m+ g1, m + g3)-codimensional subfoliation (Fy, ) on M can be considered as a defor-
mation of the subfoliations (Fy, F2x) = (Fin,, Fan,) of codimension (g1, g2) on the fibers
N, = f~!(x), x € f(M) C X. Then, from Lemma 2.1 we obtain the following result.

THEOREM 2.8. For every x € f(M) C X, the following diagram is commutative

" AwFy Ry "
H*W0p) —  Hpg(M)
1 W(dp)* l it
Aury..
HYWO) 5 He(Ny)
where W(dp)* is as in Lemma 2.1 and i,: Ny = f~'(x) — M denotes the canonical
inclusion.

Let N be amanifold and X an m-dimensional connected manifold withm 2 1. Assume
now that M = N X X and that f: M — X is the canonical projection. Then the homomor-
phism if: Hpp(M) — Hjp(N) induced by the canonical inclusion ix: N = N x {x} =
f71(x) = M = N x X does not depend on the choice of x € X. From Theorem 2.8 it
follows then that the classes

Aur . p2 () € Hpp(N) for u € Im W(dp)* C H*(WO))

do not depend on the choice of x € X. Hence, we have
COROLLARY 2.9. The classes Ay, F,,)(u), u € Im W(dp)*, are rigid form 2 1.

REMARK. This generalizes the result of Heitsch [11] on the rigidity of secondary
characteristic classes of a foliation under one-parameter deformations. That is the case
where F1 = F»,q1 = q2, m = 1 and f: M = N X R — R is the canonical projection.

Let A,: H*(WO;) — H*(BT; R) and A,: H*(WO0y) — H*(BI"; R) be the universal char-
acteristic homomorphisms for subfoliations of codimension (g;,g2) and (m + g1, m + ¢q2)
respectively (as defined in [7]), where BT (resp. BI”) denotes the Haefliger classifying
space for subfoliations of codimension (g1, g2) (resp. (m+q;, m+q)). Then the following
is easily verified.

THEOREM 2.10. There is a commutative diagram

H(WOy) = HYBI':R)

l W(dp)* 1:‘*

H'WO) 25 H*BT:R)

with canonical vertical homomorphisms.
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3. Results on H*(WO0)). In order to see which classes of the Vey basis of H*(WO0y)
are rigid, we consider the homomorphism W(dp)*: H*(WO0p) — H*(WO0y) induced by the
DG-algebra homomorphism W(dp): WOy — WO, given by

V_ | for1=isgq,

W(dp)(c)) = {O forgi+1=i=m+q,
s_ [y forl1=i= gy, iodd,

W(dp)(yi) = {O forqi+1 =S i< m+q, iodd

W(dp)(c) = . for 1 S i < d,
W(dp)(y}) = yifor | S i< d, iodd.

Then, from Theorem 2.8 and Corollary 2.9 we obtain for m = 1 the following result.

THEOREM 3.1. Let the notation be as in [4]. Consider in H*(WO0;) the cohomology
classes [z )] of the cocycles 7y jyy = yuy N y{i,) ®C(i')02,") € WO, of the Vey basis with
deg cj) = 2p1, degc(y) = 2p> and p = pi + p>. Then we have

(i) An R-basis of the rigid classes of H*(WO0) is given by the elements [z )] of the
Vey basis of H*(WO0y) satisfying

ig+p1 2 q1+20ri0+pz q2+2, andi6+pz q2+2.

(ii) The elements [z jj] of the Vey basis of H*(WOy) satisfying at least one of the
following conditions:

(a) i()+p| =4q+ 1, i0+p§ qr + 1, l6+pg q2+1,'

(b) i0+[)| < q + 1, i0+p: q> + 1, i6+pz qr + l;

(c) ip+pr Z i+ 1L ig+p=q2+1;

(d) ip+pZ g2+ 1, ip+p=¢g2+1
are the only elements of the Vey basis of H*(WO0,) which do not belong to Im W(dp)* C
H*(WOy). Thus these secondary classes are variable.

COROLLARY 3.2. The Godbillon-Vey classes [y1 @ 'l € H*'(WO0)),

Y, ® &1 € H¥ (WO)) and [y A ¥y @ 7] € H42(W0p), 0 £ j £ ¢,
for subfoliations of codimension (qy, q2) are variable.

REMARKS. 1) Similar results hold for subfoliations with trivialized normal bundle.

2) For q; = q2 = q, we have the result of Heitsch [11].

3) The computations for some examples of subfoliations with variable classes are
given in [8].
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