Forum of Mathematics, Sigma (2020), Vol. 8, €36, 37 pages
do0i:10.1017/fms.2020.28

TILTING THEORY FOR GORENSTEIN RINGS IN
DIMENSION ONE

RAGNAR-OLAF BUCHWEITZ'", OSAMU IYAMA? and KOTA YAMAURA3
! Department of Computer and Mathematical Sciences, University of Toronto Scarborough,
Toronto, Ontario, Canada M1C 1A4
2 Graduate School of Mathematics, Nagoya University, Furocho, Chikusaku,

Nagoya 464-8602, Japan;
email: iyama@math.nagoya-u.ac.jp
3 Graduate Faculty of Interdisciplinary Research, Faculty of Engineering, University of Yamanashi,
Takeda, Kofu 400-8510, Japan;
email: kyamaura@yamanashi.ac.jp

Received 24 September 2019; accepted 20 April 2020

Abstract

In representation theory, commutative algebra and algebraic geometry, it is an important problem to
understand when the triangulated category Dszﬂc,(R) = wfR admits a tilting (respectively, silting)
object for a Z-graded commutative Gorenstein ring R = @i>0 R;. Here DSZg(R) is the singularity
category, and %R is the stable category of Z-graded Cohen—Macaulay (CM) R-modules, which
are locally free at all nonmaximal prime ideals of R.

In this paper, we give a complete answer to this problem in the case where dim R = 1 and Ry is a
field. We prove that wfR always admits a silting object, and that wfR admits a tilting object if
and only if either R is regular or the a-invariant of R is nonnegative. Our silting/tilting object will be
given explicitly. We also show that if R is reduced and nonregular, then its a-invariant is nonnegative
and the above tilting object gives a full strong exceptional collection in % R = CM”R.

2010 Mathematics Subject Classification: 13C14 (primary); 16E35 (secondary)

1. Introduction

1.1. Background. The study of maximal Cohen—Macaulay (CM) modules
is one of the central subjects in commutative algebra and representation
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theory [5, 14, 54, 66, 72]. When the ring R is Gorenstein, the category
CMR = {X e mod R | Ext,,(X, R) =0 foralli > 1}

of CM R-modules forms a Frobenius category, and therefore its stable category
CMR has a natural structure of a triangulated category [28]. The Verdier
quotient D (R) = D°(mod R)/K®(proj R) introduced by Buchweitz [11] and
Orlov [61] is canonically triangle equivalent to CMR, and hence is enhanced
by the Frobenius category CM R. When R is a hypersurface, it is also triangle
equivalent to the stable category of matrix factorizations [20]. It has increasing
importance in algebraic geometry and physics.

Tilting theory controls triangle equivalences between derived categories of
rings and plays a significant role in various areas of mathematics (see for
example, [3]). Tilting theory also gives a powerful tool to study the stable
categories of Gorenstein rings. For example, for a finite-dimensional algebra A
of finite global dimension, there is a triangle equivalence

mod”“T (A) =~ K®(proj A) (1.1)

for the stable category mod“T(A) of the Z-graded modules over the trivial
extension algebra T (A) [28]. This is an important result, which gives a large
family of representation-finite self-injective algebras (see for example, [67]). The
second classical example is a triangle equivalence

mod” /\ (k") = K®(proj 4)

for the exterior algebra /\ (k") and the Beilinson algebra A [8, 9]. The third
classical example is a triangle equivalence

CM”R ~ K°(mod k Q) (1.2)

for the stable category of Z-graded CM modules over a Z-graded simple surface
singularity R and the path algebra kQ of the Dynkin quiver Q of the same
type [22, 23, 45]. Each of the above triangle equivalences follows from the fact
that the stable category has a tilting object (see Definition 4.1). In fact, under
mild assumptions, a triangulated category admits a tilting object if and only if it
is triangle equivalent to K°(proj A) for some ring A (Proposition 4.2). Recently,
the class of silting objects was introduced to complete the class of tilting objects
in the study of t-structures [49] and mutation [1]. We will see that they also play
an important role in the study of the stable categories of Gorenstein rings.
It is well known in CM representation theory that the subcategory

CMyR ={X € CMR | X, € proj R, for all p € Spec R with dim R, < dim R}
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behaves much nicer than CM R since it enjoys Auslander-Reiten—Serre duality,
and hence it has almost split sequences if R is complete local [5, 72] (cf.
Proposition 4.6). Therefore, for a Z-graded Gorenstein ring R, we consider the
Frobenius category

CM% R:={X emod”R|X e CM,R as an ungraded R-module}. (1.3)

There are a number of Z-graded Gorenstein rings R such that the stable categories
%R admit tilting objects; see for example, [2, 15, 16, 21, 24, 25, 31, 33, 38, 39,
44-46, 50-53, 55, 59, 68-71] and a survey article [36]. The following problem is
important in representation theory, commutative algebra and algebraic geometry.

PROBLEM L.1. Let R = (P, R; be a Z-graded Gorenstein ring such that R is

a field. When does the stable category mfR of Z-graded CM R-modules have a
tilting object?

When dim R = 0, %R = mod”R always has a tilting object. In fact, the
third author gave a much more general result [71], which also implies the triangle
equivalence (1.1) as a special case.

The aim of this paper is to give a complete answer to Problem 1.1 when
dim R = 1. Surprisingly to us, it is determined by the a-invariant of R. Our results
are summarized as follows.

THEOREM 1.2 (Theorems 1.4 and 1.6). Let R = @90 R; be a Gorenstein ring
in dimension one such that Ry is a field. Then CMZO R always has a silting object.

Moreover, CMOZR has a tilting object if and only if either R is regular or the
a-invariant of R is nonnegative.

In particular, the Grothendieck group KO(C_MOZR) is a free abelian group of
finite rank (Corollary 1.7). To prove Theorem 1.2, we interpret moz R as a
thick subcategory of the singularity category DSZg(R) = D°(mod” R)/K®(proj” R)
(Proposition 4.8) and give analogues of Orlov’s semiorthogonal decompositions
[62] of D*(mod” R) (Theorem 3.1).

1.2. Our results. Throughout this subsection, we assume the following.

(R1) R is a Z-graded commutative Gorenstein ring of Krull dimension one.
(R2) R = @go R; and k := Ry is a field.

Let S be the set of all homogeneous non-zero-divisors in R, and K := RS™!
the Z-graded total quotient ring of R. There exists then an integer p > 0 such
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that K(p) >~ K as a graded R-module (Lemma 4.11(b)). Moreover, dim R = 1
implies that K = R[r~'] holds for each homogeneous non-zero-divisor r of
positive degree (Lemma 4.10).

Let mod”“ R be the category of Z-graded finitely generated R-modules,
mod% R be the category of Z-graded R-modules of finite length, and proj” R
be the category of Z-graded finitely generated projective R-modules. For
X e mod? R and n € Z, let

Xow=Xo0n =P X

izn

Let qgr R = mod” R/ modoZ R be the quotient category. This is equivalent to
the category of coherent sheaves on the quotient stack [(Spec R \ {R-¢})/k*] [62,
Proposition 2.17]. Let D®(qgr R) be the bounded derived category of ggr R, and
let per(qgr R) be its thick subcategory generated by proj” R. Our starting point
is the following result on the geometric side, where we refer to [35] for the notion
of exceptional collections.

THEOREM 1.3. Under the setting (R1) and (R2), the following holds true.

(a) qQr R has a progenerator U = @;_ K(i)so = @D;_, K=i(i), and
per(qgr R) has a tilting object U.

(b) We have an equivalence QQr R >~ mod A and a triangle equivalence
per(qgr R) =~ K*(proj A) for A := Endgg z(U).

(c) We have

Koy K.y --- Ko, K1)
K, Ko ---Ks, K>,
A~Endy(U)=| : Do : (1.4)
Ky2Ky,5--- Ky K_
Ky Kpp--- Ki Ky

(d) A is a finite-dimensional self-injective k-algebra.

(e) If R is reduced, then A is a semisimple k-algebra. Otherwise, A has infinite
global dimension.

(f) If R is reduced, then any ordering in the isomorphism classes of
indecomposable direct summands of U gives a full strong exceptional
collection in per(qgr R). Otherwise, per(qgr R) does not have a full strong
exceptional collection.
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Now we discuss tilting objects on the algebraic side. Just as we were
considering per(qgr R) on the geometric side rather than D®(gqgr R), we consider
the subcategory CM% R of CM” R in (1.3). This can be described as

CMZR={X cCM*R| K ®; X € projK} (1.5)

(Proposition 4.15). Moreover, CM% R = CM” R holds if and only if R is reduced.

There exists an integer a € 7Z such that Ext}e (k, R(a)) ~ k in mod” R. We
call a the a-invariant (—a the Gorenstein parameter) of R [10, 26]. It can be
characterized as the smallest integer a such that R., = K., (Lemma 4.11(a)).
When R has a nonnegative a-invariant, C_M(%R always has a tilting object by the
following result.

THEOREM 1.4. Under the setting (R1) and (R2), assume moreover that the a-
invariant a of R is nonnegative. Then the following holds true.

(a) C_MOZR has a tilting object

a+p a+p

V=P Rz = P R i)
i=l i=l1

(b) We have a triangle equivalence wOZR ~ K°(proj I') for I' := End4(V).

(c) We have I' ~ End}Ze(V). Moreover, these algebras are isomorphic to

Ry o --- 0 0 0 o --- 0 0
R, Ry --- 0 0 0 o -+ 0 0

R,» R,3 -+ Ry O 0 o -~ 0 0

R,y R, --- R Ry O o --- 0 0 (1.6)
Ko Koo - Ko K Ko Koy - Ko, Ko, '

Ka+l Ka e K3 K2 Kl KO e K3—[7 KZ—p

Ka+p—2 Ku+p—3 e Kp Kp—l Kp—2 Kp—3 KO K—l
| Koipot Karpr - Kpit Ky Ky Ky oo Ky Ko |

(d) I' is an Iwanaga—Gorenstein k-algebra, that is, inj.dim I'r = inj.dim I"
< 00.

(e) R is reduced if and only if I has finite global dimension.
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The above V is an analogue of the tilting object in mod” A given in [71] for a
Z-graded finite-dimensional self-injective algebra.

As a special case of Theorem 1.4, we obtain the following result for reduced
rings.

COROLLARY 1.5. Under the setting (R1) and (R2), assume moreover that R is
reduced and not regular. Then the following holds true.

(a) The a-invariant a of R is nonnegative.
(b) CM”R has a tilting object

a+p a+p

V=P RG)s0 = D R=i0).
i=1 i=1

(¢) We have a triangle equivalence CM”R ~ D°(mod I'), where I' := End% (V)
is a finite-dimensional k-algebra with finite global dimension.

(d) There exists an ordering in the isomorphism classes of indecomposable direct
summands of 'V, which forms a full strong exceptional collection in C_MZR.

Note that, for the case of hypersurfaces, a different tilting object with a much
nicer endomorphism algebra was constructed in [30] before this paper.

Now we discuss the case when R has a negative a-invariant. In this case, the
following result shows that %R never has a tilting object except for the trivial
case, where we denote by thick P the smallest thick subcategory containing P.
We refer to Section 2.4 for a concrete example.

THEOREM 1.6. Under the setting (R1) and (R2), assume moreover that the a-
invariant a of R is negative. Then the following holds true.

(a) CMJ R has a silting object @7 R(i)o.
(b) We have a triangle equivalence CMZ0 R >~ KP(proj A)/ thick P, where A is

given by (1.4) and P is the projective A-module corresponding to the first
—a rows.

(@) m%R has a tilting object if and only if R is regular.
As an application of our results, we calculate the Grothendieck groups of the
triangulated categories per(qgr R) and C_MfR. We decompose K into a product

K = K! x --- x K™ of rings K', which are ring-indecomposable. For each 1 <
i < m, let p; be the smallest positive integer satisfying K'(p;) ~ K’ in mod” K.
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COROLLARY 1.7. Under the setting (R1) and (R2), the following holds true.

(a) The Grothendieck group of per(qQgr R) is a free abelian group of rank
Z:n=1 Di-

(b) The Grothendieck group of C_MfR is a free abelian group of rank a +
Z;‘n:1 Di-

Another application is the following observation, which shows that our category
CMZ0 R is a rich source of triangulated categories.

COROLLARY 1.8. Let A be a Z-graded commutative artinian Gorenstein ring
such that A = As and Ay is a field. Then there exists a ring R satisfying (R1)

and (R2) such that CMZO R is triangle equivalent to K°(proj”/*” A), where a is the

a-invariant of A and we regard A as a (Z./aZ)-graded ring naturally.

Conventions. All modules are right modules. The composition of morphisms
(respectively, arrows) f: X — Y and g: Y — Z is denoted by gf. We denote by
k an arbitrary field.

2. Examples

2.1. Hypersurface singularities. In this subsection, we study hypersurface
singularities in dimension one with standard grading. In the rest, let k be an
arbitrary field,

R = k[x,y]/(f) with degx =degy = 1, and I' = End%(V)

for the tilting object V given in Theorem 1.4. Then a = n—2 holds for n := deg f,
and there is a triangle equivalence

CMJR ~ K°(proj I').

We show that I has self-injective dimension at most 2 and possibly infinite global
dimension. More precisely, we prove the following results in Section 4.6.

THEOREM 2.1. Under the above setting, the following holds true.
(a) I' is an Iwanaga—Gorenstein k-algebra with inj.dim I’ = inj.dim I" < 2.
(b) Assume n > 4. Then there is no Iwanaga—Gorenstein k-algebra I'' that is

derived equivalent to I" and satisfies inj.dim I'}, = inj.dim, I’ < 1.
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In the rest, we assume [ = [[/_, f", where f; = a;x + B;y is a linear form such
that (f;) # (f;) for alli # j, and n; is a positive integer.

(c) Let K' be the Z-graded total quotient ring of R* = k[x, y1/(f") for 1 <
i <m.Then Ko~ K;x --- x K% holds and K', is indecomposable in

CM” R
(d) Let (o] : B)) € IP’,i be a point different from («; : B;). Then I' is presented by
the quiver
K1>0 by
DL
X X X ap
R(1)>o ~ R@)>o R _ _ R(@)>o
y y y %
Km 1 jbm |
Kgo j b

with relations
xy=yx, b/ =0, a(ax+ By =bai(ax+ By).
= 1 holds if and only if gl.dim I" < oo if and only if

(€ m = =
gl.dim I" < 2.

In (e), one can show that I" is derived equivalent to k x k if n = 2, a path algebra
of type D, if n = 3, and a canonical algebra of type (2, 2, 2, 2) of n = 4 (see [30]
and Proposition 2.4(a)). Also note that if n > 4, then I is not derived equivalent
to a hereditary k-algebra by (b) above.

2.2. Simple curve singularities. In this subsection, we study simple curve
singularities. They are precisely the ADE singularities when the base field is
algebraically closed and the characteristic is different from 2, 3 and 5 [54,
Section 9]. Our result is the following.

THEOREM 2.2. Let R = k[x, y]/(f) be an ADE singularity over an arbitrary
field k with minimal grading given by the list below. Then C_MZR is triangle
equivalent to D®(modkQ), where Q is a Dynkin quiver of the following
type.
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R A, D, Es E; Eg
f xn+l _ y2 xn—l _ Xy2 x4 _ y3 x3y _ y3 xS _ y3
. n+l) < odd 2,n—2) nisodd
, nis o
(deg x. deg y) (1’ n 1) D isoven| BB | @3 | 3.5
2,n+1) niseven 2
Dz nisodd Ag_3 nisodd
0 A,j n is even D, niseven Es £ Es

This is an analogue of (1.2) in dimension 2. The difference of types of R and Q
was observed in [17] (see also [54, 72]). We will prove Theorem 2.2 in Section 4.7.
Our Theorem 2.2 immediately recovers the following well-known results.

COROLLARY 2.3. Let R = k[x, y]/(f) be as in Theorem 2.2, and R the
completion of R at R..

(a) [4] There are only finitely many indecomposable objects in CM” R up
to isomorphisms and degree shift. The stable Auslander—Reiten quiver of
CM”* R is Z.Q (see [28]).

(b) [19, 27, 42] There are only finitely many indecomposable objects in CM R
up to isomorphisms.

Proof. (a) is immediate from Theorem 2.2. (b) follows from (a) and [7,
Theorem 5]. O

2.3. Curve singularities T,,. Drozd-Greuel classified commutative
noetherian rings in dimension one, which are CM-tame in terms of T,
singularities [18]. Recall that T,, singularities over an algebraically closed
field k whose characteristic is different from 2 have the form k[x, y]/(f), where
f =x? 4+ ix?y*+ y? with p < g and A € k\{0, 1}.

In this subsection, we deal with Z-graded T,, singularities such that the
variables x and y are homogeneous. This is precisely the case when (p, ¢, deg x,
deg y) is either (4,4, 1, 1) or (3, 6, 2, 1). Our result below covers a slightly more
general class of rings. Recall that a canonical algebra of type (2, 2, 2, 2) is given
by the following quiver with relations for A € k\{0, 1} [65].

/ ! biay + byap +b3a3 =0
/ﬂ b).

1
. bray + Abyay + bgag = 0.

[ ]
! [ ]
2
% /
[ ]
aq by
[ ]

https://doi.org/10.1017/fms.2020.28 Published online by Cambridge University Press
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This algebra is derived equivalent to the weighted projective line of type
(2,2,2,2) [22].
We will prove the following result in Section 4.8.

PROPOSITION 2.4. Let k be an arbitrary field and R = k[x, y]/(f), where
(@) f =TI (x —ay) and (degx, deg y) = (1, 1); or
b f= ]_[?zl(x — ;%) and (deg x, degy) = (2, 1).

If R is reduced, then CM”R is triangle equivalent to D*(mod C), where C is a
canonical algebra of type (2, 2, 2, 2) with . = (a; —ay) (0 —a3) (] —a3) "y —
ay)~! for (a) and A = (ay — a3)(a; — a3) ™! for (b).

Consequently, CM”R is triangle equivalent to D(cohX), where X is the
weighted projective line of type (2,2, 2, 2). It will be interesting to find out a
direct explanation of this equivalence.

2.4. Nonreduced examples. In this subsection, let k£ be an arbitrary field and
R = k[x, y]/(y*) withdegx =n > 1anddegy = 1.

When n > 2, this gives a typical example of rings with negative a-invariant. It is
known as a Bass order in a non-semisimple algebra [34] and as a CM-countable
ring [12, 54].

PROPOSITION 2.5. Under the above setting, the following holds true.

(a) The a-invariant of R is 1 — n, and we have K (n) >~ K.

(b) per(qgr R) is triangle equivalent to K°(proj A) for A := kQ/(z*), where Q
is the following quiver with Qo = Z./nZ.

n—1
<, \z
n—1 2
|
6 3
~ /

(c) The Auslander—Reiten quiver of per(qgr R) ~ K°(proj A) has n connected
components. For i € Z/nZ, let P' = e; A for the idempotent e; € A
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corresponding to the vertex i, and for a,b € Z with b > 0, let sz,b be the

complex
> 0> PSS PSS P2 S S pitbl S pith g s
whose nonzero degrees are a,a + 1,...,a + b. Then the following is a

connected component for i € Z/nZ.

i+2 i+1 i i—1 i—2
X350 Xi0 X0,0 X 1o X 50
N\ 7 N 7 N 7 N 7
i+1 i i—1 i—2
X1 X0,1 X1 X
7 N b N 7 N 7 N
i1 i i—1 i—2 i3
Xi% X0,2 X in X on X3,
N N 7 N - N -

i i—1 i—2 i—3
Xo,3 X 13 X 53 X33

(d) m%R is triangle equivalent to K®(proj A)/ thick P, where P = @::11 P.

(e) w%R has a silting object R(1)>¢, and has a tilting object if and only if
n = 1. It is triangle equivalent to the perfect derived category perk[w]/(w?)
for the differential graded (DG) algebra k|w]/(w?) with degw = 1 — n and
zero differential.

(f) The Auslander—Reiten quiver of C_M? R has n connected components. For
i>0and jeZ let R : =R+ (x*y | 1< <i)yand R = R'(j). Then
the following is a connected component for j € Z/nZ.

Rl,j—Zn Rl.j—n RLj Rl,j+n Rl<j+2n
~ PN PN PN 7
R2 j—2n RZ./—n RZ.j R2.j+/1
PN PN VA N AN
R3 Jj=3n RB./’—Zn R3.,/’—n R3,j R3.j+n
N O\ A\ A\ e
R4 j—3n R4,j—2n R4,j—n R4.j

We will give a proof of Proposition 2.5 in Section 4.9. Note that the Auslander—
Reiten quivers of per(qgr R) and C_MOZR are isomorphic, but they are not triangle
equivalent.
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3. Realizing Verdier quotients as thick subcategories

Throughout this subsection, we assume that A is a Z-graded Iwanaga—
Gorenstein ring, that is,

e A is a noetherian ring on each side with inj.dim A, < oo and inj.dim, A < oo.

We denote by mod” A the category of Z-graded finitely generated (right)
A-modules, by pron A the category of Z-graded finitely generated projective
A-modules, and by modoZ A the category of Z-graded A-modules of finite length.

Under certain conditions, it is known [41, 62] that two Verdier quotients
D*(mod” A)/K"(proj” A) and D*(mod” A)/DP(mod) A) can be realized as thick
subcategories of D’(mod” A). The aim of this section is to give an analogous
result for the thick subcategory

D, := thick{proj” A, mod} A} € D"(mod” A),

and its Verdier quotients D, /K®(proj” A) and D, /D"(mod] A).

For a subset I of Z, let mod’ A be the full subcategory of mod” A consisting
of all X satisfying X; = O foralli € Z\ I. For an integer £ € Z, let mod”" A :=
mod'“> A, modS‘ A := mod™" A and so on. Then D’(mod~‘ A) can be
regarded as a thick subcategory of D?(mod” A). Let

D> = D' .= D, NnD°(mod”" A).
Let mod;“ A := mod® A N modj A, mod§‘A := mod<‘A N modj A =
mod<S’ A and so on. Similarly, let proj’ A be the full subcategory of proj” A
consisting of all P, which are generated by homogeneous elements of degrees
in 1. Let proj”‘ A := proj'“> A, projs* A := proj "> A and so on.
Since A is Iwanaga—Gorenstein, we have a duality [57, Corollary 2.11]

(=) := RHom,(—, A) : D°(mod” A) ~ D°(mod” A%).
We consider the following three conditions.
(A1) A =D, A and gl.dim A, < oo.
(A2) Ay is an artinian ring.
(A3) There exists a € Z such that (—)* restricts to a duality (—)* : D°(mod’ A) ~

D*(mod” A°P).
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For example, our R satisfying (R1) and (R2) satisfies these conditions for the
a-invariant a of R.

Let X and Y be full subcategories in a triangulated category 7. We denote
by X * ) the full subcategory of 7 whose objects consist of Z € 7T such that
there is a triangle X — Z — Y — X[1] with X € X and Y € ). When
Hom+(X,)) = 0 holds, we write X x ) = X L ). For full subcategories
X, ..., &, wedefine Xy *---x X, and A} L --- L A&, inductively.

We are ready to state the following main result in this section.

THEOREM 3.1. Let A be a Z-graded Iwanaga—Gorenstein ring satisfying A =
Ay, and € an integer.

(a) If condition (A1) is satisfied, then we have a semiorthogonal decomposition
D, =K (proj~ A) L (D7 N (D555%) L K°(proj”* A).

The natural functor D, — D,/KP(proj* A) restricts to a triangle
equivalence

D3 N (D359 = D/K°(proj” A).

(b) If conditions (A2) and (A3) are satisfied, then we have a semiorthogonal
decomposition

D,y =DP(mod;* A) L (D N (D5479") L D°(mod;* A).

The natural functor Dy, — DA/Db(modg A) restricts to a triangle
equivalence

D7 N (D3%Y* ~ D, /DP(mod) A).

(c) Assume that conditions (A1), (A2) and (A3) are satisfied. If a > 0, then we
have a semiorthogonal decomposition

DI N (D" = (D3 N (D35 H") L D (mod“~" A).
Ifa <0, then we have a semiorthogonal decomposition

D3N (D35 = Ko(prof“ " 4) L (D™ N (D357,

Immediately, we obtain the following analogue of Orlov’s semiorthogonal
decompositions [62].
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COROLLARY 3.2. Assume that (Al), (A2) and (A3) are satisfied. For £ € Z,
there exist fully faithful triangle functors F, : D,/K*(proj” A) — D, and G, :
Da/ Db(modoZ A) — Dy, and a semiorthogonal decomposition

G(D4/D*(mod) A)) ~ K>(proj'“* " A) L F,(D4/K°(proj” A)) ifa <0,

Fi(DA/K*(proj” A)) =~ G((D,/D"(mody A)) ifa =0,

F,(D,/K®(proj” A)) ~ G,(D,/D°(mod} A)) L D’(mod“"““""MA) ifa > 0.
We refer to [56] for analogous results to Theorem 3.1.

The rest of this section is devoted to proving Theorem 3.1 and Corollary 3.2.
We start with the following easy observation.

LEMMA 3.3. Let T be a triangulated category and T = X L Y a
semiorthogonal decomposition.

(a) If Z is a thick subcategory of T suchthat X C Z, then Z =X 1 (Y N 2).
(b) If Z is a thick subcategory of T suchthaty C Z,then Z = (X N Z) L ).
© If T = X" L Y is a semiorthogonal decomposition such that X C X’

(or equivalently, Y 2 )'), then we have a semiorthogonal decomposition

T=XL1LQYnx)L)y.

Proof. (a) and (b) are easy. By (a), we have X’ = X L () N X’) and hence
T=X1LY=XLQYnXx)LY. O]

We need the following elementary observation (for example, [62, 2.3]).
PROPOSITION 3.4. Let A be a 7Z-graded Iwanaga—Gorenstein ring satisfying
(Al). Then there exists a semiorthogonal decomposition K(proj” A) =
K(proj=* A) L K(proj>* A), which gives K°(proj”A) = Kb(proj=‘A) L
K®(proj=* A) and D*(mod” A) = KP(proj=* A) L D*(mod=* A).

Now we prove Theorem 3.1(a).

Proof of Theorem 3.1(a). We have D*(mod” A) = K*(proj=“ A) L. D*(mod~‘ A)
by Proposition 3.4. Applying Lemma 3.3(a) to X := K*(proj~“ A) € Z := D,,
we have

D, = Ko(proj~t A) L (D, N D*(mod”* A)) = K°(proj=* A) L D, (3.1)
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Replacing £ by 1 — £, we have D4 = KP(projS™“ A®) L D75¢. Applying (—)*,
we have

Dy = (D5xH* LK (projS™* A%®)* = (D559* L K*(proj”* A). (3.2)

Since D2 2 Kb(proj A), applying Lemma 3.3(c) to (3.1) and (3.2) gives Dy =
Kb(prOjd A) L (D7 N (D5:9%) L K(proj”* A) as desired. The last assertion
follows from

Da/K°(proj” A) " D, /(K (proj=t A) L K> (proj”* A)) ~ D7 N (D"
O

We also need the following elementary observation (for example, [62, 2.3]).

PROPOSITION 3.5. Let A be a Z-graded Iwanaga—Gorenstein ring satisfying
A = A5 and (A2). Then there exist semiorthogonal decompositions D"(modOZ A)
= DP(mod;‘ A) L DP(mod;‘ A) and D*(mod” A) = DP(mod”‘A) L D®
(mod;* A).

Now we prove Theorem 3.1(b) and (c).

Proof of Theorem 3.1(b)(c). We have DP(mod”A) = D’(mod®‘A) L
Db(modge A) by Proposition 3.5. Applying Lemma 3.3(b) to Y :=
Db(mod(fe A) € Z :=D,, we have

D4 = (D4 N DP(mod>* A)) L D*(mod;‘ A) = D;* L D°(mod;“ A). (3.3)

Replacing £ by a — £ + 1, we have Djop = D34 L Db(modog‘l*( A°P). Applying
(—)*, we have

D, = D°(mod*~ A%®)* 1L (D349 ‘2 DP(mod2 A) L (D;479".  (34)

Since sz ) Db(modo}e A), applying Lemma 3.3(c) to (3.3) and (3.4) gives D, =
D*(mod;‘ A) L (D7 N(D547H%) L D®(mod;* A) as desired. The last assertion
follows from

Prop 3.5

D,/D?(mod} A) D,4/(D°(mod;* A) L D°(mod;* A)) ~ D7 N(D34 4"

(c) Assume a > 0. Then Df“" = sz 1 D*(mod“"**~"1 A) holds. Since
D°(mod“ ™1 A) = D*(mod!“ ! 24t gopyx (D;47%*, the assertion follows
from Lemma 3.3(b).

Assume a < 0. Then D;° = K(proj““ """ A) L D7 holds. Since
Ko (projl““ "1 A) = KP(proj“*' =47 A®)* < (D747%)*, the assertion follows
from Lemma 3.3(a). O
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4. Proof of our results

4.1. Preliminaries. We start with recalling the central notion of tilting objects.

DEFINITION 4.1. Let 7 be a triangulated category with suspension functor
[1]. A full subcategory of 7 is thick if it is closed under cones, [+1] and
direct summands. We call an object T € T tilting (respectively, silting) if
Hom (T, T[i]) = 0 holds for all integers i # 0 (respectively, i > 0), and the
smallest thick subcategory of 7T containing 7 is 7 .

The principal example of tilting objects appears in K®(proj A) for a ring A. It
has a tilting object given by the stalk complex A concentrated in degree zero, and
a certain converse holds in the sense of Proposition 4.2. More generally, tilting
objects in K°(proj A) are precisely tilting complexes [64] of A, where tilting
A-modules [28] are special examples. Note that there are some variations of the
definitions of tilting objects [3, 48], for example, the last condition thick 7 = T
is sometimes replaced by the condition ‘if X € T satisfies Hom+(T, X[i]) = 0
foralli € Z, then X = 0’. If T has arbitrary coproducts, then T is assumed to be
compact and ‘thick subcategory’ in the last condition is replaced by ‘localizing
subcategory’.

Recall that a triangulated category is called algebraic if it is triangle equivalent
to the stable category of a Frobenius category. Let us recall the following well-
known result due to Keller [47] (see [51] for a detailed proof).

PROPOSITION 4.2 [47]. Let T be an algebraic triangulated category with a
tilting object T. There exists a triangle equivalence F : T — K°(projEnd+(T))
up to direct summands such that F(T) = End(T). It is a triangle equivalence if
T is idempotent complete.

Let k be a field and D the k-dual. For a finite-dimensional k-algebra A, we
denote by

b= —@a(DA) : K*(proj A) =~ Kb(inj A)

the Nakayama functor. If A is Iwanaga—Gorenstein, then v is an autoequivalence
of K°(proj A) = K°(inj A). The following result due to Happel is also well known.

PROPOSITION 4.3 [28]. Let A be a finite-dimensional k-algebra. Then we have
a functorial isomorphism

D Hompmod 4)(X, ¥) >~ Hompmod ) (Y, vX)
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for any X € K°(projA) and Y € D(Mod A). In particular, if A is Iwanaga—
Gorenstein, then K°(proj A) has a Serre functor v.

Now we prove the following general observation.

PROPOSITION 4.4. Let T be a Hom-finite k-linear algebraic triangulated
category with Serre functor S. Let T € T be a tilting object and A := Endr(T).
Then the following holds true.

(a) A is an Iwanaga—Gorenstein k-algebra.

(b) There are a triangle equivalence F : T ~ K°(proj A) up to direct summands
and the following commutative diagram up to an isomorphism of functors.

T ~— K®(proj A)
Js I
T L K(proj A)

Proof. (a) By Proposition 4.2, we may regard 7 as a full triangulated subcategory
of K°(proj A) and T = A. Then we have isomorphisms

Homy(—, SA) ~ DHomy(A, —) = D Hompmod 4)(A, —)|1
=~ Hompwod 4)(—, DA)|T.

By Yoneda’s lemma, there is a morphism f : SA — DA in D(Mod A), which
induces an isomorphism Hom(—,SA) — Hompmwmoga)(—, DA)|7. Then the
cone C € D(Mod A) of f satisfies Hompwog 4)(7, C) = 0. Since A € T, we
have C = 0. Thus DA ~ SA belongs to T, and therefore proj.dim(DA), < oo.
On the other hand, since 7P also has a Serre functor, we have proj.dim,(DA) <
oo. Thus A is Iwanaga—Gorenstein.
(b) This is immediate from Proposition 4.3 and the uniqueness of Serre functors.
O

As an application of Proposition 4.4, we give a direct proof of the observation
below. Note that it was known to experts as a consequence of [29, Theorem 3.4]
and [63, Theorem 1.2.4].

PROPOSITION 4.5 [13, Corollary 3.9]. Let A be a finite-dimensional k-algebra.
Then K°(proj A) has a Serre functor if and only if A is Iwanaga—Gorenstein.

Proof. The ‘if’ part is Proposition 4.3, and the ‘only if” part is Proposition 4.4.
O
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In the rest of this subsection, let R be a Z-graded Gorenstein ring in dimension
d such that R = Ry and k := R, is a field, and a the a-invariant of R.
The following Auslander—Reiten—Serre duality is basic.

PROPOSITION 4.6 [6, 39]. Under the above setting, there is a functorial
isomorphism
Hom’ (X, Y) ~ DHom%(Y, X (a)[d — 1])

forany X e CM*Rand Y € CM% R.
The results above give the following important observation.

THEOREM 4.7. Under the above setting, we assume that wfR has a tilting
object U.

(a) A:= Eﬂl%(U ) is an Iwanaga—Gorenstein ring.

(b) There are a triangle equivalence F mOZR ~ K®(proj A) and the following
commutative diagram up to an isomorphism of functors.

CM{R L~ K°(proj A)

l(u) l/V[l—d]

CMy R ———— K°(proj A)

Proof. The assertion is immediate from Propositions 4.2, 4.4 and 4.6. 0

We give an analogue of Buchweitz’s description of CM”R [11] for woz R.

PROPOSITION 4.8. Under the above setting, let Dy := thick{proj”R,
modf R} < D"(mod”R). Then the triangle equivalence D®(mod” R)/K®

(proj” R) ~ CM”R restricts to a triangle equivalence
Dr/K°(proj” R) ~ CM{R.

Proof. For any Z-graded prime ideal p of R, the following diagram is
commutative up to an isomorphism of functors.

D®(mod” R) /K (proj” R) ——— CM”R

l/(—)p \L(_)p

Db(mod” R,)/KP(proj” Ry) —=~ CM”R,
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Let X € Dg. For any p # R, we have X, € K" (proj” R,) and hence F(X), =
F,(X,) = 0. Thus F(X) € CMZOR holds, and hence F restricts a fully faithful
triangle functor Dy /K®(proj” R) — ng . This is dense by [60, Theorem 2.2].

O

4.2. Basic properties of Z-graded modules. In this subsection, we assume
that R is a ring satisfying (R1) and (R2). Recall that K is the Z-graded total
quotient ring of R. Since R is Cohen—Macaulay, each associated prime ideal of
R is minimal. By prime avoidance, there exists a homogeneous non-zero-divisor
r € R with positive degree p > 0.

We start with the following easy observations.

>0

LEMMA 4.9. (a) The inclusion functor Mod”® R — Mod” R has a right adjoint

functor (=) >o.

(b) The restriction functor Mod” K — Mod” R has a left adjoint functor
K ®p —.

(c) Forany X € mod” K, we have K ®g X>0) = X.

LEMMA 4.10. We have K = R[r~']. In particular, for i > 0, we have r : R; >~
R,‘er and R,' = K,'.

Proof. To prove K = R[r~'], it suffices to show that each homogeneous non-zero-
divisor x € K’ := R[r~']is invertible. A bijection between Z-graded prime ideals
p of R such that r ¢ p and Z-graded prime ideals of K’ is given by p > pK'. If x
is not invertible, then there exists a Z-graded prime ideal p of R such that x € pK’
and r ¢ p. Since p C R.o and dim R = 1, p is a minimal prime ideal of R and
hence consists of zero-divisors, a contradiction to x € pK’. Thus K = R[r!]
holds.

Since R/Rr is artinian, the remaining assertions follow. 0

To give basic properties, recall that, for X, Y € mod” R and n > 0, Exth(X,Y)
is a Z-graded R-module whose degree i part is Extp(X, Y); = Ext’;10dZ (XY (@).

LEMMA 4.11. (a) We have R, C K, and R>,+1 = K>441.

(b) Foranyi € Z, we have K (i) >~ K(i + p) and K (i)>o = K(i + p)>o.

(c) Foranyi € Z, K(i)so € mod” R holds.

Proof. (a) Since Ext, . . (k(—a), R) = Ext(k, R), # 0, there is a nonsplit short

exact sequence 0 - R — X — k(—a) — 0. Since X € CM” R, we can regard
X C K andhence R, C X, € K,.
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If R>u11 # K>4+1, then K/R has k(—i) as a simple submodule for some i >
a + 1. Thus there is a nonsplit short exact sequence 0 - R — X — k(—i) — 0,
and hence Ext}e (k, R), = Extr‘mdz R(k(—i), R)y # 0, a contradiction.

(b) The multiplication map r : K(i) — K (i + p) is an isomorphism.

(c) The assertion follows from (a) and (b). ]

Now we show the following easy observations.

PROPOSITION 4.12. (a) K is an injective object in mod” K

(b) K (i) is an injective object in mod="’ R foranyi € 7.

Proof. (a) Let X € mod” K. Then we have X5 € mod” R by Lemma 4.11(c).
Since dim R = 1, we have X € CM? R. Thus ExtK(X K) ~ K @ Ext! r(X>o0,
R) = K ® 0 = 0 by Lemma 4.9(c).

(b) We have isomorphisms of functors on mod=’ R

Lemﬁ‘)(a) Lemi 9(b)

Hom (—, K (i) 0) Hom (—, K (i) Homj (K ®g —, K (i)).

This is an exact functor since K is a flat R-module and K (i) is an injective object
in mod” K by (a). Thus K (i) is injective in mod=’ R O

Using an isomorphism Ext;(—, R(a)) ~ D of functors on modf R — modf R
we show the following key observations.

LEMMA 4.13. (a) For all integers i, j € Z satisfying j < i and j < a, we have

Hom (R (i) >0, R(j)0) = Homg(R(i) >0, R(j)) = 0.

(b) Assume a > 0. Forall i > 0 and X € CM?° R, we have Hom’ (R (i) >0, X)
= Hom% (R (i) >0, X).

Proof. (a) The first equality follows from Lemma 4.9(a).

We show the second equality. Consider an exact sequence 0 — R(i)>o —
R@@) — M — OwithM := R@{)/R(i)>0 € mod=’ R. Applying Homg (—, R(j)),
we have an exact sequence

Hom (R(i), R(j)) = Hom%z(R(i)>0, R(j)) = Exti(M, R(j))o.
Since j < i, we have Homﬁ(R(i), R(j)) = R;_; = 0. Moreover,
Exty (M, R(j))o = Extp(M, R(a));—q = (DM);_, =0

holds by DM € mod™® R and j —a < 0. Thus Hom,Zi,(R(i)go, R(j)) = 0 holds.
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(b) Clearly Hom%(R(j), X) = O for any j > 0, and Hom’% (R (i), R(j)) = 0
holds for any j < 0 by (a). Thus the assertion follows. O

For X € modR, let NP(X) := {p € SpecR | X, ¢ projR,} be the
nonprojective locus of X. Clearly, NP(X) = Supp Ext}e (X, £2X) holds.

LEMMA 4.14. For X € mod” R, each minimal element in NP(X) is Z-graded. In
particular, X € proj R if and only if X, € proj R, for each Z-graded prime ideal
p of R.

Proof. For p € Spec R, we denote by p* € Spec R the ideal generated by all
homogeneous elements in p. Since E := Ext}e(X , §£2X) is a Z-graded R-module,

p € Supp E if and only if p* € Supp E [10, 1.5.6]. Thus each minimal element
p € NP(X) satisfies p = p*. O

We give the following description of the category CM% R in (1.3).
PROPOSITION 4.15. CM, R = {X € CM” R | K ®; X € proj K }.
Proof. Since dimR = 1, X € CM” R belongs to CM? R if and only if X, €
proj R, for each minimal prime ideal p of R. Applying Lemma 4.14to K ® X €

mod” K, this is equivalent to K ®x X € proj K since Z-graded prime ideals of
K correspond bijectively to minimal prime ideals of R. 0

4.3. Proofs of Theorem 1.3 and Corollaries 1.7 and 1.8. Theorem 1.3
follows easily from the following standard observations.

PROPOSITION 4.16. (a) P = @/_, K (i) is a progenerator ofmodZ K such that
End%(P) =~ A.

(b) There is an equivalence HomIZQ(P, —) : mod” K ~ mod A.

(c) U =@D;_, K(i)so is a progenerator in qgr R. Therefore U is a tilting object
in per(qgr R).

(d) A is a finite-dimensional self-injective k-algebra.

(e) If R is reduced, then A is a semisimple k-algebra. Otherwise, A has infinite
global dimension.
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Proof. (a) Since {K (i) | i € Z} is a progenerator of mod” K and K@i+p)~ K@)
holds for any i € Z, P is a progenerator. Since Endg(P) = Endg (P), we have
End%(P) = End%(P) ~ A.

(b) This is immediate from (a) and Morita theory.

(c) Consider the functors (—)> : mod” K — mod”R and K ®x — :
mod” R — mod” K. One can check that they induce mutually quasi-inverse
equivalences mod” K ~ qar R (for example, [32, Proposition 6.21]). Since
P € mod” K corresponds to U € qgr R, U is a progenerator in qgr R by (a).

(d) Since P is injective in mod” K by Proposition 4.12(a), A is injective in
mod A by (b).

(e) R is reduced if and only if K is reduced if and only if any homogeneous
element of K is invertible. This is equivalent to that any object in mod” K is
projective, that is, gl.dim (mod” K) = 0. By (b), this is equivalent to that A is
semisimple.

On the other hand, by a classical result of Eilenberg and Nakayama, a self-
injective algebra is either semisimple or of infinite global dimension. Thus the
last assertion follows from (d). ]

We give another proof of Theorem 1.3(a) by using Theorem 3.1. Note that U
can be written as

a+p a-+p
U= @ K(i)so = EB R(i)so € D°(mod” R).
i=a+1 i=a+1

Theorem 1.3(a) is a direct consequence of the following result.

PROPOSITION 4.17. (a) U belongs toU := D7’ N (D7%)*.

(b) U is a tilting object in U >~ per(qgr R).

Proof. (a) Since U € D?O holds clearly, we only have to show U* € Dz¢. Fix
i 2 a+ 1. Since R(@i)>o € CM” R, we have (R(@)>0)* = Homg(R(i)>0, R).
Since Hom% (R (i)0, R(j)) = 0 holds for any j < a by Lemma 4.13(a), we have
(R(i)0)* € D" as desired.

(b) U =~ per(qgrR) holds by Theorem 3.1(b). We have Homy, (K (i)>o,
K (j)>ol€]) = 0 for all £ # 0 by Proposition 4.12(b). It remains to show U =
thick U or, equivalently, per(qgr R) = thick U. For all i € Z, the multiplication
map r : R(i) — R(i+ p) is an isomorphism in qgr R since r is a non-zero-divisor
and hence R/r R is artinian. For all i witha < i < a+ p, R(i) belongs to thick U
since R(i) >~ R(i)so holds in qgr R. Thus per(qgrR) = thick(pron R) =
thick U holds. 0
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Now we prove Corollaries 1.7 and 1.8.

Proof of Corollary 1.7. (a) The isomorphism classes of indecomposable
projective objects in qgr R are given by K'(j) with 1 <i < mand0 < j < p;.
Thus their numberis >, p;.

(b) This follows immediately from (a) and Corollary 3.2 since the Grothendieck
groups of KP(proj'“““ " A) for @ < 0 and D*(mod“ " A) for a > 0
are Z'9I. O

Proof of Corollary 1.8. Letk = Ay and k[¢] be a polynomial ring with degt = a.
Then R = k[t] ®; A is a Z-graded ring satisfying (R1) and (R2), and the a-
invariant of R is O by [10, Corollary 3.6.14]. By Corollary 3.2 and Theorem 1.3,
we have a triangle equivalence C_MfR ~ per(qgr R) =~ K®(proj A) for A in (1.4)
with p = a. Since K = k[t*'] ®; A, it is clear that there is an equivalence
proj”/** A ~ proj A sending A(i) to the projective A-module given by its ith
row (see [37, Theorem 3.1]). Thus CM, R ~ K®(proj A) =~ K*(proj”/** A). [

4.4. Proofs of Theorem 1.4 and Corollary 1.5. In this subsection, we assume
that the a-invariant a of R is nonnegative unless otherwise stated. Let

V =Dy N (D) 2U = D" N (D"
Then we have

CM? R =~ Dg/K®(proj” R)

Thm.3.1(a)

Y ™29 | DP(mod "M R).
We define a subalgebra of the a x a matrix algebra M, (R) by
R := (Ri_j)i<i,j<a-
PROPOSITION 4.18. The category mod™ " R is equivalent to mod R and has

a progenerator @;_ (R/Rx;)(i) € mod"™ " R. Thus D*(mod" " R) has a
tilting object
W= @(R/R>,«)(i)[—1] € D°(mod™ " R).
i=I
Proof. We have an equivalence mod“ "' R ~ mod R* sending EBI;I_a X; to

[X_; X_, --- X_,]. Since it sends @le(R/R>i)(i) to R?, the first assertion
follows. The second assertion is an immediate consequence. O

We can glue the tilting objects U € U and W € D*(mod'™~" R) as follows.

LEMMA 4.19. V = L D*(mod"™* Y R) has a tilting object U & W.
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Proof. Clearly 4 = thickU and D°(mod™“~"R) = thick W imply V =
thick(U & W).

By Propositions 4.17 and 4.18, we have Homy,(W, W[£]) = 0 and Homy, (U,
Ul£]) = 0 forall £ # 0. Since V = U L D*(mod'™*~" R), we have Hom,, (U,
W[£]) =0 forall ¢ € Z.

It remains to check Homy, ((R/R>;)(j)[—11, K(i)>o[£]) = 0 for all £ # 0. If
£ < —1, then this is clear since (R/R>;)(j) and K (i), are modules. If £ = —1,
then this follows from (R/R>;)(j) € mod, R and K (i)>o € CM” R. Assume
£ > 0. Since the syzygy of (R/R>;)(j) is R(j)>o, we have

Prop.4.12(b)

Homy, ((R/R> ) (j)[—11, K (i)>0[€]) = Extx(R(j)>0, K()20)0 = 0. O
We are ready to prove Theorem 1.4.

Proof of Theorem 1.4. (a) This follows from Lemma 4.19 since V >~ U @& W in
7
CMyR.
(b) This is immediate from (a) and Proposition 4.2.
(c) The triangle equivalence V ~ CMZO R sends @;_,(R/R=)({)[—1] to
@?:1 R(l)>0 Thus

M;Ze (@ R(i)>0> >~ EndIZe (@(R/R>i)(i)> — R°.
i=1 i=1

Hence the left upper entries of (1.6) are correct. The right upper entries are
also correct since Hom,Ze(R(i)%), R(j)>0) = 0 holds for all j < a < i by
Lemma 4.13(a). Finally, the lower entries are correct since for alla + 1 < j <
a + p, we have

Lem.4.13(b) . .
=" Hom% (R (i) 0, R(j)>0)

Hom( (R (1) 0. K (j)>0)
Hom% (R (i) >0, K (j))
Homj (K (i), K (j)) = K _;.

Hom% (R ()0, R(j)>0)
Lem.ill(a)

Lemi‘)(a)
Lem.4.9(b)

(d) This follows from Theorem 4.7(a).
(e) For the triangular matrix ring A = [ B g], it is well known that

max{gl.dim B, gl.dim C} < gl.dim A < gl.dim B + gl.dim C + 1

holds. Applying it repeatedly, we obtain gl.dim R* < oo. Since I" has a form
[%/ 9], it follows that gl.dim I" < oo if and only if gl.dim A < oc. Thus the
assertion follows from Theorem 1.3(e). ]
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To prove Corollary 1.5, we prepare the following.

PROPOSITION 4.20. Under the setting (R1) and (R2), ifa < 0 and R is reduced,
then R >~ k|[t].

Proof. Since R is reduced, K is a product k'[£;"'] x - -+ x k"[t*'] of Laurent
polynomial algebras over field extensions k' of k [10, Lemma 1.5.7]. Since a < 0,
we have R = K>, by Lemma 4.11(a). Thus K, = Ry = k holds, and therefore
K = k[t*'1and R = K> = k[1]. O

We are ready to prove Corollary 1.5.

Proof of Corollary 1.5. (a) is shown in Proposition 4.20, and (b) and (c) are
immediate from Theorem 1.4. Now (d) is clear from the shape of I" in (1.6). [J

4.5. Proof of Theorem 1.6. We start with the following general result for
‘silting reduction’ of triangulated categories.

PROPOSITION 4.21 [40, Theorem 4.8]. Let U be a triangulated category with a
silting object U. For any P € add U, the Verdier quotient U / thick P has a silting
object U.

In the rest, we assume a < 0. Now we prove Theorem 1.6.

Proof of Theorem 1.6. (a)(b) LetU = D7°N(D;%)*. By Theorem 3.1(a)(c), there
are triangle equivalences

U u
Ko (proj® ="' R) ~ thick P

CMZR ~ D7 N(D;%)" ~

for P = @?:a +1 R(). By Proposition 4.16(c), the triangulated category ¢/ has a
tilting object U = D;"",, R(i)so. Applying Proposition 4.21 to / and the direct
summand P of U, it follows that U is a silting object in U/ thick P ~ % R.
(c) Assume that R is not regular and that C_MOZ R has a tilting object T. Let
A = M%(T). By Theorem 4.7, there is a triangle equivalence F : C_Mf R ~
KP(proj A) sending T to A and making the following diagram commutative.

CMy R ——— K®(proj A)

l(a) lv

CM{R ~— K°(proj A)
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For all £ > 0, v*(A) € DS°(mod A) holds clearly, and hence H'(v¢(A)) = 0
holds for all i > 0.
On the other hand, take a surjective morphism f : EB';.ZI R(=b;) - T in

mod” R, and let
s=min{b; |1 < j<n}<t:=max{b; |1 <j<n}

Then (£2'T)., = 0 holds for all i > 0. Since a < 0, there exists £ > 0 such that
t < s —{£a. Then for all i > 0, we have (£2'T (¢a))<, = 0 and hence

Hom4 (T, 2'T (¢a)) C Hom% <@ R(—b)), .(z"T(ea)) = @(QiT(Za))bj =0.

j=1 j=1

Thus H~'(v(A)) = Hompsmog ) (A, v (A)[—i]) = Homy(T, 2T (ta)) = 0
holds for all i > 0.

Therefore for £ > 0, v*(A) is acyclic and hence zero in D®(mod A). This is a
contradiction since v is an autoequivalence. 0

4.6. Proof of Theorem 2.1. (a) Since I" is Iwanaga—Gorenstein by
Theorem 1.4(d), it suffices to show proj.dim,-(DI") < 2. Recall that I" has
the following form.

R, O
R, R,

=)

... 0 0
-0 0
R, 2R, 3---Ry 0 0O

Ryt Ria -~ Ry Ry 0
| K, Koo - K2 Ky Ko |

For1 <i <a+1,lete; € I be the element whose (i, i)-entry is 1 and the others
are 0, and let P’ = I'e; be the projective I"°P-module corresponding to the ith
column.

First, we claim that the simple I"°°-module S = P'/radP’ has projective
dimension at most 2 for 1 < i < a. More precisely, we show that the sequence

0 pi+2 D2 (pirtyer DL pi o 6i 4.1)
is exact (where P2 = (). Indeed, there is an exact sequence

0 — klx, v1(=2) 220 ke, y1=D22 B ke y] > k>0 4.2)
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in mod” k[x, v]. By k[x, yl., = R_,, the degree i-part
0—> Ripp—> (RiD® >R —>0

of (4.2) is exact for 1 < i < a = n — 2. Moreover, applying — ®y(x,,; K to (4.2),
we have exact sequences 0 — K(—2) — K(—1)®> - K — 0 and

0— K,'Jrz — (K,'+1)€B2 — K,‘ — 0

for i € Z. Thus (4.1) is exact since each entry is exact by the above two exact
sequences.

By the above claim, any [I'°°-module annihilated by e,,; has projective
dimension at most 2. In particular, we have proj.dim. D(e;I") < 2for1 <i < a.
Finally, there is an exact sequence

0—'[00 --- 0 DKo] = D(eysI") — '[DK, DKo, --- DK, 0] = O.

The left term is isomorphic to I"e, since K| is a self-injective k-algebra. The
right term has projective dimension at most 2 since it is annihilated by e, . Thus
proj.dim D(e,;+11") < 2 holds, and we have the desired inequality.

(b) Since R is a hypersurface, [2] = (n) holds. Since R has a-invariant n—2, our
triangulated category C_Mf R has a Serre functor S = (n — 2) by Proposition 4.6.
Thus S" >~ [2(n — 2)] holds, and w%R is a @-Calabi—Yau triangulated
category. If I'’ is derived equivalent to I", then K®(proj I'’) ~ C_Mg R holds, and
hence 1 < @ < inj.dim I}, by [31, Proposition 1.10(c)].

(c) Since R = k[x, y1/(f""), we have a monomorphism R € R' x - -- x R™ of
Z-graded rings whose cokernel has finite length as an R-module. Thus we have an
isomorphism K >~ K! x - - x K™ of Z-graded rings. It restricts to an isomorphism
Ky~ K 120 X -+ X K%, of Z-graded rings and of Z-graded R-modules. We show

that K ;0 is indecomposable in CM” R.

By our choice, g; = a/x + By € k[x, y] is a non-zero-divisor of R’, and
by Lemma 4.10, we have K = R"[gl-’l] = k[h;, giﬂ] for h; = f;/g;. We have
isomorphisms

K'=Ki[g"] and K|~ k[b]/(]")

for the polynomial ring k[b;], where b; corresponds to h;. Since EndIZQ(K ’;0) =
(KL0)o = K = k[b;]/(b") is a local algebra, K%, is indecomposable.
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(d) The Jacobson radical of I" and its square are

0 0 0 -0 0 O 0
R, 0 0 -0 0 O 0
R, R 0 -0 0 0 0
Ry R, R ---0 0 O 0
radl” = . ) S . ,
RioRi3Ris---R 0 0 O
Ra—l Ra—2 Ra—3 e R2 R] 0 0
L Ka Ka—l Ka_z s K3 Kz K1 I'adKo_
0o 0o 0 ---0 0 O 0 ]
0 0 0O ---0 0 0 0
R, O 0 -0 0 0 0
R; R, 0 0 0 0 0
rad’I" = .

Rio>Ry 3R, s---0 0 0 0
Rafl Ra72 Ra73 e R2 0 0 0
| Ku Kuoi Kuoo -+ K3 Ky radK rad® K |

Thus radI"/rad’I" is a direct sum of the following:

o eipi(B)ei =R =(x,y)x (I<i<a-1).

1 m
radl” _ kK _ K . KT kb1l . klbm]
® e‘H'l(rasz)ea T radK; T radk]| x X radK{" T (bD) g1 % x (bm) 8m-
radl” _ radKy __ radKg radKg' (b)) (bm)
® eaJﬁl(radzl")e‘hLl T rad’ky radeé X X radZK(’)" - (b%) X X ®2)°

Thus we obtain the quiver of I" as in the assertion. The proofs of relations are
direct and left to the reader.
(e) This is clear from (d) and (a). O

4.7. Proof of Theorem 2.2. We prove Theorem 2.2 by applying Theorem 1.4
and a general recipe to calculate mutation [1] given by Mizuno [58, Theorem 1.2].
We denote by V and I' the tilting object and its endomorphism algebra,
respectively, given in Theorem 1.4.

(Ay_1) Let R = k[x, y]/(x*" —y*) withdegx = 1 anddegy =n,soa =n—1.
Then K = k[t*'] x k[u™'] with degt = degu =1, x =t +uand y = t" — u",
sop=10urVis (@l’:ll R()>0) @ k[t] @ k[u], and I" is the path algebra
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of type D, :

k[t]
R(1)sp ——> RQ)30 ——> -+ —>= R(n —2)50 ——= R(n — D>g
klul.

(Ay,) Let R = k[x, y]/(x**! — y2) with degx = 2 and degy = 2n + 1, so
a=2n—1.Then K = k[t*'] withdegt = 1, x =t>and y = t*"*!, so p = 1.
Our V is @;211 R(i)>0, and I" is the path algebra of type A,:

R(1)>0 ——= R(3)50 — - —>= R(2n — 3)59 —— R(Q2n — 1)>g
\l/t

R(2)50 —= R(@#) >0 — -+ —= R(2n — 2)59 —— R(2n)>o.

(Dynq1) Let R = k[x, y]/(x* — xy?) with degx = 2 and degy = 2n — 1, so
a =2n—1.Then K = k[t*'] x k[u*'] withdegt = 1,degu =2n—1,x =t and

y=1""4u,50 p=2n—1.0urVis @7 R()50)®k[11® (@] k[u)(i)0),

and I' is
klul(1)>0 KuBGzo klul2n —3)>0 klul2n — 1>
R(D>p ——= R(3)>o R(2n —3)59 —— RQ2n — D3g
W
R@)30 — = RA)30 ——=+ =——= R(2n = 2) 30 ——— k[I]
k[u1(2)>0 klul(4)>0 klul(2n — 2) 0.

This is derived equivalent to the path algebra of type A4, ; by mutating the
summands k[u](i)so with 1 <i < 2n —1:

o T

R(D>0 R(3)>o0 R(2n —3)>0 R(2n — Do
\
R(2)>0 R(4) >0 R(2n —2)50 —— k1]
P~ S~ T~}

(Dy,) Let R = k[x, y]/(x*! — xy?) with degx = 1 and degy = n — 1, so
a=n—1.Then K = k[t*"] xk[uT" | xk[vF']withx =t4+u,y =t""—u"""4v,
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degt =degu =landdegv=n—1,s0 p=n—1.Our V is (P/—, R(i)>0) ®
k[1] @ k[u] ® (@]~ k[v]1(i)s0), and I is

R(1)o H x R0 x ... X R(n —2)> - X - R(n— D> —klt]
K[vI(1) >0 k[v1(2) >0 k[vl(n —2)>0 k[v]l(n — >0 klu].

This is derived equivalent to the path algebra of type D,, by mutating the
summands k[v](i)>o with 1 <i <n —1:

R(1)>0 R(2)>0 R(n—2)>0 R(n — )30 — k1]

Pt S T T

(Eg) Let R = k[x, y]/(x* — y*) withdegx = 3 and degy = 4, soa = 5. Then
K =k[t*')withdegt =1, x = and y =t*,50 p = 1. Our V is @iﬁ:l R(i)>0,
and I is

R()>0 ——= R#)>0

R(2)>0 ——= R(5)>0 —— R(6)>0 <—— R(3)>0.

This is derived equivalent to the path algebra of type E¢ by mutating the summand
R ( 1 ) 20:

o< R

P

R(2)>9 —= RO)>0 R(6)>0 <—— R(3)>0.

(E;) Let R = k[x, y]/(x*y — y*) withdegx =2 and deg y = 3, s0a = 4. Then
K = k[t*'] x k[u*'] withdegt = 1,degu =2, x =t>4+uandy =13,s0 p = 2.
Our V is (EB?ZI R(i)>0) ® klt] ® k[u] ® k[u](1)>0, and I" is

K[u] oo R(1)>O—x>R(3)>0—u>k[lfi](1)>0

R(2)>0 —— R(@4)>0 —— kl1].

This is derived equivalent to the path algebra of type E; by successively mutating
the summands R(1)>¢ and k[u]:

[ Y R(3)>0 —— k[ul(1)>0

R(2)>0 —= R#)>0 k[e].
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(Eg) Let R = k[x, y]/(x> — y*) withdeg x =3 anddegy = 5, s0oa = 7. Then
K = k[t*']withdegt = 1, x = and y = 1%, 50 p = 1. Our V is @}_, R(i)>0,
and I is

y
R()>0 ——= R@) >0 —— R(N >0 =—— RQ2)>9

y\x ,,,,,,, l’ \lx

R(3)>0 —= R(6)>0 — R®)>0 <+ ROS)>o0-

This is derived equivalent to the path algebra of type Eg by successively mutating
the summands R(1)>¢, R(4)>0, R(8)>0 and R(2)>¢:

QT-Q R(Nzop———= ¢
R(3)>0 — R(6)>0 e ——— R(5)>0-

O

4.8. Proof of Proposition 2.4. We prove Proposition 2.4 by applying
Theorem 1.4 and mutation [1, 58]. We omit the details of calculations.

(a) We apply Theorem 2.1. Let K’ be the Z-graded total quotient ring of k[x,
v]/(x — a;y). Since a = 2 in this case, our V is (EB?Z1 R(i)>0) ® (@?:1 K’;O),
and I" is presented by the quiver with relations

1
KL,
a
K2
. 4: S0
RD30 2 R@30 ai(x —aiy) = 0(1 <i <4),
y 43\
3
a~_ K20
4
K,

By mutating the summand R(2)>,, we obtain a tilting object in CM”R whose
endomorphism algebra is the following canonical algebra, where A = (o; —
o) (o — ag)(op — a3) Mo, — ay) ! (see also [43, Figure 1.1]).

1
K;O
ag b|
2 —
) — biay +byay + b3az =0
R(1)>0 ° biay + Abyar 4 bgay = 0.
\u3\ 3 b3
a~_ %0 4
4
4
K;O

https://doi.org/10.1017/fms.2020.28 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2020.28

R.-O. Buchweitz, O. Iyama and K. Yamaura 32

(b) Let K’ be the Z-graded total quotient ring of k[x, y]/(x — a;y?). Since
a = 3 in this case, our V is (@?:l R(i)>0) & (@?:l K;O), and I is presented by
the quiver with relations

1

At
R(D)30 —> RQ2)z0 —> RB)z0 <o K3, ai(x —;y?) =0 (1 <i <3).
as 3
KZO

By mutating the summand R(2)>,, we obtain a tilting object in sz whose
endomorphism algebra is presented by the quiver with relations

1
KL,

ap

Kéo ai(x —a;yH) =0 (1 <i <3)

\

X 2

RMzo___ _ RG>0 agy* = 0.

y2

3
as K3

ﬁ/

As in case (a), by mutating the summand R(3), we obtain a tilting object in
C_MZR whose endomorphism algebra is the following canonical algebra, where
A= (2 —a3)(ay —a3z).

KL
p K%, S biay + byay + bzaz =0
/aZ/ z \b2
R(D}O\ ° biay + Abyayr + bgayg = 0.

a3 e b3
ag 20 b4
O

4.9. Proof of Proposition 2.5. We start with the following calculation of DG
algebras.

PROPOSITION 4.22. Let A be the algebra in Proposition 2.5(b), and P the
projective A-module in Proposition 2.5(d). Then there is a triangle equivalence
KP(proj A)/ thick P ~ per k[w]/(w?) for the DG algebra in Proposition 2.5(e).

Proof. Let M be the complex

Z

> 0> PSS PS S PSPl S P S0
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in K°(proj A) whose nonzero degrees are 1 — n,2 — n,...,0. Then
Homyo proj 4)(P[i], M) = 0 holds for any i € Z, and there is a triangle
N — P" — M — NJ[1] with N € thick P. Thus we have

K (proj A) = thick(P & P") = thick(P & M) = (thick P) L (thick M),

and therefore K°(proj A)/ thick P ~ thick M. By [47, Theorem 4.3], we have a
triangle equivalence thick M ~ per End 4, (M) for the endomorphism DG algebra
End (M) of M. One can easily verify

Hom,(P", P') i=1-n)

P Enda(P) (i = 0)
End,(My = |-,

n—1

@ Hom, (P, P (i=1)

i=1

0 (otherwise),

and there is a quasi-isomorphism k[w]/(w?) — End (M) of DG algebras given
by w — (z: P" — P'). Thus

K®(proj A)/ thick P ~ thick M ~ per End, (M) ~ perk[w]/(w?). O
We are ready to prove Proposition 2.5.

Proof of Proposition 2.5. (a) is clear. (b) is shown in Theorem 1.3. (c) and (f) are
well known. (d) and the first sentence of (e) are shown in Theorems 1.4 (n = 1)
and 1.6 (n > 2). The last sentence of (e) follows from Proposition 4.22. O
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