
/ . Austral. Math. Soc. Ser. B 31(1990), 425-433

THE ISOTROPY MAPPINGS
OF MINKOWSKI SPACE-TIME GENERATE

THE ORTHOCHRONOUS POINCARE GROUP

JOHN W. SCHUTZ1

(Received 17 November 1988; revised 22 June 1989)

Abstract

Minkowski space-time is specified with respect to a single coordinate frame by
the set of timelike lines. Isotropy mappings are defined as automorphisms which
leave the events of one timelike line invariant. We demonstrate the existence of
two special types of isotropy mappings. The first type of isotropy mapping induce
orthogonal transformations in position space. Mappings of the second type can be
composed to generate Lorentz boosts. It is shown that isotropy mappings generate
the orthochronous Poincare group of motions. The set of isotropy mappings then
maps the single assumed coordinate frame onto a set of coordinate frames related
by transformations of the orthochronous Poincare group.

1. Introduction

In this paper we describe the orthochronous Poincare group of motions of
Minkowski space-time in terms of isotropy mappings, where an isotropy map-
ping is a bijection of the set of timelike lines such that the events of one
timelike line are invariant and one given "spacelike direction" is mapped
onto a second given "spacelike direction". Thus the property of isotropy is
stated without reference to metric properties and therefore differs from the
usual metric definitions of isotropy for geometries and spacetimes. In physi-
cal terms, the property of isotropy corresponds to the isotropy of "kinematic
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observations" which could be made by a freely-moving observer and which
could be stated solely in terms of properties of incidence restricted to the set
of timelike lines.

Minkowski space-time is characterised as an affine R4 in which timelike
lines have velocities with magnitude less than unity. Thus we are assuming
the existence of a single coordinate frame and the constancy of the speed of
light with respect io direction, as observed from this coordinate frame. We
do not assume the existence of other coordinate frames and so we do not need
to assume the constancy of the speed of light with respect to transformations
between coordinate frames, nor do we assume the "Principle of Relativity"
of Einstein [4].

In Section 2 we make several definitions including that of an "isotropy
mapping" which is a concept central to the subsequent discussion. Section 3
contains Theorem 1 in which isotropy mappings are characterised by neces-
sary and sufficient conditions which apply to the matrices of the correspond-
ing linear transformations. Two special types of isotropy mappings are de-
scribed. Compositions of these mappings are used to generate Lorentz boosts
and then the full orthochronous Lorentz group. In the penultimate Section 4
we compose isotropy mappings to generate translations through any interval.
Finally we characterise the orthochronous Poincare group as the largest group
of transformations which can be generated by isotropy mappings.

Alexandrov [1,2] and Zeeman [11] have considered transformations which
preserve the set of future light cones and have thereby obtained the or-
thochronous Poincare group augmented by dilatations. However this symme-
try group is too large to admit an invariant inner product or squared interval.
Additionally Alexandrov [1,2], Borchers and Hegerfeldt [3] and Lester and
McKiernan [7] have considered the larger group of transformations which
leave the set of light cones invariant and have obtained the full Poincare
group augmented by dilatations. Lenard [6] has considered transformations
which leave the set of timelike lines invariant and has obtained a similar
result. By contrast, in the present paper we consider bijections of the set of
timelike lines and obtain the orthochronous Poincare group as the group of
symmetries generated by the isotropy mappings about timelike lines.

The advantages of the present approach are:

(i) we assume the existence of only one coordinate frame,
(ii) the "Principle of Relativity" is not assumed since its role is replaced

by the property of isotropy which is assumed with respect to only
one timelike line. This property is subsequently shown to apply with
respect to all timelike lines.
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2. Definitions

Minkowski space-time J? is a four-dimensional affine space coordinatised
as R4 such that each line has a parametric equation of the form

xt = xi(initial) + Xwi (i = 0,1,2,3) (1)

where the four-component direction vector Wj is called a 4-velocity vector.
We will use the index conventions that italic letters i,j ,k,. . . range over
the integers 0,1,2,3 while Greek letters a,fi,y,... range over the integers
1,2,3 and repeated subscripts imply a sum in accordance with the Einstein
summation convention. Lines which satisfy the inequality

w0 ~ wl - W2 - wl > 0 (2a)
are called timelike lines while lines which satisfy the corresponding equality

wl - w\ - w\ - w] = 0 (2b)
are called lightlike lines and lines which satisfy the corresponding reversed
inequality are called spacelike lines. Individual timelike lines are denoted by
the symbols Q, R, S, Events which belong to a timelike line are denoted
by the line symbol together with a subscript; thus, for example the events
QuQa,Qx belong to the timelike line Q. A timelike line Q and an event
e $Q specify a plane pl[Q, e] which contains a subset of timelike lines "in
one-dimensional rectilinear motion".

2.1. Space-time coordinates
In the subsequent discussion, let Q denote the timelike line along the

the Xo-axis. Then the set of timelike lines parallel to Q is called the po-
sition space (relative to Q). Each timelike line of the position space has
4-velocity (1,0,0,0) and is specified by a coordinate triple {x\,x2,xi) called
its position-space coordinates. Each event of J? is specified by four coordi-
nates {XQ,X\,X2,XI): the 0-coordinate is called the time coordinate and the
remaining coordinate triple is called its (position) space coordinates; together
the four coordinates are called space-time coordinates. Equations (2) imply
the existence of the usual euclidean metric on position space.

2.2. Measures of velocity, speed and rapidity
Besides the 4-velocity vector Wj, there are three (non-vectorial) measures

of velocity relative to Q: the 3-velocity va, more commonly referred to simply
as the velocity, is defined to be

(vi,v2,v3) := (

The relative speed is defined to be
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Finally there is the relative rapidity

\r\ :=tanh~V|.

Relative speeds for timelike lines have magnitude less than 1, while the speed
of any lightlike line is equal to 1. Relative rapidities for timelike lines are
unbounded. The concept of rapidity is due to Robb [8]: for the special case
of rectilinear motion, directed rapidities are a "natural measure of speed" in
the sense that they are arithmetically additive.

2.3. Isotropy mappings
Given a timelike line S and two half-planes with edge S, we say that a

mapping of df which maps the set of timelike lines onto itself, leaves S
and all its events invariant and maps the first half-plane onto the second, is
an isotropy mapping with invariant timelike line S. If, for a given timelike
line S and any two half-planes with edge S, there is an isotropy mapping
with invariant timelike line S, we say that the space-time J! is isotropic with
respect to S. If ^ is isotropic with respect to every timelike line, we say that
the space-time is isotropic.

2.4. The Poincare* group
The subgroup of affinities of R4 which leave the squared interval

||Ax||2 := Axl -Axf- Axf - Axj

invariant, is called the Poincari group. The sub-group which leaves the origin
of R4 invariant is called the Lorentz group. A Poincare transformation

xi -> x- = aijXj + bj

is said to be orthochronous if Ooo is positive.

3. Isotropy mappings and Lorentz boosts

In the next theorem we obtain necessary and sufficient conditions for
the existence of isotropy mappings. Particular types of isotropy mappings
and compositions of isotropy mappings with the common invariant event
O(0,0,0,0) will be discussed after the proof. The set of timelike lines through
the event O(0,0,0,0) is denoted by 'V, the set of lightlike lines through
0(0,0,0,0) forms the boundary of "V and is denoted by d^, while the
closure of 'V (which is the union of "V and d'V) is denoted by 'V. It is
convenient to define a matrix ntj whose non-zero components are f7oo = 1,
»7l l = >722 = >733 = — 1 .
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THEOREM 1. (Isotropy Mappings)
(i) Isotropy mappings which leave the event 0(0,0,0,0) invariant are

Lorentz transformations.
(ii) An affinity x, —> x\ = atjXj is a Lorentz transformation if and only if.

j - 03,03; = *lu-

(iii) Isotropy mappings satisfy the additional condition:

floo > 1-

(iv) An affinity which has a fixed timelike line and satisfies the equations of
(ii) and (iii) is an isotropy mapping.

PROOF, (a) We first show that each isotropy mapping induces an affinit
In each plane which contains a timelike line there are two parallel classes of
lightlike lines which can be used to specify the usual concept of "equality of
intervals" on classes of parallel timelike lines. The same concept can then be
extended to lightlike and spacelike lines in the plane. For any given lightlike
line in the plane there is a distinct class of parallel lightlike lines which project
equal intervals from any timelike line of the plane onto the given lightlike
line. Similarly given any spacelike line S in the plane and any two distinct
events of S, there are two pairs of lightlike lines which pass through the events
and which meet at two distinct events which lie on some timelike line T in
the plane. Properties of similarity imply that each event on the spacelike line
S can be specified by a pair of events of T which are at equal affine intervals
from the intersection T and S: furthermore, the interval measure on T can
be projected by either one of the classes of lightlike lines to define an affine
measure of intervals on S. Thus the affine structure of the plane and hence
of J? is specified by the set of timelike and lightlike lines which, in turn, are
specified by the set of timelike lines. Consequently each isotropy mapping
preserves the affine structure of J? and induces an affinity.

(b) We will next establish part (i) and then consider the sequence of parts
(ii), (iii) and (iv). By definition an isotropy mapping 6 has an invariant
timelike line Q* and the affinity

xi -> x\ = aijXj (1)

induced by 6 sends a lightlike line

xl-x\-xl-xl = 0 (2)

onto a lightlike line
2 2 2 2 = 0. (3)
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Now if equations (1) are substituted into the quadratic form of (3) and terms
are grouped we obtain

(4)2 - W)2 - {xtf - (4)2 = « - a\k - a\k - a\k)x\
+ 2(aoka0i - alkau - a2ka2l - a3kai,)xkxi (k < I). (4)

We next show that

- axkau - a2ka2i - aikav = 0 {k < I). (5a)

First consider the two special cases of (2) with (xo,xi,x2,x^) = (1,± 1,0,0).
The resulting equations (3) and (4) then imply (5a) for the case (k, 1) = (0,1)
and the cases (0,2) and (0,3) are obtained similarly. Next the two special
cases (2, l , ± l , 0 ) imply (5a) for the case (k,l) = (1,2) and the cases (1,3)
and (2,3) are obtained similarly. Hence for a lightlike line (2), equations (3)
and (4) become

If we consider the special cases of (2) with vectors (1,1,0,0), (1,0,1,0) and
(1,0,0,1) we obtain (for a = 1,2,3)

(*oo - <*\o - *20 - afo) = - ( 4 , - aL - a\a - *L) =: L (5b)

Thus equations (4) and (5) imply that for any vector (xo,X\,x2,x-$),

(x'o)
2 - {x[)2 - {x'2)

2 - (xtf = (aokao, - aykau - a2ka2, - a3ka3i)xkxi

For an isotropy mapping the events on the timelike line Q* are invariant, so
for these events the two vectors are equal, whence

A = 1 (5d)

so the previous equation implies that the isotropy mapping 6 is a Lorentz
transformation which establishes (i).

(ii) Sufficiency is established by substituting the equations of (ii) into (4).
To prove necessity we observe that, since Lorentz transformations leave the
form || • ||2 invariant, any Lorentz transformation maps a lightlike line (2) onto
a lightlike line (3). A similar argument shows that equations (5a,b,c) apply,
with A = 1 in equation (5c) by the definition of a Lorentz transformation.
Equations (5a,b) with A = 1 imply the equations of (ii).

A Lorentz transformation x, —• x\ = atjXj has an inverse with coefficients
Oij = tiuQkMkj as is easily verified using equations (ii). Thus we have a set of
equations which correspond to those of (ii) but with all subscripts transposed;
in particular we have

floo - Ooi - *02 - *03 = ! ( 6 )

https://doi.org/10.1017/S0334270000006767 Published online by Cambridge University Press

https://doi.org/10.1017/S0334270000006767


[7] Isotropy Mappings of Minkowski Spacetime 431

(iii) Consider an invariant event (xo,xi,X2,Xi) with XQ > 0 on the fixed
timelike line. For this invariant event XQ = aojXj so that XQ(1 -aoo) = aoaxa.
The Cauchy-Schwarz inequality implies that

Then equation (6) and the inequality for timelike lines imply that

*o ( l - aoo )<(4 ) - l ) 1 / 2 (*o 2 ) 1 / 2

whence (1 - aoo)2 < aoo ~ ^ which implies (iii).
(iv) The equations of (ii) imply (as in the derivation of (5c)) that || • ||2 is

an invariant, so "V is mapped bijectively. Now for an event with xo > 0,

XO -*• X'o = OQOXO + OO\X\ + 002*2 + ^03^3

> aooxo - (all +<4i + Oo3)
1/2(*2 + *22 + 4)i/2

by the Cauchy-Schwarz inequality and so equation (6) together with the in-
equality for timelike lines implies that x0 > OooXo — (floo ~ l)^2*o- Thus xo
and its image x0 are both positive and since || • ||2 is invariant, each event on
the fixed timelike line is invariant. Q.E.D.

This theorem implies the existence of special types of isotropy mappings
which are described in Sections 3.1-2 below.

3.1. Isotropy mappings with invariant timelike line Q
The timelike line Q has a 4-velocity vector (1,0,0,0): equations (ii) and

(iii) of the preceding Theorem 1 imply that the transformation matrix has
the form

f l 0

where the sub-matrix aap represents an orthogonal transformation in the
X\XiXy subspace. Isotropy mappings of this type will be called orthogonal
transformations.

3.2. Isotropy mappings about the invariant timelike line with 4-velocity
(cosh r, sinh r, 0,0)

A second special type of isotropy mapping has the transformation matrix
Tcosh2r - s inh2r 0 0"

sinh2r -cosh2r 0 0
0 0 1 0

. 0 0 0 1.

which has an invariant timelike line with 4-velocity vector (cosh r, sinh r, 0,0),
as is readily verified by showing that equations (ii) and (iii) of Theorem 1
are satisfied and that the stated 4-velocity vector is invariant. This invariant
timelike line has a rapidity r in the X\ -direction which is equivalent to a
speed v = tanh r.
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3.3. Lorentz boost in X\ -direction with speed v
An important transformation, which is not an isotropy mapping, is ob-

tained from the composition of two isotropy mappings of the type specified
in Section 3.2 but with rapidities in the X\-direction of (firstly) r/2 and (sec-
ondly) r. It is called a "Lorentz boost in the X\-direction with rapidity r and
speed v" where v = tanhr.

3.4. Hyperbolic velocity space
Although a detailed discussion is beyond the scope of this paper it is worth

remarking that the set of timelike lines 2^ through the origin of R4 may be in-
terpreted as the "points" of a geometry, which turns out to be a non-euclidean
hyperbolic or Bolyai-Lobachevskian geometry with relative rapidity as an in-
trinsic metric [9], known as "velocity space". Isotropy mappings are isome-
tries of velocity space. The isotropy mapping of Section 3.2 (above) is a "re-
flection in a plane". The Lorentz boosts of Section 3.3, which are generated
by the composition of two of these "reflection" mappings, are "translations"
of velocity space.

4. The orthochronous Poincare* group

The orthogonal transformations and Lorentz boosts of the previous section
have been obtained as isotropy mappings or as compositions of isotropy map-
pings. Since orthogonal transformations and Lorentz boosts are generators of
the orthochronous Lorentz group, it follows that any orthochronous Lorentz
transformation may be represented as a composition of isotropy mappings.

For any given event e(eo,e\,e-i,e{) and for each orthochronous Lorentz
transformation a, there is a corresponding orthochronous Poincare trans-
formation T~' o a o T which leaves e invariant, where T is the translation
T: x,; —> x\ = Xt — e,-. Thus isotropy mappings with invariant events other
than O(0,0,0,0) can be composed to generate spacelike translations, time-
like translations, and then more general translations. It follows that isotropy
mappings generate the orthochronous Poincare group. An immediate con-
sequence is that Minkowski space-time is isotropic (in the sense defined in
Section 2.3 above).

4.1. Coordinate frames
Since each isotropy mapping may be considered to specify a mapping of

space-time coordinates it follows that for any timelike line and any event
on the line, there is a space-time coordinate system which has the line and
the event, respectively, as the origins of position-space and space-time. A
coordinate system obtained in this way is called a coordinate frame. The
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position-space is euclidean and the previous concepts of 4-velocity, 3-velocity
and rapidity apply, so the speed of lightlike lines is constant and equal to
unity in every coordinate frame. Theorem 1 implies that any two coordinate
frames are related by a transformation which belongs to the orthochronous
Poincare group.

5. Conclusion

It has been shown that the property of isotropy applies to every observer,
and that isotropy mappings generate the orthochronous Poincare group. The
set of all isotropy mappings then maps the single assumed coordinate frame
onto a set of coordinate frames related by the transformations of the or-
thochronous Poincare group. Readers interested in characterisations of
Minkowski space-time are referred to the survey article by Guts [5] and
a recent characterisation by Schutz [10] in which Minkowski space-time is
characterised by affine structure, the finiteness of the speed of light, and the
property of isotropy which is assumed to apply only for a single observer.
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