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Absolute Riesz summability of
Fourier series and their
conjugate series

Masako Izumi and Shin-ichi lzumi

This paper contains two theorems. The first theorem treats the
IR, r, l| summability of'Fourier series and their associated
series of functions of bounded variation. The second concerns
the |R, r, l[ summability of Fourier series of functions f
such that o(%)m(1/t) is of bounded variation where m(u)
increases to infinity as u + « . These theorems generalize

Mohanty's theorems.

1. Introduction and theorems

1.1. Suppose that r(x) is defined on the interval x > 0 ,

rlz) >0, r(z) +o as x + o and r(x) is differentiable continuously.
We write »(n) = r, for integral n . The series J a, is said to be

|R, r, 1| summable if

(1) f__m_dr
B (r(x))?

By |R, r, l] we denote the class of all |R, r, l| summable series, so

<o for aB >0 .

that (1) is equivalent to |} a, € |R, r, 1| . It is known that

|R, x, ll = |C, 1| and IR, ex, 1| is the class of all absolutely

convergent Fourier series. The following classes, each containing the

Received 9 June 1970.
217

https://doi.org/10.1017/50004972700045895 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700045895

218 Masako |zumi and Shin-ichi lzumi

the next, are usually treated:

|R, (1ogz)*, 1| , (a>0) ,

a

|R, =%, 1] , (a>0),

a
R (logz)

|R$ ’l|9 (a>l),

, 1, (0<a<1),

“

(logx
w/e , 1], (0<a<1),

|R’ e

|R, ex/(log:c)a’ l| . (a>0)

1.2. Let f ©be an integrable function periodic with period 27 and

its Fourier series and its conjugate series be

L=} e
1
=aq + ) (acosnx+b sinnx}) = ] A (z)
2% © 2 Vn n meo M
and

0 oo

) [bncosnx—ansinnx) = 3 Bn(x) .

n=1 n=1

respectively. We write
¢, (t) = 0(2) = fla+t) + flz-t) , Y () = W(2) = fla+t) - flz-t) .
If a function g 1is of bounded variation on the interval (0, ) , then
we write g € BV .
1.3. R. Mohanty [1] proved the following

a
THEOREM I. o € BV = [ 4 (x)/logn € |R, & , 1| (0<a<1).

We shall prove the following generalization.
THEOREM 1. (Z) The case xr'(z)/r(z) < A . If
(2) r(x)/x + and r'(z)/r(x) ¥ 0 as x + =

and
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(3) fw Z;Ez; de = A g%é%l for all u >0,
u
then
¢ €BV=4(x) ¢ |R, », 1],
y € BV = B (x) ¢ |r, 7, 1} .

(i1) The case

(k) 1lim sup er'(m)/r(x)) © . lim inf (xr’(x)/r(x)) >0 .

xr > o r > ©

If

(5) m(x) + 0, mlx)r(x)/xt and »'(x)/r(x) + 0 as x + =,

xr(x) - r{u)

(6) f @] gy <4 gug J mz)r (2) g < A2 ) g0 031 w0
Uu

u
and further if
z()
(7) I (m(x)/ajdx <A forall t >0
1/t

where xo(t) ig the root > 1/t of the equation r'(x)/r(x) =t , then

© € BV =) mnAn(x) € |R, », 1],
Y €BV=] m B (x) € R, », 1] ,
where m(n) =m  for integer n .

We shall consider special cases of Theorem 1. We take first

a

r(z) =x (a>1) ; then r'(x)/r(z) = a/x . Therefore, Theorem 1 ()

gives
COROLLARY 1. ¢ € BV = ] 4 () € [R, 2%, 1] (a>1) . The

corresponding result holds for conjugate series.

(10gz)?

We shall next take r(x) = e (a > 1) , then

https://doi.org/10.1017/50004972700045895 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700045895

220 Masako lzumi and Shin-ichi lzumi

, a-1 L1 1,971
r'(x)/r(x) = a(logx)” ~/x and xo(t) =3 (log;ﬂ , and then (7) gives

m(x) = 1/log logx . Therefore, Theorem 1 (i1) gives

a
COROLLARY 2. ¢ € BV = ] 4 (x)/1og logn ¢ IR, el1080)” 4| (g 51y .
The corresponding result holds for conjugate series.

a
X a

In the case r(x) = ¢ (0 <a<1), we have r'(x)/r(x) = a/xl_ .

1/(1-a)

e

xo(t) =1/t and then m(x) = 1/logxr . Therefore, Theorem 1 (Z7)
gives

a
COROLLARY 3. ¢ € BV = ] 4 (z)/logn € |R, & , 1| (0 <a<1).

The corresponding result holds for conjugate series.

The first part of this corollary is Theorem I.

Similerly,
x/e(logx)a
COROLLARY 4. ¢ € BV = Z An(x)/lognlog logn € |R, e , 1
(0 < @ <1) . The corresponding result holds for conjugate series.
a
Finally, consider the case r(x) = ex/(logx) (a > 0) . Then
~ a ~ l/tl/a ~ b
r'(x)/r{x) = 1/(logx)” , xo(t) 2 e and m(z) = 1/logx(log logx)

(b > 1) . Therefore

a
COROLLARY 5. ¢ € BV = } A (z)/10gn(10g logn)b ¢ |z, &/ (1ogz) 1
(@ >0, b >1) . The corresponding result holds for conjugate series.

1.4. We know the following theorem due to R. Mohanty [1].

THEOREM 1II.
a
(i) @(t)log log E‘tl epv=Jalz)e IR, o (1082)" 1[ (@>1).
21 xa
(i1} o¢(t)log S €BU = ) An(:c) € ‘R, e, 1| (0<a<1).
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a
X

(iii) Y(t)log ?tl € BV, Y(t)/t € (0, M) = ] B (x) ¢ ‘R, &,
(0<ac<1).

1+l/a

(iv) o(t)t™ € BV = | 4 (x) ¢ |r, &/ (108%) , 1| (@>0) .

We prove the following generalization.
THEOREM 2. If (2), (3) and (L) hold and
fm l{r"(x)rfx) _ l}dx < o
1 % p' (x))2

(9) mz) + as =zt and (1/m(1/x))' ¥+ as =z 4+,

(8)

and further if

-1

(10) £ < g () < S L A S A

where xo(t) is the root of the equation r'(x}/r(z) = t , then

o(£)m(1/t) € BV = ZAn(x) € |R, r, 1|,
Y(eIm(1/t) € BV = | B (z) € |R, », 1] .

Theorem II, (7) and (iZ) are deduced from Theorem 2 and (Z7Z1) is

also, without the second assumption. Further we have

COROLLARY 6.

(1ogz)®

(0 <ac<1).
a
(ii) o(e)t /% ¢y =) 4 (z) € |z, &/ (ee=)” | (=21

The corresponding result holds for conjugate series.
Corollary 6, (ii) is an improvement of Theorem II, (Zv).
1.5. For the proof of the above theorems, we use the following known

lemma. (See [2].)
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LEMMA. If pl(x) *+ ae =z *, then
x
Y p(n)sinnt - I plu)sinutdu| = 4p(x)
n=r 1
forany z>1 and any t € (0, m) .

2. Proof of the theorems

2.1. Proof of Theorem 1. We shall prove the theorem for Fourier
series only, since our method of proof is also applicable to conjugate

series.

We shall teke B =1 in (1). By assumption and integration by parts,

1 (" 1 ("
An(x) = ;-I ¢(t)cosntdt = %; J sinntde (t) ,
o o

and then we have to prove, by (1), that
r r'(z) o
1 (r(x))?

We suppose ¢ 1is of bounded variation, so that it is sufficient to prove

< o ,

mzr m
—ﬂ—ﬂ-J sinntde(t)
o

n=x

that

=A for all t >0 .

no.
sinnt

f” r'(x) dc
1 (r(x))?

By (2), (3), (5), (6) and the lemma, this is equivalent to

n=x

=A for all t >0 .

(11) f” xz) dx ljx mlu)r(u) sinutdu
1 (r(x))? 1 u

The left side integral is
X 1/t x
[l ol =] e[ a
1 1 1

1
where

1A

1/t X
+ Iw dx ‘J du| + fm dx lf du
1/t 1 1/t 1/t

I}

P+¢g+R
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l/t ] X
P=t f r—(dex j mu)r(u)du

1 (r(x))z 1
1/t 1/t ' 1/t
= ¢ [ m(u)r(u)du j L(—xl—dz < At I m(u)du = A
1 u (r(x))? 1
and
'(x) 1/t t 1/t
=t r A m(u)r(u)du = ——J (w)r(u)du = 4 .
1/t (r(x))? ‘[1 ra7e) ) "
We shall now estimate R . The inner integral of R is
2 X ,
[ mu)r(u) sinutdu = 1 [ m{u) r(u)etutdu .
1/t 1t
Since
(12) () 4t)" = pw)e™E (o (u)/r(u)*it) ,

we have, using integration by parts,

T omlu) iut T mu) (r(u) u‘t)
fl/t u r(u)e™ du = [l/tﬂ'(u)/ru)ﬂt)

_ m(u)r(u)ewt ]x _ r m' (u)r(u)eiut du
= lule (u)/r(u)+it)_|u=l/t 1/t ulr' (u)/r(u)+it]

. I‘” m(u)r(u)eiut ([r'(u) + zt]du-rud[—g—l]
1/t uz(r'(u)/r‘(u)*‘it)zl 7 () o

S(x) - T - Ulx) + V(z) ,

where
15(x) = m(z)r(z) r'(x) sinxt—tcosxt] .
(' () /r(2)) 2+£2) [”(”)
7 - tm/e)r(1/t)e”

r'(1/t)/r(L/t)+t '

In case (1), m(x) =1 and r'(x)/r(x) =A/x and then

r ri(x) |15(x) |dac <4r ri(z) o <4

1/t (r(x))? ar(x)
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by (3). Incase (i%),

xo(t)
W= J dr + r dx
1/t xo(t)
x,(£) =
< r' () m{x)r(x) A r'(z) mlx)r{z)
=4 z(r’ (x)/r'(x)) de
1/t (v(x))? mo(t) (r(x))2 %
xo(t)
< 4 M de + 4 = 4
1/t z

by (6) and (7).

In each case (<) and (i1,

=r &) plde < m1/)e(1/t) r 28 gy ca,
1

/t (r(x))? 1/t (v(x))2
Y=J“ ggg~,w”®<_¢“ LJJL@<A
1/t (r(x)}?

by (6). Finally,

Z= Iw =) [v(z)|de
1/t (r(x))?
< A_r mu) 4 44 r'(z) m{u)r(u) d[r'(u)]
1/t u? 1/t (x( x))z l/t ul{z' (u)/r(u))2+t2) (u) )
=4+ 42 .
In case (i),
v < A ')l L Aar'(a/e)
2 E/t ey ] =Frasn <4
In case (21/,
z (t) -
oo [ o W 4,
1/t ule'(u)/r(n))? z (t) * i
rle, (¢)) 4 r'lz(®)

S X e oXC) BRI
o
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by (5), since (1/t)r'(1/t)/r(1/t) 2 A >0 as t +0 by (4),
r’(xo(t))/r(xo(t)) = ¢t and tmo(t) = xo(t)r'(xo(t)]/r(xo(t)) Z4>0 as

t>0.

Thus we get R =W+ X+ Y + Z , where R 1is bounded uniformly in ¢
and then the required inequality (11) is proved. This completes the proof

of the theorem.

2.2. Proof of Theorem 2. We put m(1l/t)e(¢) = g(¢) and we can
suppose ¢{(T) = g(m) = 0 without loss of generality. Then

m T
An(x) =1 Jo @(t)cosntdt = ~ %—J

- dg(t) J cosnu du

o m(1/u)

where

t - t '
f cosnu_ o sinnt 1 1 ] sinnudu .
o m(1/u) m(1/t)  njg \m(1/u)

It is sufficient to prove that

<=4 for all ¢t >0,

r—ﬂde

b cosnu
r J ===+ du
r(x

n, m{1/u)

n=x

since g(¢) 1is of bounded variation. The left side integral is not

greater than

r sinnt
n___

n
n=x

o t ' r sinnu
[ e I bt (L2571
I1 (r(x))? ‘Jo m(1/u) n<r n ’

M can be estimated similarly to the proof of Theorem 1 and we get, by (2)
and (3) Y

1 * r' (x)
m(1/t) J (P(x))z de

=M+ N .

xo(t) x (t)

< _A dx A -
M= a7 Jl/t = AT Ay o8 1/t rAs=4,

by (10). Using the lemma and (2), (3),
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N = M j [ ] f r(v)sinuy do| + 4
1 (r(x)] m(1/u) v
1/t t 1/t
8 f d= J r du J dv
[¢] lo} l 0 1
00 + 2
+J dx J duj dv| + 4
1/t ) 1/t
=P+Q+R+4,
where
l/t ' X t )
PS[ _I’_Lx_l_dxf r(v)dvj u[ 1 ]duEA
1 (r(x))2 1 o m(1/u)
by (9), and
” (x) t 1/t 1/t
< I" X f [ 1 Jl J - At f
= Jl/t (I’(:c))Z dx . u m————(l/u) du ) r(v)dv = m X r(v)dv
= A4 .
We shall now estimate R . The inner integral of R 1is

r r{v)sinuw i = 1 Ix rgvze“‘“ v
) v
1/t

1/t
and, by (12),
fx r(v Zeiuv v = P(U)eiuv . ¥ + fac r(vleiuv dv
e P v(et ) rhuf| e e v2(r' (v)/r(v)+iu)

g r(v)eiuv I"(U)
. d
I1/t v(r' (v)/r(v)+iu)? [r(v) ]

S{z) - T + Ulz) + Viz) .

Now
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t '
r ' (z) f [—(-1——)] 15(z)du
/ r(x))z m l/u
- Jw P (x) [ ) {r' (x)/r{x)) sinux-ucosux du,
1/t xr'(x) rn(l/u) (r'(x)/r(x))2+u2
< r (x) iac_ 1 J' sinux 4
E/ [r(x J 7[m(l/u) (2" (@) /() 24u? ul
' (x) ¢ [ 1) UCOSUL d
* Jl/t ar(x) Jo m(1/u)) (2" (2)/2(x)) 2402 "
= Wl + Wz
[ ]
where
l/x t
wlsfdxj du+r a || &
1/t 0 1/t 1/x
Sl 1/ ' e ' t!
< J de ? [—-(—1——)] udu+J 2E) | gy H o1 nuaedu
1/¢ o (m{l/u 1/t (m(x))? 1/
< r derd_f =) g,
1/t z (m(v))2 ? 1/t (m(x))?2
and
00 l/x ] tad
V. < rsx) e [ 1 ] d _,_J LH.L
2 L/t zr' (z) fo mQzay) T, xr'(x) (m(x))2
<4 J 2w gy < g
1/t (m(u))?
by (4). Further we have
@) g [ oy SAM[‘” @) gy
'[Z/t (r(x))?2 J ”’(l/t)J m1/t) 11t (r(2))2
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Y=[” 2z) g
1/t (r(x))?

< 4 [w .l:iﬁﬁ__dx
1/t (r(x))?

{r' (0)/r(v)) sinw-ucosuv
(' (v)/2(v))2+u?

o R 5] 1/v '
<2 r'(z) . r(v) 4, ( 1 ] __w P
fl/t (r(x))2 fl/t »2 Jo n(1/2)) 7 () /r)
t ' ' s 1/v '
+ 1 )" (¢ @) /r®w))sinw | + 1] udu
jl/v [’”(l/“” (r' (v)/r(v)) 2+u? ’ Jo [m(l/u” (@' (v)/r(v))?
r(v)/r(v) t '
+ + 1 ] ucosuv du J
Ul/v Jr'(v)/r’(v)}[m(l/u)J (r' (v)/r(v))2+u?

=Yy + Y, + Y3 + I.YL,,+Y5I

where

.Y1+.Y35AJ |(d1;/()rm,(w) éu_;SAI —M—dwfll
1/¢ VT WIERRL Dy (m(w))2 ¥ 1/t (m(w))2

by (k). By (9) and the fact that u/((r'(u)/r(u)]2+u2) + as ut,
{(1/v <u < r'(v)/r(v)} , and using the second mean value theorem for the

integral concerning u , we get

< ” ivzm'(v) dv < ” _m:_(_ld_d < .
T2+ ] =4 fl/t v2 (m(v))? TG Jl/t (m(»))? vE

On the other hand, by (9) and the fact that u/((r'(v)/r(v))2+u?} + as
u t, (r'(u)/r(u) < u< t) , and again using the second mean value theorem

for the integral concerning u , then

<, [0 _r=) T pW) H 1 ]’] o)
Yg| = A dx —r—— —_— T .
l 5| ’(l/‘b (r(x))Z fl/t' 22 m(1/v) wu=r' (v)/r() vr (v)/r(v)

Since »r'(v)/r(v) > 4/v ,

Hr?ll_l/ZTJ ']W'(v)/r(v) = Hﬂﬁﬂ) ’]u=A/U - (;n(/(ljz;))z "

and then
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|75 SAr ) o<
1/t (m(Av))}?2

Thus we have proved that Y = A4 . Finally

' 17 '
g - f ECI [__1_] 17 )
1/t (r(x))Z Uo m(l/u)

A * r'(x) 7 © 7 r(v) ] r' (v))
< a d
m(1/¢) J1/»¢ ((2))? I1/75 b (0" (v)/r(v))? ["(”) J
4 [ 1 r' ()]
= d
m(i7e) J1/7¢ v(r' (0)/r())? )

k]

o)) 1]dv <4

‘i [, b
m(l/t l/tv (P'('I)))z

by (8). Since R W+ X+ Y+ 2 , R 1is bounded and then the theorem is

proved.
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