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ON THE BOAS-BELLMAN INEQUALITY IN
INNER PRODUCT SPACES

S.S. DRAGOMIR

New results related to the Boas-Bellman generalisation of Bessel’s inequality in inner
product spaces are given.

1. INTRODUCTION

Let (H s (- )) be an inner product space over the real or complex number field K. If
(€i)1<ign are orthonormal vectors in the inner product space H, that is, (e;, e;) = &; for
all 4,j € {1,...,n} where §;; is the Kronecker delta, then the following inequality is well
known in the literature as Bessel’s inequality (see for example [6, p. 391)):

n
(1.1) Zl(av,e,‘)|2 < ||z}|* for any z € H.
i=1

For other results related to Bessel’s inequality, see [3, 4, 5] and Chapter XV in the
book [6].

In 1941, Boas [2] and in 1944, independently, Bellman [1] proved the following
generalisation of Bessel’s inequality (see also [6, p. 392]).

THEOREM 1. Ifz,y,...,yn are elements of an inner product space (H; (- -)),
then the following inequality:

n 1/2
012) > Il < ol [l + (3 o) |
i=1

1<i#ign
holds.

A recent generalisation of the Boas—Bellman result was given in Mitrinovi¢-Pe¢arié-
Fink [6, p. 392]) where they proved the following.

THEOREM 2. Ifz,y,...,y, are as in Theorem 1 and c,,...,c, € K, then one
has the inequality:

Z ci(x’ yi)
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(1.3)

2 n 1/2
2
<ol Y- el e it + (3 lwsw)l?) |
i=1 D

1gi#Fjgn
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They also noted that if in (1.3) one chooses ¢; = (z, ;), then this inequality becomes
(1.2).

For other results related to the Boas-Bellman inequality, see [4].

In this paper we point out some new results that may be related to both the Mitri-
novi¢-Peéarié-Fink and Boas-Bellman inequalities.

2. SOME PRELIMINARY RESULTS

We start with the following lemma which is also interesting in itself.

LEMMA 1. Letz,...,z, € H and oy,...,a, € K. Then one has the inequality:

AR

(max o’ Z llill*

1<ign
(Z |az|2a) 1 a(Z ||z,-||2ﬂ) l/ﬂ, where o > 1, l + l =1;
< ¢ = 33
E Jos|* max |41
Li=1
4
122’2 {Ia,ajl} \izj\n|(2.,z_,)|
I5; ’ o\ 1" S\
(Er) - (£ (5, o)
+ J L \i=1 i=1 1€i¢j$1n 1

where v>1, — 4+ = =1;
v 6

(S 1) = £ o] mae J 2l

\ L \t=

PRrOOF: We observe that

2 _ (lz:l:a‘_zi,]z:;ajzj)
= iiaia—j(z.-,z,-) = ii‘:aia—j(z;,zj)

(2.2)

iZ;

i=1 j=1 =1 j=1
n n
<3N el @51 (200 25))
i=1 j=1
n
=Dl llal®+ Y lellogl| (@ 2)|-
i=1 1€i#j<n
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Using Holder’s inequality, we may write that

23) D lail Izl

i=1

max Jos|? Z (Al

1<ign

1/8
1
< (z:|ai|2°) (z:uzin?ﬂ) . where a>1, 141,
i=1 i=1 a B

= 2 2
2 loal” max iz
By Halder’s inequality for double sums we also have

(2.4) > lesllesl (2250

1

1<ign
(s lososl 5 |Gz
1/y p 1/§
(= tariar) (E J@wal)
Sj 1<iFi<n 1<iFrgn
where
1<§< los] s Juax (21, %))
\ i#jgn
1<z¢]< {lata][} \iEJ\nl(zuZ] I
. 1/
()~
L \i=1 i=1

where

L 1gi#j<n

1 1

¥y>1, —4+-=1
v 6

S\ V8

= sl

1<iZign

>1, —+-=-=1;

7> 1 7+5

F/ n 2 n 2
(2 lail) —zla.-|] max (7).
i=1 =1

Utilising (2.3) and (2.4) in (2.2), we may deduce the desired result (2.1).
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0

REMARK 1. Inequality (2.1) contains in fact 9 different inequalities which may be ob-

tained combining the first 3 ones with the last 3 ones.

A particular case that may be related to the Boas-Bellman result is embodied in the

following inequality.
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COROLLARY 1. With the assumptions in Lemma 1, we have

iZ;

Z ol {max a)? + o lalz)—| azl Jos )72 (;I o z:-)lz) 1/2}

1/2
<Sleit {maxiat®+ (3 Jwal’) |

1<i#i<n

The first inequality follows by taking the third branch in the first curly bracket with the
second branch in the second curly bracket for v =6 = 2.
The second inequality in (2.5) follows by the fact that

n 2 n 1/2 n
2
(Crer) -Tialt] < Slart
i=1 i=1 i=1

Applying the following Cauchy-Bunyakovsky-Schwarz type inequality

n 2 n
(2.6) (Zai) ana?, g €R,, 1<ig<n,

=1 i=1

we may write that

27) (Ster)’ Zla-z’ n—lzlal"’ (> 1)

and

(2.8) (Z |a,-|) Zm, (n—1) Z|a,| (n>1).

Also, it is obvious that:

2.9 |2
(2.9) Jnax {leiosl} < max ol
n 2
Consequently, we may state the following coarser upper bounds for (|3 e;2;|| that may
i=1

be useful in applications.
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COROLLARY 2. With the assumptions in Lemma 1, we have the inequalities:

(2.10) i
max [o/’ leztll
\ /o /e 1 1
< (Z || °) (Z IIZ.-II”) , where a>1,—+ =1
\i=1 i=1 a B
_Zl Ak ax [EA[
1=
max |oy Zi,%5)|;
1<t<n| l 1<i¢2j$n|( t ])|
n 9 1/7
-1 (Ele) (£ ) )
+ < i=1 1<i#jgn 1 1
where v>1, —+ =
re vy o i
(" -1) Z |C¥1| 1<# <n|(znz1)|

The proof is obvious by Lemma 1 in applying the inequalities (2.7)~(2.9).

REMARK 2. The following inequalities which are incorporated in (2.10) are of special

interest:
n 2 n
@1) S am| < max ol [Zuz,'u% 2 I(z.-,z»l];
i=1 Ssn i 1<i#jEn
n 2 n /9
e [Sea| < (L)’ [(Zuan“)
i=1 i=1

v 5 fesr) ]

1<i#j<n

where p>1,1/p+1/¢g=1; and

(2.13)

iZ;

2 n
2 2
<Ll [ i+ - ), a2
1=
3. SOME MITRINOVIC-PECARIC-FINK TYPE INEQUALITIES

We are now able to point out the following result which complements the inequality
(1.3) due to Mitrinovi¢, Pecari¢ and Fink [6, p. 392).

THEOREM 3. Letz,y,...,Yy be vectors of an inner product space ( ) and
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€1,-..,¢p € K(K=C,R). Then one has the inequalities:

(B.1)|)_ ez, %)

max [c;|” Z [

1<ign

2 2 \ Ve 25\ ? 11
< ffzf” x (Z|Q|) (ZIIy,Hﬂ) , where a>1,;+3=1;

Z leit” max llusll*,

{ICtCJ|} > 1w i)l

1<1;é]<n 1<iFjgn

('zzl ICil7> B (-=21 lql%)] ; (ls#zj$n|(yi’ y_f)rs) 1/5’

1 1
where v > 1, ;+—=1;

(S1ed) - S 1e] o Jsl 6

\ L

+ “iL‘||2 x 4

PRrROOF: We note that

quy, )= (= zc,y,)

Using Schwarz’s inequality in inner product spaces, we have:

Now using Lemma 1 with a; =G, 2z; = y; (i = 1, ..., n), we deduce the desired inequality
(3.2). 0

The following particular inequalities that may be obtained by the Corollanes 1 and
2 and Remark 2 hold.
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COROLLARY 3. With the assumptions in Theorem 3, one has the inequalities:

n
(3.2) ciz, vi)
(2 & 2\ M?
ol 5 e { e bl + (£ Jowowll)
i= 1<i#j<n
ol ma e { S P+ =[]}
1<i#ign
<><4 ) . 1/p ) /g .
<X gl (2 ) {(2 ) "+ -0 F ) I) }
i=1 1<iZi<n
where p > 1, —+—=1
2 & _2{ _ .
ol £ e { e ol + (= 1), o o) .

REMARK 3. Note that the first inequality in (3.2) is the result obtained by Mitrinovié-
Pecari¢~Fink in [6]. The other 3 provide similar bounds in terms of the p—norms of the

vector (Icl|2,...,|cn|2).

4. SOME Boas-BELLMAN TYPE INEQUALITIES

If one chooses ¢; = (z,%) (i = 1,...,n) in (3.2), then it is possible to obtain 9
different inequalities between the Fourier coefficients (z,y;) and the norms and inner
products of the vectors y; (1 = 1,...,n). We restrict ourselves only to those inequalities
that may be obtained from (3.2).

As Mitrinovié, Pecari¢ and Fink noted in [6, p. 392), the first inequality in (3.2) for
the above selection of ¢; will produce the Boas-Bellman inequality (1.2).

From the second inequality in (3.2) for ¢; = (z, ;) we get

(g“x,y;)lz) ”33” {Qf‘g" z, Yi) {g“ydp-i— Z |(yi,yj)|}.

1<i#ign

Taking the square root in this inequality we obtain:

n n 1/2
@) Dl@wl < el palEwl{ S+ Y lwwl}
i=1 i=1

1i#ign

for any z,¥1, ..., Y. vectors in the inner product space (H; "))
If we assume that (e;)1<ign is an orthonormal family in H, then by (4.1) we have

(4.2) El(z, &)’ < valzll max|.e)l, z€H.
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From the third inequality in (3.2) for ¢; = (x,y;) we deduce
n 2 2 n 2 1/p
(Slewl) < el (Xl wf*)
i=1 i=1
hid 2 1/q
x {(Ellyill ") +(n-1) ""( z (i, v5)| ) }
=1

1<i#jg<n

forp>1,1/p+1/¢g=1.
Taking the square root in this inequality we get

(4.3) gl(x, w)[* < =l (g(% yi)lgp) 1/2
AE ) oo 5 o))"

1<iZign

for any z,y1,.--.,yn € H,p>1,1/p+1/g=1.
The above inequality (4.3) becomes, for an orthornormal family (e;)1gign,

(4.9 S lte el < n el (3lee e.)lz”) Py

=1

Finally, the choice ¢; = (z,4;) (i =1, ...,n) will produce in the last inequality in (3.2)

(gl(fb,yi)l ) ll? Z| z, i) {max Nyl + (n — 1) 1gr?¢a}?§n|(yi’yj)|}

giving the following Boas-Bellman type inequality

(45) 3|z vl < Nzl { max il + (n — 1) max |95},
i=1

1<ig 1€i#j<n

for any z,v1,---,¥n € H.
It is obvious that (4.3) will give for orthonormal families the well known Bessel

inequality.
REMARK 4. In order the compare the Boas-Bellman result with our result (4.5), it is
enough to compare the quantities

= (1S§Snl(yi, yj)|2) "
and

= (” - 1) lg#aj-’énl(yhyj)l-
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Consider the inner product space H = R with (z,y) = zy, and choose n = 3, y, = a >0,
y2=b>0,y; =c>0. Then

A = V2(a*? + B + 2a?)?, B = 2 max(ab, ac, bc).
Denote ab = p, bc = ¢, ca = r. Then
A= \/§(p2+q2+7'2)1/2, B = 2max(p,q,7).

Firstly, if we assume that p = g = 7, then A = v/6p, B = 2p which shows that A > B.
Now choose 7 = 1 and p,q = 1/2. Then A = /3 and B = 2 showing that B > A.
Consequently, in general, the Boas-Bellman inequality and our inequality (4.5) can-

not be compared.
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