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QUOTIENT SPACES WITHOUT BASES IN NUCLEAR 
FRECHET SPACES 

ED DUBINSKY AND BORIS MITIAGIN 

The first example of a nuclear Fréchet space wi thout a basis was given by 
B. S. Mitiagin and N. M. Zobin [9; 10]. T h e question of existence of subspaces 
wi thout bases in nuclear Fréchet spaces was recently settled in papers by 
P. Djakov and B. S. Mitiagin [2] and Ed Dubinsky [5]. In this paper we con
sider the analogous question for quot ient spaces. As in the case of subspaces 
we obtain a complete solution to the problem. 

T H E O R E M . Every nuclear Fréchet space not isomorphic to co has a quotient space 

which has no basis. 

The proof is very similar to the a rgument in [5]. T h e specific techniques for 
replacing subspace constructions with quot ient space constructions were 
worked out in [6]. The basic embedding in [2] is replaced with a method rela
tive to quotients . Finally, the fact t ha t our quot ient space has no basis is based 
on the results in [2]. 

In addit ion we use a fact about common quot ient spaces (see proposition 
below) which may be of independent interest. 

Wi th the results of this paper we now have a complete set of information 
about subspaces and quot ient spaces with or wi thout bases in nuclear Fréchet 
spaces. Specifically, every nuclear Fréchet space not isomorphic to co has : 

a subspace with a basis, 
a subspace wi thout a basis, 
a quot ient space with a basis and a continuous norm, 
a quot ient space wi thout a basis bu t with a continuous norm, 
a quot ient space wi thout a basis and wi thout a continuous norm, and 
a quot ient space isomorphic to co. 

The proofs of these facts are contained in this paper and [1 ; 5 ; 7; 8]. We do not 
have the exact reference for the third s t a tement bu t it is an easy extension of 
the proof of Theorem IV. 1 in [7]. 

1. N o t a t i o n a n d t e r m i n o l o g y . Wre take as known the e lementary theory 
of bases (including unconditional and absolute bases) in nuclear Fréchet 
spaces. A Fréchet space admits a continuous norm if and only if its topology is 
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QUOTIENT SPACES 1297 

determined by a sequence of norms. I t is normable if this can be done in such 
a way t ha t each norm is dominated by an appropriate scalar multiple of one 
of them. 

Our field of scalars will be the real numbers R. We shall denote by N the 
set of positive integers. By co we mean the nuclear Fréchet space consisting of 
all sequences of real numbers with the usual Cartesian product topology. 

By the term subspace we will always mean a closed subspace and quotient 
space will mean a quotient by a closed subspace. F is a complemented subspace 
in E if it is a subspace and there is another subspace G such t h a t E is iso
morphic to the topological direct sum of F, G. We shall indicate this si tuation 
by writing E = F © G. 

Let (an
k)ntk be an infinite matrix satisfying 

0 < ak < an
k+1 for all n, k G N. 

The Kothe space K determined by the matrix (an
k) is the Fréchet space of all 

scalar sequences £ = (£w) such tha t 

Pk(l;) = E l £ » k * < o o for all keN, 
n 

with topology determined by the sequence of norms (pk). As is well known, K is 
nuclear if and only if for each K N there is j £ N such tha t 

n ^n 

2. K n o w n resu l t s . We shall make use of several previously established 
results. For clarity we state them in full detail and give references for the proofs. 

(2.1) Every Fréchet space with an unconditional basis and not isomorphic 
to co has a complemented subspace which has a basis and a continuous norm. 
This result is an immediate consequence of [3, Theorem 7]. 

(2.2) Let (an
k)nfk be an infinite matr ix of positive numbers satisfying 

(!) «£! f < « 2 d ^ n ) i e N . 
an an 

Given scalars ti, . . . , tP not all 0 and k Ç N we define 

*,, . x • i at* ap*\ 
p (th . . . , tp) = mm )p: mm T-T = j-rf . 

I I^Î^P \ti\ \tp\j 

I t then follows tha t if 0 < pm < pm~l < . . . < p1 < p and 0 = /<, < h < . • . 
< lm are integers, we can choose t\, . . . , tv such tha t /7 = 0 for j ^ p1, . . . , 
pm, tpi 5e 0 bu t otherwise arbi t rary and 

(2) 7 ^ < i f £ ^ < ^ - i r + - T , * = 1 m - l . 
dpt + i | tp t + i i api+i • 
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1298 E. DUBINSKY AND B. MITIAGIN 

Moreover, if any such choice is made then 

pk(ti, . . . , tp) = pi for li-i < k ^ lu i = 1, . . . , m. 

This result is proved in [6, Lemma 1.2]. Note that the matrix (an
k) need only 

be defined for n S. P1 and k S Im> 

(2.3) Let E be a nuclear Fréchet space with a fundamental system of norms 
(| • \k) and a basis (xz). Let 0 = po < pn-i < Pm n £ N be integers and (tt) a 
sequence of scalaras such that for each n G N there exists i{n) with pn-\ < i(n) 
é pn and ti(n) 9^ 0. Set ak = \xi\k and, corresponding to this matrix, set p / = 
Pk(tPn-i+i, • • • , tPn). Finally let K be the Kôthe space determined by the matrix 

k 

w , K N , aDnk 

Then K is isomorphic to a quotient space of E. This result is contained in 
[6, Theorem 1.3]. 

(2.4) Every basis in a nuclear Fréchet space has a subsequence (xn) which 
generates a complemented subspace Eo which has a fundamental system of 
norms (|| • ||fc) such that 

4 i r # < 4 7 - ^ - " for all n , K N . 

The proof of this fact is contained in [4, pp. 211-212]. 

3. Main results. Our first result is analogous to [4, Theorem 3] which deals 
with subspaces and does not require the assumption of bases. It should be 
noted that the present result is different from the standard fact that co is a 
quotient space of every non-normable Fréchet space with a continuous norm 
[8, §31,4(1)] . 

PROPOSITION. If E, F are nuclear Fréchet spaces with bases and neither is 
isomorphic to co, then there is a nuclear Fréchet space G with a basis and a con
tinuous norm such that G is isomorphic to a quotient space of E and also to a 
quotient space of F. 

Proof. In view of (2.1) and (2.4) we may assume without loss of generality 
that E, F have bases (iij), (vf) respectively and fundamental sequences of 
norms (|| • | |p), (| • \p) such that (1) holds for each of the matrices (||^w||x-), 
(\vn\k) and 

(3) lim TJJ^P2- = lim J ^ 2 - = 0. 
j \\Uj\\p+l j Np+l 

For each n wre will select finite subsets u{1, . . . , un
n of (uf) and Vin, . . . , vn

n of 
(VJ) keeping the original order and never using the same vector twice. We will 
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also select scalars Sin, . . . , sn
n and t\, . . . , / / such tha t 

p*(si*, . . . , sn«) = p\h\ . . . , t») = n - k + l, k = l , . . . , n 

where the first ph is defined as in (2.2) relative to the matr ix (||w;-||p) and the 
second pk relative to the matrix (l^l^). Finally we shall make our selection 
so t ha t 

(A\ \V3+l \n~i < 1 \uj+l I \n-3 < \VJ U—.7+1 < 1 \UJ 1 \n-j+l • _ 1 -w — 1 
v*; / « = o n = i n = o n ^ ± , . . . , A* i . 

^•+1 ^J+2 / / ^ 

The selection is made inductively. Set s" = 1, choose u{\ v{1 arbi trar i ly and 
set 

,»_ Kk 
1 TK"||.-

Suppose tha t sf1, u/\ tjl, v/1 have been chosen. From (3) we can select uj+in 

different from all other choices such tha t 

II n\ I n L. n I 

IFi+i Ik-,7 ^ ^j P.? U-.7+1 
I \llj+l\ \n-j+l hn\ \ujn\ \n-j+l 

and then select sj+in so t ha t 

m n v < / W i i ^ X + l J J ^ Z - J c » l l ^ J + i n l l n - A ^ c n ^ c n 1 Wj+1 \ \n-j+l 
m a x \ij - « | , ^ il / n u ( ^ ^ 7 + 1 \ «3 j M n i l 

This is possible because of the previous inequality and because in choosing 
Uj+in so tha t ii{1, . . . , Uj+in remains in the original order we still have (1). 

In a similar manner we choose vj+in and then tJ+1
n so tha t 

K+initt-.7 , tf\Vh+?\\n-i 
I n\ ^ n I n I 
\V3+1 \n-j+l S3+l \Vj \n-j+l 

™ „ v < o n l ^ j + l W l n - , 7 , ^ l ^ l f J L k z - J i ^ / w ^ , n \v j+l\n-j+\ 

V | P J + 1 lU-y F./ k - i / \Vj \n-j+l 

This completes the selection. We have 

\\Uj+in\\n-j . £ifJL ^ ll^J+lWlln-,7+l 
M n u "^ n *^ M n M 

I \UJ I In-./ Sj | \Uj I U-j+1 
We also have (1) for the matrix (\\Ujn\\n-j)jtn-j since we did not change the 
order. Hence, we may apply (2.2) to conclude tha t pj (sin, . . . , sn

n) = n — j + 1, 
j = 1, . . . , n. Similarly we conclude tha t pj(tin, . . . , / / ) = n — j + 1, 
j = 1, . . . , n. The first two inequalities in (4) can be read off of the above 
relations and the last comes from replacing j + 1 with j . 

From (2.3) we conclude tha t E has a quotient space isomorphic to the Kothe 
space determined by the matrix (an

k) where 

Sn-k+l 
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and F has a quot ient space isomorphic to the Kothe space determined by the 

matr ix (bn
k) where 

un , n > K x} . . . , ri,. 
tn-k+1 

From the relations (4) we obtain 

bn
k ^ an

k ^ b/+1 ^ an
k+l k = 1, . . . , n - 1 

which implies t ha t the two Kothe spaces are identical. This completes the proof. 

We are now ready to give the proof of the theorem. Our construction is in 
two par ts . First , given a nuclear Fréchet space E with a basis and not isomor
phic to co we will construct a quot ient space Y with a basis and continuous 
norm such t ha t certain technical inequalities hold. The a rgument here is dual 
to t ha t given in [5] for subspaces. The second par t is to show tha t a space X of 
type constructed in [2] so as to have no basis can be obtained as a quot ient 
space of Y. 

We begin with the construction of F. By (2.1) we may write E as a direct 
sum of three infinite dimensional subspaces none of which is isomorphic to co. 
To these subspaces we apply the proposition twice along with (2.4) and then 
pu t it all back together to obtain a quot ient space Z of E with an increasing 
fundamental sequence of norms (|| • ||/;) and a basis (zj) which is the union of 
three disjoint subsequences each of which may be subdivided into infinitely 
many pairwise disjoint subsequences so tha t we have sequences (uj'n), (vj,n), 
(wj'n) such t h a t 

r > ) J ! ! ^ l k < J J d k for-un. 
(o)

 I I^ ' IU^I I^ IU
 fora11-^ 

(6) Hm r r S r 1 - = 0 for all p 
j^co I \Z I \p+l 

(7) | | W ' ' " | | „ = 1 1 ^ 1 1 , = I k " 11, ior all p,j,n. 

Let J/ = {(/>!, p2} p*) e N 3 : pi < p2 < pz] and let a : N —> -J/ be an 
infinity-to-one surjection. 

For each fixed n £ N we will make a certain selection. As long as n remains 
fixed there will be no ambigui ty if we do not indicate it in our notat ion. Thus , 
let (pi,p2,pz) = a(n). 

W e will select three linear combinat ions of elements of (uj,n)3-, (vj',n)j} 

{wj>n)j and write them as follows: 

nui + r2u2 + rzuz 

SiVi + S2V2 + SzVZ 

t\Wi + t2W2 + hW3. 

Thus , uu i = 1, 2, 3 are taken from (uj ,n) j wi thout changing the order and r, 
are scalars. Similarly for the other two linear combinations. 
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In view of (7) we can choose ii\, Vi, W\ such t ha t 

Hwi||p = | |vi| |p = | |wi| |p for all p 6 N. 

Choose Y\ = t\ = 1 and 

Vi = w J M k _ 
IKIk+i 

In view of (6) we can choose v2 such tha t 

JHk. < m i n iJNk__ i k k k J K l k V i J _ K M . 
IH k+i 11 M k+i ' *i I Kl k+i ' I Kl k+i 'v 11 M k+i ' 

I t is then possible to choose s2 so tha t 

/ Ik ik I M k l . . . j IMk+ i Iklk+i l 
m a x Ï si TT M » 11 M ( < s* < m m ) A'i M M » Ti—M ( • 

{ \\VI\\P2 \\WXWPJ ( IHk+i IMk+iJ 
Again we apply (7) to select w2 such tha t 

\\w2\\P = \\v2\\P for all ^ N . 

Choose t2 = 6'o and apply (6) to choose u2 such that 

j N k < m i n | jNk lJI?k±i]. 

I t is then possible to choose r2 such tha t 

i\\u2\\p, i i ^ l k \ , , \\U2\\P,+\ 
max ) j j - - M > w ^2 M M ( < r2 < ]]-^r\ . 

I k k k Ihlk+iJ lkilk+i 
Again we apply (6) to select u% such tha t 

I k l k < m I n { I M k i k i k _ ^ i N k . ^ Iklk I 

I t is then possible to select r3 such tha t 

m a v i r I M k ç I M k ! . . • i ||"3|k + l ç I M k + ll 
m a x ) r 2 T | — r r ~ , ^ - p - r r - f ^ r 3 < m i n y r 2 71—n » ̂ 2—ri—n ( • 

i I M k ll^lkJ ( IMk+i IMk+iJ 
Again we apply (7) to select Vs such tha t 

| [ ^ k = \\ih\\p for all p Ç N 

and we choose *v3 = r?). 
Finally, we apply (6) to select Ws such tha t 

IK!h < n l in ) I M k h I N I i l 
I |w3| k + i 11 M k + i ' w/-31 \wi\ \P1+J 
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and it is then possible to select t$ such t h a t 

J, I W h IkslUl . . . . 
max \ t2 r — n , n r3 ,,—,, ( < tz < t \ \\w2\\vi \\iiz i ; P 2 K+i 

This completes the construction of three linear combinations. 
We apply (2.2) to the matr ix (\\Ui\\p)i,v and the scalars rx, r2, r2. F rom the 

above relations we have 

ikiLk < r2 l l ^ l k + i 
\\ui\\p2 n | |WI | |P 2 +I 

H ^ l k < r2 \\UZ\\P1+I 

| | ^ 2 | k r2 l ^ ^ i k + i * 

Hence, it follows t h a t 

vf \ (3 if p Û pi 
P(rhr2,rz)=) { { p i < p û p t 

U \lp2<p. 

Xext we apply (2.3) to the complemented subspace of Z generated by (u3,n). 
Of course, it must be recalled t h a t the above selection is made for each n. 
This gives us (pn) and (tt) so we may conclude t h a t the subspace generated by 
(uJ,n) has a quot ient space isomorphic to the Kothe space determined by the 
matr ix ( a / ) where 

lpv\ \v 

rpv 
p e N 

with the dependence on n understood and pv = pv(ri, r2, r 3 ) . 
In a similar manner we construct matrices (b/) and (c/) corresponding to 

s\V\ + s2v2 + «̂ 3̂ 3 and t\Wi + t2w2 + /3w3 respectively. 
Since the basic sequences (uj'n), (yi,n), (wj,n) generate pairwise disjoint 

complemented subspaces of Z it follows t ha t Z and hence E has a quot ient 
space Y isomorphic to a Kothe space determined by a matr ix which consists 
of three disjoint par t s (a/), (bn

p), (cn
p) given by 

„ * _ J k 3 | | P hp _ [ N i p ry Ikallp tr,r/h</h. on — , cn — tor p s pi, 

\u2\ 

r2 

h 

IKII„ 

IKIlp 

btr=zn^mt c» = u ^ iorp.Kp^p,; 

cin = ~—~ , bn = " , cn
p = iJ—-— fo r£ 2 < p. 

Y\ S\ l\ 

(Again some of the dependence on n is not explicit in the no ta t ion) . 
Thus , if we pu t these equalities together with the relations obtained in the 

selection we have (and this is wha t will be used in the sequel) the following 
facts : 
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Each of the three matrices is monotone increasing in p. 

cn
p ^an

p = bpîorl^p^p1 and c / 1 ^ a,1 for « € N 

ap ^ cn
v = bp for p1 < p £ p2 and a*2 g ^ c / 1 + 1 fo rn G N 

a* = c / for £2 < p and ft/8 ̂  - a / 2 + 1 for » G N. 

This completes the construction of the space Y and we turn now to construct 
a space X which is a quotient of Y (and hence E) and has no basis. 

For convenience of notat ion we write 

a* = ( a / ) 2 fi* = (&„*)* 7 / = (c/)\ 

Thus , we may consider t ha t Y consists of all sequences (r)n, 0fn T„)„ of triples 
of scalars for which the following norms are finite 

I 0?„, 0n, rn) IP = ( Ç W W 2 + A i W + 7»P (rn)2)) 17 £ G N. 

For J = (£i, £2) G R2 define ôw2,(£) as follows: 

(«+J'Dy*'- v . < ç ^ + y»') ,2 f < 
„ M _ ^ + 18/ + 7/ ? 1 + « / T Â / ^ . ' * f°r P = * 

w p W "~ ^ apBp ap8p4-2apyp 

and define X to be the Fréchet space given by 

X = {x = (£»)n : £* = (?A £2») G R2 and 

«,(*) = ( £ „ ( M f ) ) ) 1 / 2 < oo for all £ G N } . 
Let 

2£ = { (Vni 6n, rn)n G Y:rjn = 0„ = rn for all n G N} 

which is clearly a closed subspace of Y. We will show tha t X is isomorphic 

to y/ie. 
First we can compute, for each p, the quotient norm qp corresponding to 

| • \p. If (Vn,0n, Tn)n G F then 

(qP((Vn, On, Tn) + K))2 

= inf { E n «/( l7n + rn ) 2 + 0 / ( 0 » + fn)2 + Y / ( r n + f»)2} 

where the inf is taken over all sequences ( f j of scalars such tha t (fw, f„, fn) G F. 
For each n, we can compute (e.g. by calculus) the value f „ which minimizes the 
n th term in the summation. I t is given by 

y = _ anVn+ fin On + Y A 
bn V \ a V \ V 

Oin + fin + 7n 
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One can check directly that (fw, fw, Çn)n Ç Y. It also follows from the fact 
that \(rjn + fw, 0* + fw, T„ + Çn)\p ^ 10?*, 0W, rn)\7. Hence, we have 

fe(0?nA,T„) +K))2 

= IL 7~p~Tr~p~rr—PV2 (anW(vn - on) + yn
p(vn - rn))2 

n \pin -jr fin + In ) 

+ pn
p(an

p(6n - rjn) + yn
P(0n - rn)f + yn

v{an
v{rn - Vn) + /tf(r» - 0n))

2) 

= £ - F T - À - T — v (*nWnP + 7nP)(Vn)2 + tf W + yP) (6n)
2 

+ yn\an
p + ffp)(rn)

2 - 2an
p0n

p
Vndn - 2an

pyn\xTn - 20n
pyn%Tn). 

Now for (rjn, 6n, Tn)n + K G Y/K we define 
Q((Vn, 0n,

 Tn)n + K) = (6n ~ Tn, 0n — rjn)n. 

This clearly defines a linear, 1 — 1 map on Y/K. We will show that it is an 
isomorphism onto X. 

Consider the norms on X given by dp(x) = (X) (dnp(£
n)))l/2 where for £ = 

(£i, f2) 6 R2 we have 

w A W «/ + /?/ + T/ Sl « / + /?/ +~T/ SlS2 "*" « / + /3 / + 7 / *2 " 
It follows from the relations obtained in the construction of Y that dnp{%) = 
ànp(£) when £ > p2. On the other hand, when p S pi, ocn

v, yn
v S Pn

p so> writing 
D = a/ + (3/ + T / we have, 

D dnp(Ç) ^ ( « / + PShSei2 - «n*7»*tti2 + &2) + « / ( £ / + 7 / ) £2
2 

= £ /7 /£ i 2 + a»W*22 

è I ( ( « / + PnPhnPl;i2 + Cx/(PnP + 7 / ) ? 2 2 ) = h D bnp(g) . 

Finally, a similar argument shows that dnp(£) ^ 28nP(£) when p ^ p2. Thus, 
we may conclude that (dp)p is a fundamental system of norms for X. 

We may then compute for (r)n, 6n} rn)n £ Y, 

(dp(Q((Vn, 6n, Tn) + K)))2 = (dp((0n - Tn, 0n ~ Vn)n))
2 

— Au (dnp(0n — Tn, 6n — rin)) 
n 

= Z k ( ( « / + tf)y«'(0n ~rnf- 2a / T / (0 K - rn){en - „„) 
n L> 

+ *np(pn
p + yn

p)(0n-Vn)2) 
= ($p((Vn, 6n, Tn) + K))2. 

Hence, Q is an isomorphism into X. Since its range is clearly dense, it is an 
isomorphism onto. 

Finally, we will show that X has no basis (indeed, it is not a complemented 
subspace of any space with a basis). First observe that the relations used to 
define ônp(£) are exactly the same as equations (1.4) of [2]. Therefore, it is only 
necessary to verify relations (1.1*) and (1.5) of [2]. Now (1.1*) is used only 
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to show that X is nuclear which we already know since X is a quotient of the 
nuclear space E. Thus, we need only verify the following three inequalities, 
which will suffice in place of (1.5) in [2]: 

(a/1 + ftf'h/1 1 «Aft.1 + 7»1) 
pl I n Pl I P l = 1 l a 1 I ! 

«/2 + A,'' + T/2 - « «/1+1 + /3/I+1 + 7 / 
a« 

Vzr> P3 1 P2 + l ^ ^2 + 1 , r» P2 + l ^2 + 1 

< 
1 a:*+W+1 + 2a/2+V/H 

2(2a„ + (3n ) 77 2(2an +/3„ ) 
Applying the relation obtained in constructing Y we have 

(a/1 + fl/1)?/1 *i ! 1 ! ^ 1 ( ^ 1 + 7»1) ^ I ^ 1 ( f e 1 +7n 1 ) 
P\ . ^ Pi 1 Pl = 7 « = 2 «/l = 2 n n 1 = 1 I /D 1 I 1 ' 

«« + fin + 7n n n 3pn n an + (3n + yn 
i + In ) P2 1 P l + 1 à (an -T Pn )7n <Xn  

P2 I o P2 1 ^2 ^ « « ^ 2 7 « ^ 2 » R Pl + 1 
« n + ft* + 7 n ^ n afin 

< fY„ < o 7 „ < 

and finally, 
p. 

1 («/'+i + / ? : I + I )Y / ' + I 

/3 ^ 1 1 ^2 + 1 / ^ P2 + 1 I o P 2 + l \ 

A 1 P2 + l 1 OLn \Pn + 2a n ) 
2(2«„"3 + /3/3) ^ 2 =* 2«2 a" - «'" 2(2«/ 2 + 1 + /3/s+1) 

< 
2 «/2+i/?/2+1 + 2 « ; 2 + i

T / ^ 
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