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Calderén—-Zygmund Operators Associated
to Ultraspherical Expansions

Dariusz Buraczewski, Teresa Martinez, and José L. Torrea

Abstract. 'We define the higher order Riesz transforms and the Littlewood—Paley g-function associated
to the differential operator Ly f(8) = — f"(8) —2X cot 0 f ' (8) + A2 f (). We prove that these operators
are Calderén—Zygmund operators in the homogeneous type space ((0, 7), (sin )2 dt). Consequently,
LP weighted, H' — L' and L> — BMO inequalities are obtained.

1 Introduction

B. Muckenhoupt and E. Stein [5] defined and studied the versions of some objects to
classical Fourier analysis (conjugate functions, maximal functions, g-functions and
multipliers) for the system of the ultraspherical polynomials. It seems to us that their
approach follows the lines of the classical Fourier analysis in the torus. In particular,
the relationships among Fourier series, analytic functions, and harmonic functions
play an essential role. For instance, their definition of the conjugate function was
via a boundary value limit of certain conjugate harmonic function which satisfies the
appropriate Cauchy—Riemann equations. The technique involved the definition of
the harmonic extension, including a careful analysis of its kernel. Then they built a
conjugate harmonic function and proved the existence of a boundary value function,
the conjugate function. They got L? boundedness for p in the range 1 < p < oo and
some substitutive inequality in the case p = 1. This method was followed later by
different authors when defining classical operators for orthogonal expansions. In [5]
they did not study the kernel of the conjugate function.

Five years later, Stein’s [7] celebrated monograph appeared, where maximal func-
tions, g-functions, Riesz transforms, and multipliers were also defined. As far as we
understand, he systematically used a point of view based on an analysis of a general
Laplacian. He studied the heat and Poisson semigroups associated with that Lapla-
cian and, from them, he derived the rest of the operators by using some spectral
formulas.

Arising naturally from [5] is the study of some other classical operators in the
context of the system of the ultraspherical polynomials. In particular, our aim is to
study higher order Riesz transforms. In order to define those operators, it seems that
the natural procedure to follow is that suggested by Stein [7], and we do so in this
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paper. Later, we realized that the method used to prove the boundedness of higher
order Riesz transforms could be applied to a more general class of operators. For
instance, we present in this paper its application to the study of boundedness of the
Littlewood—Paley g-function, although more operators fit this technique, e.g., multi-
pliers of Laplace transform type. More concretely, we find that all these operators are
naturally Calderén—Zygmund operators in a space of homogeneous type. Therefore,
we get as a byproduct of the general theory L?, H!, BMO boundedness and weighted
inequalities for them (see Theorem 1.1).

Using a different method, the (first order) Riesz transform was studied in [1]. It is
defined following [7], and, among other results, the L?-boundedness for p € (1, c0)
and the weak type (1, 1) were obtained.

We consider the ultraspherical polynomials P)(x), A > 0, defined as the coeffi-
cients in the expansion of the generating function (1 —2xw+w?)™ = 377 w" Py (x)
(see [8] for further details). It is known that the set {P)(cos#) : n € N} is orthogo-
nal and complete in L?[0, 7] with respect to the measure dn,(0) = (sin #)**df. The
functions P;\(cos ) are eigenfunctions of the operator Ly,

(1.1) Lyf(0) = —f(0) — 2\ cot Of(0) + N> £(6),

with eigenvalues j1, = (n + \)?. Every function f in L?(dm,) has an ultraspherical
expansion f(0) = > 2 a,P)(cos0)|P, HLjﬁdm). Following [7], we define its Poisson
integral as

(12)  Pfle™,0) = VEFO) = ane” VPN (cos )Py || 2l
n=0

The calculus formula s™¢ = Lﬂ fooo e %1 dt can be used to define

13 L) = ﬁ /Ooe_t\/r*f(@)tl_ldt, 1> 1, f € I(dm)).
0

On the other hand, it is easy to check that Ly is formally self-adjoint on the space
L*(dm,) and that it factorizes as L) f(0) = (—0;0p + \*) f(6), where 9; = 0 +
2 cot § is formally adjoint to 9, i.e., (O} f, &) 12my) = —(f, &) 12(my)- Following [7],
the Riesz transform (I = 1) and the higher order Riesz transforms (I > 1) are defined
as Rf\f(e) = 8é(L,\)_l/2f(¢9), I > 1. Also, the Littlewood—Paley g-function is defined
as

! 1 5 5 1/2
570) = (| riog ; (10200 +|0uP 5 O)F) )
0
For these operators, we have the following result.

Theorem 1.1  The operators R\ f, for any 1 > 1, and G f are bounded in LP(w dm,),
1 < p < oo for any weight w in the Muckenhoupt class A, with respect to the measure
dmy and of weak type (1, 1) with respect to the measure wdmy, for w € A,. Also, they
map L into BMO(dmy) and H' (dm,) boundedly into L' (dm,).
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In fact, this theorem is a consequence of the general theory for Calderén—-Zygmund
operators in spaces of homogeneous type and the following theorems.

Theorem 1.2 For any | > 1, the operators R}, are Calderén-Zygmund operators in
the homogeneous type space ( [0, 7), dm,\) .

For the g-function, we study the operators separately

! /
(1.4) Sl f(0) = (/ rlog%’@rprf(G)‘zdr)l ’
0

! /
(1.5) G2 f() = (/ rlog%’(‘?gprf(Q)’zdr)”
0

Theorem 1.3  There exist vector valued Calderén—Zygmund operators in the homo-
geneous type space ( [0, 7),dm A) mapping scalar-valued functions into functions with
values in L*((0, 1), dr), Tqi, i = 1,2, such that G f(0) = || Tg £(0)||12((0.1).dr)-

Obviously, the following lemma is needed. The proof of this lemma is a series of
easy but tedious calculations that we leave to the reader.

Lemma 1.4  The measure dmy(0) = (sin 0)>* df is doubling in [0, 7].

The structure of the paper is as follows. In Section 2, we state the technical Theo-
rem 2.2 as an intermediate step in the proofs of Theorems 1.2 and 1.3. In Section 3
we verify the hypothesis of Theorem 2.2 for the higher order Riesz transforms, and
in Section 4 we do the corresponding checking for the g-function.

Let us mention just a word about notation. Throughout the paper, the letter C will
denote a constant whose value may vary from line to line, and let us call any finite
linear combination of ultraspherical polynomials a polynomial function, that is, any
f of the form

A A 9
(1.6) f= ZHPQ”P /f(a Py (cos ) dm(0).

Hp)\”L2 (dmy)

2 Preliminaries and Technical Tools

Following [3,4], a space of homogeneus type (X, p, 1) is a set X together with a quasi-
metric p and a positive measure p on X such that for every § € X and r > 0,
w(B(0,7)) < o0, and such that there exists 0 < C < oo such that for every § € X
and r > 0 u(B(6,2r)) < Cu(B(6,r)). In our case, X = [0, w] with the metric given
by the absolute value, and the measure is dm,.

We say that a kernel K: X x X\{x = y} — Cis a standard kernel if there exist
€ > 0and C < oo such that forall x # y € X and z with p(x, z) < ep(x, y),

(2.1) IK(x, y)| < where r = p(x, y),

C
w(B(x, )’
plx,z)  C

p(x, y) p(B(x, 1))

22)  [K(x,y) = K(z,y)| + [K(y,x) = K(y,2)| <
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Thus, a Calderén—Zygmund operator (with associated kernel K) is a linear operator T
bounded in L? such that, for every f € L? and x outside the support of f,

Tf(x) = / KGx, ) f(7) ducy).
X

It is known that any Calderén—Zygmund operator as above is bounded in L? (w dp),
for 1 < p < oo and any weight w in the Muckenhoupt class A, with respect to the
measure dy. They also map L' (w dp) into L°°(w dp) for any weight w in the Muck-
enhoupt class A; with respect to the measure du. They also map L* (1) boundedly
into BMO(dp) and H!(dp) into L' (du) (see [2]).

For B a Banach space, vector-valued Calderén—Zygmund operators T from L?(d )
into L(du) are defined in the same way as scalar valued ones, but considering
K: X x X\{x =y} — B instead of a scalar valued kernel, and taking B-norms in
(2.1) and (2.2) instead of absolute values. The boundedness results mentioned above
also hold in the vector valued case (see [6]).

¢
¢ =30/2
2
¢ =20/3
0
3 2
Figure 1

The symmetry with respect to 7/2 in the kernels of our operators will play an
important role in the proofs. Also, it will be useful to have in mind the picture of the
area where we are placing the variables § and ¢ (Figure 1). Our first step is studying
in detail the behavior of the measure of B(6, |§ — ¢|).

Lemma 2.1  There exists a constant C > 0 such that for any 0 € [0,7/2],
|0 — ¢|(sin( v $))* ifp € [0,7/2],

mx(B(0,10 — ¢])) <Cq ¢ ifp € [r/2,7], ¢ > 20,
|0 — ¢l(sin(0 v ) ifp € [m/2,7], ¢ < 30.
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Proof Assume that ¢ € [0, 7/2]. There are three possible cases.
Case 1: B(#,]0 — ¢|) C (0,7/2). In this case, 0 + |0 — ¢| = ¢ for ¢ > 0, and
0+10— ¢| =20 — ¢ <20 for ¢ < 0, thus

0+|60—9|

mﬁM&W—MD:/, (sint)* dt < (sin(f + |6 — ¢[))*'2]6 — ¢|

o—10—o

< C(sin(6 V )0 — ¢|.

Case 2: B(0, \0 ¢| = (0, ¢). In this case, § — |0 — | = 20 — p < 0, thus 0 < ¢/2,
and |0 — ¢| = 6> %(b Therefore

&
m(B(9, 10 — ¢]) = / (sin )2 dt < (sin )¢ < Clsin(8 V $)))|6 — @),
0

Case 3: B(0,|0 — ¢|) = (6,20 — ¢) with 260 — ¢ > 7/2. Clearly § = 6 V ¢ and
0> T thus sin @ > sin § = % and therefore

20—6
(B0, 10 — 6))) = / (sint) dr <20 — ¢ — &
é

=2[0— ¢| < Cl6— ¢|Gsin(0 v $))*"

In the case ¢ € [7/2, 7] and ¢ < 30/2, wehave § — |6 — ¢| = 20 — ¢ > 0 and
w/2 < ¢ < 3w /4. Thus,

0]
(B8, 10 — ))) = / (sint) dt < ¢ — (20 — ¢) < Cl6 — | (sin(@ v §) >
0—a¢

Finally, observe that for ¢ € [n/2,7] and ¢ > 36/2, we have B(4,|0 — ¢|) =
(20 — ¢, ¢) and my(B(8,]0 — ¢|)) < ff(sint)” dt < ¢. [ ]

Theorem 2.2 Let B be a Banach space, and T: L*(dm)) — L§(dm,) be an operator
given by integration against a kernel K in the Calderén—Zygmund sense, such that the
following hold:

(i) If|0 —¢| > 7 /6, then |K(0, ¢)|ls < C and [|0pK (0, ¢)|| + ||0sK(0, ¢)[|s < C.
(ii) For every (0, ¢) either belonging to

[0,7/2] x [0,7/2] orto [o,w/z]x[ﬂ/z,ﬂ]r]{¢,§ ;9},

we have
C 1
|0 — @] (sin(0 V ¢))2*’
C 1
|6 — @|? (sin(@ Vv @)

(2.3) |K(O,0)||s <

(2.4) 106K (0, ¢)||8 + [|0sK (0, d)||s <
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(iii) The kernel K is symmetric (K(m — 0, ™ — ¢) = K(0, ¢)) or antisymmetric (K(m —
0, m—¢) = —K(8,9)).
Then T is a Calderon—Zygmund operator in (0, ) with p(x, y) = |x — y|.

Proof Lemma 2.1 and (2.3) clearly imply (2.1) in the region stated in (ii). On the
other hand, for (6, ¢) € [0,7/2] x [7/2,m]N{¢ > 30}, wehave /6 < |§—¢| < ,
and therefore by (i), [|[K(6,¢)|lp < C < %ﬂ By using again Lemma 2.1, (2.3) and
the symmetry condition (iii), we easily obtain (2.1).

By using Lemma 2.1 and (2.4), we get

C 1
A < 0 — ¢ my(B(6, |6 — ¢]))

(255) 106K (0, 9) || + [|0,K (6,

for 6 and ¢ in the region stated in (ii). For (6, ¢) € [0,7/2] x [7/2, 7] N {¢ > 36},
we have 7/6 < |0 — ¢| < 7 and therefore by (1), ||0pK(0, ¢)||s + [|0sK (0, d)||p <
C < 5. ByLemma 2.1, we have (2.5)in (6, ¢) € [0,7/2] x [7/2,7]N{¢ > 26}.

[0—¢l¢*
The symmetry condition (iii) implies that (2.5) holds for any (6, ¢) € [0, 7] x [0, 7].
By standard calculations, this inequality implies condition (2.2) fore = 1/2 ]

3 Proof of Theorem 1.2

Given a polynomial function f, we have

Pﬁ(cos 0) )

N
! ol —1/2 - n
(3.1) RAF(0) = 0y(La) """ f(0) = G (; (1 + N* 1PM 2 (dmy)

_ XN: a, aéPﬁ(cos 0)
= (n+ N {|P| 2y

The case I = 1 was extensively studied in [1], where the following were proved: its
boundedness in L? for p € (1, 00), its weak type (1, 1), the fact that it is a principal
value, the boundedness of the maximal operator, etc. In order to prove Theorem 1.2,
we first prove the boundedness in L? of the higher order Riesz transforms.

3.1 L? Boundedness of Higher Order Riesz Transforms

We shall see that for any polynomial function (1.6), we have

IR\ Fll2amy) < C | fllz2gamy)»

with a constant independent of N. First of all, let us observe that without loss of
generality, we can consider only polynomial functions f such that there only appear
P)(cos ) for n > I+ 1 in their expansion. Since any linear operator is bounded on fi-
nite dimensional spaces, we have that the restriction of R} to the span of {P;, ..., P}'}
is bounded, and it only remains to check the case whenn > I + 1.
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The case | = 1 was treated in [1], and it was seen to be bounded in L*(dm,). Let
us explore the case [ = 2. In this case, for any n > 3

(3.2) R3P)cosf) = o /\)2 ——_9P)(cos )
)\ MO
= G P (cos ) + (n%:))( 16)2PA2 (cos ).

On the other hand, from (1.1) we obtain 9 = —L, — 2\ cotf 9y + A\* and therefore
(3.3) R, =0;L," = —1d — 2\ cotO OpL, " + MLy .

With this expression,

(3.4) RP) = —P)+ i cos OPML + ’ p
' AT " (n+\)? L A2
Mixing (3.2) and (3.4) one has
2@A+D) o
(3.5) ) 0s P, " (cos 0)
2 4NN +1)
= P)(cos ) — o )ZP;\( 0s0) + W( n6)*P)*2(cos h).

In particular, with this calculation, from (3.4) we get

-1 1 1
DOt ST e (s ?)

8A2(A+1) 1
220+1 (n+M)?

R2P)Ncos ) =

(sin 8)2P% (cos 6),

and therefore

R f(6) = 2)\+IZHP’\ P)(cosf)

||L2 (dmy)

1
P (cos
2>\+ 1 Z HP’\HLz (1 + )2 »(cos )

8>\2()\+ 1) 1 e
A+ 1 Z HP)\HLZ . )\)2(51119) P75 (cos 0).

Clearly, the first two sums are operators bounded in L?(dm,). For the third one, we
will use the following lemma.
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Lemma 3.1 Forevery k > 0, the operator T acting on polynomial functions

(sin Q)kP’\”}((cos 0)

Tf(0) = Z 7

2 [T >

is bounded in L*(dm,).

Proof By using the orthogonality of (sin 9)kP’\”§< in L*(dm,) and

I'(n+2\)

A2 __ Hl=2X -2
||Pn HLZ(dmA) =2 ﬂ-F(A) (1’1 + )\)TZ'

(see [8]), we obtain

1
(sm@)kP’\*k
‘ Z ||P’\\|L2(dmA n+ Ak 12(dmy)

=k+1

e IR v

_ a L*(dm 2 2

= 3 Tl s S 20 4 =Clflam
n=k+1 " n 1L (dm)) n=k+1

We use induction in / to prove the boundedness of R} forany I > 1. Let us assume
that R]f\ is bounded in L*(dm,) for k < I — 1, and let us see that it also holds for k = 1.
From (3.3), for | > 3, we have

(3.6) R, = (‘)éL*l/z - 81—2R2L7(172)/2
al ZL (I— 2 2)\6l ZcoteaeL l/2+)\26[ ZL

— —R2 229 2 cot0 9L, + NR 2L

By the induction hypothesis, first and last operators are bounded in L*(dm,). It
remains to show that the second term is also bounded.

Lemma 3.2 Foranyk > 0,
k+1

05 (cosOP)* (cosB)) =" )" Caplcos )" (sin 0)’P)* (cos 6),

a=1 A,B:
A+B=a

where C4p € R may be zero.
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Proof We will prove the result by induction in k. For k = 0, it is clearly true with
Cyo = 1and Cyp; = 0. Let us suppose that the formula holds until k — 1. For k, we
have

k
Ok (cos AP (cos ) = Dy Z Z Cap(cos )" (sin )B P (cos 6),

a
a=1 A,B:
A+B=a

and it is enough to see that any term 9y ((cos 6)" (sin )P\ (cos #)) is a sum of terms
of the form (cos 0)*(sin G)BPﬁi‘id(cos ) withl < @ < k+1,A+ B = 4. And this
holds, since

Oy ( (cos 8)* (sin 8)2P) (cos 9)) = A(cos 0)~!(sin 8)T1 P (cos 0)
+ B(cos )1 (sin 0)P~1 P\ (cos 6)

n—a

—2(\ + a)(cos ) (sin )P P (cos 6).

—(a+1)
|
Thus, for a polynomial function f = Zl::m anHP,);HL_Z%dmA)P;\) we can write
(3.7) 9y cot 969L;’/2f(9)
N . 1
! [-2 A+1
B A2( = 2\ cos OP 9
zl;l 1P 2 (amy) (n+ X! ( cos 0P, (cos 0))
e
-1 N . 1
— C n 9 A . 9 BP)""” 0
; ; AB 21;1 1P 1|22 (dimy) (n+)\)l(coS )" (sin 6)" P, (cos 0)
= ,B: n=
A+B:a
-1
=" D CasTh o f(6).
a=1 A,B:
A+B=a

Thus, the boundedness of this operator follows from the next lemma.

Lemma 3.3  For any | > 2, the operators T};I;ﬂ appearing in (3.7) with non zero
coefficients are bounded in L*(dm,,).

Proof We will proceed by induction in A: in the case A = 0, we must prove that for
everya <Il—1,

N
T f) =Y

n=I+1

cos B(sin 6)* P (cos A)

an
1P 22 (amy) (4 M)
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is bounded in L2(dm,). This holds by Lemma 3.1. Now assume that the induction
hypothesis is true up to A — 1, that is, for any A < A — 1, we have that for every
a < I—1, the operator Tl ! 1./ (0) is bounded in L*(dm,). For A > 1, by (3.5) with
n—(a—1)and A + (a — 1) 1nstead of nand )\, one can write

ﬁ (cos B)*(sin §)P)*e
n

C
= W(COS )2~ (sin 0)B x

C
A+(a— 1) A+(a— 1) 2 pA+(a+l)
(Pn + (n+)\)2P” (— +( )\)2 (sin@)=P," (a+l)>

C — . A+(a
= W(COS@)A I(SIHQ)BP +(1,7 11))

A—1 BpAt(a—1)
(cos )"~ (sin 0)°P, ”; 0

,_C
(n+\)

C A
o )\)l(cos 6)" ! (sin 6)**2p) 0%
By the induction hypothesis, the first two terms give rise to operators bounded in
L?(dmy,). For the third term, ifa+ 1 < [ — 1, it also gives rise to a bounded operator,
by the same reason. But we want to prove the boundedness for any a < I — 1, and

thus it remains to prove the case a = I — 1. Since

k% cot 00,L; P P) = —270L*(cos OP)),
an operator TABI 1
of expression (3.7) necessarily comes from the terms in which the derivatives 8
act on the polynomial P)*} and not in any other term (otherwise we would obtam
P)*® with a < I — 1). Therefore, the only terms with non-zero coefficients coming
by applymg (3.5) in the right-hand side of (3.7) must sum to a constant times the
operator

in which there appear terms with Pn (l 1) in the left-hand 51de

I—1 1 1—2 pA+(1+1)
Ty 0, f(0) = Z ||P>\HL2(dmA CESY] cos O(sin 6)" 2P, l)(cost9)

n=I+1

By using (3.5) with n — (I — 2) and A + (I — 2) instead of n and A, we can write

1 I—2pA
m cos 6(sin ) 2P + l 1)
C(sin )2 1 \ii—a) C -2 c V2 DA
BCEDNE (P (s -0 T G S0P )
_ C(sin 9)1’2 M=) C(sin®) 2 \.u_» N C(sin®)' .,
IO e R DY [ N C R P ki
By Lemma 3.1, the operators to which these terms give rise are bounded in L?(dm,).
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3.2 Kernel of the Riesz Transform

Observe that by (1.2), Pf(e™*,0) = e~ f(e™*, 6), where
f(r,0) = Zanr"Pﬁ(cos 9)||P2H;%dm)
n=0

is defined by Muckenhoupt and Stein [5]. They compute explicitly the kernel
P(r,0, ¢) of f(r,0), and therefore

(38) P0:0) = [ P:0.0)f(0)dmate), 0 € l0.7),
0
where r = e~" and
s 2N e 2A—1
p.0.0) =2 | (A=) ! .
T Jo (1 — 2r(cos @ cos ¢ + sin @ sin ¢ cost) + r2)

Before continuing further, let us state some useful notation.

o =sinfsin¢, a=cosfcosp+ocost=cos(d —¢)— o(l —cost),
(3.9) A, =1—-2rcos(f — @) +r* = (1 —r)? +2r(1 — cos(f — ¢)),
A=A, D,=1-2ra+r*=A,+2ro(l — cost).

Lemma 3.4 ([1,Lemma2]) Given f € L'(dmy) and | > 1, for almost every 6 &
[0, 7], we have that

(3.10) (L)~ £(6) = / WL(6, ) f(6) dm(9),
0

where W/l\(97¢) = ﬁ fol r’\*l(log%)lflP(r,G, ®)dr. Given f € L' (dmy), 1 > 1 and
0 outside the support of f, we have that

(3.11) RLf(60) = / RL(0, 6) £(6) dmy(6),
0

where

I R Y INEIA T i L
R/\(G,gb)fr(l)/o r (logr) 7r(1 r)/o (sint) aﬁ(D/\”)dt'

Proof L;l/ ? is defined in (1.3). Then to get (3.10), it is enough to apply Fubini’s
theorem. To prove (3.11), it is enough to justify the differentiation inside the integral
sign. See [1] for the details. [ |
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Now we shall see that the kernel R, (6, ¢) satisfies the hypothesis in Theorem 2.2.
Since P(r,m — 0, — ¢) = P(r,0, ¢), we have Rf\(w —0,m— ¢) = (—l)lRl/\(G, o).
Therefore R} (6, ¢) satisfies condition (iii) in Theorem 2.2. Observe that 9} (D; 2~ 1)
and 8¢8(§(D7 A=1) are quotients with a bounded function in the numerator and a
certain power of D, in the denominator. Since D, > C forr € (0,1/2) and D, > C
forr € (1/2,1) and |6 — ¢| > /6, we get

[RA(0, 9| + [95RL(8, 9)| + [05R}(6, 9)]

1/2 1\ -1 1 1\ -1
§C/ rAfl(logf) dr+C/ r’\*l<logf) dr <C.
0 r 1/2 r

With this we obtain condition (i) in Theorem 2.2. In order to prove condition (ii),
we need a careful analysis of 8(19( ﬁ) . Recalling our notation (3.9), let

b= 0pa = —sin(f — ¢) — cos O sin ¢(1 — cost),

and observe 9pb = a. We have the following lemma to describe 8} ( 5irr) more

A

precisely.

Lemma 3.5

rtialbi
D/\+1 chk”f D/\+1+k ’

where ¢ ;i # 0 only if

(3.12) k=1,...,1, i+j=k j>2k—1
Proof Forl = 1, aé( #) = g{fz and therefore only ¢; ;¢ is nonzero. Assume
that the lemma is true for . Since
Pt gip i+ gi—1pi+l i+ g1 pi—1 i+ gipitl
(3.13) 89(7) —q to te
Di\+1+k Di\+l+k Di\+l+k D;\+1+(k+1)

(we assume ¢; = 0ifi = Oand ¢, = 0if j = 0), we must check that all these
expressions satisfy (3.12) for I + 1. The first two are obvious. For the third one:

G+ >2k—I1+1>2k—(I+1), (j—1)>2k—-1-1=2k—(+1),
(j+1)>2k—1+1=2(k+1)—(I+1). n

As a consequence we may write RlA(H, ®) = > ki, jMuki (0, ¢), where ¢ j are
as in the last lemma and

22—1

Loem N a'bl sin t
_ Atitj—1 2
Mg i(0,9) = /0 /0 i (108 ;) (1—r7) DIk dtdr.

The next step is checking that each of these terms verifies condition (ii) of Theo-
rem 2.2. This will be done in two lemmas.
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Lemma 3.6 There exists a constant C > 0 such that for every 6 € [0,7/2] and
20/3 < ¢ < 360/2, we have
C 1
16— @] (sin 92
C 1
[0 — @ (sin ¢)2*"

Proof Let us start with the first inequality. Since D, > C for r € (0,1/2), and
logl < C(1 —r) forr € (1/2,1), and also by using that |a] < C and [b|] <
sin |0 — ¢| + sin (1 — cost), we have

(3.16)  |Mixi (6,0

1/2 1y -1
< C/ Pkl <log —) dr
0 r

(3.14) IMigi (0, 6)] <

(3.15) |06Mi i, (0, §)| + |OsMigi (0, )| <

Lo 6 — 1—
vef [ 1(sin |0 = 9| Jl’)i‘:iff( 05N Gty dedr
12
1 (sin |0 — @])/ (sin )1
< c+c//2/ (1-r) Dy drdr
v/ 1 (sin ¢(1 — cost))/ (sin )1
+C /1/2A 1—r) DY+ dtdr
1 ™ : s 22—1
+C / (1 pyind) ismt) dtdr
/2 P Dr+k+l

=C+ (1) + (IT) + (III).

For the first term, we use that j > 2k — [, and thus [ > 2k — j, also that sint ~ t, and

then we perform successively the changes of variables x = , /£t and u = 1—\/%.

t2)\—1

1 /2
I < c/ (1—1r)*(sin|g — ¢|)J’/ —_dtdr
1/2 0

(Ar + a.tZ)/\+k+1

(V5T

A)\+k+1 (1 + x2)/\+k+1

1 :
(1 = %~ (sin|0 — o]/ /
2 0

1 2k—j
. » (1 —=r)*Jdr
snl0=olC | oA

A Ak+1(1 + MZ)kH r

_plinlo—ghi ¢ _ ¢ 1
=7 A2 T A2 T 10 — | (sin(0 V ¢))

g

o sin]0 — o])) /f (VAw* i VA du
B 0
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where in the last two inequalities we have used that for 26/3 < ¢ < 36/2,

1 —cos(f — @) ~ |0 — ¢|* ~ (sin |0 — ¢|)*, sin6 ~ sin g,
| sin(f — ¢)| < Csin ¢.

(3.17)

The proof of these inequalities is trivial, although the argument differs when ¢ €
[0, /2] from when ¢ € [7/2, 7]. Analogously, we have

FipA—1

1 /2
1) < 1 — 1)~ i(sin )/ S —
(Im<c 1/2( r)* "/ (sin ¢) /o Bt o dtdr

. 1(1_r)2kj(sin¢)j/ z (\/%C)zm—l\/gdxdr
1/2

2
0 A;\+k+1(1 + x2)A+k+1

< C 1
~ 10— o] (sin(8 v ¢))P

Forr € (1/2,1), D, > Co and we obtain

(I < cC 1 (1 — r)?*~i(sin ) /ﬂ (sint)A ! s
e w2 (A, + 0 (1 — cost)2) =i/
1 j [ (sint)? 1
=C [ (1=n*ing) / ‘ i
1/2( r) (Sln¢) 0 O']/Z(Ar‘FO'(l+COSt)2))‘+k*J/2+1 r

221
: s I3 A, A,
<o [ pueiing) [VE (Vo) e dr
~ ip ailz J, ANFZI (] 4 j2)aek— /241
C 1
< )
~ |0 — 4| (sin(0 v ¢))*

where the penultimate inequality follows the lines of terms (I) and (II). This ends the
proof of inequality (3.14).

By (3.13) and analogous arguments as in (3.16), we have

|b|j+1
Di\+k+1

1 T
|0gMy . ;(0, ¢)| <C+C / / (1—r) (sint) ! drdr
1/2Jo

1 T b jfl
+c// / (1—r)’l‘)LkH(sint)sztdr
1/2J0 r

LT o 21
+C// / 1-r7) D,\+k+2(5int) “hdtdr
1/2Jo 7

=C+(A)+ (B) + (C).
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For the first integral, we have that

(A)<C/1 /Wu_ y B G dedr < € 1
=Yty T Dy "= 10—l Gin(6 v )

as was proved by the estimates of (I), (II) and (III) above. Observe that if j = 0, the
second term would not appear. So we may proceed to estimate (B) assuming j > 1,
and obtaining

®=<c| (1 / (sin |0 — ¢| +1;i/\11i(11_COSt))jil(sint)z’\fldtdr
<C//2/ l(sm|0 q]5)|/\ikj1(smt)2’\ ldtdr
+C//2/ ,(smgb(l—cc;;j}?jl I(sint)?*~ ldtdr
+C //2 a- )(Sm@;;ffft)u " drdr
C C 1

= 0'>‘A |6 — ¢|? (sin( V ¢))*’

where the last two inequalities follows as in (1), (II), and (IIT) above. Observe that

1 T (i _ : _ j+1
©<c | a-r / (sin |0 = 9| +;fifj§1 S (Gin 1y dirdr
1/2 0 f

The same arguments drive to the bound

C 1
|60 — ¢|? (sin( V ¢))*

© <

The proof of (3.15) for 9, follows the same lines. [ |

Lemma 3.7 Forevery 0,¢ € [0,7/2] and ¢ outside the region 20/3 < ¢ < 36/2,
we also have (3.14) and (3.15).

Proof In the following calculations we will use that for 8, ¢ € [0, 7/2],
1 —cos( — @) ~ |0 — ¢|* ~ (sin|0 — ¢|)*.

Also, for ¢ outside the region 20/3 < ¢ < 30/2,sin |0 — ¢| ~ sin(6 V ¢) and |b| <
Csin |0 — ¢|. Therefore, by the same techniques applied in (3.16), for My ; (6, ¢)
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we have
1 i 1Bl
|Ml,k,i,j(97¢)| <C+C 1/2(1 —7') ANEF dr
1 2k—j
| (e
§C+C(sm\9—¢|)1 l/zwdr

Wi (VAWH VA du

A/\+k+1 (1 + uZ)/\+k+1

(sin |0 — ¢|)/ < C 1
AMI24/2 =10 — @] (sin(f V ¢))2

< C+C(sin|f — ¢|)J’/
0

<C+C

We proceed analogously for the derivative

1 T i+1
.
@Mwww¢n<c+c/'/Xl—ﬁgﬂmwmnﬂlmm
1/2Jo i

1 T j—1
bl!
+ C/ / 1- r)ll‘ytk+l (sint)? ! drdr
1/2J0 T

LT L A
+ C/ / 1-r) DMK (sin )~ drdr
1/2Jo f
C 1

S |6 — ¢|? (sin(6 V )2

4 Proof of Theorem 1.3

Let us write §' (0) = ||Tgi ()| 12(0.1).ar)» i = 1,2 where Tg; is the operator map-
ping escalar valued functions into L?(dr)-valued functions given by

(4.1) Tgi f(0) = wrlog% O,Pf(r,0), Ta:f(0) = Urlog% OpPf(r,0).

4.1 Boundedness in L*(dm,) of the g-Functions

For any polynomial function f € L?(dm,), the operator

N
O,Pf = (n+Nr"la, P[Py~

n=0

gives a well-defined function in L?(dm, ), since for each fixed r € (0,1) and n > 0,
|(n+ A\)r"| < C. Thus, we can write

LS oo
1 _ _ _
Tg f = Z\/rlog; (n+ e, PP =D g man Py |IPy]
n=0 n=0
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whereg!(n) = y/rlog ! (n+\)r"**~! belongs to L*(dr) uniformly in n. In particular,

this implies that G! is bounded in L2. To get the boundedness of §* in L? we proceed
similarly. Observe that for any polynomial f € L*(dm,),

N
0pPf = " a,(=2))sin 0P, [Py 7!

n=1

(where we have used that 3,P)(x) = 2AP)*! (x); see [8] for the details). We can write

N
/ 1 an . _
Tef = Z 1’108; TnJr)\m(_Z)\) Sln9pﬁill||P2H :
n=1
)
= &m
n=0

where R), is the Riesz transform operator (see [1]) and T is the multiplier associated
with the orthogonal system in L?(dm,) given by the functions

a . —_
- :A(—zx) sin 0Py ||PY]| 7! = Te(Ryf),

h,(0) = sin OP) (cos 6)
with coefficients g*(n) = \/rlog(1/r) (n+ A" A=1 The coefficients are uniformly

bounded in L?(dr). This, together with the L?-boundedness of the Riesz transform,
give that G2 is bounded in L?(dm,); see [1] for the details.

4.2 Kernel of the g-Function

In the next lemma, we find the vector-valued kernel in the Calderén—Zygmund sense
Ongx‘, i= 1,2.

Lemma 4.1 Forevery f € L'(dm,) and 0 outside the support of f, we have
(42 Tof0) = [ 76,05 dm(@), =12,

0
where

1 _ 1AM A e 7 (sine) !
(43)  70,9) = \/rlog—= | A" "'P(r0,¢) — 2 S

T (sint)*~19,D
(sin )A+2 "Dr ]
DT’

1A\ +1 T (sint)**~19yD,
(4.4) Tf(e,qs):,/rlog;¥r*(1—r2)/o %dt

are kernels taking values in L*(dr).

—A+Drra -1
0
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Proof By the definition of Tg;, in order to get (4.2) we only need to put the deriva-
tive inside the integrals in the expressions (4.1). With our usual notation (3.9), we
write

A T (sint)* ! A 5 T (sin )21

For negative a, D, > 1, and for positive a, a < cos(6 — ¢). Therefore, if # does not
belong to the support of f, we have that D, > 1 — cos(f — ¢)? > C. This implies that
for each r, the remaining integrands in the right-hand side of the equations in (4.1)
belong to L!(dmy x dt) for f € L(dm,). This shows (4.3). Also, if § does not belong
to the support of f, we have that |71(6, ¢)| < C+/rlog(1/r) r*~!and |72(0, ¢)| < C,
which are functions in L?(dr). [}

Our aim is to prove that the kernels of Tg: verify the hypothesis of Theorem
2.2. We have already seen that they are bounded in L?(dm,). Observe that since
P(r,m— 60,7 — ¢) = P(r, 68, ¢), the symmetry condition (iii) holds.

On the other hand, for | — ¢| > n/6 and r € (1/2,1), we have D, > 1 —
(cos(8 — ¢))* > C. Forr € (0,1/2), clearly D, > C. Then

1, ,_
17,0, )| 2ary < Cll4/ rlog ;(rA "+ D)l = C,

1720, &)l 2an < C,

as can be easily seen from (4.3) and (4.4). Thus condition (i) in Theorem 2.2 also
holds.
Checking condition (ii) requires a bit more work.

Lemma 4.2  There exists a constant C > 0 such that for every 6 € [0,7/2] and
20/3 < ¢ < 30/2, we have (fori =1,2)

i ¢ !

(4.6) 1726 Dl < G =3 GmtEv
i i ¢ 1

@7 10O, Dl + 10570, 9 < = gm v G

Proof Whenr € (0,1/2), D, > (1 — r)? > C and therefore

1
[7(0,0) < Cyrlog— (P +C) and |20, 9)] < C.
For r € (1/2,1), let us observe that by (4.3), we can split |7, (6, ¢)| according to the
following sum |9, (r*P(r, 0, ¢))| < Z?Zl N;(r,0, ¢), where

o \2A—1 T (ain $)2A—1
(sint) dt. Ny(r.0.6) = C (sint)

/2
Mmawzc/
0 D;\Jrl /2 Dﬁ\Jrl

dt,
™ (sint)*~110,D;|

Dy dt.

Mmam:cu—n/
0
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We will use the following estimate

(4.8) = ’ e i< ¢ ,
+l (A, + rot)ML T = Agro)

which can be easily obtained by the change of variables t = A,/*(ro)~1/2u. By using
sinx ~ x, 1 —cosx ~ x*and 1 + cosx > Cx? for x € [0,7/2], it is not difficult
to obtain the estimate N (r, 0, @) + N,(r, 6, ¢) < CIi+1 , where in the case of N, we
have first made the change of variables 7 — x = t. For the term N3, observe that for

re(1/2,1],
(4.9) 1—n)|0,D;| <C(1—1)[|1 —r|+|1—cos(d — )| +|o(1l —cost)|] <CD,.

Thus, after applying the same change of variables m — x = t used above for N, we get
that N3(r, 6, ¢) < CI/Z\;\I_I. This gives (with the only restriction being r € [1/2,1])

(4.10) 0,("P(1,0, )| < CIH"

The next step is integrating in r. By using (4.8), A, > C ((1—r)*+A), rlog % ~1l—r
forr € (1/2,1), the change of variables u = 1 — r/\/z and (3.17), we obtain

! c (' rlogldr C C
1 2 < _ T < < .
/1/2 7@, &) dr < o Jip (L= +A)2 7 oA 7 |0 — ¢|*(sin(f V ¢))**

The case of 77 is treated similarly. For the estimates concerning the derivative, let us
observe first that the same arguments as in Lemma 4.1 allow us to put the derivatives
inside the integrals, and then

1A =19y D,
&u)@ﬁ@@—wﬂ%;gvl@u— %/"@ngﬂe dt

T (sint)**! 9y0,D, D, — (A + 2)0yD,0,D,
DM1 D2

DA - ) m}m
0

;D;| < C and also the following
estimates for 1/2 <r <1,

(4.12) 9D < 2rsin |6 — ¢ + 2“959 S.Hl @(1 — cost) < C 7
D, 2r(1 — cos(8 — @)) ~ 2rsinfsin p(1 — cost) — |0 — ¢|
’ 090, D, 1/r0yD;, C
Dr D, [T lo—ol

we easily get that

C 1 _ _
1097, (0, )| < 0 =gl rlog;(rA o121 + 10T 1azn (1)
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and therefore, for 6 and ¢ satisfying 20/3 < ¢ < 36/2, we have

C 1
|6 — ¢|? (sin(8 V ¢))*

1007, (6, &) | 12ar) <

The derivative in ¢ is treated similarly, by using the parallel estimates to (4.9) and
(4.12). Similar arguments also hold for 72. [

Lemma 4.3  Forevery 0,¢ € [0,7/2] and ¢ outside the region 20/3 < ¢ < 36/2,
we also have (4.6) and (4.7).

Proof We use that from (4.10) one can achieve the following inequality

1, ,_ _
[7(6,9)] < Cyrlog - (a1 (N + By laan ()

and from here, using that for r € (1/2,1), rlog * ~ 1 — r, we get that

' rlog!
(413) |‘Tr1(97¢)||%2(dr) é C+C/ md?’,
1/2 Af

! 1—r
<C+C d
=0 /1/2 (=2 + &0

S AZ)\-H ’

where the last estimate can easily be obtained by the change of variable u = 1—\/%. For
¢ < 20/3,sin(f — ¢) ~ sinf and 1 — cos(d — ¢) ~ |0 — ¢|* ~ sin(§ — ¢). Thus,
by these properties, (4.13) implies

C C C

1
||Tr (95¢)||L2(dr) S (1 —COS(9—¢))A+1/2 S |9_¢‘ (5111(9\/(,25))2’\

Now, for ¢ > 360/2,1—cos(0 —¢) ~ |0 —p|* ~ (sin(d —¢))* and also | sin(6 — ¢)| ~
sin ¢. Then from (4.13), we get as before

< C C
10 — ¢ (sin(8 V ¢))*

HTrI(ea d))”Lz(dr)

The estimate for 72 follows in an analogous way. We will obtain (4.7) for the deriva-
tive in 0 of 7!. The proof for the other derivative is completely analogous, and also
for 72. Let us observe that for € (0,1/2), D, > C and therefore |0p7/ (6, )| <
Cy/rlog(1/r)(r* =1+ 1). If r € (1/2,1), it is easy to see that

|0sD:|,|090,D,| < C(sin |6 — ¢| + sin @) |0;D,| < C,

(4.14)
\83D,|2 < C((sin |6 — ¢|)2 + (sin ¢)?).
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Thus, from (4.11), (4.9) and (4.14), it is not difficult to obtain that

1, 1sin |6 — ¢| + sin
|0p7; (0, )| < C rlog;(fA 1+1)X(o,1/2)(T)+C\/f10g;%~

From here, ||0p7' (6, )| 124y < C + C(sin |6 — ¢| + sin §)A, where

! rlog i C
A’ = L dr < ——.
‘/1/2 ((1 _ T)2 + A)2>\+4 r= AZ)\+3

In the former inequality we have used for r € (1/2,1) that rlog 1 ~ 1 —r, and we
have performed the change of variables u = (1 — r)/v/A. Thus, we obtain

sin |0 — ¢| + sin ¢

||3(ﬂ'1(9’ ¢)HL2(dr) <C+C AM3/2

In the region ¢ < 26/3, we have |§ — $| ~ sin |0 —¢| ~ sin#,and A ~ (sin |0 —¢|)*.
Thus,

o-¢l 1 _ _C 1

L g < — .
10670, Dllizian < €+ CoG7 A5 < G4 Gin@ v 9>

On the other hand, for ¢ > 360/2, |§—¢| ~ sin |#—¢| ~ sin ¢,and A ~ (sin [§—¢|)*.
Thus, we obtain the desired estimate in the same way. ]

4.3 The Muckhenhoupt-Stein g-Function

The g-function defined by Muckhenhoupt and Stein [5] associated to the ultraspher-
ical polynomials is

1 1/2
2f(6) = (/ (=0 fr 0P dr)
0
where f(r, 0) is described in Subsection 3.2. They show that this operator is bounded
in L?(dm,) for every p € (1, 00). A natural question is whether this operator can be
handled with the technique developed in this paper. In other words, we would like to

see if the operator can be described as a Calder6n-Zygmund operator. It turns out
that our computations hold for the operator

1 /2
af = ([ a-roswora)”

The remaining part

1/2 /2
@ f(0) = (/0 (1=l fr0) P dr)

is easier to handle, and one easily gets that gy maps L?(dm,) into L? (dmy,) for every
p € [1,00].
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