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On quotients of certain

countable groups

Stephen J. Pride

A group A 1is said to be sq-universal if every countable group
is embeddable in some quotient of A . It is well-known that the
number of non-isomorphic factor groups of a countable
sq-universal group B 1is the power of the continuum. Since B
has such an abundance of non-isomorphic quotients it is natural
to ask what types of quotients B must have and what types B

need not have. This note is concerned with these questions.

1. Introduction

The study of sq-universal groups has received the attention of

several authors in recent years (see [Z] and the references cited there).
b
Neumann [1] has observed that since there are 2 0 non-isomorphic finitely

N
generated groups, a countable sq-universal group must have 2 0 non-
isomorphic quotients. By a similar argument it is not difficult to

establish that Z¢f P <is a group-theoretic property which is preserved

N
under taking subgroups and if there are 2 ° non-isomorphic finitely
generated groups without P then any countable sq-universal group has

b . .
2 0 non-isomorphic quotients without P .

The above result gives information concerning the type of quotients a

countable sq-universal group must have. One can ask in the reverse
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direction what type of quotients such a group need not have. For example,
it is known that there are countable (indeed finitely presented)
sqQ-universal groups which have no finite quotients apart from the trivial
group [3]. A method is given here for constructing two-generator
sq-universal groups which do not have any homomorphic images different from

1 satisfying a non-trivial la.
. R .
In view of the fact that there are 2 non-isomorphic finitely
generated groups containing a copy of the free group F2 of rank 2 , it

is natural to ask whether there exist countable sq-universal groups with

every homomorphic image different from 1 containing a copy of F2 . I

have not been able to answer this question.

2. The construction

Let F =A «B , where A and B are infinite cyclic groups
generated by a and b respectively. The idea is to construct small
cancellation quotients of F which have no homomorphic images different
from 1 satisfying a non-trivial law, and then use small cancellation
theory to establish so-universality. The reader unfamiliar with small

cancellation theory should consult [3].

Every element of F can be written uniquely in the form

n, & n &, n
b Oa lb 1 a Zb ? (z=0),

where the Ei are non-zero integers and the ni are integers, non-zero
except possibly for no and nZ . The £i will be called the

a-exponents and the n. the b-exponents.

Let W W ... be an enumeration of all the non-empty freely

1’ 22
reduced words in variables xl, Tps eoe Construct inductively a sequence
UO’ VO, wl, Ul’ Vl, w2, U2, Vé, ... of elements of F as follows.
Take U = abab® ... %0 ana Vo = Yo ... a0 |

Now suppose r > 0 , and assume that
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u., v W) U

0* "0’ v v

1 1 e Yy Ypaae Vr—l

have been constructed. Choose p to be greater than the moduli of all the

a-exponents and all the b-exponents in Q} 1 V} 10 and substitute
b PePp*P  for x; (z=1,2, ...) in Wr . Let w, be the normal form

of the resulting word. Note that w, begins and ends with b-symbols, and

moreover all the exponents in w, are divisible by p . DNow let
Q a CLS
Ur =a wra W, -.- @ wP .
Yy ¥ Y
V—albazw eo.a ,
r r r
where
(1) s§29 ,
(2) all the numbers ]all, cees Iasl, ]Yl|, cees |Ys| are

distinct, and each is greater than all the a-exponents in

Zz)p,

(3) Zai=1, Zyi=0.

Let

U .

2 v

G ={a, b; Ul’ V. PO

l)

Then no homomorphic image of G different from 1 satisfies a non-trivial

law. For suppose Wr =1 were a law in a quotient G of G . Then in

particular, wr would be a consequence of the relators of G . Thus

1}
o
"
[
He
=1
Q|

wr’ Ur’ Vr would all define the identity in 5', and so a

by (3). Hence G =1 .

The group G 1is sq-universal. To show this, it suffices to verify
that any two~generator group C can be embedded into a quotient of G ,
for it is well-known that any countable group can be embedded in a two-
generator group. Suppose C 1is generated by h and k , and let
K=A+%B *(C . Let
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R = {hUO, KV, Uy Vi, Uy, Vy, .

Taking account of (1) and (2), it is easily checked that the smallest
symmetrized set containing R satisfies C'(1/6) , and so the factor group
of K by the normal closure ¥ of R is a small cancellation product of
A, B, C . In particular, C is embedded into X/N . Now K/N is a
homomorphic image of G . For in X/N the generators of ( are expressed -
in terms of a and b , and so all occurrences of h and k can be

eliminated using Tietze transformations.
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