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1. Introduction. Several writers (4), (6), (7), (9) have used orthogonal expansions in
discussing properties of Fourier transformations, and Kober (8) has used such expansions to
derive fractional Fourier and Hankel transformations. In 1950 Barrucand (1) noted a
reciprocity holding between the coefficients in the expansions in Laguerre polynomials of
pairs of functions which are transforms with respect to the kernel J,(2xt).

In the present paper I extend Barrucand’s result to kernels J,(2zt), R(«)> -1, and to
Fourier sine and cosine kernels. I also discuss the relationship between fractional powers of
unit matrices and fractional transformations, and I show how this method gives an alternative
approach to the fractional Hankel transformations of Kober.

2. Formalities. Let us suppose that the sets of functions

{$u(®)}, {$n(x)} (n=0,1,2,...),

are normalised and biorthogonal over (0, o), that f(2) and g(x) are transforms with respect
to a Fourier kernel K (z), and that
o0

Sy~ 20 @adn(Z), oo (1)

and g@)~ T bugn (@)

n=0

in the sense that* the coefficients ¢, and b, are given by

an= [ 1@ @) 5, b= [ g@)ha(o) d.

Further, suppose that ¥,(x) is the transform of ¢, (x) with respect to the kernel K (z)
and that it can be expanded in terms of the functions i, (z). That is

Y,n (7‘) = J:o ‘/’n (t)K(xt) dt = m§0 kn, m l/‘m (x):

say. By the Parseval theorem for these transforms we have, formally,

= J : S (@)l () dev= J: 9(@)¥, (@) de
=J : 9(@) {,,EO kn, m¥m (rc)} dx

= b f " g (@) d

=0

m=0

* The sign ~ is used with this meaning throughout the paper.
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Simiarly

; ; ._....‘], g s by -
: C1g oo ay b,
koo Koy Koy ... l Ag by

‘L ..................... | JIL

respectively, then (2) and (3) become B=KA4 and A =KB. Hence K24 =4 for all column
vectors A arising from the series (1), and thus K2=1, where / is the unit infinite matrix.
Thus the Fourier kernel X (x) may be regarded as corresponding to the square root K of 7.

In the same way other fractional powers of the unit infinite matrix / correspond to
formal transformations which are fractional powers of the transformation with respect to the
Fourier kernel K (z). In particular, the fractional transformations of Kober correspond to
the diagonal matrix

..............................

3. Powers of Unit Matrices

Dernrrion 1. If 1, is the unit n xn matriz and I (z) is an n xn matrix whose elements
are functions of a parameter z defined for all real x, then I () is said to be an evaluation of 13,
the xth power of 1, if

() I(z).I(y)=1(x+y) forall real x and y,
(i) 1(0)=I(1)=1,.
With this terminology we have :

THEOREM 1. If ¢y, Cy, ..., Co_y 18 any sct of n -1 constants and I (x) is the lower semi-matriz
defined by

1(-’”)=I‘ @y Gra-.. Qyn |2
(g Qgg .y Qg

........................

—_ a’nl a’n2 Cpn —
where a,, =0 if r<s, and
a, = L gimin(s=1)(] — gtmiz)r—s rbl Cpp wveeerrnvecsneeannane v (5)
®(r-s)! m=s

if 7228, then I (x) is an evaluation of IF.
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Proof. By the multiplication rule for matrices the clement in the rth row and sth column
of the product I (%) . I(y) is
r e27n’.’c(p—l)+2ﬂiy(s—l) . .
= CsCayq oo Cp1CpCpyy +vo (L — €27E)T=P (1 — glmiv)p=s

p=s (r=p)! (p-9)!

1 r—1 . rfr—s . . o
= (7——,37' I cm} e2nilety)(s-1) 37 ( ) (1 — g2miz)r-» (e?miz — e21n:l:+2my)p—s
—8)! Ln=s

p=2 \" — D
r—1
= '(7"_17)' 'Hs Cm} 62"i(z+y)(s_1){l - e2rri(z+y)}r—s .......................................... (6)
=

if r=¢ and is zero if r<cs. That is, condition (i) is satisfied. Condition (ii) follows immediately
on substituting =0 and x=1 in (5).

The result of Theorem 1 extends immediately to infinite lower semi-matrices, since the
product of two lower semi-matrices is a lower semi-matrix and the elements of the rth row
of the product depend only on the elements of the first » rows of the two factor matrices.

In particular, if we put ¢,,=%(x+m), 2 =4, then it follows that the infinite lower semi-

matrix
- _
(¢) o o .

RGN

............................................

is & square root of the unit infinite matrix 1.
Hence if a,, a,, a,, ... is any sequence of numbers and

b= % (_1)m(:+°‘>am, .................................... %))
m=0 -m

then* a,= (-1)'"(”“““)1),”. .................................... (7)
m=0 n-m

4. Application to Hankel transforms. Suppose that f(x) and g(x) are transforms with
respeet to the kernelf J,(2x%), R(«)> -1, and that they have formal developments in
Laguerre polynomials of the form

fl@)~ats T a,L® (),
n=0

g () ~ whe 50 T YOS (8)
n=

That is (see (b))
n! © ‘
= ~zpda] () )
= TFmtatl) Jo e~*xt2L(@) (z)f (x) dz,

1 0
b, = I_‘(‘ﬁ%) f ) =T L D2 (2) AL vovirerrerrererereerirereanns 9)

¢

* The case a =0 gives the
semi-matrix (2).

1In this case x‘af (32%) and way(éw”) are transforms with respect to the usual Hankel kernel atJ al®).

‘ reciprocal sequences ” of Barrucand (1), corresponding to the Euler
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Now the functions n! e=#xi2L®(z), e-san+l= are transforms ((5), 5-4-1) with respect to the
kernel J,(2x%). Hence, by the Parseval theorem for these transforms, (9) becomes

= A a "+*a 7
"= Fatrastl) fo e~sxrtteg ()du. (10)

Further ((5), 5:1-6)

(o) n m{P e xm
Ly’ (x) = 20(—1) < )%’

m= n—-m

Hence, by the reciprocity (7),
an n n+ ®
T J-1w< “)LQ(L ................................. (1)

n! = n-m

Substituting (11) in (10), we obtain

n! g n+o =
= —— e —_1\m —zpbaJ (@)

Ap= F(n+a+1) ,,i()( 1) (n_nL) J.O e Lm (x)g(x)dx
n! & mfttel(m+a+l)
(n+a+l) mzo(_l) (n_7n) nl! bm
n n
= Z (=1m(" )b,
m=0( ) <m>

Now it is not necessary for this argument that the series (8) should converge ; the integrals
(9) converge and the use of the Parseval theorem is justified if f(x) belongs to L?(0, c0).
Thus we have :

TaEOREM 2. If f(x) belongs to L?(0, o0) and g(x) is its transform with respect to the kernel
J (22%), R(a)> -1, and a, and b, are defined by (9), then

b= 2 1)(" 12
n-—m=0(‘— m)azm, .................................... ( u)
and a,= Z? (—1)"’<n)bm.

m=0 m

5. The cases of Fourter transforms. The particular cases =4} of Theorem 2 are
equivalent to the cases of Fourier sine and cosine transforms, respectively, and the Laguerre
polynomials can then be expressed in terms of Hermite polynomials ((5), 5:6-1). If we put

=zif(32?), G(z)=2lg(i2?),

Theorem 2 becomes :

TutoreM 3. If F(x) belongs to L?(0,c0), and either () G(x) is its cosine transform and
k=0, or (it) G(x) is its sine transform and k=1, and F (z) and G (x) have the formal expansions

@ — 0 -
FMN%@meﬂLGm~%mmmmﬂL
n= n=

1n the sense that

+—2n~k J —
G | e s AN @) e,

" Cn+k)
o-2n-k w0
" @n k) f 0 N Hann NG
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1 22m—2n

then B,,=(—1)”mZ='0 i A
d | 5 92m—2n
={ -] -

an A,=(-1) 2 =i O

6. An example. If we put a,=(} +4a)* in (8), then ((5) 5-1-9)

f@)=aie T (] +10)"L@ (@)

n=0

—ade(} -] )““‘lc\p( x%‘) .............................. (13)
for -3<a<1. Further, (12) gives

bu= £ (-1 (1) = - o

m=0 m

l-a
Y = phafl 1 ry—a—1 ¢ —_— ————
Hence glz)=at(l + la) exp ( Tq +a,> .

Also, it follows from an extension of Weber’s integral (8) that

9@ = [ 0. 2o d
in accordance with Theorem 2,

7. Fractional transforms. Kober (8) has discussed a class of transformations which can
be regarded as fractional powers of the ordinary Hankel transformation. If we re-arrange
some of Kober's results so that they pertain to the kernel J, (2xt) instead of the usual Hankel
kernel z} J, (x) then we obtain :

THEOREM 4. If f(x) belongs to L*(0, ), « and k are real, «> -1, and
f@) m e B G LD @E),  errerrrrerese e, (14)

n=0
wn the sense that

n!
—tyya J (@)
Ay = S e l)f e~ (2t)f (t) dt,

then there exists a family of transformations T’ with the following properties :

(i) Tuf(@)~etade 3 aetrink[@(2),

n=0

(i) TW1 f(x) =Ty f @), Treyf@)=Tf(2),
(i) 74 f(z)=1im. JT F@)J, (2xhed) dt,
T—>0 0

(iv) If k is not an integer and

¢, =| cosec k| exp mi (1 + ) (} -k +[k]),
then .

Tyf ()= Lim. f F(EMT. (2243 | cosec mh [)et(a+tIcotrt g,
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In the present scheme these fractional transforms correspond to the evaluation I* of the kth
power of the unit infinite matrix which is given by the diagonal matrix (4).

Now the fractional transformation of the sequence {a,} corresponding by Theorem 1 to
the kth power of the transformation (12) is

' P 2mimk (1 2nikyn—m| 7
bp=2 ¢ (3 — de¥ntk) ) Bme e (15)

m=0
Hence we can derive a transformation T}, which is also a kth power of the transformation
with respect to the kernel J, (2zt) if we replace the b, in Theorem 2 by the b, given by (15).
In particular, if f(z) is the function (13) considered in § 6, then (15) gives

b;l = é‘ eZm’mk (7‘12 _ %e‘hrik)n—m (Z)(é + ,_}a)m
m=0

=(} + dae? k),
Hence, in this case,

o
Tif (@) =xde T b, LD (x)
n=0

278k
= (4 - Jaedrit)-a-1giz exp ( —x 1 +ae?nt )

1 _ an1rik

Thus as k varies (16) gives functions which are kth power transforms of the function (13)
with respect to the kernel J, (22t). We can use this family of fractional transforms to obtain
fractional transforms of more general functions by the following device.

DerFmsTiON 2. If f(2) and g(x) belong to L*(0, ), and F,(x), G, {x) are sets of functions
belonging to L*(0, 00) and defined for some set of values of a, then we say that f(x) is related to
g(x) as the F,(z) are related to the G, (x) if

[7rsaede= 7 g, de
0 0

Jor all a of the set.

With this terminology we can prove :

THEOREM 5. If f(x) is related to g(x) as the functions (16) are related to the functions (13)
Jor| a|<1, and

f@)~aie 2 a,L®(z)

n=0
e

and g(x) ~ate 2 b, L) (x),
n=0

then the sequences {a,} and {b,} satisfy (15).

Proof. By the assumption of the theorem we have

i 0 1 +a€2"ik
— pplniky—a~1 $a J SR
(1 — ag?=ik) fo Sfl@)x exp( 7 +a62”"">
=(1-a)=! J‘:g(x)xl"' exp( —xi—tg) A2, vt (17)

forlal<l,
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Now for | 2a/(1 +a) | <1 the right-hand side is equal, by the expansion (5), 5:1-9, to

(1+a) -‘*-lf g(x) e‘%%“{z L (2“ )}d
n=

—(ltay=t £ <1+a) J' g (@)L () do

n=0

'n+a+l)

—a—1 ’

=(1l+a) )_7 <1+a) poy bpe v (18)
The term by term integration of the series is justified by absolute convergence since

o
I'(n+a+l)

< fm [fo | g(z) |2e~® dx] [ f . e~2a*{ L@ (z)}? dx:r
“[rtern] [[J 100 peac]

=0(n¥=),
Hence the series (18) converges absolutely for | 2a/(1 +a) |<1.
Similarly the left-hand side of (17) is equal to

[ on]=

f g (z)ztee=LD (x) dzx

i) e 2ae%mik \n ['(n + o + 1)
(1 +aetnit) 1"):0 (1 +aem) T (19)
If we now put
b, =m2:“0 g2mimk (1 _ 1g2mik)n—m <Z> By wovrererreeiaeeesesereeses (20)

then (18) becomes

(1 +a)-=-1 > (lf)fa)n I(n+atl) 5 gamimk (1 _ 1 g2mik)n—m <n>a;n

n=0 n! m=0
Qaelnik\m o [n +a @ — qelnik\n—m
= —a—1 m
(1 +a) Z‘ F(m+a+l)( TTa nfm " m o
2ae21rik m
1 +ae2’""°>

=(1 + ge*rik)-a-l Z' ";" I'im +oc+1)(

Equating this to (19) we have
@ ( 2qemik )n I'(n+a+l)
—o \l +ae?mik n!

for all relevant a. Hence a, =a, and (20) becomes the required result (15).

(an - ai’l) =0,

8. Identity with Kober's transforms. The identity of the fractional transforms of
Theorems 4 and 5 is proved if we show that 7T f(z) =T} f(z) for the function (13). In this
case we have in Theorem 4

n! @ l+a
— () _1p)yma-1 ~z ] (@) 2 i —-
Gp= 2“+1F(n+a+1)(2 ia) fo ezt L' (2x)x exp( :c———l_a>dx
n! ) z
= ¥ —n)y—a—1 a T (@) -
2—_——-—“+‘F(n+u+1)(l a) IOxL”(x) exp< l—a)dx
=2—a-lan,
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on evaluating this integral ((5), p. 370, problem 19). Hence (i) of Theorem 4 gives

ka(x) =Q—a—lp—Zyia Z“o (ae2m‘k)nL(;) (22:)

n=0
o 1 4-ae?mik
= (4 — Jaginik)—a—lxe exp( -z W)
. =Tf (@),
as required.
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