HJELMSLEV PLANES DERIVED FROM
MODULAR LATTICES

BENNO ARTMANN

In several papers, W. Klingenberg has elaborated the connections between
Hjelmslev planes and a class of rings, called H-rings (4; 5; 6), which are rings
of coordinates for the corresponding Hjelmslev planes. Certain homomorphic
images of valuation rings are examples of H-rings. In these examples, the
lattice of (right) ideals of the ring, say R, is a chain, and the coordinatization
of the corresponding Hjelmslev plane yields a natural embedding of the plane
in the lattice L(R3) of (right) submodules of the module R?®. Now, L(R?) is a
modular lattice with a homogeneous basis of order 3 given by the submodules
a = (1,0,0)R, as = (0,1,0)R, a3 = (0,0, 1)R, and the sublattices L(N, a;)
of elements less than or equal to a; are chains. Forgetting about the ring, we
find ourselves in the situation of a problem suggested by Skornyakov (7,
Problem 23, p. 166), namely, to study modular lattices with a homogeneous
basis of chains. Baer (2) and Inaba (3) investigated lattices of this kind with
Desarguesian properties and assuming that the chains L(V, a;) were finite.
Representations of the lattices by means of certain rings can be found in both
articles.

In this paper, we show that every modular lattice with a homogeneous basis
of order 3, consisting of chains, which satisfies two ‘‘technical”’ assumptions
(FC) and (S), listed below, leads to a certain Hjelmslev plane. We leave aside
all questions about coordinates, since they require assumptions about Desar-
guesian properties of the lattice (or plane) and a detailed study of the ideal
structure of the ring of coordinates. (For the meaning of the properties (FC)
and (S) in the ring of coordinates, see Remark 3.) In a subsequent paper,t it
will be shown that every uniform Hjelmslev plane can be obtained in the way
described here by constructing a lattice from the plane. This gives, also,
examples of non-Desarguesian lattices.

Notation. We deal exclusively with modular lattices with a least and a
greatest element. The least element of the lattice L is denoted by N, the
greatest by U. In order to save brackets, we write ¢« \U b M ¢ instead of
a\J (b M ¢), that is, M shall bind closer than \U. The modular law then reads

a=c=aUbNc=(aJb) Nec.
L(a, b) is the sublattice of all elements x with ¢ < x < b of L. We have that
Received June 5, 1967.

tAdded in proof. The paper referred to is Uniforme Hjelmslev-Ebenen und modulare Verbinde
(to appear in Math. Z.).
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L(aMNb,b) = L(a,a\Ub). The expression a \JU b = ¢ stands for e \Jb = ¢
andaMNb=N.Ifa\U ¢ =0>b\U ¢ wesay that ¢ and b are perspective and
¢ is the centre of perspectivity. The mappingm: x — (c\Ux) Nbforx < ais
called a projection with centre ¢ of L(N, a) onto L(N, b). In modular lattices,
projections are isomorphisms.

Definition 1. A list F3 = (ay, as, a3, C12, C13, C23) of elements of a modular
lattice L is called a frame of order 3 of L, if the following conditions are
satisfied:

(i) (al Uas) Uas =T,
(i) a; \V ¢y =a;\J a; = a;\J cy;fori, j € {1,2,38},7 % j,

(111) C12 U Ci3 = Ci12 U Co3 = (13 U Co3.

The elements a1, a2, and a3 of the frame are said to form a homogeneous basis
of order 3 of L.

In order to obtain simpler formulas, we shall use the abbreviation 4; =
a;\Ja, ({1,7,k} = {1,2,3}). We say that the lattice L with frame F; is
frame-complemented, if for every b € {ai, as, a3, A1, Ao, A3} it is true that

(FC) (a) For every x € L with x M\ b = N there exists a y = x such that

y\U'b=Uj;
(b) For every z € L with 2\Ub = U, there exists a y < 2z such that
yU'b=U.

Furthermore, we wish that the lattices under consideration have a certain
symmetry, as expressed in

(S) (a) Let p, ¢ € L be complements of 4; and g a complement of a; with
g = P, ¢. Then there exists a complement % of a; such that gk =p U ¢
(forallz £ k, 4,k € {1,2,3});

(b) Let g and % be complements of a; and p a complement of 4; with
p = g, h. Then there exists a complement ¢ of 4, such that p\Ug=gN#k
(for all 7 = k, 1, k € {1, 2,3}).

U

N

We collect all these conditions in the concept of an H-lattice: A modular
lattice L with frame of order 3 is called an H-lattice (for Hjelmslev-lattice), if
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the sublattices L (N, a;) are chains (Z € {1, 2, 3}) and L has properties (FC)
and (S).

Remark 1. The concept of an H-lattice is self-dual. For, if
Cif = Cyj O Ay ({%]r k} = {11 21 3})7

then the list (Ai, As, A3, C1a, Ci3, Cs3) is a frame of order 3 of the lattice L
dual to L, as simple calculations show. Parts (a) and (b) of (FC) and (S) are
duals of each other. Finally, L(4 ;, U) is a chain since

L(N,a;) =L(A;Naya;)) =L(A4,4,\Ja;) = L(4,, U).
Definition 2. From an H-lattice L we derive an incidence-system

H = (P! Gy Iy “py \"G)

defining:

P = {p| thereexists ¢ € {1, 2,3} such that p \U 4, = U},

G = {g| there exists i € {1, 2, 3} such that g U a, = U},

I={@p,9lpecPgecGandp =gl CPXG,

—p={,)|p,g€P and pNg>N} CPXP,

e ={(gh)|gheG and gUE< U} CGXG.
P is called the set of points of H, G the set of lines, I the incidence relation, and
«pand v 4 the neighbour relations for points and lines, respectively. As usual,
we write p I g instead of (p, g) € I and sometimes p ¢, g “~ k, suppressing
the indices P and G, if there is no danger of confusion.

Remark 2. We note that the incidence system H defined from the lattice L
dual to L is nothing other than the ‘“dual” of the system H in the usual geo-
metric meaning, since the definitions of «p and ¢ are duals of each other.
Therefore, every statement about H implies, automatically, its dual statement.

THEOREM 1. The incidence system H derived from an H-lattice as in Definition 2
is a projective Hjelmslev plane.

By a projective Hjelmslev plane, we mean a projektive Inzidenzebene mit
Nachbarelementen as defined by Klingenberg (4, pp. 387-88). For the proof we
have to show that our relations « are the same as the neighbour relations
defined in (4) (i.e., two points are neighbours if there are at least two different
lines incident with both of them, and dually for lines) and then to check the
axioms A1-A6 of (4, pp. 387-88), listed at the end of this proof. This is done
by a series of lemmas, in which we always assume that {1, 7, k} = {1, 2, 3},
and where part (b) will be the dual of (a), if stated. We shall not give the dual
explicitly, if it is of no specific interest.

LEMMA 1. For allp € P, L(N, p) is a chain.

Proof. There exists an ¢ such that p\U 4, = U =a;\U A4;; hence
L(N,p) = L(N,a,).

LEMMA 2. «p and ¢ are equivalence relations.
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We give the proof for “~p: pp and p « ¢= g p are obvious. Let
pyq,r €P, p—ryg, and g—r; eg, pNg=a>N and ¢MNr =>b> N.
a and b are comparable, since both are less than or equal to g and L(V, q) isa
chain. We may assume that b < a. Then pNr=2pNgNr=aNb =
b > N; hence p 7.

LemMA 3. (a) p,q € P and g < p implies p = q.

(b) g,k € Gand g = h implies g = h.

Proof. (a) Let p\ U 4;,=U=q\U A4, From ¢ £p we have that
pUA,=U If pN\A,; =x, then x and g are comparable, as L(N, p) is a
chain. Now, ¢ < «x is impossible, since it would imply that

gNA;=¢gNxNA;=qNx =gq.
Hence, we have that x £ ¢ and pNA4;,=xNA; S ¢qNA4; =N, and
therefore p \U 4, = U. This yields p = ¢ by the incomparability of comple-
ments in modular lattices. (b) is the dual of (a).
LemMA 4. Let p, g € P. There exists an 1 such that (p \J q) M a; = N.

Proof. We assume that p\J 4, = U. If (p \U¢g) N a; = N, then there is
nothing to prove. Thus, we may assume that (p \U ¢) M a; > N. If we put
2= (pUgq) N A;,thenwehavethatz U p = (p Uqg) N\ (4, Up) =p Ugq.
Now, from the isomorphisms

LoNgq =ZLp,p\Iq) =Lp,pYz)ZLPNgz) =L,2),
we know that L(N, 2) is a chain. Furthermore,
PUNa;=pUgNA:Na;=2Na; >N

(by assumption), and as L(XV, z) is a chain, this implies that (p U q¢) N a; =
zM a; = N, since otherwise a; M a; > N.

Up to now we have not made use of the properties (FC) and (S) of L;
however, for the following lemmas we need property (FC).

LEmMMA 5. () If p\J Ay = Uand p N\ A; = N, then p\J A; = U;

(W Ifp\J Ay =Uandp\J A; = U, then p\J A; = U.

Proof. (i) By (FC) (a) there exists a complement ¢ of 4, with p < ¢. But
then p, ¢ € P, and, by Lemma 3, p = gq.

(ii) By (FC) (b), there exists a complement 7 of A, with » < p. Again we
have that 7, p € P, and therefore r = p by Lemma 3.

LEMMA 6. Let p\J Ay, =q\J Ay =U,g=pYah=qJa;q¢gJ g=
U=p\J h Thenz = (p\J q) N Ay is a common complement of g and h, and
the projection from g onto h with centre z maps points onto points.

Proof. First we note that g, 2 € G. Now

2Ug=2UpUqa;= pYUqg N A\Yp)JUay
=puqua1=puh= U;
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and similarlyz\U & = U.
sMNg=pPUYUNA4Ng=pYgNg N4, =N,
and also M\ & = N. Let 7= be the projection of L(N, g) onto L(N, k) with
centre 2. We have that p7 = (p Uz) Nh = (p Ugq) Nk =q We look at
r € P,r = g, and claim that »~ € P. In order to establish this, we distinguish
the cases (i) r M Ay = N and (ii) r YA, > N. (i) » "\ A, = N implies, by
Lemma 5, thatr \J 4, = U, and
"MNA,= YU)NENA,= Usz) Na;
=@rUz)NgNa;=YzNg)Na;=rMNa;=N,
rm\UAd,= (rUz)NEUA, Uz
= @rUzs)N(LUz) U4, =rUzU4, = T.

) rNAy=rNgNAy=rNa;=x>N. From rMNa; >N and
a;M A; = N,wesee that? N\ 4; = N, as in the proof of Lemma 3, and hence
r\U 4; = U,sincer € P.

Now, "M a; =rMNa; = x > N, as all elements less than or equal to a;
are fixed by w. This implies that 7" M\ A; = N, as L(N, r7) is a chain. Therefore,
by property (FC), there exists an s = 77 such that s\U 4; = U. Hence,
L(N, s) is a chain, and s7 ! = 7 implies that s* ' "N\ 4,; = N, since otherwise
r M A; > N. Therefore, there exists a ¢t = s * with t\U 4,; = U, and by
Lemma 3 we have that t = r = s* '; therefore, s = »7 € P.

LemMMA 7. If p\J Ay = U and p N\ A; > N, then p\J (cqa\J a;) = U.

Proof. Let p N A; =x > N. As L(N, p) is a chain, p N (cq.\J a;) =y is
comparable with x, and y VYx = p N (¢ Y a;) VA, = pMNa; = N, there-
fore y = N. Also, L(p \U a,, U) is a chain, since

(Pua]‘)mai = (pUaj)ﬂAkmai = N,

and hence L(N, a;) = L((p Y a;) Nay a) XLp\Jasyp\Ja,Ja)) =
L(p\Jay, U). By Lemma 5 (ii), we know thatp U 4; < Usincep U 4d; = U
would imply that p M 4; = N. Therefore, p \U a;\U ¢y, = z is comparable
with pUae; U, =w < U, and sUw =p Ua;\Ua,Ucy = U; hence
z = U.

LemMA 8. (a) Let p,r € P. Then p N\ r = N implies p U r € G.

(b) Let g, h € G. Then g\J h = U implies gM h € P.

Proof. (a) By Lemma 4, we may assume that (p U7») Ma; = N, and it
remains to show that p\Ur Ua;, = U.
(i) Letp A, =x> Nand p N\ Ay = y. Then
N=pNa;,=pA;NpNA4A,=xMNy,
and therefore y = N, as L(N, p) is a chain. Thus, we have that p NV 4; = N

orp M A, = N. Let us assume that p N\ 4, = N.
) p V@ Ua) N pYa)Ya=pJ @ Ua) N\ PpUa,Ua,) =
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p U r\U ay so we may also assume thatr < p \U ¢, without loss of generality.

(iii) By Lemma 7, we have that either p\A; = Northatp M (a; U cy) =
N. When p YA, = N, we apply Lemma 6 with ¢ = ¢; and have that
g=pYa,uh =0a,\Ja; = 4, and the isomorphism 7 as defined in Lemma 6
(hence p™ = ai). Now, r N\ p)* =r"MNa, = N,r" < A;impliesr VA, = N,
and, by Lemmas 5 and 6, we know that »*\U A; = U which yields " \U q; =
A; = ay \J a,. From this equation we deriver \U p = p U a; € G by applying
71, so that » U p € G.

Similarly,if p "\ 4; > N, then by Lemma 7 we have that p U’ (¢ U a;) =
Uand by cix N (p Y a;) =cuM (ca Y ay) N (p\Ja;) = N, we also have
that ¢ \J (p U a;) = U. Thus, we may apply Lemma 6 with ¢ = cy,
g=pYa,, h=cy\Jay and p™ = ¢y Here, we find that " M ¢y, = N,
7™ < ¢y \J ay; hence, " M A; = N and, as above, r"\U" 4; = U. This implies
that »"\Ucy = ¢ \J a;. By applying 7—1 as before we obtain » U p =
p\Ua; € G.

LEmMA 9. (a) Let p,v € P. Then p \Jr € G implies p \r = N. (b) Let
g, h € G.Then g\ h € Pampliesg\J h = U.

Proof. Let (p Ur) U a; = U. Then we have that p N a; =7rMNa; =N
and by Lemma 8 (a), p U a4, 7 U a; € G. On the other hand,

pUa; VUrUa,=U
by assumption, therefore by Lemma 8 (b), (¢ Ua,) N (r'Ua,) € P. How-
ever, (p \Ua;) N\ (r\Ja;) = a,; hence, we have that
a; = (pYa) N (r\Ja;) (byLemma3)
= (j)Uai)meai.

Thisimpliesthat (p U a;)) NrSa,pNr=pYUa)N\r=pYa)NrNa;=
N.

ProrosITION 1. Without assuming the axiom (S) in L, we have the following:
(a) For amy p,q € P, there exists a g € G with p,q = g. g is unique if

pMg=N;
(b) For any g, h € G, there exists a p € P with p < g, h. p is unique if
g Jh=UT.

Proof. (a) By Lemma 4, there exists an ¢ such that (p Ugqg) Ma; = N.
Hence, by property (FC), there exists a g = p U q with g\ U a¢; = U. If
p Mg =N, then by Lemma 8 we have that p\U ¢ € G, and therefore
g =p\Uqgby Lemma 3 (b). (b) is the dual of (a).

Remark 3. For the last lemma, we are now going to use the symmetry axiom
(S) of an H-lattice. Actually, a somewhat weaker form of (S) would be
sufficient for our purposes; however, we prefer (S) because of its meaning for
the ring of coordinates which sometimes can be constructed. Essentially, it
states that there exists a dual isomorphism of the chain of principal right ideals
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onto the chain of principal left ideals given by the construction of the anni-
hilator ideal. From property (FC), we have that the principal right (and left)
ideals form a chain (see the factorization property in 6, p. 198).

LeEmMMA 10. Let p,q € Pandg € G,p\J q =< g. If gisunique, then p (M ¢ = N.

Proof. Let us assume thatp Mg > N. Ifp U A, = U, thenalsoqg\J 4, =
U since p Mg > N implies ¢ M 4A; = N in this case. As in the proof of
Lemma 4, we have that either (p \U ¢) Ma; = N or that (p U q) Ma; = N.
Hence, we may assume that (p \U¢q) Ma; = N and g\U a,; = U, without
loss of generality. Now by (S), there exists an & € G such that h N\ g =
p\Ugq. From pMNg> N, we obtain p\Uq < g since p U g = g implies
» M g = N by Lemma 9; therefore, we have that h M g < g,1i.e. b # g, hence
two different lines incident with 2, g.

We are now ready for the following proof.

Proof of Theorem 1. (i) By Proposition 1 and Lemma 10 we have that
p ¢ if and only if there exist g, € G such that g # h and p, ¢ < g, k, and
by duality, g «~ k if and only if there exist p, g € P such that p # ¢ and
b, q = g, h. Therefore, the relations “~p and « are the same as the neigh-
bour relations defined in (4, p. 387).

(i) We consider the axioms of (4, pp. 387-88) separately.

(A1) Let p,q € P. There exists g € G with p, g I g. This was proved in
Proposition 1.

(A2) Let g, € G. There exists p € P with p I g, k. This is the dual of (Al).

(A3) There exist p1, ps, P3, P+ € P such thatp; ~ prand p; \J pr ~ p, U py
for 2 # 7=k #1, 1,7 k€ {1,2 3,4}. For the proof we may choose p; =
ay, ps = az, 3 = as, s = (a3 \J c12) M (a2 \Jc13), and the desired properties
hold because of the properties of the normalized frame (a1, as, as, c12, 13, C23).

(Ad) Letp € P, fg,h € Gand p I f, g, h. If f ~gand g ~ h, then f ~ h.
This is true since  is an equivalence relation (Lemma 2).

(A5) Letf,g,h € G.If f ~ gand g ~ &, then f Mk~ g M h. For the proof
we first note that we have p = fMh € P,g =gk € P,andf\U g < Uby
hypothesis. We have to show that p M ¢ > N.

pUg=fNEUgNh=(NEUNE=S U NE<Hh
since f\Ug < U, L(h, U) is a chain, and f\Ug = k would imply that
gUh = fUgUHh < U, incontradiction to g ~ h. Thisshows thatp Mg > N
by Lemma 8.
(A6) Let p,q,7 € P. If p g and g w7, then p U r g \U r. This is the
dual of (A5).
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