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Introduction

The full transformation semigroup J(X) is extremely important. As far back
as 1952, Malcev (1952) showed that its automorphism group consisted of mappings
of the form g~!- g, ge %(X). The present work is devoted to a generalization
of this result.

The semigroup we consideris 7(X, Y), Y = X, comprised of those mappings
in J(X) whose range is contained in Y. To the extent that (X, X) = 7(X)
we may count J (X, Y) a generalization of J(X).

We answer two questions:

A  What are the automorphism of J(X,Y)?

B When are two J(X,Y) isomorphic?

For | Y| > 2 the results are as one expects:

A The automorphism of (X, Y) are “‘inner’’ induced by those permuta-
tions of X which are also permutations of Y.

B J(X,Y) is determined by the cardinals | Y| and | X\Y|. (Not | X | and
|Y]: See §5). '

It is when | Y| = 2 that the exceptions arise. In §2 we discuss this case and
show that there are many more automorphisms than inner automorphisms. We
characterize these ‘‘outer’’ automorphisms by means of class of permutations
of #(X)* with pleasant properties.

In §1 we reduce the calculation of Aut J(X,Y) to determining a simpler
_group which we denote by AutyJ(X,Y). It turns out that any element of
Auty 7 (X, Y) may also be considered as an automorphism of (X, 2), where 2
is any doubleton subset of Y; and in §3 the results of §2 are used to determine

* The power set of X.
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the genera! automorphism. Thus the case | Y| = 2, far from being the low order
abberation to which one is accustomed, (c.f. automorphisms and normal subgroups
of (X). See Scott (1964) Chapter 11), is actually the cornerstone of the theory.

We-discuss some extensions in §4. In particular, we exhibit the automorphism
group of (X, Y), a semigroup introduced by Magill (1966). It is to this end that
we prove rather more general results in §1 than seems warranted by our major
intentions.

In §5 we answer B by an examination of Auty7(X,Y). In the exceptional
case, | Y| =2, J(X,Y) is determined by 2181 rather than | x\Y|.

1. Preliminaries; basic results

Our notation is that of Clifford and Preston (1967) with some additions and
departures. If X is a set then the full transformation semigroup on X will be
denoted by J(X). Also, if Y = X then

J(X,Y) = {aecT(X); Xa = Y}
and

#(X,Y) = {ge%(X); g|Ye9(V))
where 9(X) is the full permutation group on X.

If S =J(X) (““<” means ‘‘is subsemigroup of”’) then SN #(X) (where
A(X) is the set of transformations whose range has cardinality one: the constant
functions) will be abbreviated to #(S). An element of 2 (X) with range a will
be written k,, and, further

K(S) = {xeX:k,eS}.
The following result is fundamental: in spirit, it goes back to Malcev (1952).
THEOREM 1.1. If S, T £ 9(X) with A(S), X (T) # O and ¢:S—> T is an
isomorphism then .
H(8)p = H(T)
and there exists a bijection g: K(S) - K(T) such that
aop = ag lag
for all acK(T), aeS.

ProOOF. Let x,€ #(T), and a € S be such that a¢p = x,. Choose x, € H#(S).
Then kot = K, €S and (K )¢ = Kypad = Kypx, = k,. Hence A (S)p = H#(T)
and by the dual result for ¢~ we have H#(S)¢ = A(T).

We define g: K(S) » K(T) by putting ag = b when k,¢ = k,. Clearly g is
bijective. Note that for a € K(T), ag ™' € K(S). Since K(S)x = K(S) for all x€ S,
we have ag ™ lae K(S) so that ag ™ *ag is well defined.

https://doi.org/10.1017/51446788700034455 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700034455

[31 A transformation semigroup 415

Moreover for a€ S,
Kagad) = (Kaa)d) = (Kaa)¢ = Kaug = agg_lag .
Hence aga¢ = agg ™ 'ag and since g is onto K(S) we have the result. “
If S £ 7(X), let AutS be the group of automorphism of S and Inn S the
set of automorphisms of S of the form a —g~'ag; a €S, for ge %X).
Further, if ¥ € X let Inn, S be those inner automorphisms of S induced
by 9(X,Y) and put

AutyS = {pcAutS; yap = yx for all ae S, yeY}

The following result reduces the calculation of Aut S to that of Aut, S (for
certain semigroups).

THEOREM 1.2. If S £ J(X) and g~ 'Sg = S for all ge%(X,K(S)) where
K(S) # [ then

‘ AutS = Autg, S Inngg, S.
Proor. Let ¢ €AutS. As in (1.1) we have
aad = ag”'ag; acK(S), a€S,

where g is a permutation of K(S). Extend g to a permutation of X so that
g €9(X, K(S)), let , denote the automorphism of S, « = g~ 'ag and put { =¢y,- 1.
Then (€Aut S and ¢ = {Y,. We show {€AutgiS. Let aeK(S), xeS. We
then have

a(f) = a(ady-»)

= agagg™!

= ag(g~'ag)g~! (Since ag € K(S))
= an. |

If S = 7(X,7Y) then it is easy to see that S satisfies the hypotheses of (1.2)
with K(S) = Y. Hence we have a

COROLLARY. AutJ(X,Y) = Auty, (X, Y) Inny, 7(X, Y).

We observe that Inny Z(X, Y) consists of all the mappings g~*

ge9%X,Y).
The following result sets out some simple properties of Autg, S.

g,

LemMa 13. If S £ I(X) and ¢ cAutgs) S then

(i) ¢ 'eAutysS
(i) If Xa < K(S) then (af)p = agf. (o, f€S)
(iii) If ke A(S) then kP = K.
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THEOREM 1.4. IfT(X) 2 S = (X, Y) then Xoa = Xog, for alla e T(X,Y),
peAutys S.

ProOF. For ae 7(X,Y) we construct gy, as follows
Xex, = X when x e Xa
= ¢ for some ce Xa, otherwise.

We note that ey, €S and xey, = x if and only if x € Xa. Since Xa = K(S) and
oey, = a we have

ap = (aex )P = adey,, by (1.3).

It follows that Xa¢ = Xa.
Conversely, if we define &y,4 analogously to eg, we have by (1.3), parts (i)
and (ii),

a=apd ! = (apexg)p ! = aPpd ™ exyy = Aexyy.

Thus Xoa < Xa¢ and the result follows. ||

2. Automorphisms of .# (X, 2)

In this section we shall calculate the automorphism of 7(X,Y) when | Y| = 2.
In §3 we shall use these results to calculate J(X,Y) for arbitrary Y.

Hence, for our present purposes, we identify Y with the set 2 = {0, 1} and
abbreviate J(X,2) to T. Moreover for ae T we shall write « = £, where
A = 1a~! and & is the characteristic function of 4 (i.e. x{, = 1, x € 4; 0 other-
wise).

LemMA 2.1. If A,B € X then
(ily = ¢, when 1eB, 0¢B,
= ¢,, when 1¢B, 0B,
= ¢y when 1¢B, 0¢B,
= & when 1€B, 0¢B. |

(Note: when it is unambiguous we shall write A’ for X \A4).
We make two

DErFINITIONS. (i) If ¢ € Aut T we define n: #(X) — #(X) by An = B, when
£,¢ = &g. Clearly 7 is a permutation of 2(X).

(i) Let Z = X. A permutation of #(X), =, will be called Z-admissible
on Z(X) if for all A€ 2(X),
(1) Xr=X, On =0
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2) A'm = An’
(3) ZNnA=ZNAn.

It will be instructive to construct some Z-admissible permutations. Firstly,
call a partition on 2(X) into two subsets, 2, and 2,, decisive if, for each 4 € #(X),
precisely one of A and A’ belong to 2, (equally, 2,).

The following device (due to R. P. Sullivan) yields a supply of decisive par-
titions.

Let ae X . Define 2, by demanding —

Ae®, if and only if ac A
—and put 2, = #(X)\#,. Then #,, Z, is the desired partition.

Now take Z < X, put W = X\Z, and let 2,,2, be a decisive partition of
P(W), with [Je 2, . The mapping #, - P, given by A > A’; AP, , is a bijec-
tion, so that ]gpll - ]9’2 ] It follows that if #,, #, is another decisive parti-
tion then I.@ll = ]./I1| Let (Je#, and n: P, — .#, be any bijection such
that (Jx = []. Extend n to (W) by defining, for A€ #?,, A'n = (An)’. The
construction is completed by writing, for each 4 e 2(X).

An = (A\Z)n U(ANZ),

where the 7 on the right is that of the previous sentence.

Then n is Z-admissible on #(X).

The following two results indicate the connections between Definitions (i)
and (ii).

LemMA 2.2. If ¢cAut, T and n is defined as in definition (i) then = is
2-admissible.

PrOOF. We show m has properties (1), (2) and (3) of Definition (ii). Now
Ko = ¢ and k; = {y. Since geAut, T property (1) follows easily from (1.3) (iii).
Let A, B< X and put &,&p=¢c. By (1.3) (ii) £, p Epg={c Ppso that &, Ep=Ep,. If
we take Bsuch that 1¢ B, 0c B we have, by (2.1), - = £ €5 = &4, s0thaté, = & -,
On the other hand &, ¢p, = &4n 50 &4 = E4qr» and the second property follows.

To see (3) we note that a|2 = rx¢|2. Hence x¢, = x¢, forx =0,1; and
all Ae?(X). It suffices to observe that x{, = 0 or 1 according as x¢ A4 or
xed. |

We also have the converse:
LeMMA 2.3. If ©n is 2-admissible on 2(X) and
Cup = &4p for all A X,
then ¢pecAut, T.
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PRrROOF. With ¢ as in the statement of the Lemma, it is clear that ¢ is bijective
— since 7 is a permutation of 2(X).
It only remains to demonstrate that

EapEnd = (Ealp) and Euh|2 = £4]2; for all 4,B < X.
The second equatily is clear from (3). Then & &z = &, p&Ep s0 we show

(Culp)p = Ep: A B< X.

Now if 1¢ B, 0¢ B orif 1 € B, 0 e B then property (1) and an application of (2.1)
give the result. If 1e B, 0¢ B then ¢,£5 = £, by the same Lemma and

(é,{fs)‘ﬁ = 64‘1’ = 544558-

Finally if 1¢B, OeB thenf ¢y = £,,; A = X, (again by (2.1)) and (¢,&5)¢
= (§4)p = urn = E4r, Dy property (2). Hence (£48p)¢ = Eun' = Sunlp = EuPls
Finallyif1¢B,0eBthen &,¢5 = &,.; A € X, (again by (2.1)) and (€ &) = (E4)
= E'n = Can’» bY property (2). Hence ({,8p)¢ = &yn = Eunlp = EaPE5. ”
Denote the set of automorphisms of T induced by 2-admissible permuta-
tions of #(X) by TapT. From the previous two Lemmas and the Corollary
to (1.2) we have
™ AutT = TapT Inn, T

Let 7 be the 2-cycle on X which permutes 0 and 1. All elements of %(X,?2) are
of the form gt"; n = 1 or 2 where g|2 = 1, (the identity of J7(2)). It follows
from (*) that Aut T is just the mappings of the form

Eup = T'9 7 497" Where g2 = 1,.

Now g7 €49 = 4009 = E4n,p and it is straightforward to show that 4 —» Ang
is 2-admissible when gl2 = 1,. Hence all automorphisms have the form

$ap =T n=00r1,
where n is 2-admissible. Hence each ¢ e Aut T may be written as a product
o=pt"(n=0,1)
where peTapT and t = 7-t€AutT.

THEOREM 2.5. Aut T = Z, x yzII(X), the semi-direct product of the group
of integers modulo 2 and the group of 2-admissible permutations of #(X), with
connectiog homomorphism H: Z, - AutIl,(X) given by

n(nH) = t"n7".

Proor. Let D be the group consisting of the identity automorphsim and t.
By the above
™ AutT = TapT - D = D TapT.
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Now for all 4 € X,
$at = 1847 = E47 = Euey-

Hence t¢ Tap T since A— (A1)’ is not 2-admissible (consider (21)"), so that
DN Tap T is trivial. From (*), if p e Tap T then pt = p’ or tp’, for some p’ € TapT.
Since t¢ Tap T we may exclude the former. Hence tpt = t?p’ = p’eTap T. It
follows that Tap T is normal in AutT.

From these remarks we may conclude Aut T is a semi-direct product of D

and Tap T and the map
t'p —(n,m)

(where peTap T is induced by m) is bijective and induces a group operation
on Z, x I1,(X). Moreover

t"pyt™py = " "p,1Mp,,

where n,,n,€Z,, p;,p,€TapT. If p, and p, are induced by #n, and =, respect-
ively, then it is easy to see that t"2p;1">e TapT is induced by t"z1"% It follows
that

(nysmy) * (n2,m3) = (ny+ny, ™m0y = (ny + ny, ny(nyH)my). "

NoTE. It is easy to see that the inner automorphisms of T have the form
4> 47" where g €%(X), g |2 = 1,. It follows that Aut T > Inn T when we
may find a 2-admissible permutation not of the form 4 — Ag, g as above. This
is the case when l X | > 2. For example, take X = {0, 1, x} and let n be the mapping

{0} — {0,x} > {0}, {1} > {1,x} > {1}.
O-0, X->X, {0,1} > {0, 1}, {x} >{x}.

Then = is 2-admissible — but it does not preserve cardinality.

3. Automorphisms of # (X, ), | Y| 2 3

As in Clifford and Preston (1957), (Vol. 2, page 241), we shall use the notation

«= (3 |

to mean that a .7 (X) has range {y;;iel} and X, = yoa~1.
In this section we shall consider the automorphisms of (X, Y) for | Y | 2 3.
Choose a subset of Y containing precisely two elements 0 and 1, and denote it
by 2.
The following theorem enables us to determine the action of automorphisms
on J(X,2).
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THEOREM 3.1. If ¢peAuty, I (X,Y) then
¢ |T(X,2)eAut,7(X,2)

Proor. By (1.4) ¢ ,.7()(, 2):9X,2)»>9(X,2). If aeT(X,2) then
ap~te T (X, 2), by (1.3) and another application of (1.4); and since « = ag~'¢
we have that ¢ |7 (X, 2) is onto.

Now it is clear that ¢|.7' (X, 2) is a monomorphism so it remains only to
show that

yag = ya; for all ye2, ae 7(X, 2).

But2 < Y and the above formula follows from the definition of Auty J)X, Y). "

As in §2 we may regard .7 (X, 2) as consisting of characteristic functions,
¢4, A = X. By the above result and Lemma (2.2) we have ¢ ¢ = £,, where
7 P(X) >P(X) is 2-admissible.

THEOREM 3.2. If ¢ eAuty T(X,Y) and 2 is any doubleton subset of Y then

Gie = () G)erexm

where © is 2-admissible.
PrOOF. Let e T (X,Y), a = (if‘

= & p-1. Hence &yugy-1 = @y = (@l PP = ({ga-1)p = & 4p-1,. It follows that
A(ap)™! = Aa"'n for all 4 € X, aeJ(X,Y). Choosing, for fixed iel,
A = {y;} we have

). If A< X it is easily seen that af,

Ao n = X;n = y (o)™ !
and since Xa = X (by (1.4)) the result follows. ||
. ¥ —1
COROLLARY. (X‘)drl = (X,n ) .
Vi Vi
LemMA 3.3. If ¢ecAuty7(X,Y) and AB < X with ANB =[] then
AnNBr = ] and
(AU B)r = AnY Bn.

PROOF. Since |Y| = 3 we may choose {0,1,} < Y. Put a = (64 f f)

where C = X \(AV B). Clearly ac 7(X,Y). We define e 7 (X, Y) as follows
xe = 0; xe2UX\Y)
xe = Xx; otherwise

0 _ (AUB C
—theén ae = 0 t .
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Moreover (0c)p = age and so
(AUBr Cn\ (An Bmn Cm\ _ (AnUBn Cn) ”
( 0 ¢e) " lo 1 )57 L o t )
LemMA 3.4. If ac X then |{a}n| = 1.

PrROOF. Let ae X and take de {a}n. Choose C = X, C # (], such that
Cn = {b} < {a}n. Now n~! corresponds to the automorphism ¢~*, and it fol-
lows readily from (3.3) that m~! preserves set containment. Hence Cnn™!
< {a}an~!, so that C = {a}. |
~ Define g: X - X by putting xg = y when {x}r = {y}. Since n is a permuta-
tion of 2(X), g is one to one.

LemMma 3.5. © is Y-admissible.

Proor. Clearly we need only prove that
* YNA=YNArn.
Let D be a subset of Y, |D| = 2, and let ¢ be the D-admissible permutation of X
corresponding to D. If ae 7(X,Y), a = (‘;{‘) , then

X;n X.o
= ()= ()
It follows that T = ¢ so we have
DN An=DAA for all D € Y with |D| =2,
and the result is now immediate. ”
By putting 4 = {y} (where y€Y) in (*) we obtain
COROLLARY. yg =y for all yeT. |
The job is finished by
LEMMA 3.6. An = Ag(= {ag; ac A)}); A < X.
ProoF. Let 4 < X . If ac 4 then
An = ((A\a) U {a})n = (4\a)r U {a}r, by (3.3).

Since {a}n = {ag}, Ag = An.

On the other hand if x € An then An = {x} U An\{x}. Since = is onto we
may take {x} = Br, An\{x} = On where B and C are non-empty disjoint subsets
of X. From the preceding result Bn = {x} = Bg and since g is one to one B = {b}
where bg = x. Moreover,
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A=At = (BrUCn)n ! = BUC

since BtNCrn = []. Hence A 2 B = {b} and x = bg where beA. |

- We may now deduce that g e %(X,Y). For, by the above result, X = X=n
= Xg, so that g is onto, and by the corollary to (3.5) g | Y = ye%(Y).

The main result of this paper is

TaEoREM 3.7. If |Y | 2 3 then
AntI(X,Y)={g ' g:9e9X,Y)}.

Proor. If pcAut, (X,Y) and 0 J(X,Y), a = ()y(l) then by the fore-

going a¢ = (Xy') = g‘l()}f") = g lag (since yg =y; yeY). Hence
Auty 7(X,Y) < Inny J(X, Y) and (1.2) gives the result. ||
CoroLLarY. If |Y]| 2 3,

Aut7(X,Y) = 9(X,Y).

4. Extensions

These results may be extended slightly to include (a class of) transformation
semigroups which contain (X, Y), |Y|> 2.

If S is a transformation semigroup then we shall call S Y-complete if 7(X)
=S J(X,Y) and K(S) = Y. ,

If S is such a semigroup, then (X, Y) is a left ideal of S. By (1.4) and (1.3)(i)

Aut,S|7(X,Y) € Auty T (X, Y)

and by (3.7) any automorphism of (X, Y) is inner, induced by some g € (X, Y).
Hence if ¢ cAuty S, B8, and e (X,Y) we have

(B)p = g~ 'Pog
where g €e%(X,Y). Hence
(Bp)ag) = (Bo)p = g~ 'pag = g~ 'Pgg~"agg = g™ 'Pg(o9)-
It follows that
Boa = g~'Bga for all aeJ(X,Y).

Since we may separate any two elements of X by mappings in J(X,Y) we have
B¢ = g 'Bg. We have proved

THEOREM 4.1. If S is Y-complete with YI > 2 then Auty S = Inn, S. ”
By (1.2) we have '
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COROLLARY. If S is as above and g~'Sg < S for all ge 9(X,Y) then
AutS = Inny S ~ 9(X,Y). |
Magill (1966) has studied the semigroup
F(X,Y) = {eeT(X); Ya < Y}.

It is easy to see that S £ J(X) is Y-complete if and only if £(X,Y) = S
=2 9(X,7Y).

Since g 71X, Y)g c L(X, Y)forallg € (X, Y) we have from the coroll-
ary to (4.1)

THEOREM. 4.2 If | Y|> 2 then
Aut#(X,Y) = Inn, #(X,Y) = 9(X,Y). |

5. Isomorphisms of .# (X, Y)

Let X' and X? be sets with Y™ = X™ for m = 1 and 2. Denote J (X", Y™)
by T™. The result of this section is

THEOREM. 5.1 If T' = T? then |Y'| = | Y?|. Moreover,

if |Y'|=|Y?*| =1 then T' = T?

if | Y] =|Y?| =2 then T* = T? if and only if 2F"\"'l = 2¥%\*1 gng
if | Y| =|Y?|>2 then T' = T? if and only if | X"\Y| = | X2\Y?|.

I

Proor. The first assertion is a consequence of (1.1) while the second is trivial.
To see sufficiency in the final case, let g, and g, be bijections,
g1:Y!5Y? and g,: X'\Y' > X2\Y2.

Define g: X' —» X* by demanding that g|¥! = g, and g|X'\Y" = g,. Clearly
a—g 'ag: e T! is the required isomorphism. Note we have made no use of
| Y™ >2.

Now assume 21¥\7'l = 2l¥\*] apd set Y™ = 0, 1"} for m = 1 and 2. We
may immediately dismiss the possibility [X™| < oo for then | X*'\Y'| = | X2 \Y?|
and we are in the case discussed above: henceforth we assume that |X"‘| (and
hence | X™\Y™|) is infinite.

Form decisive partitions of #(X™\Y™): #7,#3 for m = 1 and 2. Now
|2x™\Y™)| = | 27| + | 27| = max (| 27|, | 25)) = | 27| (Since | 27| = |23])
It follows that [2]| = |#%| and we may choose a bijection, n: 2] - #7. The
The construction is now a slight extension of one used in §2. Assume # fixes [].
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One extends = to a bijection from #(X*) to #(X?) with the properties
1 Or =0
Q) (X'\An = X2\An
(3) 0'eA if and only if 02 An
and 1'e A if and only if 1€ An.

It is now possible to prove that £, T!— &,, € T? is an isomorphism by the
methods of Lemma (2.3).

This completes the proof of sufficiency in the third assertion of the theorem.
To see necessity it suffices to note that |T™| = 21*" for m = 1, 2.

It only remains to prove necessity in the final case. Let ¢: T* — T? be an
1somorphlsm with | Y"'] > 2. By §3, Auty. T™ consists of mappings of the form

- h where h e 9(X™) and h| Y™ = 1ym. Hence Auty,. T™ = 4(X™\Y™), so that

1t is sufficient to show Auty.T = Aut,.T? to have | X'\Y!| = | X? \Y2|. (By
a well known property of the symmetric group: See Scott (1964).)

The required isomorphism is
{>¢7'¢: (cAuty, T
This mapping is clearly a monomorphism so we need only show
¢ 'Auty T'¢p = Auty. T?,

Let ye Y%, ae T?, and { eAuty; T*. Taking { in the form indicated above and
using the expression for yf¢, fe T, obtained in (1.1), it is easy to see that

y(p~ ) = ya.

Hence ¢~ 'Auty: T'¢ < Auty. T? and the dual result for ¢~ ': T?> > T! com-
pletes the proof. |

Note. Whether 24 = 2P implies 4 = B; A, B infinite cardinals, is an un-
solved problem. It is true under the assumption of the Generalized Continuum
Hypothesis. See Sierpinski (1958), page 155.

Many classes of transformation semigroups are determined by the cardinality
of the underlying sets. For example two full symmetric groups are isomorphic
if and only if the sets for which they are defined have the same cardinality. Theorem
(5.1) shows, however, that (X, Y) is not determined by the cardinals |X | and
| Y|. As an example, let N be the set of natural numbers and Ny(N,) be those
natural numbers greater than 1(2). Then |N1| = [N2| = N,. However, IN \N, ]
7. |N\N2| so that (N,N,) is not isomorphic to J(N,N,).
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