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Abstract. Let f be a continuous map of degree one of the circle onto itself. We prove
that for every number a from the rotation interval of f there exists an invariant
closed set A consisting of points with rotation number a and such that f restricted
to A preserves the order. This result is analogous to the one in the case of a twist
map of an annulus.

0. Introduction
Let f:S'> S' be a continuous map of degree one of the circle onto itself and let
F:R-R beits lifting. We denote by e:R~ S' the natural projection (here S' =R/Z).

Definition 1. We call a set Ac S a twist set (respectively an almost twist set) if F
restricted to e '(A) is increasing (respectively non-decreasing).

The reader should remember that ‘increasing’ means the same as ‘preserving order’.
Notice that the above definition does not depend on the choice of F.

The notion of a twist set is a natural generalization of the notion of a twist periodic
orbit of Alseda and Llibre ([1], [2]). It happens sometimes that non-invertible maps
in one dimension have properties similar to those of invertible maps in two
dimensions. The twist sets studied here (or rather the mat sets see definition 3 below)
are similar to the Mather sets for twist maps (see [5]).

Definition 2. We call a point xe S' a twist point (respectively, an almost twist point)
if its orbit {f"(x)}-o is a twist set (respectively, an almost twist set).

We denote the set of all almost twist points of f by AT (f). The standard proof of
the existence of a rotation number of a homeomorphism of the circle applies also
to f restricted to an almost twist set. Hence, if A= §' is an almost twist set, then
for every X € e”'(A) the limit

p(X) =lim—(F"(X) - X)

exists and is independent of the choice of X. We call it a rotation number of A. We
also use the notation p(A) and p(x) (where x=e(X)). As always, the rotation
number depends on F; if we take F'= F+k, ke Z, instead of F then k adds to the
rotation number.

The rotation numbers have also been defined for other than almost twist points
(see [7]), in particular for periodic points (cf. [3], [6]).

If f has periodic points, denote by L the closure of the set of rotation numbers
of all periodic points. It is known ([7], [3]) that L is a closed interval (perhaps

https://doi.org/10.1017/50143385700002534 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385700002534

392 M. Misiurewicz

degenerated to one point). It is called the rotation interval of f (or more precisely,
of F). If f has no periodic points then the situation is very similar to the case of a
homeomorphism and every point has the same rotation number (cf. [6]). In this
case L consists of this number.

Definition 3. We shall call a set Ac S' a mat set (‘mat’ stands for ‘minimal almost
twist’) if A is non-empty, closed, invariant (i.e. f(A) < A), minimal (i.e. for every
x € A, its orbit {f"(x)};-o is dense in A) and an almost twist set.

The main result of this paper is the following theorem:

THEOREM A. Let f: S' > S' be a continuous map of degree one. Then for every a from
the rotation interval of f there exists a mat set A with p(A) =a.

Theorem A can be easily deduced from the following theorem:

THEOREM B. Let f: S' > S' be a continuous map of degree one. Then for every rational
a from the rotation interval of f there exists a periodic twist point x € S' with p(x) = a.

The paper is organized as follows. In § 1 we prove some simple properties of twist
and almost twist points, deduce theorem A from theorem B and derive as a corollary
a result of Ito [4]. In § 2 we describe possible mat sets. In § 3 we prove theorem B.

We denote by Z" the set of all positive integers and by N the set of all natural
numbers (i.e. non-negative integers).

1. Twist and almost twist points
We start by proving several lemmas.

LemMMA 1.1. The set AT (f) is invariant and closed.

Proof. 1t follows immediately from the definition that any subset of an almost twist
set is an almost twist set. Consequently, the image of an almost twist point is an
almost twist point. Hence, the set AT (f) is invariant.

Let lim, x, = x,, x, € AT (f) for ne Z™. To prove that x,€ AT (f), we have to show
that if X <Y and e(X) =f'(x,), e(Y) =f(x,) for some i, jeN, then F(X)=< F(Y).
But for such X and Y there exist X,, Y,, n€Z", such that e(X,,) =f'(x,), e(Y,)=
f(x,) and lim, X, = X, lim, Y, = Y. Since X < Y, we have X, < Y, for n sufficiently
large. But since x, € AT (f), we have that F(X, )< F(Y,). Since F is continuous,
we obtain F(X)= F(Y). Consequently, x,€ AT (f) and hence AT (f) is closed.

g

LEMMA 1.2. Let X e e (AT (f)), peZ, qeZ". Then:

(a) if FI(X)— X =p, then p(X)=p/q; if FI(X)— X <p, then p(X)=<p/q;

(b) if p(X)>p/q, then FA(X)—X>p; if p(X)<p/q, then FI(X)—- X <p.
Proof. If F1(X)— X = p (respectively =) then by induction we obtain F™(X)- X =
np (respectively <) for all neZ", and consequently p(X)=p/q (respectively =).
This proves (a). Then (b) follows immediately. O

LeMMA 1.3. The function p: AT (f) > R is continuous.
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Proof. Let xe€ AT (f) and a < p(x). We shall show that if y € AT (f) is sufficiently
close to x, then a <p(y). Take X € e”'(x). Since p(X)> a, there exists pe Z and
g€Z” such that p(X)> p/q>a. By lemma 1.2(b), FI(X)-X>p. If ye AT (f) is
sufficiently close to x, then there exists Yee™'(y) such that F/(Y)— Y>p. By
lemma 1.2(a), we then have p(Y)=p/q, and hence p(y)> a.

Analogously, if b> p(x), then for all y € AT (f) sufficiently close to x, we have
b> p(y). The continuity of p follows from these two properties. O

LEMMA 1.4. Assume that f has no periodic points. Then every point of S' is a twist point.
Proof. Suppose that x € S' is not a twist point. Then there exist X, Y eR such that
e(X)=f(x), e(Y)=f(x) forsome i, jeN, X <Y and F(X)= F(Y). Assume that
i<j (if j=<i then the proof is similar). Then Y = F*(X)+n for some neZ and
k=j—ieN. We have
F(Y)=F(F*(X)+n)=F*(F(X))+n.
The map G = F* +n is a lifting of f*. We have G(X)=Y > X and
G(F(X))=F(Y)= F(X).

Therefore G has a fixed point. This contradicts the assumption that f has no periodic
points. O

Remark. 1t is not true in general that if f has no periodic points then the whole
circle is a twist set.

Now we assume that theorem B holds and prove theorem A.

Proof of theorem A. Let a€ L. If f has no periodic points, then L={a}, and by
lemma 1.4 there exists a twist point x with p(x)=a. Assume now that f has a
periodic point. Then there exists a sequence of rational numbers (a,);-; such that
lim, a,=a and a,€ L for all neZ". By theorem B, for every neZ™ there exists a
twist point x, with p(x,) = a,. The sequence (x,)—, has a subsequence converging
tosome x € S'. Since AT (f) is closed, x € AT (f). By lemma 1.3, we obtain p(x) = a.

Hence in all cases there exists an almost twist point x with p(x) = a. By continuity
of F, the closure of the set {f™(x)}a, is an almost twist set. Its rotation number is
a. By Zorn’s lemma, it contains a mat set (minimality as defined here is the same
as the minimality in the family of non-empty invariant closed subsets of a given
set, ordered by inclusion). O

CoROLLARY 1.5 (cf. [4]). For every a€ L there exists X € R such that
lim, (1/n)(F'(X)-X)=a.
2. Mat sets
In this section we investigate more closely the mat sets. The results are similar to
those obtained in the case of homeomorphisms.
ProposITION 2.1. If A is a mat set and p(A) is rational, then A is a periodic orbit.

Proof. We shall show that A contains a periodic point. Then, by the minimality of
A, it will follow that A is equal to the orbit of this point. Take X € ¢ '(A). Let
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p(Ay=p/q, peZ, qeZ”. If F{(X)—p=2X, then e(X) is periodic. Suppose that
Fi(X)—p> X (the proof in the case F!(X)—p< X is similar). Then, since A is
invariant and almost twist, we have
F(X)=p= F*(X)-2p= F4(X)~3p=- -

and the points F"(X)—np, neZ", belong to e '(A). Since for every neZ* we
have p(A) <(np+1)/ng, then by lemma 1.2(b), we have

F(X)-np<X +1.
Therefore the limit

Y=li’r'n (F"(X)—np)

exists. Since A is closed, Y € e”'(A). By continuity of F, we have F(Y)—-p=Y,
and hence e(Y) is periodic. g

The following fact is obvious:

LEmMA 2.2. If A is a periodic orbit, then the following properties are equivalent:
(i) A is a twist set;
(ii) A is an almost twist set;
(iii) A is a mat set.

We shall call a periodic orbit which is a twist set, a twist periodic orbit (this definition
coincides with the one in [2] and is slightly different from the one in [1]). Now we
have to describe the dynamics on a twist periodic orbit (with respect to the ordering
of points of the orbit).

PROPOSITION 2.3. Let A be a twist periodic orbit with p(A)=p/q, pcZ,qcZ", p and
q coprime. Let
e X <X 1< X< X < X<
all be elements of e”'(A). Then for all i, j€ Z we have
Xivg=Xitj and F(X;)=Xi.p

Proof. Since p(A)=p/q and p and q are coprime, the period of A is nq for some
neZ* and F"(X;)=X,+np for all icZ. Therefore for all ke Z the number of
elements of e '(A)n[X,, X +1) is ng, and hence Xi+ng = Xy +1. From this it
follows easily that X, .., = X;+j forall i, je Z. Since A is a twist set and a periodic
orbit, the map

Fle1ay: e (A)»> e '(A)

is an order preserving bijection. Hence, there exists m € Z such that F(X;) =X,
for all i€ Z. Since
F"q(Xi) = Xi + np = XH—nqua
we obtain m = np.
Now to finish the proof it is enough to show that n=1. Since A is a periodic
orbit and X, X, € e '(A), for some keN and I € Z we have F*(X,) = X, + L There-
fore Xy,, = X,.4nq» and hence 1= n(kp—ql). Consequently, n=1. |
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CoOROLLARY 2.4. A twist periodic orbit as defined here is also a twist periodic orbit in
the sense of [1].

Now we start to investigate mat sets with irrational rotation number. Nevertheless,
the following lemma applies to all mat sets (in fact, to all minimal closed invariant
sets).

LeEmMA 2.5. If A is a mat set then f(A) = A.

Proof. Since A is invariant, f(A) < A. Since A is minimal, f(A) is dense in A. But
A is compact, and so is f(A). Therefore f(A) = A. O

PrROPOSITION 2.6. Let A be a mat set with p(A) irrational. Then:

(a) either A=S"' or A is homeomorphic to the Cantor set;

(b) ifx € A is an endpoint of an interval disjoint from A, then there exists a unique
y e A with f(y) = x; this y is also an endpoint of an interval disjoint from A;

(c) if xe A, then either there exists a unique y € A with f(y) = x, or there are two
such points; in this case they are the endpoints of some interval disjoint from A.

Proof. To prove (a), assume that A# S'. From the minimality of A and lack of
periodic points in A it follows that A has no isolated points.

Suppose that A contains an interval. Take a maximal such interval K. Let x be
an interior point of K. By the minimality of A, there exists n € Z " such that f"(x) € K.
By the maximality of K, we have f"(K)< K. Hence, there is a fixed point of " in
K. This contradicts the assumption that p(A) is irrational. Hence, A does not contain
any interval.

Since A is a closed non-empty subset of §' without isolated points and nowhere
dense, it is homeomorphic to the Cantor set. This proves (a).

Now we prove (b). Let x< A be an endpoint of an interval disjoint from A. By
lemma 2.5, there exists y € A such that f(y) = x. Suppose also that for some z€ A,
z# y, we have f(z) = x. By the minimality of A, there exist sequences (y,)5-; and
(z,)5=1 such that for every n we have y, =f"(x), z,=f(x) for some i, jeZ*, and
lim, y, =y, lim, z, = z. Since A is invariant, y,, z, € A for all n. There exist X, Y, Z,
Y, Z,ncZ"  suchthate(X)=x,e(Y)=y,e(Z)=2ze(Y,)=y,, e(Z,) =z, F(Y)=
F(Z)= X, lim, Y, =Y andlim, Z, = Z Since y # z, we have Y # Z. We may assume
that Y < Z. If m, n are sufficiently large, then Y,, <Z, and consequently F(Y,,)=<
F(Z,). Since lim, F(Y,)=F(Y)=X and lim,F(Z,)=F(Z)=X, we have
F(Y,)=X<F(Z,) for m, n sufficiently large. But ¢(Y,,) and e(Z,) are images of
x under some iterates of f. Since p(A) is irrational, we obtain F(Y,,) <X < F(Z,).
This contradicts the assumption that x is an endpoint of an interval disjoint from
A. Consequently, a point z with the described properties does not exist. This proves
that y is the unique element of A f'(x).

If y is not an endpoint of an interval disjoint from A, then we can use very similar
arguments to obtain a contradiction. This ends the proof of (b).

To prove {c), we assume that there are y and z as in the proof of (b) and we
make the same construction. If there is Te€ A with Y<T<Z and F(T) =X, then
we obtain, as for Y and Z, a sequence (T,)5-, of elements of ¢ '(A) such that
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lim, F(T,)=X, F(T,)# X for all n and F(Y,)<F(T.)<F(Z,) for m, k, n
sufficiently large. This is impossible and hence the set Anf '(x) cannot contain
three different points. Moreover, if it contains two different points, they are the
endpoints of an interval disjoint from A. This proves (c). 1

CoroLLARY 2.7. If A is a mat set and p(A) is irrational, then the system (A, fla)
arises from (S', rotation by p(A)) by ‘blowing up’ at most a countable number of
two-sided orbits and [ or negative semi-orbits (from every ‘blown up’ interval we leave
only its endpoints).

3. Proof of theorem B
We have to prove the existence of a twist periodic orbit with a given rotation number
p/q from the rotation interval of f (where peZ, qeZ", p and q coprime). It is
known that if p/q belongs to the rotation interval and p and g are coprime, then
there exists a periodic orbit of period ¢ and rotation number p/q (see [7], [3]). We
denote this orbit by A.

If ¢ = 1, then A is a twist orbit. If not, then by taking a different lifting if necessary,
we can reduce the problem to the case 0<p<gq.

Hence, in the sequel we shall assume that 0 < p < gq. The set e '(A) divides R into
a countable number of intervals. We denote them, from left to right,

NS SN S A A S

Clearly, we have I, =L +iforall i jeZ. ForkeZ vs;e define a (k)< Z as follows:
a(k)={ieZ: F(inf ) <inf I,, F(sup I;)=sup I, }.

Clearly, a(j+iq) = a(j)+iqg for all i, je Z.

We consider a family 2 of all maps ¢ :Z - Z such that

(i) ¢(k)ea(k) forallkeZ,

(i) e(j+ig)=¢(j)+ig foralli jeZ,

(iii) if k=j, then ¢(k)= ¢(j), (i.e. ¢ is non-decreasing).

By (ii), for every k € Z there exist n, sc Z* and re Z such that ¢* " (k) = ¢" (k) +rq
(factorizing ¢ mod g gives a map of a finite set into itself). Then for all m=n we
have ¢**™ (k)= ¢™ (k) +rq, and we obtain

. 1 smy . r . n
lim——¢™(j)=-  forj=¢"(k).
m smq s
By (iii), we obtain from this
1
lim—<p'(j)=-{ foralljeZ.
1 g s
We shall call r/s the rotation number of ¢ and denote it by p(¢). Notice, that since
¢ goes ‘backwards’ with respect to F, the rotation numbers of elements of P

considered here will usually be negative.
Now we shall prove several lemmas.

LeMMA 3.1. If ¢, ¥ € P and ¢ < ¢, then p(¢) = p(¥).

https://doi.org/10.1017/50143385700002534 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385700002534

Twist sets 397

Proof. Let keZ, neZ"*. We have

e"(k)=¢""(e(k)) =" (¥(k)) = ¢" (p(¢(k)) = " 2(¥*(k)) =" - - = y"(k).
Hence,

'q¢"(k>=p(w). 0

1
p(@)=lim—¢"(k)<lim—
n nq n N

We define maps ¢ and ¢ by
¢(k)=min a(k), @(k)=max a(k) forkeZ.

LemMa 3.2. The maps ¢ and ¢ belong to P and we have p(¢)=<-p/q=p(p).

Proof. The condition (i) of the definition of 2 is satisfied for ¢ and ¢ by their
definition.

The condition (ii) is satisfied, since a(j+ig) = a(j)+ ig. To show that the condi-
tion (iii) is satisfied, we have to use the definition of a. Since limx_, _o F(X)=—
and limy . o F(X)=+00, F(e"'(A))=e '(A) and F is continuous, we have

¢(I)=min{ieZ: F(sup I,) = sup I;}
and

é(l)=max {ieZ: F(inf I,) =inf I}.
From this (iii) follows.

Since A is a periodic orbit, for every ke Z there exists a unique i€ Z such that
F(sup I,) =sup I.. Denote this i by x(k). Since the rotation number of A is equal
to p/q, we have x?(k) = k — pq. Clearly, ¢ < . In the same way as in the proof of

lemma 3.1, we canshow that ¢" < x" forall n € Z". Hence, p(¢)=—p/q. Analogously
{taking inf instead of sup and = instead of =) we obtain p(¢)=—p/q. O

LemMMmA 3.3. Let k <j, I(k) € a(k), I(j) € a(j), I(k)=1(j). Then there exist {k+1) €
alk+1),...,1(j—1)e a(j—1) such that
I)=lk+)=---=I(j-1)=I(j).
Proof. Set
I(iy=min{teZ: t=I(k), F(sup I,)=sup I} fori=k+1,...,j—1.
We have inf I,=sup I,_,, and hence from the definition of a(i), in view of the
inequality
F(inf I, <inf I, =inf I,

we obtain /(i) € a(i). From the definition of I(i) it follows that
Khy=lk+D)=---=sI(j-1).
Since F(sup I;(;)=sup I,>sup I,_,, we obtain I(j—1)=I(j). O

LEMMA 3.4.Assume that ¢,, ¢, € P, ¢, # @,, ¢1 = ¢, and that there is no Y with y # ¢,,
¥ # @y, ¢ ¥ = ¢,. Then there exists a unique me{0,...,q—1} such that ¢,(m)#

@2(m).
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Proof. Since ¢, and ¢, satisfy the condition (ii) of the definition of ? and ¢, # ¢,
such an m exists. Set

j=min {iEZ: i> m, ‘Pl(l)z‘pZ(m)}a
k=max {ieZ:i<j, (i)=< ()}
(see figure 1). Clearly, m=k <j.

FIGURE 1

Suppose that j> k +1. If j=< k +¢q, we define ¢ as follows: for i=k+1,...,j—1
we set ¢ (i) =1(i), where I(i), i=k+1,...,j—1, are the numbers from lemma 3.3,
obtained for I(k)=¢@,(k), I(j)=¢,(j); for i=j,..., k+q we set y(i)=¢,(i); if
t=i+nq for some ic{k+1,..., k+q}, ncZ, then (t)=¢(i)+nq. It is easy to
see that ¢y ? (to check that ¢(k)=(k +1), notice that we have y(k)= ¢ (k)=
e(k)=1(k)=Ik+1)=y¢(k+1)). For i=j,..., k+q we have (i) = ¢,(i) =< @,(i).
For i=k+1,...,j—1 by the definition of j we have (i) = ¢,(k)=¢,(m)> ¢,(i)
and by the definition of k we have ¢ (i) = ¢,(j) < ¢,(i). Hence, ¢, < ¢ < ¢,. Since
k+1<j, theset {k+1,...,j—1} is non-empty. For i from this set we have ¢,(i) <
(i) < @,(i), and hence {¢,, ¢,}. This contradicts our assumptions.

If j> k +q, we define ¢ as follows: for i=k+1,..., k+qg—1 we set ¢(i)=1(i)
from lemma 3.3 (as before) and we set ¢(k+q)=¢,(k+q). We extend ¢ to the
whole of Z as before. To show that € 2 it is enough to check that y(k+g—1)=<
¢@;(k + q) (the rest of the checking is trivial). But, as before, we have ¢,(i) < ¢ (i) <
¢@,(i) for i=k+1,...,k+g—1, so in particular ¢(k+g—1)<g@,(k+g-1)=
¢.(k +q). Again we obtain ¢, < ¢ < ¢, and ¢ £ {¢;, ¢,}. This contradicts our assump-
tions. Consequently the supposition that j> k +1 was false.

Thus, we have j =k +1. This means that ¢,(k) < ¢,(k +1). Suppose that there
exist i, le {k+1,..., k+q} such that i <!l and ¢,(i) < ¢,(i), ¢:(I) < @,(I). Then we
set () =@ (t)fort=k+1,...,i;¢(ty=¢@(t)fort=i+1,..., k+g,and we extend
i to the whole of Z as before. It is easy to see that iy € 2. Clearly, we have ¢, = ¢ = ¢,.
Since (i) = ¢,(i) # @,(i) and Y () = @,(1) # ¢,(l), we have ¢ # ¢, and ¢ # ¢,. This
contradicts our assumptions.

Hence, there exists at most one ie{k+1,..., k+q} such that ¢,(i) # ¢,(i). Since
¢, and ¢, satisfy condition (ii) of the definition of %, this ends the proof. O

LEMMA 3.5. There exist ¢, ¢,€ P such that ¢, < ¢,, p(¢,)=<—-p/q=p(¢,) and for
at most one me{0, ..., q—1} we have ¢ ,(m) # ¢,(m).

Proof. Since p((_p)S —p/q and the family 2 is finite, then there exists ¢, € % such
that p(¢,)= —p/q and forevery ¢y € P with < ¢, and  # ¢,, we have p(¥)>—p/qg.
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If p(¢,) = —p/q, then we can take ¢, = ¢,. If not, since = ¢, p(¢)=—p/q and P

is finite, then there exists ¢, € ? such that ¢, = ¢,, ¢, # ¢, and for every ¢ € P with

@1 =<t =< ¢, we have either ¢ = ¢, or ¢ = ¢,. By lemma 3.4, we then have ¢,(m) #

¢,(m) for a unique me{0,...,qg—1}. O

For every pair (k, i) such that i € a(k), we define a map ®(k, i): I, > I; by the formula
Ok, i) X)=inf{YeI: F(Y)=X}.

This map can be discontinuous. Clearly, we have F|, o®(k,i)=id,. If X, Ze I,
and X < Z, then in view of the (in)equalities F(inf I;) <inf I, and F(®(k, i)(Z)) = Z,
there exists Y such that inf I, = Y <®(k, i)(Z) and F(Y)= X. Hence,
Ok, i)(X) <P(k, i)(Z).
This proves that ®(k, i) is increasing.
If there exists ¢ € P such that p(¢)= -p/q, then we consider the map

Do =D(¢" (0), 9?(0)) e+ - -2 P(¢(0), ¢*(0))°P(0, ¢(0)).

This map is increasing and maps I, into I¢q = I_,. Hence, the map ®,+p is
increasing and maps I, into itself. Therefore it has a fixed point X, (it is easy to
see that sup{Xel;: Py(X)+p=X} is such point). Every element of
e '({f"(e(X,))}5-o) belongs to some interval I; with i = ¢’(0) +kq,j€{0,..., g1},
keZ. Two different elements cannot belong to the same interval, since then the
denominator of p(¢) would be smaller than q. Therefore it follows from the
properties of ¢ that e(X,) is a periodic point of period g and rotation number p/q
and its orbit is a twist set.

Thus, to complete the proof of theorem B, it is enough to consider the case of
ple) <—p/q<p(p,), where ¢, and ¢, are from lemma 3.5. Without any loss of
generality, we may assume that m =0. Then we have ¢,(k)= ¢,(k) if g does not
divide k and ¢,(k) < ¢,(k) if g divides k. We make these assumptions for the rest
of the proof.

We have p(¢;)=r;/s;, where r; and s; are coprime, for i=1, 2. By the above
assumptions, r,/s, <—p/q<ry/s..

LEMMA 3.6. (a) We have ¢;(0)=rq fori=1,2.

(b) The numbers ¢’(0) forj=1,...,s;,—1 (i=1, 2) are not divisible by q.
Proof. If (a) is not true, then we have ¢ji(k) =k +r,q for some i€ {1,2} and ke Z,
where none of the numbers ¢i(k) (j=0,...,s;—1) is divisible by q. But then ¢,
and ¢, attain the same values at these numbers, and consequently p(¢,) = p(¢,),
which contradicts our assumptions.

If (b) is not true, then we have ¢}(0)=tq for some i€{i 2}, teZ and je
{1,...,s;—1}. Then p(¢;) = t/j. Since 0 <j <s, this contradicts our assumption that
r; and s; are coprime. |

LEMMA 3.7. We have s,r,—s,r, = 1.

Proof. The set {¢5(iq):neN, ie Z}is of the form {. .., k_,, k_,, ko, ky, ko, . . .}, where
s <k, <k <ky<k <k,<---and ky=0. By lemma 3.6 we have k;, = iq for all
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ieZ and no other k; is divisible by g. Since ¢, is non-decreasing, it is increasing
on the above set (otherwise the denominator of p(¢,) would be smaller than s,),
and consequently ¢,(k;) = k;.,, for all ieZ.

Let us take i, j€Z such that j = k.. If q does not divide j, then

e1(j) = @2(j) = @a(ki) = ki,
If q divides j, then we distinguish two cases. The first case is s,> 1. Then g does
not divide k;_,, and hence
ei(Nzelkis) = @alkis)) = Kivr,41-
The second case is s,=1. Then
j=l1zj-q=zk—-q=ig—q=k_,
Since g =2, we have ¢,(j— 1) = ¢,(j — 1), and hence
ei(Nzei(j—1)=0(j—1)= @y(ki_)) = Kisry1.
In both cases when g divides j, we obtain ¢,(j) = ki4,,—1-
By lemma 3.6, only one of the numbers ¢{(0), i=0,...,s,—1, is divisible by q.
Therefore we obtain
?1(0) = @' (ko) = kyy 1.
But ¢3'(0)=r,g=k,,. Hence, r,5,=s,r,—1. Since r,/s; <r,/s,, we have r s, <sry,
and therefore r;s,=s,r,— 1. O
Set n, = s,p +r,q, ny=—5,p—r\q.
LEMMA 3.8. We have:
(a) n,, n,>0, n,+n,=<gq, n, and n, are coprime,;
(b) nyry+nyr,=—p, ns +ms,=q
Proof. From the inequaltiy r,/s, <—p/q <r,/s, it follows that n, and n, are positive.
From the definition of n, and n, and from lemma 3.7 it follows by a direct
computation that (b) holds. Since p and g are coprime, we obtain from (b) that n,
and n, are coprime. Since s,, s,=1, we have n, +n,<n,s, +n,s, = q. O
Now we go back to the maps ®(k, i).
LEMMA 3.9. Let ie{1,2};j,keZ; Xel, Yel, and X <Y. Then
D(j, ¢:i(NNX) <P(k, @:(k))(Y).
Proof. If ¢;(j) < ¢;(k) then the conclusion is obvious (we cannot have the equality
of these points since then X = Y). If ¢,(j) = ¢;(k), then the definitions of ®(j, ¢;(j}))
and ®(k, ¢;(k)) are the same and the conclusion follows in the same way as the
monotonicity of ® (see the proof following the definition of ®(k, i}). If ¢,(j) > ¢:(k),
then j > k, which contradicts the assumption X < Y. Hence this case cannot occur.
O
For ie {1, 2} write
D, = P(pi71(0), @5(0))o- - o ®(¢;(0), ¢7(0))°D(0, ¢:(0)).

The map ®; maps I, into I, and is increasing.
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LEMMA 3.10. Let Xl’ X2€ Io. Then ¢)2(X2)—r25¢)1(xl)_r|.
Proof. For i =1, 2 we have

Q(X))—ri= [(D(pr"_l(_riQ), ei(=rg))e- - o ®(@i(—-rq), ‘P:g(“ri‘I))
o®(-rgq, ¢:(—rg)))(X;—r).
Assume that s,<s,. Since p(¢,)>r,/s;, we have ¢3(-r;,q)>0, and hence
¢y (—rq)<-riq. Thus
F(®(X;)— 1) = F(®(X,)—r).
By lemma 3.6(b), we have
e (p21(—r29)) = 03:(@3 1(—1r2q9)) = (¢3(—129) = 0= @7 (—11q).
Using lemma 3.9 s, times, we obtain consecutively
FoY (Dy(X)— 1)< Fri (@(X) =), ..., 0:(X,) —r=®(X))—r,.
Analogously, if s, <s,, then —r,g < "2(—rq),
F*(@,(X,) —r) < F(®,(X,)—n),
¢(—rq) = e3(p1' " (—r,q)),
and we also obtain
D X;) —r=®(X))— .
Assume that s, =s,. Then we have —r, < —r,. Using the notation from the proof of
lemma 3.7, we have —r,q=k_,,, and —r,q = k_,,,,. Thus, by the inequality obtained
in the proof of lemma 3.7, we have ¢\(—rq)=k_,,+r,—1. Since —r;s;— 1= —r,5,,
we obtain
‘Pl("’l‘l) = k—rzs2+rz = ‘PZ(k—rz:z) = (Pz(_rz‘I)-

If @2(—r2q) <¢@i(—r.q), then

Fool(®y(X,) ~ r) = FA 7Y (®y(X) — ).
If ¢,(—rq)=¢(—rq) then the definitions of &(—rg, ¢,(—r,q)) and
®(—r.q, po(—r,q)) are the same and the inequality

Fom (@ X,) — )= FF 7 (®,(X,)— )
follows from X,—r,= X, —r, (which is true since X,~r,eI_,,, and X,-rel_,,)
in the same way as the monotonicity of ®. In both cases we obtain

Fo 7Y (®y(X5) — 1) = F Y (D(X,) —1y).
If s, =1, then the proof is complete. If s, > 1, then we proceed as for the case s, # s,
(use lemma 3.6(b) and then lemma 3.9 s, —1 times) and we obtain

(X)) —1r=D(X|)—r. 4
LEmMA 3.11. Fori=0,...,n —1 we havei—s,p=(n,+i)+r,q, and s, is the smallest
positive k such that i —kp=1 (mod q) for some lc{0,..., n,+n,—1}.
Fori=n,,...,n +n,—1 wehavei—s,p=(i—n,)+r,qands, is the smallest positive
k such that i—kp=1 (mod q) for some le{0,...,n +n,~1}.
Proof. The equalities i —s,p =(n,+i)+r,q and i —s,p = (i — n,) +r,q follow directly
from the definitions of n, and n,. We can restate these equalities as follows. Let
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£40,...,q—1}>{0,...,q—1} be given by &(t)=t—p(modgq), and let
£:A0,...,n+n,—1}>{0,...,n,+n,— 1} be given by {(t})=1t+n, (mod n, +n,).
Since p and g are coprime and n,; and n, are coprime (see lemma 3.8(a)), both ¢
and { are cyclic permutations. By lemma 3.8(a), we have {0,...,n,+n,—1}c
0,...,q—1}. Write
(1 ifiefo,..., n —1},
e(i)= o
2 ifie{n,...,n +n,—1}
Then for all i€{0,..., n,+n,—1} we have £%©(i)={(i). Hence, for a fixed i€
{0,...,n +n,—1}, we have
{0,...,m+n=13={,£(),..., """ (D} ={i, £3),..., &M V(i)

where b(t) = s,y +Seziyy T 7 * T Seri~'(iy)- Since the elements i, {(i),..., (i) are
mutually distinct, we have b(t) <n;s, +n,s,. Hence, by lemma 3.8(b), we obtain
b(t)<q for t=1,...,n,+n,—1. There are only n,+n, numbers ke{0,...,q—1}
such that ¢*(i)e{0,...,n,+n,—1}. Thus they are the numbers O,
b(1),..., b{(n,+n,—1). The smallest positive one among them is b(1)=s.;,. This

completes the proof. 0
We define a sequence (¢;) /., as follows:

(1°) c=0;

(2°) if —jp=1i (mod q) for some i€{0,..., n,—1}, then ¢;,, = ¢,(¢;); if not, then
¢+1 = 92(G).

LEMMA 3.12. We have:
(a) q divides ¢; if and only if —jp=i (mod q) for some ic{0,...,n,+n,—1};
(b) ¢;=-pg.
Proof. Assume that for some je{0,...,q—1}, ie{0,...,n,+n,—1} and k{1, 2}
we have —jp=i (mod q), g divides ¢, and ¢;.; = ¢x{c;). Then by lemma 3.6, g does
not divide ¢, ..., 15— and q divides ¢, (remember that ¢,(I) = ¢,(!) if g does
not divide [). By lemma 3.11, for t=j+1,...,j+s,—1 there is no Ie
{0,..., n,+n,— 1} such that —tp =1 (mod q) and for t = j + s, such an ! exists. Hence
(a) follows by induction.
When j varies from 0 to g — 1, then it happens n, times that —jp=i (mod g) for
some i€{0,..., n —1} and then
G, =1(G)=¢+rq;
and it happens n, times that —jp = i (mod q) forsome i€ {n,, ..., n, +n,— 1} and then
Grs, = @7(G) = +1g.

Hence, ¢, =0+n,rq +n,r,q=—pq. -

We define a map @, by
Dy=D(c,y, Cq)°' o@D (cy, ;) P(cy, ).

LeEMMA 3.13. The map ®, is a composition of maps @, — ¢;/ q for thosej {0, ..., q—1}
Sfor which q divides c;, where i=1 if —jp=1 (mod q) for some 1€{0,...,n,—1} and
i=2if —jp=1(mod q) forsomele{n,,..., n, +n,—1}. The map &, maps I, into I_,,
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Proof. The above properties of ®, follow immediately from the definitions of &,
(i=0,1,2) and the sequence (¢;);-o and from lemma 3.12 and its proof. d

LEMMA 3.14. (a) We have —1=<r,/s, and r,/s,<0.
(b) Forallie{l,2}, jeZ and keN we have

e @i (0) +jq) =< @ (0) +jg.
Proof. Since r,/s:>—p/q>—1,r/si<—p/q<0and rys,—rs,=1, we have —s5,5, <
si;r,=rs,+1 and 0>r;s,=r,s,— 1. Hence —s,;s,<r;s, and 0=r,s,. Consequently
—s,=r, and 0= r,. This proves (a).
For i =2, (b) follows from the arguments used in the beginning of the proof of

lemma 3.7 and the fact that r,=<0. To prove (b) for i = 1, we use similar arguments.
O

The map ®,+p:1,~ I, is increasing, and hence it has a fixed point. We call this
point X,. The rotation number of X, is p/q, and since p and q are coprime, the
period of e(X,) is g (it is clear that e(X,) is periodic).

LEMMA 3.15. The orbit of e(X,) is a twist set.

Proof. Write B=e " "({f"(e(X,))}-o). The set B consists of points of the form
F'(X,)+j, ieN, jeZ. Let us assume that X, Ye B and X < Y. We have to show
that F(X)<F(Y). Let F(X)e I, F(Y)€ I,. We can choose j and k in such a way
that they are of the form ¢7(0) + mgq (of course, we have a choice only if F(X) or
F(Y) is an endpoint of the corresponding interval; but as yet we have not excluded
this possibility).

If j <k then clearly F(X)= F(Y). But since B is a lifting of a periodic orbit, we
cannot have F(X)= F(Y), and hence F(X)< F(Y).

Assume that j = k. If there exists i€ {1, 2} such that X eI, and Y € I, then
F(X)< F(Y) (we cannot in this case have F(X)> F(Y), since then, by lemma
39, X > Y). Assume that such an i does not exist. Then g divides both j and k. If
j>k, then Xel, ;, and YeI, . By lemma 3.14(b), ¢,(k)=<k, and we have
¢,(j)=k=j~q. Consequently, p(¢,)<—1, and by lemma 3.14(a), r;/s, = —1. Then
X € I, and thus Y € I,. Therefore p(¢,) =0 and hence r,/s,=0. Thus we obtain in
the case of j> k that X =® (F(X)~j/q)+k/qand Y=®,(F(Y)—-k/q)+k/q. By
lemma 3.10, we obtain Y = X, which contradicts our assumptions.

We are left with the case of j =k, g divides j. Without any loss of generality we
may assume that j=0. Recall the situation: F(X), F(Y)el,, X, YeB,
X =®(0, ¢,(0))(F(X)), Y=®(0, ¢,(0))(F(Y)), and we want to prove that
F(X)<F(Y).

Consider the set B I,. By Lemma 3.13 we have B I,< B, U B,, where Bj=Bn
(®,(Iy) —r)) and B,= B~ (D,(I;) —r,). By lemma 3.10, all points of B, lie to the
left of all points of B, except perhaps one common point. But for this common
point Z we would have F*(Z)eI_,, and F*(Z)eI_,, Either s,>s,, but then
@1 2(=rq)# —rq; or 5,<s,, but then ¢ *'(—r,q)# —r,q; or s;=s,, but then
—riq # —r,q. In all cases the only possibility is that either F*'(Z) is an endpoint of
I_,, or F*(Z) is an endpoint of I_,, But then the orbit of e(X,) is equal to A
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(recall that A was the orbit chosen at the very beginning of the proof of theorem
B). This contradicts the fact that Z is an interior point of I, (which follows from
the definition of Z and lemma 3.10). Hence B, » B,=.

By the arguments from the previous part of this proof, the maps F*|5 (i=1,2)
are increasing. Since F*'(B,)+r,c Bn I, and F*(B,)+r,< Bn I, we can define
by induction for every T€ B I, a sequence (&,(T))m-o as follows:

1  ifTeB,
T)= 1°
&o(T) {2 if TeB,: (")
1 ifF'(T)+leB,
= 2°
en(T) {2 if F{(T) +1¢e B,: (%)

where t=s.ny+:: +s. _(m, =1ty t - +r.,_ () Bylemmas3.11,3.12and 3.13,
if T=F"(X,)+u for some meN, ueZ and mp=k (modgq) with ke
{0,..., ny+n,—1}, then

E(T)—{l ifke{n,,...,n +n,—1}
2 ifke{o, ..., n—1},
1 ifk+pt=v forsomeve{n,,...,n +n,—1}

En(T)={

where t is defined as before (notice that here we have the maps which are inverses
of the maps from the proof of lemma 3.11).

Since F%|g (i=1,2) are increasing, we have F(X)<F(Y) if and only if
(e, (F(X)))5-0X(e,(F(Y)))n—o, where  is the lexicographical order induced by
the order 2oc1. But it is easy to see (look at the map ¢+t —n,(mod n, +n,)) that
we have (&,(F(X)))n-0X(,(F(Y)))%_o if and only if k(F(X)) < k(F(Y)), where
k(F(X)) and k(F(Y)) are defined as k above for T= F(X) and T = F(Y) respec-
tively. Since X =®(0, ¢,(0))(F(X)) and Y =®&(0, ¢,(0))(F(Y)), we have
k(F(X))e{0,...,n—1}and k(F(Y))e{n,,..., n,+n,—1}. Therefore k(F(X)) <
k(F(Y)), and consequently F(X) < F(Y). O

2 ifk+pt=v forsomeve{0,...,n,—1},

Now the proof of theorem B is complete.
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