A REMARK ON FLAT AND PROJECTIVE MODULES
CHR. U. JENSEN

It is the purpose of this note to give some characterizations of flat and
projective modules, partly in ideal theoretical terms, partly in terms of the
exterior product of a module (‘‘puissance extérieure’’); cf. (1).

We shall consider left modules over a ring R with identity element and
without proper zero divisors. The left module M is called flat if X ® M is an
exact functor on the category of right R-modules X. If M is flat over a com-
mutative domain R, M is necessarily torsion-free. Therefore when looking for
flatness of a module M over a commutative domain, one may assume from
the start that M is torsion-free.

In the following theorem, we shall not restrict ourselves to commutative
rings R, but the modules concerned have to be torsion-free, which, of course,
should mean that rm = 0 implies r = 0 or m = 0.

Before stating the theorem, we remark that if a is a right ideal of R, aM
means the Z-module consisting of all finite sums Y_ a;m;wherea; € a,m; € M.

THEOREM 1. Let R be a ring with identity element and without proper zero
divisors, and let M be a torsion-free left R-module. T hen M is flat if and only if

(%) (@NBM =aM N bM
for all right ideals a and b in R.

Proof. The necessity may be shown as in (2, p. 32, Proposition 6). In fact,
for any right ideal a of R, ¢(a) (in Bourbaki’s notation) may be identified
with aM by the canonical mapping from R @ z M to M.

Conversely, let M be a torsion-free left R-module for which (%) is satisfied
for all right ideals a and b. To prove that M is flat, we shall show that any
linear relation in M is a consequence of linear relations in R (2, p. 43, Corollary
1), i.e. for any linear relation X_7; m; = 0 there exists a finite set of elements
m; € M, ¥;; € R such that

my =2 ;TiyMm; and 2 .77 =0
for all 7 and j, respectively.

We shall show this by induction on #. For n = 1, rym; = 0 implies r; = 0
or my = 0, so that there is nothing to prove. Let us now assume that any

linear relation in M with » — 1 terms is a consequence of linear relations in
R. We shall then prove that this also holds for any linear relation
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n

Z rim; = 0
i+1
with # terms.
If all the coefficients 7; are zero, there is nothing to prove; so we may assume
that at least one of them, say 7,, is not zero.
Let a be the right ideal a = 1R + ... 4+ 7,1 R and b be the right ideal

b = r, R. Obviously
(1) Yn My = —271m1-—...—21'n_1mn_1

is an element of aM M bM and hence, because of (), an element of (a M b) M.
Therefore 7, m, admits a representation of the form

(2) Ty My = Zi ajm]', aj E af\ b.

As an element of a each coefficient a; may be written as a right linear com-
bination of 7y, . .., 74—1

(3) a;=1r1%+ oo F Fum1 X,
Inserting this in (1) and (2), we obtain

rilmy + 2% 7;) + . oo F a1 M1 + D5 %01,;My) = 0.

We have thus obtained a linear relation with # — 1 terms; by the inductive
assumption, we can find elements #; € R, 1 <7< #7n — 1, and elements
My € M such that

mi+z]'x1jmj=zk;ikﬁk, 1<’L<n—l,
and

—1
4) nzl rifa=0 for all &.
P
As an element of b = 7, R, a; can be written a; = 7, x,,;. Now, 7, # 0 and
M is torsion-free, so (2) implies
My = 205 %n,; My

my, . . ., M, are now linear combinations of the 7, and 7, namely

mi = 2 ;(—xi;)M; + 2x Pu i, 1<i<n—1,

My = 225 %n,5 Mje
(3) implies

ri(—=x:) + ..o F a1 (—%1,;) F 1%, = —a;+a;, =0

for all j. Because of (4), (5) is now a linear representation of the m,,
1 < 7 < n, of the desired form.

THEOREM 2. For any ring R without proper zero divisors the following con-
ditions are equivalent:
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(1) The weak global dimension of R is at most one, i.e. Tors®(4, B) = 0 for
all right R-modules A and all left R-modules B.
(i) (@M b)e = ac M be for all right ideals a and b, and all left ideals c.
(i) a6 M) = ab M ac for all left ideals b and ¢, and all right ideals a.

Proof. (i) = (ii). For any left ideal ¢ we have a short exact sequence
0—>¢c—>R—>R/c—0
from which we infer
Tor®(4, ¢) >~ Tor,®(4, R/c) =0

for an arbitrary right R-module A. Thus ¢ is flat. Since R has no proper zero
divisor, ¢ is torsion-free, and (i) thus follows from Theorem 1.

(ii) = (i). By Theorem 1, (ii) implies that any left ideal c is flat. As before,
this involves Tor,®(4, R/¢) >~ Tor,%(4, ¢) = 0 for any right R-module 4.
Let

0-DK—->F—>4-—-0

be a short exact sequence where F is a free right R-module. From
Tor®(K,R /¢) ~ Tor,®(4, R/¢) =0

it follows that K is flat (2, Chapter I, §4, Proposition 1). Hence for any left
R-module B, we have

Tor,®(4, B) ~ Tor,®#(K, B) = 0.

(i) & (iii) follows from the equivalence (i) & (ii) in view of the left-right
symmetry in the definition of the weak global dimension.

Remark. If R is moreover assumed to be left Noetherian, then the weak
global dimension of R is equal to the left global dimension (7, Theorem 20,
p. 154). Hence (ii) and (iii) are characterizations of rings whose left global
dimension is < 1, i.e. of left hereditary rings (4, VI, Proposition 2.8).

In the following part of this note we shall restrict ourselves to modules over
commutative rings R without proper zero divisors, i.e. to modules over integral
domains.

Let K be the quotient field of the integral domain R. If M is a torsion-free
R-module, it may be embedded in a vector space over K, viz. K Q@ M. We
begin by giving a necessary condition for a torsion-free R-module M with
dimg(K ®r M) < « to be flat over R.

THEOREM 3. Let M be a torsion-free module over the imtegral domain R. If

a1
dimg(K @z M) = d < « and M is R-flat, then N M = 0, where N\ M denotes
the exterior product (‘‘puissance extérieure”); cf. (1, §5.5).

Proof. Let my, . . ., mgy1 be any d + 1 elements of M. Since
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there exists a non-trivial linear relation
rimi+ ...+ rar1mer =0, 71, . . ., ray1 not all 0.

Because M is R-flat, there exist elements 7; € M,
fijER(1<i<d+1y1<j<”)»

for which
n d+1
mi= 2 Fymy 2 rify =0
J+1 i=1

for all 7 and j, respectively. We may assume that d + 1 < #, since otherwise

we could formally insert elements 7 ; with coefficients 7;; = 0.
d+1
The element my A ... A mgp1 € A M can be expressed as

6) miA.. oAM= X Fra Fartaan M Ao A Mgy,

where (i1, ..., %4+1) runs through all ordered sets of d + 1 integers (equal or
different) between 1 and #.

If two of the 7's are equal, the corresponding term in (6) vanishes according
to the definition of the exterior product. It therefore suffices to let (¢4, . . . , Z441)
run through all ordered sets of d + 1 mutually distinct integers between 1 and
n.

Consider the terms in (6) where (71, . . ., 7441) runs through the permutations
of d 4+ 1 fixed mutually distinct integers 1 < 73 < ... < 7441 < n. Then

Ty A oo A Toigey = €My A o A g

where ¢ = 41 or —1 according as (1, . . ., 44+1) is an even or odd permutation
of (n1, ..., nse1). Hence the sum of the corresponding terms in (6) is

det (Fin )Muy A oo o A My .

Since (ry,...,7441) is a non-trivial solution of the system of the d + 1

linear equations
d+1

Z XiTimg = 0,
i=1

we see that det(7;,;) = 0. This holds for any system 1 < n; < ... < 1441 <
d+1
of d + 1 mutually distinct integers; hence the sum (6) vanishes. Since A M
d+1
is generated by all elements of the form m; A ... A mgy1, the proofof A M =0
is complete.

Before stating the next theorem, we remark that the exterior product has
the usual localization property. In fact, let .S be any multiplicatively closed set
of elements of R containing the identity element but not containing 0. For any
module M let M s be the module of formal quotients [m/s] with respect to S,
considered as a module over the quotient ring R g; cf. (7, 8.6). It is then readily
checked that
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[ml] A A [m] R [mu]
S1 Sn S1e..8

defines an isomorphism of A M sonto (AM)g.
We shall now prove

THEOREM 4. Let M be a torsion-free module over the integral domain R, and
suppose dimg (K Qg M) = d < o, where K is the quotient field of R. Then M

d+1
is R-projective if and only if M 1s finitely generated and NM = 0.
d+1

Proof. If M is projective, M is also flat, so that Theorem 3 implies A M = 0.
Moreover, since K @z M is a finitely generated K-module, it follows from
(3, §5.5, Proposition 9) that M is a finitely generated R-module.

1

Conversely, let M be a finitely generated R-module for which d/J\FM = 0.
Since M is finitely generated, it suffices to show that the local components
My are free Rm-modules for any maximal ideal m in R; cf. (2, p. 138,
Theorem 1). a1 at1

By the remark preceding Theorem 4, we have AMy = (AM)m = 0 for
any maximal ideal m. Clearly dimg(K ®pg, Mm) = d so that the finitely
generated module My cannot be generated by less than d elements. Let

(my, . ..,m,) be a minimal set of generators in the sense that no element m;
is superfluous. We have only to show that » < d, since it then follows that
mu, . . ., m, will be an independent set of generators, i.e. a free K ,-base.

Assume v > d. lf aymi+ ... +a,m, = 0,a; € Ry, then any a; must be-
long to mRy; otherwise a; would be a unit and #; an Ry-linear combination of
the remaining m;, i.e. m; would be superfluous in the set of generators. This
means that for any element aym, + ... 4 a, m, € My, the a’s are uniquely
determined (mod mRm). Consequently, an alternating multilinear mapping ¢
of Myt into Ry;/mR,, is obtained by setting

dlaumi+ ...+ anm, ..., ¢qe11m+ ...+ Goy1,0 M)
= det (a;;) (mod mRy).
1<, j<d+1
Since ¢ (my, ..., mgy1) = 1 (mod mRy), ¢ does not vanish identically. Thus

a+1
¢ induces a non-vanishing homomorphism of A M, into R,,;/mRy,, which means

a+1
that A My 5% 0, contradicting our assumption on M.

Since a flat module over an integral domain is necessarily torsion-free, the
following corollary is a consequence of Theorems 3 and 4.

COROLLARY 1; cf. (5). 4 finitely generated flat module over an integral domain
is projective.
Combining Theorem 1 and Corollary 1, we obtain

COROLLARY 2. 4 finitely generated torsion-free module over an integral domain
R 1is projective if and only if (a N b)M = aM M bM for all ideals a and b in R.
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It is obvious that the assumption of M being torsion-free is essential for the
validity of Corollary 2. However, for an arbitrary module M, we obtain by
passing to the factor module of M with respect to its torsion module M7

CoOROLLARY 2'. A finitely generated module M over an integral domain R is
the direct sum of a torsion module and a projective module if and only if there
exists a non-zero ideal ¢ (dependent on M) such that

(%) (@NB)M = aM N DM
holds for all ideals a and b contained in c.

Proof. If M ~P @® My, with projective P, then M is finitely generated;
thus there is a non-zero element ¢ € R with ¢cM; = 0 and (x) is satisfied for
all ideals a and b contained in (¢). To prove the “if’’ part, it suffices to show that

(@N)M/ My D aM/MpzN\ M/ My
for all ideals a and b, for by Corollary 2 this implies that
0O->My—>M-—>M/My—0

is split exact.
Any element £ € aM/M» M bM/ M, has the form

T =2 a;M; = 2 ;b M,y a; €a,b; €0,m € M/Mp.
Choosing representatives x, m; € M, we obtain
x=2.a;m;+m =>,b;m; +m', m' and m'’ € M.
Let ¢ be a non-zero element in ¢ such that em’ = em’” = 0. Then
cx = Yicaim; = Y cbimy € caM M chM.
Since ca € ¢ and ¢b C ¢, we infer that
caM M cbM = (caMcb)M = claMb)M
and thus
cx =Y, cd;m; d;€al b
Hence x — > ,d;m; € My or
T=2;d;m;€ (@aMb)M/Mry.

If R is a Priifer ring, i.e. a semi-hereditary integral domain, then any ideal
a m R is a flat R-module; cf. (4, VII, Proposition 4.2). Therefore, by Theorem

3, /\a = 0 for any ideal a considered as an R-module. Conversely, if /\a =0
for any ideal a in an integral domain R, then by Theorem 4, any finitely
generated ideal in R is a projective R-module and R is thus a Priifer ring.
In other words

COROLLARY 3. An integral domain R is a Priifer ring if and only if Aa =0
for any 1deal a in R.

https://doi.org/10.4153/CJM-1966-093-7 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1966-093-7

FLAT AND PROJECTIVE MODULES 949

This may be generalized to arbitrary commutative rings with an identity
element.

THEOREM 5. T he ideals of a commutative ring R with an identity element form
a distributive lattice, 1i.e.
aNB+ce)=anNbdb+aNc for any three ideals a, b, ¢ in R

if and only if /ia = 0 for every ideal a in R.

Proof. The lattice of ideals in R is distributive if and only if, for any maximal
ideal m in R, the ideals in the generalized quotient ring Ry, are totally ordered
with respect to set inclusion (6).

First, let us assume that any R, has the above property. On account of

2
the localization principle, it suffices to prove Aa’ = 0 for any ideal a’ of R,
If a,b € Ry, we have either (@) C (b) or (b) C (a). If @ = br, r € Ry, say,

2
thena A b = 7(b A b) = 0. Thus Aa’ = 0, and the “‘only if”’ part is proved.

2

Conversely, if Aa = 0 for every ideal a in R, any ideal in Ry has the same
property. To prove that the ideals of Ry are totally ordered, it suffices to show
that for any two elements @ and b of Ry, we have either (¢) C (b) or (5) C (a).

If this were not the case, then, for suitable @ and &, (¢, &) would be a minimal
system of generators for the ideal a’ = aRy 4 bRy, Just as in the proof of
Theorem 4, we could define an alternating bilinear mapping ¢ of a’ X a’ into
Rm/mRy by setting

¢ (ax1 + by, axs + bys) = (x1y: — x2y1) (mod mRy).
Since ¢(a, ) = 1 (mod mRy), a A bwere not zeroin a’ A a, contradicting our
assumption.

Remark. By combining Theorem 5 and Corollary 3, we see that an integral
domain is a Prifer ring if and only if its ideals form a distributive lattice. This
may be regarded as a generalization of the well-known theorem that a
Noetherian domain is a Dedekind domain if and only if the ideals form a
distributive lattice.

Added in proof. F-injectivity has been studied by D. F. Sanderson under the
name ‘‘F-Divisibility.” See his article (4 generalization of divisibility and
injectivity in modules, Can. Math. Bull., 8 (1965), 506—513) for the construction

of the F-injective hull.
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