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1. Introduction. It is reasonable to expect that the representation theory of an
algebra (finite dimensional over a field, basic and connected) can be used to study its
homological properties. In particular, much is known about the structure of the
Auslander-Reiten quiver of an algebra, which records most of the information we have on
its module category. We ask whether one can predict the homological dimensions of a
module from its position in the Auslander-Reiten quiver. We are particularly interested in
the case where the algebra is a tilted algebra. This class of algebras of global dimension
two, introduced by Happel and Ringel in [7], has since then been the subject of many
investigations, and its representation theory is well understood by now (see, for instance,
(1], [7], [8], [9], [11], [13]). In this case, the most striking feature of the Auslander-Reiten
quiver is the existence of complete slices, which reproduce the quiver of the hereditary
algebra from which the tilted algebra arises. It follows from well-known results that any
indecomposable successor (or predecessor) of a complete slice has injective (or projective,
respectively) dimension at most one, from which one deduces that a tilted algebra is
representation-finite if and only if both the projective and the injective dimensions of
almost all (that is, all but at most finitely many non-isomorphic) indecomposable modules
equal two (see (3.1) and (3.2)). On the other hand, the authors have shown in [2, (3.4)]
that a representation-infinite algebra is concealed if and only if both the projective and
the injective dimensions of almost all indecomposable modules equal one (see also [14]).
This leads us to consider, for tilted algebras which are not concealed, the case when the
projective (or injective) dimension of almost all indecomposable successors (or predeces-
sors, respectively) of a complete slice equal two. In order to answer this question, we
define the notions of left and right type of a tilted algebra, then those of reduced left and
right types (see (2.2) and (3.4) for the definitions). Our main theorem is as follows.

THEOREM. Let A be a representation-infinite algebra which is tilted but not concealed,
and X a complete slice in its Auslander-Reiten quiver I'(mod A).

(a) pd M =2 for almost all indecomposable successors M of X if and only if the
reduced right type of A is empty or a disjoint union of Dynkin graphs.

(b) id M =2 for almost all indecomposable predecessors M of X if and only if the
reduced left type of A is empty or a disjoint union of Dynkin graphs.

Our paper is organised as follows. In Section 2, after setting the notation and briefly
recalling some definitions and results that will be needed in the sequel, we introduce the
notions of left and right type and show some of their properties, in particular those
related to the left and right end algebras introduced by Kerner in [8]. In Section 3, we
discuss some of the above-mentioned homological properties, define the notions of
reduced left and right types, and then prove our main theorem.
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2. The left and right types of a tilted algebra.

2.1. NotaTioN. All algebras in this paper are basic, connected, associative, finite
dimensional algebras with identities over a fixed algebraically closed field k, and all
modules are finitely generated right modules. For an algebra A, we denote by mod A its
module category, and by ind A a full subcategory of mod A consisting of a complete set of
representatives of the isomorphism classes of indecomposable objects in mod A. We shall
use freely and without further reference properties of mod A, the Auslander-Reiten
translations 7= DTr and 7' = TrD, and the Auslander-Reiten quiver [(mod A) of A as
can be found, for instance, in [3],[11]- A path xo—>x,—...—x,, in ['(mod A) is called
sectional if tx;,,#x;_, when 0<i<m, and a full subquiver £ of I'(mod A) is called a
subsection if it is connected and each path in X is sectional [5]. Given an A-module M, we
denote by pd M its projective dimension and by id M its injective dimension.

For tilting theory, we refer the reader to [1], [11]. In particular, we recall that tilted
algebras are characterised by the existence of complete slices in a component of their
Auslander-Reiten quiver, called connecting component [11, (4.2)]. A tilted algebra has at
most two connecting components and, if it has two, then it is a concealed algebra [12,
Lecture 2]. We recall the notion of type of a tilted algebra (see, for instance, [1, (5.1)]).
Let A be a tilted algebra. There exists a finite connected quiver = without oriented cycles
and a tilting module T over the path algebra kZ of = such that A = End T. Clearly, this is
equivalent to the requirement that I'(mod A) contains a complete slice whose underlying
quiver is isomorphic to Z°°. The quiver X is generally not uniquely determined by A, but
two different quivers £ and 2’ whose path algebras tilt to A have the same underlying
graph and can be deduced from each other by an admissible change of orientation (that is,
a sequence of reflections). The underlying graph Z of a quiver = whose path algebra tilts
to A is called the type of A and a complete slice in I'(mod A) whose underlying quiver is
isomorphic to Z is called a representing slice.

2.2. Let now A be a tilted algebra. We shall define the notions of left and right type
of A, using the description of mod A given in [8, (4.1)].

We define the left type of A as follows. If A has a complete slice in a postprojective
component (following [6], we use the term postprojective rather than preprojective: we
believe it is more descriptive), the left type of A is defined to be the empty graph.
Otherwise, A has a unique connecting component I' which is not postprojective. If T’
contains no projective module (so that every module in I' is left stable), we define the left
type of A to be the type of the tilted algebra A, as defined above. Suppose I' contains a
projective module. Let 2 be the subsection of I' consisting of the left stable modules M in
I such that there exists a path in I' of length at least one from M to some projective, and
any such path is sectional. Since £ is generally not connected, we can write it as
ZU...UZ, where each Z; is a connected component of =. Then £=2,U...UZ, will
be called the left extremal subsection of A, and its underlying graph Z will be called the left
type of A. Observe that, since I contains a complete slice, no injective module is a pre-
decessor of .

Dually, we define the right type of A as follows. If A has a complete slice in a
preinjective component, the right type of A is defined to be the empty graph. Otherwise,
A has a unique connecting component I' which is not preinjective. If I' contains no
injective module (so that every module in I is right stable), we define the right type of A
to be the type of the tilted algebra A. If I' contains an injective module, let £ be the
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subsection of I" consisting of the right stable modules M in I such that there exists a path
in T of length at least one from some injective to M, and any such path is sectional. Let
X=3,U...UZ, where each Z, is a connected component of 2. Then £=3,U... UZ,
will be called the right extremal subsection of A, and its underlying graph £ will be called
the right type of A. Observe that, since I' contains a complete slice, no projective module
is a successor of X.

These notions may also be interpreted in terms of the left and right stable parts of an
Auslander-Reiten component (see [10]). Let A be an arbitrary algebra and let I' be a
component of I'(mod A). We define the left stable part of I' to be the full subquiver I
consisting of the indecomposable modules M in I' such that:

(1) M is left stable, that is, 7'M #0 for all t =0, and

(ii) M is not a successor of a projective module in I'.

Dually, the right stable part of I' is defined to be the full subquiver I, consisting of
the indecomposable modules M in I such that:

(i) M is right stable, that is, 77°M #0 for all s =0, and

(ii) M is not a predecessor of an injective module in T.

If now A is a tilted algebra, and I' is a connecting component in I'(mod A) it follows
from [8, (4.1)] that T, is a disjoint union of connected translation quivers, each of which
consists of all predecessors of a complete slice lying in the preinjective component of a
tilted algebra. Thus, if I" is a postprojective component, then I'; is empty (and so is the left
type) while, if " is not a postprojective component, the left type of A is the underlying
graph of a disjoint union of complete slices in I, Dually, if I is a preinjective component,
then T, is empty (and so is the right type) while, if I is not a preinjective component, the
right type of A is the underlying graph of a disjoint union of complete slices in I,.

ExampLE. We borrow this example from (8, (5)]. Let A be given by the quiver
L] ° g
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bound by a,8;=0=a,y,fori=1,2,3 and a;8; =0=a,y;for j=2,3,4. Then A is tilted,
and its type is the underlying graph of the following representing slice
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The left type of A equals the disjoint union of two copies of D,, and the left extremal
subsection equals the disjoint union of two copies of the quiver

~
o/ \'
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The right type of A is equal to A, and the right extremal subsection is given by the quiver

VA NN
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2.3. The following lemma records the most immediate properties of the left and right
types of a tilted algebra.

LeEMMA. Let A be a tilted algebra.

(a) The left and the right types of A are empty graphs if and only if A is repre-
sentation-finite or concealed.

(b) The left (or right) type of A equals the type of A if and only if A has a unique
connecting component containing no projective (or no injective, respectively).

(c) The left type and the right type of A are both equal to the type of A if and only if A

" is the endomorphism algebra of a regular tilting module over a wild hereditary algebra.

(d) If A is not concealed, A is tame if and only if the left and the right types of A are

empty or disjoint unions of euclidean graphs.

Proof. (a) The left type of A is empty if and only if A has a complete slice in a
postprojective component ', and the right type of A is empty if and only if A has a
complete slice in a preinjective component I''. If I' =T", then A is representation-finite. If
I'#T"’, then A is concealed. The converse is obvious.

(b) Follows directly from the definition.

(c) Applying (b), the left type of A, its right type and its type are equal if and only if
A has a unique connecting component containing neither projectives nor injectives, that
is, which is stable or, equivalently, which is of the form ZX for some quiver Z. This is the
case if and only if A is the endomorphism algebra of a tilting kX-module with neither
postprojective nor preinjective direct summands, that is, which is regular (see [12, (1)]).

(d) This follows from the description of I'(mod A) given in [8]. Indeed, if the right
type and the left type of A are disjoint unions of euclidean graphs, then any component of
I'(mod A) which precedes or succeeds a complete slice is a component of a tilted algebra
of euclidean type. Hence A is tame and even domestic. The converse is equally easy.

2.4, Of more immediate concern to us, however, is the relation between the left and
right types and the left and right end algebras as defined in [8]. We record it in the
following lemma.

LemMA. Let A be a representation-infinite algebra which is tilted but not concealed.

(a) Each connected component of the left extremal subsection is a complete slice in the
connecting component without projective modules of the Auslander-Reiten quiver of a
connected component of the left end algebra ..A. In particular, the left type of A equals the
type of A as a tilted algebra.

(b) Each connected component of the right extremal subsection is a complete slice in
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the connecting’ component without injective modules of the Auslander-Reiten quiver of a
connected component of the right end algebra A... In particular, the right type of A equals
the type of A. as a tilted algebra.

Proof. Under the stated hypothesis, A has a unique connecting component. The
statement then follows from the description of mod A as given in {8], and the respective
definitions.

3. The main result.

3.1. We start our discussion with the following lemma, which is a direct consequence
of well-known homological properties of tilting modules (see, for instance, [1, (2.2)]). For
the convenience of the reader, we shall however provide a (simple) direct proof.

LemMA. Let A be a tilted algebra and X a complete slice in T'(mod A).
(a) If M is an indecomposable successor of Z, then id M < 1.
(b) If M is an indecomposable predecessor of Z, then pd M < 1.

Proof. We shall only prove (a), since the proof of (b) is dual. Let T=@{N:N e =}.
Assume id M > 1 for some indecomposable successor M of Z. Then Hom,(t7'M, A) #0
(by [11, (2.4)(1*) p. 74]). Let P, be an indecomposable projective module such that
Hom,(77'M, P) #0. Since M is a successor of £, so are 7~'M and P. Hence P belongs to
the subcategory of all A-modules generated by T so that there exist m >0 and an
epimorphism 7% — P which must split, because P is projective. Hence P is a direct
summand of 7, and so belongs to . We have obtained a sequence of non-zero non-iso-
morphisms U—...— M —*— t"'M — P with both U, P on X, which is not sectional,
a contradiction to the fact that X is a complete slice.

3.2. As a consequence of this lemma and the fact that the global dimension of a tilted
algebra is at most two, we have the following result.

CoROLLARY. A tilted algebra A is representation-finite if and only if pd M =2 and
id M =2 for almost all M in ind A.

Proof. Since the necessity is obvious, let us show the sufficiency. Since A is tilted,
there exists a complete slice £ in I'(mod A). By (3.1), £ has only finitely many
predecessors and only finitely many successors. Hence A is representation-finite.

3.3. The following result was obtained in.[2, (3.4)] as a consequence of the theory of
postprojective and preinjective partitions of [4], and independently in [14].

PROPOSITION. A representation-infinite algebra A is concealed if and only if pd M =1
and id M =1 for almost all M in ind A.

3.4. We shall now define the reduced right and left types of a representation-infinite
tilted algebra A.

Let A be a representation-infinite tilted algebra. We first define the reduced left type
of A. If A has a postprojective component containing a complete slice or if the unique
connecting component of A contains no projective module, we define the reduced left
type of A to be equal to the left type of A, that is, respectively, the empty graph and the
type of A. Assume that the unique connecting component of A is not postprojective but
contains projectives, and let =3, U...UZ, be the left extremal subsection of A. We
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define the reduced left extremal subsection of A to be Z;U. .. UZ, where, for each i, X/
is the full (convex) subquiver of Z; obtained by deleting all the sinks. The reduced left
type of A is then the underlying graph ZjU...UZ; of the reduced left extremal
subsection. Observe that the sinks of Z; correspond to radical summands of projective
A-modules.

Likewise, we define the reduced right type of A. If A has a preinjective component
containing a complete slice or if the unique connecting component of A contains no
injective module, we define the reduced right type of A to be equal to the right type
of A, that is, respectively, the empty graph and the type of A. Assume that the
unique connecting component of A is not preinjective but contains injectives, and let
Z=Z,U...UZ, be the right extremal subsection of A. We define the reduced right
extremal subsection of A to be Z;U. .. UZ/ where, for each i, X/ is the full (convex) sub-
quiver of X; obtained by deleting all the sources. The reduced right type of A is then the
underlying graph £{U...UZ, of the reduced right extremal subsection. Observe that the
sources of Z; correspond to socle factors of injective A-modules.

Since A is representation-infinite, the reduced left (or right) type of A is empty if and
only if so is the left (or right, respectively) type of A.

For instance, in the example in (2.2), the reduced left extremal subsection is the
disjoint union of two copies of the quiver

P e—— ¢ —

while the reduced right extremal subsection is the disjoint union of two copies of the
quiver

¢ — S0 c——e

In particular, both the reduced right and left types of A are disjoint unions of Dynkin
graphs, so that A satisfies the conditions of our main theorem below.

THEOREM. Let A be a representation-infinite algebra which is tilted but not concealed,
and 2 a complete slice in I'(mod A).

(a) pd M =2 for almost all indecomposable successors M of Z if and only if the
reduced right type of A is empty or a disjoint union of Dynkin graphs.

(b) id M =2 for almost all indecomposable predecessors M of X if and only if the
reduced left type of A is empty or a disjoint union of Dynkin graphs.

Proof. We shall only prove (a), since the proof of (b) is dual.

(i) Proof of sufficiency. Since A is not concealed, there exists only one component I’
containing complete slices. Now, if the reduced right type is empty then I' is preinjective,
2 has at most finitely many non-isomorphic indecomposable successors, and clearly, the
projective dimension of almost all of them equals 2. Suppose now that the reduced right
type of A is a non-empty disjoint union of Dynkin graphs, which is equivalent, in our
case, to saying that I is not a preinjective component. Since the global dimension of A is
at most 2 and pd M >1 if and only if Hom,(DA, t™)+#0 (by [11, (2.4)(1) p. 74]), it
suffices to prove that Hom,(DA, N) 5 0 for almost all indecomposable successors N of Z.
Let thus A=A, X... X A,, where the A, are connected tilted algebras. For each i, let I,
be the right extremal subsection in the connecting component of I'(mod A;) as
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constructed in (2.2), so that the right type of A equals ,U...UZ, (by (2.4)). Let
T=@{M:M e 3}, considered as an A;-module. Then H =End(7T,) is a hereditary
algebra and, for each source § in Z;, the H-module §' = Hom, (T, S) is simple projective.

Let U denote the direct sum of all sources in Z; and set U’ = Hom, (T, U). Since U’
is the direct sum of simple projective H-modules, we can write U’ = eH for some non-zero
idempotent e € H. The hereditary algebra H' = End(1 — ¢)H has for type the full convex
subquiver X/ of =; obtained by dropping the summands of U. That is, Z; is the (disjoint
union of the) component(s) of the reduced type corresponding to X, hence Z; is a
(disjoint union of) Dynkin graph(s), by hypothesis. Consequently, H' is representation-
finite. This implies that Homy(U', X) # 0 for almost all indecomposable H-modules X.

Let (7, %) denote the torsion theory induced by T in mod A;, that is, let 7 be the
class of all A;-modules generated by T, while & consists of the modules X such that
Hom, (T, X) =0. It is easy to see that & consists of the proper predecessors of Z; in the
connecting component of I'(mod A;), hence contains only finitely many non-isomorphic
indecomposables. On the other hand, by the Brenner-Butler theorem,

Hom, (U, M) =Homy(U’, Hom, (T, M))

for any M in J. This implies that Hom, (U, M) # 0 for almost all M in ind A,.

Since, for any indecomposable summand S of U, there exists an indecomposable
injective  A-module 7/ and in irreducible epimorphism /—S, we deduce that
Hom,(DA, N)#0 for almost all N in ind A;. This being true for each i, we infer that
Hom (DA, N) #0 for almost all N in ind A... Since almost all indecomposable successors
of X are A.-modules, this completes the proof of the sufficiency.

(ii) Proof of necessity. Suppose that A is a representation-infinite tilted algebra and
let £ be a complete slice in a connecting component I" of I'(mod A) such that pd M =2 for
almost all indecomposable successors M of Z. If I is a preinjective component then the
reduced right type of A is the empty graph and we are done. Suppose from now on that I’
is not a preinjective component and let Z, U...U Z, denote the right extremal subsection
of A, where each X, is connected. We must show that the reduced right extremal
subsection =, U...UZ, is such that, when 1<i=<¢, ¥/ is a (disjoint union of) Dynkin
graph(s). Assume that, for some i, Z; is not a (disjoint union of) Dynkin graph(s) and let
H' be the endomorphism algebra of the module @{M:M eZi}. Then H' is a
representation-infinite full convex subcategory of the (hereditary) endomorphism algebra
H of the module @{N:N e X;}. By definition (and (2.4)), the types of A; (which is the
connected component of A, having =; as a complete slice in its connecting component)
and of H coincide and equal Z,. Moreover, there are infinitely many non-isomorphic
indecomposable A;-modules (L,),ca such that Hom,(S,®D...®DS,,L,)=0for all A € A,
where S,,...,S,, are all the sources in ;. We claim that this implies Hom,(DA, L,) =0
for all A e A. Indeed, let I be an indecomposable injective A-module and consider the left
minimal almost split morphism f:/— K. If K has no summand in mod A;, then clearly
Hom,(I, L,) = 0 since any non-zero morphism would factor through f, an absurdity. If K
has a summand in mod A;, it must be one of §,,...,S,,. Thus, Hom,(/, L,)# 0 implies
Hom,(S;, L,) # 0 for some j such that 1 <j <m, a contradiction to our assumption on the
family (L,)rca. This shows that we indeed have Hom,(DA, L,) =0 for all A € A, or,
equivalently, that pd(z~'L,) <1 for all A € A, a contradiction to our hypothesis.
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CoROLLARY. Let A be a representation-infinite tilted algebra.

(a) If A has a complete slice in a postprojective component then pd M =2 for almost
all M in ind A if and only if the reduced right type of A is a disjoint union of Dynkin
graphs.

(b) If A has a complete slice in a preinjective component then id M = 2 for almost all
M in ind A if and only if the reduced left type of A is a disjoint union of Dynkin graphs.
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