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Let (XxY,SxT, Jh XD ) denote the completion of the
Cartesian product of the g-finite and complete measure spaces
(X,S, m) and (Y, T, v) [3]. Let )‘x and 7\y denote arbitrary
length functions defined on (X,S,/u) and (Y, T, v) respectively,

< 7\; the conjugate length functions [2]. We suppose that

(1) AgglD = Atleh = A LA (9]

is defined for every f(x,y) measurable (SxT). The Fubini
theorem implies that f(x,y) is measurable (T) for almost all x.
Thus 7\xy(f) will be defined when ?\y(f) is measurable (S). If

L' =LP, 1 £ p< o, this is implied by the Fubini theorem.
General conditions ensuring that 7\y(f) is measurable (S) are
given in [1, Theorem 3.2]. When Axy(f) is defined for every
f(x,y) measurable (SxT), it is a length functionand L™ ¥Y is a
Banach space [1, Theorem 3. l] .

We note that if 1 £ p < ® and
Acle] = (LelelP /P, A fam] = ( [ (sl” av)/F,

and h(x,y) is measurable (S xT), then

A = A [Aym)] = I /YlhIP dv)am) /P

= [/Xxy‘h(xyy)‘Pd (mxv y] /P

by the Fubini theorem. Thus if 7\X and A correspond to the
p-norms in (X,S,/u.) and (Y, T, v ), 7\XY corresponds to the:
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p-norm in the product space. The theorem below is no doubt
well known when L “X and L Y are LP spaces f for two 1ndepen-
dent values of p, 1l £« p< ® . (For the case L Ax =12y = Lz,
see [4].)

*
If K(x,v) is measurable (SxT) and g(y) € L7‘ Y,
K(x,v)gly) is measurable (SxT) and, since X and Y are &-finite,
the Fubini theorem implies that

(2) Kg(x) = [ Kix,y)gly)av
is measurable (S).

THEOREM. (i) Each element K(x,yl in L )‘XY is the
kernel of a linear transformation K of L. 2V into L’\ X defined
by (2) with (K| < %XY(K).

(ii) Suppose that Kj(x,y) € LMy, i = 1, 2, ... and that

(3) 2_1 (K)(oce

Then { Z?Ki(x,y)} is a Cauchy sequence in L‘)‘Xy and, if
K(x,vy) is a limit in norm of this sequence, the sequence of
beounded linear transformations {ZnK } converges in norm to
the bounded linear transformation K. Thus, for every g € L/ Y
= Kjg(x) converges stronle‘to Kg(x) in L 7™x 5, P. 150].
Furthermore, given g € L AY, there exists a set Xy < X with
%X(X - Xg) = 0 such that Z {K;g(x) converges pointwise to
Kg(x) in Xg. In particular if for e € S, A (e) = 0 implies that
Mx(e) = 0, as is the case for the LP spaces, 1 €« p £ ® , then
Z?Kig(x) converges pointwise to Kg(x) almost everywhere.

Proof. (i) The assumption that K(x,y) € LAxy implies
that K(x,y) is measurable (SxT) and that >‘xy<K) < o, The
definition of A [ Ay (K)] then 1mphes that A (K) € L%,
Thus the set E=(x e X A © ] is >\ ~null (i.e.

MNE o) =0) [2, p. 579]. {"hus RY(K) is defmed and finite in
a set Xg w1th AAX - Xg) = 0.
¥*

If gly) € LY, K(x,y)gly) € LI(Y) for x € Xg and

() Sy 1K gl av € Ag) A %g) -

Thus, using (L 2) and(L 4) for 7\X[2] , (1) and (4) above,
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(5)  AxKg) ¢ AL LA Ae)] = Afle) AgylK) < .

*
Thus Kg(x) € L Ax and (2) defines a transformation K of L>‘ Y

into L~ ¥ . That K is linear is easily verified and (4) implies
that WK < A,y (K) so that K is bounded.

(ii) The part concerning pointwise convergence requires
proof. We set

T(x) = limp 507} |Kig(a)

where this limit is defined, and = 0 elsewhere. Then fis
measurable (S) and, using (5),

)‘x(?) = supp AX(Z? !Kigl ) € :supnzll1 7\X(Kig)
©
S AFE) 201 AyylKj) < oo
Thus 3 € ]'_.7\x and is finite in a set Xo with X - X0 Ax-null.

For x € Xy, Z?Kig(x), n=1, 2, ... , is a Cauchy sequence
in R and defines a limit

£(x) = 2°] Kig().

We define f(x) = 0 in X - X3. If K corresponds to a kernel
K(x,y) which is a limit in norm of 2_} Kj(x,y),

A -Kg) € A Z ol Kigl) + A_(Kg - T2 K;p),

and the second term on the right tends to zero as n > ® ,
No‘w Z?\Kig(x)[ increases to Z°i’ ‘Kig(x)l in Xy whence,
using (L 5) for A,
- © , — m
)XL Znt1 ‘ Kig (] = limps e Axtz— n+1l l Kig l]
<limp 502 pp1 Ax(lKigl)
= Zno-il Al Kigl)
T o
gx;(g)LnH >\xy(Ki) >0 as n-—> o,

Thus A (f - Kg) =0, f-Kg# 0ina A, -null set and S UK g(x)
converges to Kg(x) pointwise outside a Ay-null set.
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COROLLARY. Ifg € L ¥ and K, ((x,y) is a Cauchy
sequence in L Axy converging in norm to K(x,y), if Kj, K are
the bounded linear transformations with kernels Kj(x,vy), K{(x,y)
then there is a subsequence K; with K; g(x) (defined by (2) )
converging pointwise to Kg(x) dutmde a‘] )\ -null set.

We choose a subsequence {Ki.(x,y)} with
J
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