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Abstract

A hierarchy of bilinear Lotka- Volterra equations with a unified structure is proposed. The
bilinear Bicklund transformation for this hierarchy and the corresponding canonical Lax
pair are obtained. Furthermore, the nonlinear superposition formula is proved rigorously.

1. Introduction

Recursion operators and Hirota bilinear forms have played an important role in the
development of soliton theory. Recursion operators were first introduced by Olver in
1977 [23] and developed by Fuchssteiner [5] and by Fokas and Santini [4, 24], while
Hirota bilinear forms were introduced by Hirota in 1971 [6]. By using recursion
operators, we can easily generate a hierarchy of integrable equations. However,
recursion operators cannot be applied directly to bilinear equations. Instead recursion
operators are characterized by bilinear equations with a unified structure (or canonical
form). For example, starting from the isospectral problem

_f —ir qx,0) _ (¥
Ve = (r(x, 1) ix ) v, V= (1#2)
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we can obtain the AKNS hierarchy {1, 2,22]

(0)-r(e) o
r ry

where R is a recursion operator which is given by

R= L(~0+2907'r 2937'q
T2i\ =2r87'r 3. -2rd7'q)"
By introducing an infinite number of variables x = ¢, #,, t;, ... and considering g

and r to be functions of ¢t = (1, &, £, .. .) we have the equivalent equation

q., 1 (-8, +2q3]'r 24q3]'q q.,
=3 1 1 , n>1
T, 2i —2ra;'r o, —2rd;'q) \r,
Using the dependent variable transformation ¢ = o/t, r = p/t one can deduce the
bilinear equations, which have a unified structure [12, 22]:
i

(D,m - %D,ID,") c.7 =0, (D,,,+l + 2D,,D,") pet =0, Dflr.r = —20p,

where the Hirota bilinear operators D' D} are defined as [8, 10, 19]
D7 Dja(x, )«b(x, 1) = (3; — 3:)" (3, — 3,)"a(x, Db(x', ) xrms.r=-

It should be noted that the unified bilinear form (UBF) for the AKNS hierarchy was
obtained by Newell [22] without explicit use of the recursion operator.

There are two systematic ways to obtain such a UBF; one way is the so called
recursion operator approach [11, 12} and the other is based on the structure of the
soliton solutions [25]. As a result UBFs for several hierarchies of integrable equations
can be obtained. Since UBFs are candidates for recursion operators in bilinear form, it
is natural to derive such unified bilinear forms by using recursion operators where they
are available. Compared with the second method, this also avoids tedious calculations
in testing multi-soliton solutions.

On the other hand, the remarkable advantage in finding UBFs based on the structure
of the soliton solutions is that this approach does not depend on knowledge of the
recursion operator. This can lead in some cases to an unknown recursion operator.

In this paper, we will generalize UBFs to the case of differential-difference equa-
tions. By using a corresponding recursion operator, a UBF for the Lotka-Volterra
hierarchy is proposed. To our knowledge, this is the first example in literature giving
a UBF in the differential-difference case. Furthermore, a bilinear Bicklund transfor-
mation (BBT) for the Lotka- Volterra hierarchy is presented. From this BBT we obtain
the Lax pair for the Lotka-Volterra hierarchy in a concise form. Finally, a nonlinear
superposition formula is proved rigorously.
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2. A UBF for the Lotka-Volterra hierarchy

The Lotka-Volterra (LV) or Kac-van Moerbeke equation is given by
Uy, = un(un—l - un+1) (1)

with u,, = 9, u,. Much work has been performed on (1) and its generalization (see
for example [3,7,9,13-18,20,21,26,27]). In [27] a recursion operator for (1) was
presented in the following form:

R = up(1 + T)(unT- — Tyun)(1 = T2) ']
where Tou, = u,4+,. As a result, higher order LV equations can be written as
Uny = R up,, k>1

or equivalently
un.lg = Run.lk_l . (2)

This equation can be bilinearized using the dependent variable transformation

v = fn-3/2fn+3/2
" f’l—l/an+l/2
Using this last transformation we have that
Fra3an _ 2fn+1/2,:k + fn-x/z,:,k
fn+3/2 fn+l/2 fn—l/2 ’
- - 3/2, 4~ —1/2,4-
(= T g ) = L2220 oo,

fre3p fro1p2

Furthermore, (1) and (2) can respectively be transformed into the bilinear equations

A+ T) 7y ) =

[D, sinh(3D,) + cosh(2 D,) — cosh(3D,)] fuefs =0 ©)
and
lefn+l/2 'fn—l/2 = fn+3/lf’l—3/2.lk_l - f’l+l/2.lg_|fn—l/2

- fn—l/2‘l|fn+l/2,tk_| + fn+|/2,ll,lk_|f’l—l/2' (4)
Using (3), we can rewrite (4) as

[D, sinh(}D,) + 1D, _, sinh(D,)
+ 1D, sinh(D,) — D, D, _, cosh(3D,)]fnefn =0, (5

which is nothing but the UBF of the Lotka-Volterra hierarchy. Equations (3) and (5)
together constitute the whole hierarchy of LV equations in bilinear form.
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3. A unified BBT and a unified Lax pair for the Lotka-Volterra hierarchy
By application of the exchange formalism one can construct, using the neces-

sary exchange formulas (A1)-(A6) (see Appendix for details) a bilinear Bicklund
transformation for (3) and (5),

€ fregn = Angn+ 1€ 2 frog,, (6)
(D, —Ae™® —y)fnega =0, Q)
A _ A 22
[D,,, + ED,k_le D, _ ﬂD,,_,e‘% - ED,,_,] frnegn =0, )

where A, 1 and y are arbitrary parameters.
Using the linearizing transformation ¥, = f,/gs, Un = gn+18-1/8> ONE can
transform the unified BBT (6)—(8) into the following Lax pair:

Lnllfn = van+l - A'wn - ﬂvnwn-l = 0’ B,(.l)‘l’n = Wn.ll h Avn'wn—l - VV’n = 0’

).2 A2
B,(.k)‘lfn = ¢n.n - ; Un,u-|¢n - A-vn(Un.u.l + Un+l,l;_|)l/’n—l - ;‘//n,t,,_l =0

with k > 1 and U, = Y2, In(v,—1—;). The compatibility condition
(L,B® — B®L,)¢, =0

is satisfied when u, = vn41/2Va-1/2 satisfies (2).

4. A nonlinear superposition formula for the Lotka-Volterra hierarchy

In this section we present a superposition formula for the solutions of the UBF (3)
and (5).

PROPOSITION 1. Let f, be a solution of the system given by (3) and (5). Suppose
that f; (i = 1, 2) are two other solutions of (3) and (5) which are related to f, under
Qi i vi

the unified BBT (6)—~(8) with parameters (\;, \;, yi), that is, fo — ) fii=1,2),
where Ajhy, #0, f; #0(j =0, 1,2). Then f,, defined by

e-%D"fo-flz =c [kle'%D" - Aze%D"]f, f2, €)

where c is a nonzero constant, is a new solution which is related to f, and f, under
the unified BBT (6)—(8) with parameters (1,, ii,, y») and (A, L1, Y1) respectively.
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PROOF. Similar to the deduction in [14], we can show that

fofiz = c[m1e® + pae™] frofa, (10)

=Dy fief2+ (v2 — YO 1f2 — (1/c)e P fou f12 =0, 1
[eD"—')‘j_/Lje_D"]fi'fu:O, i#j, 4,j=12,
[Dy —Xje ™ —y]fiefo=0, i#j, i,j=12

In order to prove Proposition 1, it suffices to show that

A Ai A2 L
D,+—=D, e ”——D, e’ ———D, | fief12=0, i#j,i,j=12 (12
2 2u; 2u;

Since f, and f, are two solutions of (3) and (5), we have that
[e12f5« f2] {[ Dy sinh(A D,) + 1D, sinh(D,) + 1D, _, sinh(}D,)
—1iD, D,  cosh(3D,)]f1+f1} — {[ Dy sinh(3 D,) + 3 D,_, sinh(3 D)
+1iD,  sinh(AD,) — 1D, D, , cosh(3 D,)]f2+f2} [e2Pf1+f1]
— LDy etP 2o f5][ Dy sinh(L D,) + e3P — e12]f . f,
+ 3[D,_ et f1of1][D, sinh(:D,) + e3P — eiP]f0f, = 0. (13)
Using formulas (A1)-(A10), (9)-(11) we can rewrite (13) as
—ci)\l_e-%vzfof,.. {[D,‘ + -);—iD,k_le'D" - 2k_;:.~D""eD” - ;—iD,,_,]f,- .flz} =0,
fori # j,i,j = 1,2, which means that (12) holds. Tﬁerefore we complete the proof

of Proposition 1.

As an application of the nonlinear superposition formula (9), we shall now construct
soliton solutions of the Lotka- Volterra hierarchy in bilinear form. Choose for example
Jo=1,c=1/(1 — Ay). ltis easily verified that

14 em

A, ) (A2, 2, v2)

("'2! Ha, yZ) 1 + enl (Alv M, yl)
where
Fop=1+ Ay — Aye’” EO Xy — AP m Ae?r — ), S2m+na)
A=A Ay — A AL— Ay

withn; = —pint+o"t+- - +o®P 4+, 0 = sinh(2p;), A; = 14+€%i, 1; = —e?,
Vi = —(1 + ) and w® = (—1)kte 24-Dri(1 4 £21)2¢-Dsinh(2p,). In general,
along these lines, we can obtain multisoliton solutions for the Lotka-Volterra hierarchy
(3) and (5) step by step.
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5. Conclusion

In this paper we derived a UBF for the Lotka-Volterra hierarchy through the bilin-
earization of the recursion operator. Applying the exchange formalism we obtained
the corresponding unified BBT leading to a unified Lax pair. Finally, we proved a
nonlinear superposition formula for this Lotka-Volterra hierarchy.
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Appendix A. 'Hirota bilinear operator identities

The following bilinear operator identities hold for arbitrary functions a, b, ¢ and d:
[€P"bob)[D, sinh(8D,)aal — [€’P*a.a][ D, sinh(8 D,)b«b)
' = 25inh(3D,)(D;a-}).ab, (Al)
[D,D,et”a.a)[e?” b.b] — [D,D,et"b.b][ei”a.a]
— [D,etPa.al[D,ei”b.b] + [D,et” b.b)[D,etP a.a)
= 2D, cosh(} D,)(D,a.b).ab, (A2)
[D,e3Pa.a)le?® beb] — [D,eP beb][et”a.a]
— [ei”a.a][D,e?” b.b] + [D,ei" a.allei®b.b]
= 2D, cosh(3 D,)[ePasb]<[e~Pa . b], (A3)
sinh(8D,)a-a =0, (A4)
D, cosh(3 D,)[e~Pasbleab
= —sinh(; D,){[Dye ?"a.b)eab + [Dya+b)+[e"Pa.b}}, (A5)
D, cosh(:D,)[ea+b].ab
= sinh(3 D,){[Dyeab)eab + [Dya+b).[e”a.b]}, (A6)
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25inh(5D,)(D,a«b)eab = D,[é*a.bls[e*Pa.b], (A7)
D,[e?P asble[e?Pced] = P [(D,asd)«bc — ad «(D,c. b)), (A8)
2D, cosh(%D,,)[e‘D"a.b].cd
= ¢ 20n {[Dye P aed)ech — ad«[D,e " csb)
+ [Dyaed)e[e P cob) — [ePaed)e[D,c. b}, (A9)
2D, cosh(3D,)ab.[ec.d]
= e 1P {[D e ad)ech — ad[D,ePc.b]
+ [Dya.d].[eD"c.b] - [eD"a.d].[D,c.b]}. (A10)
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