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ABSTRACT 
A numerical solution to the problem of self-consistent diffusive shock acceleration is presented. The cosmic 

rays are scattered, accelerated and exert a back-reaction on the gas through their interaction with turbulence 
frozen into the local fluid frame. Using a grid with a hierarchical spacetime structure the physically interesting 
limit of Bohm diffusion (K OC pv), which introduces a wide range of diffusion lengthscales and acceleration 
timescales, can be studied. Some implications for modified shocks and particle acceleration are presented. 

Subject headings: acceleration of particles — cosmic rays — diffusion — shock waves 

1. INTRODUCTION 

The problem of the self-consistent evolution of astrophysical 
shock waves and cosmic rays (CRs) accelerated by the first-
order Fermi mechanism is one that was first stated by Axford, 
Blandford, & Leer (1977). In that paper it was proposed that 
once such an acceleration mechanism becomes efficient the 
pressure of the CR themselves must influence the hydrodynam­
ics. It was not until Drury & Volk (1981) and Axford, Leer, & 
McKenzie (1982) that this problem was addressed quantita­
tively in the steady state limit. By taking an appropriate mo­
ment of the CR transport equation these authors obtain an 
equation for the CR energy density, Ec. On this level the ener­
getic particles are modeled as a nonviscous fluid with an extra 
diffusion term describing the scattering off magnetic turbu­
lence that is frozen into the background flow. The gas dy­
namics is modified to include the pressure gradient of the CRs. 
While this approach may contain the important conceptual 
features of the interaction, it is open to the criticism that it 
ignores some important kinetic effects (Achterberg, Bland-
ford, & Periwal 1984 and Heavens 1984), since it leaves the 
energetic particle spectrum undetermined. This also applies to 
the numerical work on time-dependent two-fluid models 
(Dorfi 1990 and Jones & Kang 1990). 

The obvious way around this difficulty is to solve the full CR 
transport equation for the phase space density/(x, p, t) from 
which Pc and Ec can be calculated. Falle & Giddings (1987) 
and Bell (1987) first presented numerical solutions to self-con­
sistent shock acceleration with a kinetic description for the 
CRs. These papers, and all subsequent work on this method, 
ignore self-consistent wave generation by the energetic parti­
cles and assume that there is sufficient turbulence present to 
cause diffusion. If, as is usual, the diffusion coefficient is taken 
to be proportional to some power of momentum, K OC p", then 
a is an additional free parameter in the theory. Each of the two 
original numerical papers consider this exponent to be quite 
small, in the range of one-fourth to one-third. This proves to be 
necessary since a stronger dependence of K on p would intro­
duce a wide range of diffusion lengthscales (L(p) ~ K(P)/U 
with U the flow speed) and acceleration timescales (r(p) ~ 
K(P)/U2) that are not easily accommodated in a finite differ­
ence method. However, in the presence of strong wave excita­
tion we would be more justified in setting the mean free path of 

an energetic particle equal to its gyroradius in the background 
magnetic field which leads to KB OC pv, the Bohm limit. Until 
recently such a strongly energy-dependent K had only been 
used for Monte Carlo calculations as in Ellison, Mobius, & 
Paschmann (1990) and Jones & Ellison (1991) for a review. In 
this work a maximum energy is introduced beyond which ener­
getic particles either escape from the system or cannot be scat­
tered sufficiently to take part in the acceleration process. With 
both the thermal gas and the CRs assumed to undergo Bohm 
type diffusion the resulting self-consistent steady state solu­
tions are calculated. 

There are, however, some systems where the upper cutoff is 
determined more by the time available to accelerate particles 
than by geometrical factors. This seems to be the case in CRs 
produced by supernova remnants, Drury, Markiewicz, & Volk 
(1989). In this paper a numerical method (Duffy 1992) is 
briefly described where such time-dependent systems can be 
solved with KB. 

2. PHYSICAL MODEL 

In what follows it is assumed that the total particle distribu­
tion is divided into two distinct populations. The first is the 
thermal component which obeys the normal mass, momen­
tum, and energy conservation laws for an inviscid fluid. A 
mean magnetic field is imbedded in this fluid along with MHD 
turbulence. The second, nonthermal, component has a much 
higher characteristic energy than an average thermal particle 
and is described on a kinetic level through its phase space dis­
tribution function (see Berezhko & Krymsky 1988 for a review 
of shock acceleration). The process by which thermal particles 
are injected into the higher energy population is not yet under­
stood. In the presence of a shock wave it is therefore described 
in the following simple manner. A fraction, rj, of thermal parti­
cles incident on the shock front from upstream are injected as 
the lowest energy CR with a momentum of/?, = \mc where m 
is the particle's mass. This corresponds to an injected energy 
flux of / = O.STJX^L^C2 with plUl the mass flux incident on 
the shock in the shock rest frame. In one dimension this cou­
pled gas and CR system is described by the four equations 

Dp 

Dt dx (1) 
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^§f = -yGEG^~~Ib[x-xs(t)], (3) 

7c PG (solid) and P c 

Dt dx \ "B dx 
LOLL !*1 
3 dx P dp 

^PiT(Pi) 
8(p - p,)5[x - xs(0], (4) 

with a nonrelativistic equation of state for the gas PG = (yG — 
1 )EG, yG = | . The CR transport equation (4) describes the 
adiabatic compression in a nonuniform flow and scattering off 
MHD waves. The CR "adiabatic exponent" yc = 1 4- Pc/Ecis 
calculated from the two integral moments 

4ir f 
P c = — J p3vf{p)dp and 

Ec = 4irjp2nP)f(p)dp. 

(5) 

A shock is produced by a piston driving into a gas that is ini­
tially uniform and at rest. The gas pressure and density is nor­
malized by setting the far-upstream values to unity, while the 
ambient CR energy density is taken to be zero so that all of the 
energetic particles originate from the injection process. 

The details of the numerical method are contained in Duffy 
(1992), and only the briefest of summaries is given here. Equa­
tions (1 )-(3) are differenced explicitly, while a semi-implicit 
Crank Nicholson scheme is used for the CR transport equa­
tion. The important difference between this and previous work 
is that the spatial and temporal step sizes are doubled in succes­
sively coarser regions away from the shock upstream. The mo­
tivation behind such a hierarchical grid is that with K increasing 
substantially from pt up to the highest energy particles the CR 
distribution is increasingly dominated by high-energy particles 
upstream. Therefore the acceleration timescales and diffusion 
lengthscales are both larger for a typical particle farther up­
stream than for one near the shock. Thus the resolution, and 
hence the computational expense, may be decreased away 
from the discontinuity. This requires interior boundary condi­
tions to ensure number conservation, etc., between adjoining 
regions. 

3. RESULTS 

As test case of a fast shock that becomes strongly modified 
by energetic particles the initial shock Mach number is set 
equal to 41, while the level of injection is put at 77 = 0.002. The 
injection momentum is given by X = 0.1. With the above ini­
tial and boundary conditions Figure 1 shows the evolution and 
time asymptotic quasi steady state of the coupled system with 
these parameter values. 

The first panel shows the evolution of the CR adiabatic in­
dex at the shock with the unit of time taken to be t0, the test 
particle acceleration timescale at pt. It is evident from the level-
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FIG. 1.—Evolution and final quasi steady states for a cosmic-ray-
modified shock and cosmic-ray spectrum with Ms = 41 and tj = 0.002. 

ing off of yc at late times that although the spectrum may be 
still evolving it does so in such a manner that the CR energy 
density remains constant, a feature also discussed in Falle & 
Giddings (1987) for K OC p02S. The second plot shows the de­
cline and rise of the gas and CR pressures, respectively. The 
remaining panels display various profiles once this quasi 
steady state is reached with JC0 the test particle diffusion length 
scale at pt. The broad diffusive tail of the upstream energetic 
particles in the third plot becomes dominated by the highest 
energy CRs. This is apparent from the profile of the local adia­
batic index which falls off away from the shock toward \. The 
initial shock profile has now been modified to give a weaker 
subshock followed by a precursor region produced by the up­
stream CR pressure gradient. Finally the spectrum has two 
very interesting features at low energies. First, the computed 
numerical distribution is normalized t o ^ which is the ampli­
tude of the test particle spectrum at p, that would have been 
produced by the subshock alone. In a similar vein the dotted 
line gives the slope (-qs) of the spectrum that would be pro­
duced if subshock compression were the only means of acceler­
ation. Since/( pt)^f0 and (d In/ / d In p) =* -qs this implies that 
test particle theory applied to the lowest energy particles at the 
subshock gives an adequate picture of the modified spectrum 
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near p,. That this would in fact be the case was anticipated by 
Volk et al. (1991). The highest energy CRs suffer more com­
pression with a consequent flatter spectrum. 

4. CONCLUSIONS 

There are three main conclusions that can be drawn from 
this work. First, it is possible to treat a strongly momentum 
dependent K in a self-consistent numerical code. Second, with 
the acceleration timescale increasing at least linearly with mo-
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