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SUMMARY

Two linear models have been devised and applied to the study of
the distribution of human male chromosomes on the metaphase plate
in preparations from lymphocyte cultures not treated with spindle
poisons. Using these it has been found that the chromosomes are approxi-
mately distributed around a centre of symmetry and that the lines joining
the centromeres of homologous chromosomes (i.e. segments) have the
centre of symmetry approximately at their mid-point. Thus each
chromosome mirrors the position of its homologue relative to the centre
of symmetry. The position of each chromosome in the metaphase plate
was found to be approximately constant relative to the centre of sym-
metry and the other chromosomes. The significance of these findings
is discussed in relation to the hypothesis on the distribution of the
chromosomes in interphase nuclei and to data on acrocentric associations,
acrocentric-non-acrocentric associations and the frequency of the most
common translocations.

(1) INTRODUCTION

The distribution and relative positions of metaphase chromosomes have been
extensively studied. According to most published results, the distribution of the
chromosomes on the metaphase plate seems to be non-random, and may be
related to the somatic association of the homologues (Feldman, Mello-Sampayo
& Sears, 1966; Egozcue, 1968; Fedak & Helgason, 1970 and Yoshida, 1974) or to
some other type of ordered arrangement in interphase (Comings et al. 1968).
Probably the most important differences existing among the studies conducted
so far depend on the statistical treatment of the data and on the effect of spindle
poisons.

Spindle poisons seem to be the most important agents in disturbing the normal
relationships among chromosomes. In two different studies on the position of
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Muntjak chromosomes in metaphase published simultaneously, Cohen, Enis &
Pfeifer (1972) using colcemid concluded that the distribution was random, while
Heneen & Nichols (1972) who omitted its use observed the presence of somatic
pairing. However, with some exceptions (Heneen & Nichols, 1972 and Juricek,
1975) this influence has not been taken into account in the studies carried out
so far on chromosome distribution in metaphase (Barton & David, 1962; Miller
et al. 1963a, b; Barton, David & Merrington, 1965; Galperin, 1968, 1969; Ockey,
1969; Hoo & Cramer, 1971 ; Cohen ¢t al. 1972 and Sele et al. 1977).

The statistical methods used by most authors have been mainly based on the
distance of Mahalanobis and in general have not taken into account the variability
existing in the metaphase figures as a result of technical differences, projection
of the chromosomes on the metaphase plate due to their spacial orientation,
statistical errors and lack of a common point of reference for all metaphases
studied.

To establish a statistical model that could be used in the study of the distri-
bution of chromosomes in metaphase we established the following conditions:
to avoid the possible influences of individual characteristics, the study would
be carried out in 30 G-banded (Yunis et al. 1971) metaphases from lymphocyte
cultures of 30 normal males, not treated with spindle poisons; well spread meta-
phases would be chosen at random under low-power; thus it was assumed that
some of the figures would not contain a complete set of 46 chromosomes, because
the number of metaphases is much lower than in regular preparations and some
chromosomes would be unidentifiable due to superimpositions, or lost because
of too much spreading; this possibility had to be taken into account in the
model. In this paper we describe our results.

(2) MATERIALS AND METHODS

Lymphocyte cultures from 30 normal males were set up in a standard medium
(Gibeco 1-A). The cultures were not treated with spindle poisons. Preparations
were made using a modification of the technique of Moorhead et al. (1960) after
a 15 min hypotonic shock in 0-038 M-KCl. G bands were obtained using a modi-
fication of the methed of Yunis ef al. (1971).

To avoid the possible influence of individual characteristics on the final results,
only one well spread, G-banded metaphase from each subject was used. The
metaphases were selected under low-power to avoid a possible unconscious bias
of the observer, and photographed. It was obvious that in well spread figures
from cultures not treated with spindle poisons not all metaphases selected would
contain a complete set of 46 chromosomes; however, the statistical model devised
had taken into account this circumstance. When one or both members of a given
pair were lost or unidentifiable this pair was not included in the calculations.
Table 1 shows the number of metaphases and the chromosomes that were not
taken into consideration or not found in each case.

In each metaphase, the coordinates z;, y; were established for the 46 centromeres
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in relation to a pair of arbitrary axes. Each metaphase was then drawn using
a computer plotter system programmed in Fortran IV level F. An example is
given in Fig. 1.

The statistical model used can be summarized as follows:

Table 1. Chromosomes present or not taken into consideration

in each metaphase plate
No. of metaphases
r A )
Not taken into

Chromosome no. Present account
1 30 —
21 30 —
2 29 1
16 28 2
3,4,5,7,13, 14, 15 27 3
6 25 5
11, 12 24 6
12, 18, 19 23 7
17, 20 21 9
8 18 12
9 17 13
10, X, Y 15 15
Complete set 7 -

(i) The problem

Consider m photographs and 46 centromere positions corresponding to ¢ = 23
chromosome pairs in each. We want to establish a model to objectively represent
the mean position (mean of m photographs) of the chromosomes, with consequent
margin of error.

The variability of the chromosomes depends on three factors: (A) The position
of the chromosomes in a photograph is different for each of them. This is the
systematic variability due to the different situation of each chromosome in the
metaphase plate. .

(B) The position of each chromosome varies from one photograph to another
because it is impossible to take each picture according to a fixed reference, in
a constant direction and with the necessary translation with respect to the
origin.

(C) In any photograph, the position of the chromosomes shows a residual
variability in relation to an ideal, fixed position. This may be due to technical
problems, projection of the chromosomes on the metaphase plate, statistical
errors, etc. and corresponds to the random variability of the experiment.

(ii) Fizing the reference
The main problem in elaborating a general model is due to the difficulty in
identifying each chromosome individually and distinguishing it from its homo-
logue. This difficulty can be avoided by taking for each pair (¢,:") composed of
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Fig. 1. Metaphase plate drawn using the PLOTTER CALCOMP-563
‘of line’ system programmed in FORTRAN IV level F.

chromosome ¢ and its homologue i’ the following data: (¢) mean points of each
pair, and (b) segments (not oriented) joining each pair, instead of the position
of each pair, that can be reversed in different photographs.

To reduce type B variability, a uniform reference will be used, by taking in
each photograph a system of orthogonal axes 0XY and applying an orthogonal
rotation in such a way that 0X will be parallel to the axis joining pair (1,1")
(Fig. 2). Chromosome No. 1 and its homologue 1’ were chosen because they are
easily identifiable and in general they are widely separated in all metaphase
plates.

The choice of pair No. 1 as a reference introduced a correlated error in the
calculations. However, the study was repeated using as a reference the axis
joining pair (5,5"); the results obtained were practically identical to those using
the 1,1’ axis.

To fix the orientation of a segment after its orthogonal rotation we chose as
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x=Xcosa+Ysina

y=—-Xsina+Y cosa

Fig. 2. To reduce the variability among the different photographs two orthogonal
axes are taken as a reference. The first one corresponds to the segment joining
pair No. 1 (1,1’) because it is easily identifiable and its members are usually wide

apart in all metaphases.

Y

A

A

Reference figure

0

> X

Fig. 3. If the segment joining pair (i,i’) is at an angle ¥ < 90° with the same segment
in the photograph taken as a reference, its position remains unchanged.

a reference a photograph that contained a complete set of 46 chromosomes. If
(¢,¢) corresponded to a chromosome pair joined by a segment at an angle ¢ with
the segment joining the same pair in the reference photograph (Fig. 3), its

https://doi.org/10.1017/50016672300019856 Published online by Cambridge University Press


https://doi.org/10.1017/S0016672300019856

224 M. Dorores Corr, C. M. CuADRAS AND J. EGOZCUE
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Fig. 4. If the segment joining pair (i,i’) is a angle ¢ > 90° with the same segment
in the reference photograph, its position is reversed.

position remained unchanged when ¢ < 90° but was reversed, i.e. (3,4') — (¢',2) if
90° < ¢ < 180° (Fig. 4).

Let (z;;,¥;;) be the coordinates of pair (3,7') on photograph j. The change of
coordinates is made in two steps:

(%5 Y45) > (@45 COSQ+-yysine, —z8ina+y,; cosa)
(xi;) > (xi; cosa+y;; sina, — 2 sina +y;; cosa)

(x‘i ’yij)’ (x;lj’y"ij)_> (xij’yij): (x;lj’y"ij) if '/, < 90°
(xij’yij)’ (xij’yij) - (xij’y‘gj)’ (xij,yij) if ¢ > 90°

The coordinates (x;;,¥;;) can be considered as a random sample proceeding
from two random variables (X, Y') with a bivariate normal distribution.

(iii) Statistical models (See Appendix)

The first model takes into account the causes of variability A and C. It is
assumed that the position vector P,; of the mean point of pair (¢,4’) in photograph
J is equal to an ideal fixed vector «, plus a random deviation. A simitar model is
also proposed for the position vector joining pair (¢,2’). The least squares estimates
of the fixed position vectors are then determined.

The second model takes into account the causes of variability A, B and C. It is
assumed that the position vector P,; is the sum of a centre of gravity u (bivariate
general mean) plus a systematic deviation a; due to chromosome 4, plus a syste-
matic deviation 8; due to photograph j, plus a random deviation. A formally
identical model is proposed for the position vector joining pair (¢,4'). The least
squares estimates of the parametric vectors 4, «; and g; are also determined.
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(iv) The ‘centre of symmetry’ hypothesis
The representation of the chromosomes in the metaphase plate would be
easier if it were possible to accept the existence of a centre of symmetry for all
the chromosomes, except in cases of deviation due to random errors. This hypo-
thesis is formulated by establishing the null hypothesis

Hy:op =a, = ... = oy,

that is, the position vector of the mean point of pair (¢,7') is the same for the
23 chromosome pairs. The verification of this hypothesis must be confirmed by
bivariate analysis of the variance in both models.

(v) Comparison of the segments joining each chromosome pair

Let &; be the ideal position vector joining pair (4,i') according to the first
model. To be able to represent the chromosomes it is necessary to verify that
Gy, ..., dog are significantly different, that is, the null hypothesis Hj:
G, = ... = fy can be rejected. This is carried out by bivariate analysis of the
variance. If the second model the hypothesis is the same but &, corresponds to
the systematic deviation of chromosome ¢ with respect to the centre of gravity z.

If furthermore, there is a centre of symmetry, the mean point of each segment
will correspond to the origin of coordinates.

(vi) Canonical representation

It is preferable to represent the chromosomes in relation to the statistical
distance of Mahalanobis (Goodman, 1972) rather than using the Euclidean distance,
because the geometrical representation with this distance can be deformed by
a correlation effect between variables X and Y. Rao (1952) proposed to represent
population means (which in our case would be the mean segments) with respect
to canonical axes. The advantages of the procedure are: (1) canonical axes can
‘be represented orthogonally, (2) discrimination among the means is optimal
with respect to the distance of Mahalanobis, (3) the error of the mean, which is

- an elliptic region (in two dimensions) with respect to the original axes, becomes
a circular region in the canonical representation.

Rao’s method can be used to represent the mean segments &,, ..., dgy in the
first model. The results of the canonical analysis are the coordinate points (¢y,,¢,),
eees (€q1> €p) (@ = 23) that correspond to one end of the mean segments relative
to the other (i.e. one end is taken to be the origin).

The extreme (c,;,¢;,) is affected by sampling error. It is possible to demonstrate
that this extreme is contained within a circular confidence region whose radius
depends on the confidence coefficient chosen and from the number of times pair
(¢,7') is present in the total number of photographs.

Finally, the segment can be translated so that the mid-point is fixed at the
centre of symmetry and origin of the coordinates, and the two extremes then
have a confidence region around them representing the sampling error (Fig. 5).
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Va
N\

Fig. 5. If there is a centre of symmetry, the segments can be translated, with their
mean points coinciding with the origin of the coordinates. The result is the rep-
regentation of all chromosome pairs with the margin of statistical error corre-
sponding to a confidence circle that depends on the confidence coefficient.

Fig. 6. When a segment with its extremes at 0 and A4 is translated so that its
mean point coincides with 0 and its extremes are at B and C the radius of the
confidence region is reduced to half,
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The radius of these regions is about half that calculated for the canonical analysis
because, when the segments with their origin at the centre of symmetry and
their extreme at circle A are translated so that their mean point coincides with
the origin of coordinates, the radius of the circle (confidence region) is reduced
to half (Fig. 6).

All calculations were carried out twice, using as a reference two different
metaphases that contained a complete set of 46 chromosomes.

The second model permits a better control of the variability of the chromosomes,
and was applied to the seven metaphases with 46 chromosomes. However, its
application to all metaphases studied was impossible for technical reasons, although
the program to be used had been established (CANG Program, Cuadras, 1977).
Matrix A, used in the least squares estimation of parameters, should have 53
columns and 23x 30—160 = 530 lines. Using the CANG program, with the
program divided into two parts, the occupation of memory would be 1500 K,
which is excessive for the IBM/360 (96 K) of the Laboratorio de Célculo at the
University of Barcelona. Furthermore, to be applied, the CANG program had
to be modified by double-precision operations that increased the memory needs.

(3) RESULTS

The comparison of the mean points of the segments joining each chromosome
pair using bivariate analysis of variance (Rao, 1973) gave a Fisher-Snedecor F
value of 0-383 with 44 and 1028 degrees of freedom which is non-significant and
strongly indicates the existence of a centre of symmetry.

The comparison of the segments that join the members of each pair, once
fixed at the origin, gave a Fisher-Snedecor F value of 13-3 with 44 and 1028
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Fig. 7. Distribution of the chromosomes on the metaphase plate and
confidence region. Circle of confidence = 90-009%,.
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degrees of freedom (i.e. p < 1071%) which is highly significant and indicates that
the chromosomes are not randomly distributed.

The mean position of each segment and the margin of statistical error were
determined by generalized canonical analysis (Cuadras, 1974). The mean segments
have been represented in relation to the statistical distance of Mahalanobis by
taking the reference axes oriented according to a covariance of —0-33952. Fig. 7
shows the segments joining each chromosome pair with their mean points cor-
responding to the centre of symmetry and the statistical error of their extremes
with a mean radius of 0-4. However, the radius of the circle has been reduced
to half because the sampling error of the two extremes of a segment with a fixed
mean point is about half the sampling error of one of the extremes when the
other is fixed (Fig. 6).

The position of each chromosome pair on the metaphase is also shown in
Fig. 7.

(4) DISCUSSION

The results obtained from the application of the statistical model described
to a sample of 30 metaphases from 30 normal males indicate that the chromosomes
in the metaphase plate are distributed around a centre of symmetry and that
the mean point of the segments joining the members of each chromosome pair
corresponds approximately to this centre of symmetry. Thus each chromosome
mirrors the position of its homologue. The position of the chromosomes is constant
within the limits of the confidence region calculated, and the distance of each
chromosome to the centre of symmetry is also approximately constant. The
confidence regions that do not interfere with each other are statistically different.

The chromosomes show an ordered arrangement on the metaphase plate that
probably reflects their distribution in the nucleus. The symmetrical disposition
of the homologues is compatible with their association in interphase (Feldman
et al. 1966; Egozcue, 1968; Fedak & Helgason, 1970 and Yoshida, 1974), as the
metaphase corresponds to a flattened nucleus. Their peculiar distribution in
metaphase also confirms the absence of proximities between homologues described
by Sele et al. (1977).

The position of the chromosomes on the metaphase plate does not depend
on their size, as already indicated by Sele et al. (1977). Some of the larger chromo-
somes (No. 1, 2) along with some of the smaller ones (No. 18, 22) show a peripheral
distribution.

The proximity between pairs No. 14, 15, 21 and 22 and pair No. 9, as well as
the relationship between pair No. 13 and pairs No. 1 and 16 could explain the
frequent association between the acrocentrics and the heterochromatic regions
of these chromosomes (Schmid, Vogel & Krone, 1975). The association of acro-
centric chromosomes (satellite association) is probably related, other than to
their nucleolar-organizing function, to their spatial proximity, with the possible
exception of pair No. 13 which is found a little further away (Schmid & Krone,
1977).
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Chromosome No. 14 is the member of the D group closest to pair No. 21, followed
by chromosome No. 15. Pair No. 13 shows a different location. This might explain
the relatively high frequency of 14/21 translocations in humans, as compared to
15/21 and especially 13/21 translocations (Mikkelsen, 1971).

The proximity between the members of the D and G groups and pair No. 9
and the ¥ chromosome is also in agreement with the observations on the relation-
ship between the heterochromatic region of chromosome 9 and the brightly
fluorescent region of the ¥ and the nucleolus (Gagne, Laberge & Tanguay, 1972
and Gagne & Laberge, 1973).

The distribution of chromosomes 9 and 22 is in good agreement with the
translocation producing the Philadelphia chromosome (Rowley, 1973) in chronic
myelogenous leukaemia.

Finally, the recently described 7/14 translocation in in witro lymphocyte
cultures (Welch & Lee, 1978; Beatty-De Sana, Hoggard & Cooledge, 1978; and
Hecht et al. 1978) shows a good correlation with the position of the chromosome
involved.

This statistical technique has been used to study the distribution of the
chromosomes in the metaphase plate. It can also be used in systematics (Seal,
1964; Lefebvre, 1976 and Petitpierre & Cuadras, 1977), psychology (Cuadras,
Petitpierre & Coll, 1977), medicine (Peris, Romeu & Cuadras, 1975) and paleon-
tology (Martinell & Cuadras, 1977).

(5) APPENDIX
(i) MODEL I

The position vector P;; of the mean point of pair (¢,4') in photograph j is
Py = a;+ey,

where «; is an ideal position vector of the mean point of (¢,7'), and e; the random
deviation with a bivariate normal distribution.

Parameter estimation

The least squares estimate of {a;} is
&= (—1 Ziﬁ'l 2?711) = (8zi 8y
1 7 ny
where n; = number of times, (7,4’) is present on the photograph, and
Ty = (@y+2)/25 Gy = @iy +yiy)/2-
For the position vector that joins pair (¢,¢’) the model is
B, = &,+é,,

where &; is an ideal position vector, and e;; the random deviation with bivariate
normal distribution.
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The least squares estimate of &, is

2 1 . 1 .
OC,; = (’;‘[,‘1 Exij,'r—bi Zy”),
where
Eiy = Ty~Tip Fog = Y35~ Yy
The estimates of {&;, &;} will correspond to the mean positions of the chromo-

somes, as will be seen later.
According to the hypothesis,

Hyay=ay,=..=a,

This can be tested by bivariate analysis of the variance (Rao, 1973). Let « be
the mean position of the centre of symmetry. The estimation of « is

1 | N
&= (&,8, = (ﬁggzﬁ, ;&-;211.%1)

where n = total number of chromosome pairs in all photographs. The following
matrixes are found

R. = (Rl(l, 1) R1(1,2)) R - (Ro(l, 1) Ry(1,2)
Z\R(2,1) By(2,2) "T\B(2,1) Ry(2,2)
where
Rl(l, 1) = § 2 (Eij—&a:)z 'Rl(l’ 2) = zj: E (Eij— A:z:) (yij_&u) = R1(2! 1):
R(2,2) = ?Z Fi—a,)2 Ry(1,1) = § 3 (@ -8y
RO(I’ 2) = ? Z (Eij_&zi) (yij—ayi) = R0(2, 1) -RO (2,2) = ; ; (yij—&ui)'
Wilk’s criterion A is
A = det (By))/det (R;) 0 <A <1
and follows the distribution A(2, n—g¢, ¢—1). Since the number of variables that
can be observed is p = 2, A is equivalent to the F test,

F =1-,JA/\JA].n—q—1/q—1 with 2(¢—1) and 2(n—q—1) degrees of freedom.
If F is not significant, one can accept the existence of a centre of symmetry.

Comparison of the segments joining each chromosome pair
Now we establish the linear hypothesis

Hy:& =8 =..=4d,

The procedure is quite similar to the one described for the centre of symmetry
hypothesis, but using & and &, #;. The representation of the chromosomes
will be possible if the F test is significant, i.e. if the segments are significantly
different. If, furthermore, there is a centre of symmetry, the mean point of each
segment will correspond to this centre.
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Canonical representation
The method is based on the following steps:
(@) The matrix of variances-covariances is determined
3= var (X) cov(X,Y)
~\eov (X,Y) var(X)
and it is estimated using 3= Ry,/(n—q) (Rao,1973).
(b) Let
% = OZ,,; = (Ozzi’ &yi) = (bila biz)

b1~ 51§ b12—b,
B=|{-iiiie... ).
byi—by; by—by

(c) Calculate the matrix ¥, = Bt.B and determine the normalized eigenvectors
Vi, Vy of 3, relative to 3, i.e.

det (Eyz—'AZ) =0, E,'V,V,L = A‘LZ Vi & = 1,2,
where A,, A, are the eigenvalues of 3, relative to 3. The canonical coordinates

of segments ¥y, ¥, ..., ¥, referred to the canonical axes V,, V, which are
orthogonal (not correlated with respect to 3) are

(Cips Ci2) = By, b)) V. 4 =1,2,...,q where V = (V,, V,)

(d) The mean segments are represented by the origin and by points (c,, ¢;5),
(Cays Cap)s ---» (Cqus Co), that are affected by sampling error. These points are con-
tained within a confidence region, equal to a circle of radius R, depending on the
confidence coefficient 1—¢. For the segment that joins pair (¢, 2')

R =L with R!= Fe2n—q)/(n—q-1)

n;

with P(F > F,) = ¢, F with 2 and (n —g— 1) degrees of freedom.

(il) Model I1

This model takes into account the three causes of variability, 4, B and C. For

pair (¢, ¢') in photograph j the position of the mean joint is
Py = pto+p;+e
where p = (p,, p,) = centre of gravity of the positions of all chromosomes
(general mean), and a; = (a,;, a,;) = deviation of chromosome ¢ from 4 in the
ideal model of distribution of all chromosomes, f£; = (8, #,;) = systematic
variation of photograph j, and e;; = random deviation with bivariate normal
distribution. We impose the restriction 3 o, = 0, X f; = 0.
i j

https://doi.org/10.1017/50016672300019856 Published online by Cambridge University Press


https://doi.org/10.1017/S0016672300019856

232 M. Dorores CorrL, C. M. CUADRAS AND J. EGOZCUE

The model for the position vector P;; joining chromosomes (3, i’) is formally
the same.

The least squares estimates of y, a;, B; and (&, &, B;) could be caleulated
without any difficulty if the ¢ = 23 chromosome pairs were present in all photo-
graphs. However, we assumed that some chromosome pairs or individual chromo-
somes would be missing or not taken into account in a number of pictures. To
solve this problem, it is necessary to build a matrix of design 4, to relate the
observations to the model (Scheffe, 1959).

The elements a,; of 4 are 0, 1 or — 1 according to the two-way layout without
interaction. However, the rows corresponding to the chromosome pairs (z, 1)
not taken into consideration in a photograph must be omitted. The number of
row in 4 is n = 23m —f{, where f = total number of pairs not taken into con-
sideration. The number of columns is 23 +m — 1.

The least squares estimate of the parameters solves the normal equations
(¢t indicates a transposed matrix)

(l“:w Qg1 = vs Xzoos ﬂzl’ ceey :Bzm—l)t = (At-A)—'AtY:w
where
Ty + Ty

= (% % 7 t 3. =
Y, = (@1, o0r Tgay ooor Tppy vovs Bgn)t Ty = 5

The matrix (4. 4)~ is a generalized inverse of A¢. 4 (Pringle & Rayner, 1971)
and it can be computed by the algorithm proposed by Golub & Reinsch (1970).
The standard inverse of 4¢. 4 does not exist.

The least squares estimate of u,, «,,, ... is analogous, but replacing Z; by
Fi; = (¥ +yi;)/2. The estimation of Z, d;, f, is also analogous, but replacing
Zij» Yiy by 245 = xéi_x'ij’ Yi; = ?/;':I—yij'

The centre of symmetry hypothesis and the comparison of the segments
joining each chromosome pair are tested as follows. In model II the dispersion
matrixes R, and R, must be found according to matrix 4 (Rao, 1973). Wilks’s
criterion A follows the distribution A(2, n—r, ¢— 1), where r = rank (4), ¢ = 23.
A is equivalent to the F test

7 1-JA n—r—1
JA q—-1

with 2(¢—1) and 2(n—r— 1) degrees of freedom.

The rank of 4 can be calculated by a numerical procedure. If we compute the
singular value decomposition of 4, r = rank (4) is then the number of singular
values of A different from zero (Golub & Reinsch, 1970).

As in model I, the representation of the chromosomes will be possible if the
segments are significantly different. This representation can be carried out by
determining the common mean point gy+a (¢ = &, = ... = &y, if the centre of
symmetry hypothesis is valid) and the segments i+ &,, ..., i + &y3. However, since
we are using statistical estimations of 4+« and # + &; it is convenient to represent
the chromosomes in relation to the distance of Mahalanobis.
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Rao’s method to represent populations has been extended by Cuadras (1974)
to represent functions of parameters in more general models. This technique can
be used to represent g+ &, ..., fi+ G-

The steps are similar to those in model I, but

@) £ = Ry/(n—r) r =rank(4) (Rao, 1973, p. 546).

(6) Yi = fit-&y = (gt 8o fiy+8,) = (i, bia).
2(n—r)
(n—r—1)°
P(F > F,) = 3, F with 2 and (n—r— 1) degrees of freedom.

(dsps ---» ;) are the coefficients of the linear combination of the sampling values
that give the least squares estimation of Z+ &,.

() By = RS d2y) RE=F
h=1
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