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Ground State and Multiple Solutions for
Kirchhoff Type Equations With Ciritical
Exponent

Dongdong Qin, Yubo He, and Xianhua Tang

Abstract. In this paper, we consider the following critical Kirchhoff type equation:

—(a+b [ |Vul*)Au = Q(x)|ul*u + Alu|T'u, inQ,

u=0, onodQ,
By using variational methods that are constrained to the Nehari manifold, we prove that the above
equation has a ground state solution for the case when 3 < g < 5. The relation between the number
of maxima of Q and the number of positive solutions for the problem is also investigated.

1 Introduction and Main Results

Consider the following Kirchhoff type equation:

{ —(a+b [ [Vul)Au = Q(x)|ul*u + Aju|"'u, inQ,

(L1) u=0, onodQ,

where a,b >0,3<q<5 Q¢ C(ﬁ, (0,+00)), A > 0 is a parameter, and Q c R? is
an open bounded domain with C'-smooth boundary. Problem (1.1) has been widely
investigated in the literature over the past several decades, especially on the existence
and multiplicity of positive solutions, ground states, and sign-changing solutions (see
[2,4,9,13,15,27,29,33,36,40] and the references therein).

This problem is related to the stationary analogue of the following wave equation
proposed by Kirchhoff [18],

1.2) ug—(a+b fQ \Vul*dx) Au = f(x,u),

where u denotes the displacement, f(x, u) the external force, and a the initial tension,
while b is related to the intrinsic properties of the string, such as Young’s modulus.
Because of the presence of the nonlocal term ( [, |[Vu|*dx)Au, equation (1.2) is not
a pointwise identity, which provokes some mathematical difficulties and makes the
study of such a class of problems particularly interesting. Nonlocal effect also finds
its applications in modelling suspension bridges [1] and describing the growth and

Received by the editors January 12, 2017; revised May 6, 2017.

Published electronically September 8, 2017.

This work is partially supported by the China Scholarship Council, NSFC (Nos: 11626202, 11571370,
11471278, 11601525) and the Hunan Provincial Innovation Foundation for Postgraduates (CX2015B037).

AMS subject classification: 35]20, 35]60, 35]J25.

Keywords: Kirchhoff type equation, variational methods, critical exponent, Nehari manifold,
ground state.

https://doi.org/10.4153/CMB-2017-041-x Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2017-041-x

354 D. Qin, Y. He, and X. Tang

movement of a particular species in biological systems [10]. For more mathematical
and physical background of problem (1.1), see [5,11,18] and the references therein.

When b = 0, equation (1.1) is reduced to the well-known scalar Schrédinger equa-
tion

“Au=Q(x)u¥ '+ Aul, inQ,
1.3) u>0, inQ,
u=0, onoadQ,

where Q c RY is a bounded domain, and

2N
N TN
2"={N-2

+00 if N=1,2.

Let us recall some results. Brézis and Nirenberg studied (1.3) with Q(x) = 1, and
obtained some classic results [7]. When N = 3,if 1 < g < 3, they obtained that (1.3)
has a solution for A > 0 large enough; if 3 < g < 2* -1 = 5, (1.3) has a solution for every
A > 0;if g = 1and Q is a ball, (1.3) has a solution if and only if A € (%, A1), where A, is
the first eigenvalue of —A with the Dirichlet condition on Q. Ambrosetti, Brévis, and
Cerami [4] considered the case 0 < g < 1 and showed that there exists a Ao > 0 such
that (1.3) admits two positive solutions for A € (0, 19). Wheng = Q(x) =1land N > 7,
infinitely many nontrivial solutions was proved by Devillanova and Solimini [12] for
A > 0. Later, this result was generalized to p-Laplacian by Cao, Peng, and Yan [9] with
the aid of the local Pohozaev identity. Recently, Liao, Liu, Zhang, and Tang studied
(1.3) and obtained the existence and multiplicity of positive solutions via the Nehari
manifold method [21]. For more related results, see [6,8,32,35,39] and the references
therein.

When b # 0, a vast literature on the study of the existence and multiplicity of
solutions for Kirchhoff type equations via variational methods has grown since Lions
introduced an abstract framework for this problem [23].

Replacing the right-hand side of equation (1.1) by f(x, u), we are led to following
equation:

(1.4)

—(a+be|Vu|2dx) Au=f(x,u), inQ,
u=0, onodQ.

When the primitive of f is subcritical, Corréa [11] obtained positive solutions for both
N =1land N > 2 via fixed point theorems; He and Zou [15] established infinitely many
solutions under the classical (AR) condition or the following Nehari type condition:

>t
(Ne) te f(|;c|3 ) is increasing on (-0, 0) U (0, o).
See also [16] where multiplicity results were obtained when f has an oscillating be-
havior. Perera and Zhang [27] considered the asymptotically 4-linear case provided
that f satisfies

AL DR (C1))
a bt3

= y uniformly in x.
t—0

t t—oo0
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Using the Yang index and critical group, they showed that if A € (1;,1;4;) and u €
(Wm> hm+1) with I # m, then (1.4) has a nontrivial solution, where 0 < 1; < 1, <---is
the sequence of all eigenvalues of —A in Hy(Q) and 0 < gy < p < -+ is the sequence
of all eigenvalues of the problem

~([o|Vul*dx) Au = pu®, inQ,
u=0, onodQ,

We also considered the asymptotically 4-linear case and proved the existence of
ground state solution for (1.4) by improving the Nehari manifold method [28]. More
precisely, a homeomorphism between a subset of the unit sphere and the Nehari man-
ifold (defined later by (2.12)) is constructed, from which a minimizing sequence on the
Nehari manifold can be found naturally. For the case of 4-sublinear or 4-superlinear,
positive, negative, and sign-changing solutions were all obtained by Zhang and Per-
era [40] by using invariant sets of descent flow. See also [26] for similar results. Re-
cently, Chen, Kuo, and Wu [10] investigated (1.4) for the case that

F(x,t) = Ah(x)|t|7 2t + g(x)|t|P 7%, 1<g<2<p<2*,

where h, g € C(Q) satisfy h* := max{h,0} # 0and g* := max{g, 0} # 0. By using the
Nehari manifold and fibering map methods, some existence results were obtained for
cases p > 4, p = 4, and p < 4, respectively. For autonomous nonlinearity f satisfying
(Ne), least energy sign-changing solutions to problem (1.4) were established recently
by Shuai [31] with the aid of the quantitative deformation lemma and degree theory.
Later, Tang and Cheng [34] improved this result by using the non-Nehari manifold
method introduced in [32].
When the primitive of f is of critical growth having the following form

t
15) f(x,t)=t+Ag(x,t) and 0<p / g(x,s)ds < g(x,t)twith4 < p <6,
0

Alves, Corréa, and Ma [2] showed that there exists a A, > 0 such that problem (1.4)
has a positive solution of mountain pass type for all A > A,.. Later, Hamydy, Massar,
and Tsouli [14] extended this result to a p-Kirchhoff type problem. Under assump-
tion (1.5) with 5 < p < 6 and A = 1, Xie, Wu, and Tang [36] proved that (1.4) has two
distinct solutions. Figueiredo [13] improved the result of [2] by relaxing p to the in-
terval (2, 6). Moreover, by applying a truncation argument used in [3], they showed
that there exists a A, > 0 such that (1.4) has a positive solution for all A > A,. In a
recent paper Lei et al. [19] considered the case that g(x, t) = #9 with 0 < g < 1in (1.5).
Assuming that b > 0 is sufficiently small and using the concentration compactness
argument, they showed that there exists a A, > 0 such that (1.4) has two positive so-
lutions for 0 < A < A,. For similar Kirchhoff type problems in the whole space, see
[17,20,25,37] and the references therein.
Motivated by above works, we continue to study (1.1), that is,

fCxt) = Qo)ltf*e + Ale 1™,
forall 3 < g <5in (1.4). When Q # const, problem (1.1) is more delicate. The main
difficulty lies in the analysis of a (PS) sequence, that is, a sequence {u, } € Hy(Q) such

that {I(u,)} is bounded and I} (u,) — 0, where Iy is the corresponding energy
functional of (1.1). In order to obtain a positive solution, A > 0 needs to be large
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enough in [2,13]. Note that there is no restriction on A in [7] when 3 < g < 5. It is
natural to ask whether a similar result of Brézis and Nirenberg [7] holds for (1.1). In
this paper we not only give a positive answer, but also obtain the multiplicity result of
(1.1) for A > 0 small.

For positive Q, we introduce the following assumptions.

(Q1) there exists a® € Q such that Q(a®) = Qy = max 5 Q(x) and

|Q(x) - Q(a°)| =o(]x - ao\s%q), asx — a’.

(Q2) there exist k points a', a2, ..., a* in Q such that Q(a’) are strict local maxima
satisfying Q(a’) = Qu = max 5 Q(x) and

Q(x) - Q(a')| = o(|x - a’| ), asx > a',

foreveryi=1,2,...,k.

Our main results are as follows.

Theorem 1.1 Let (Ql) be satisfied. Then problem (1.1) has a positive ground state
solution for all A > 0.

Theorem 1.2 Let (Q2) be satisfied. Then there exists A > 0 such that problem (1.1) has
at least k positive solutions for all 0 < A < A.

Conditions like or similar to (Q1) and (Q2) are commonly used in the study of
critical problems (see[8,21,22] and the references therein).

Remark 1.3 Theorems 1.1 and 1.2 improve and extend related results of [2,13,19,36]
in the sense that not only the ground state solution of (1.1) is proved, but also the
restriction that A should be large enough in [2,13] is removed. Moreover, we also
obtain the multiplicity of positive solutions of (1.1) for A > 0 small.

To complete this section, we sketch our proof. By using the mountain pass theo-
rem, we can find a (PS),, sequence, where the mountain pass level c, is defined later
by (2.19). So it is crucial to find a proper energy level c* below which the (PS) condi-
tion can be verified. This can be done by some delicate analysis with the aid of (Q1).
To show the multiplicity of positive solutions of (1.1), we minimize the energy func-
tional corresponding to (1.1) on some submanifold of the Nehari manifold. Define
the minimal energy by c, ; as in (3.3); the main difficulty is to find and estimate the
(PS).,, sequence. We solve the problem by using some techniques and the Nehari
manifold method.

This paper is organized as follows. In Section 2, we prove the existence of a ground
state solution of (1.1) via the mountain pass theorem. By considering a barycenter
function restricted to the Nehari manifold, we investigate the multiplicity of positive
solutions of (1.1) in Section 3. Some remarks will be given in Section 4.
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2 Proof of Theorem 1.1

The natural space for the Kirchhoff type equation (L1) is the Sobolev space H}(Q)
equipped with the inner product (u,v) = [, Vu - Vvdx, for all u, v € Hy({), and
the norm ||u| = (u, u)/2. It is well known that Hj () is continuously embedded in
L*(Q) for s € [1,6], and compactly for s € [1,6) (see [38, Theorem 1.9]). Then there
exists a ys > 0 such that

(2.0) luls < pellull, YueHy(Q),1<s<6,

where |- |; denotes the usual L*(Q) norm. Solutions of (1.1) are critical points of the
functional

b 1 A
B0 = Sl Gl = ¢ f QU= [ uldx we Hy(@).
By virtue of (2.1), I is of class C! and

(If\(u),v):(a+b|\u||2)(u,v)—fg Q(x)|u|4uvdx—)tfQ|u|q_1uvdx, u,v e Hy(Q).

Let S be the best Sobolev constant (see [38, Proposition 1.43]):

~|Vu 2d v de

22) S$= _in S lvuldx olvuPds
ueD12 (RN)N {0} (fn |4]0dx)V3  wert ()0} ([ [ul¢dx)Y/?

Recall that S is attained by the function U,(x) = % , € > 0. Moreover,

f |VU8|2dx=f U|fdx = S7.
RN RN

For 0 < i < k, let ¢; € C5°(Q) be a cut-off function such that 0 < ¢; < 1 and
|Ve;i| < Co, and for some &y > 0,

1 |x-a|<,
2.3 i = ="
(2.3) ¢i(x) {0 x - ai[ > 8o,

Then we define
(2.4) vi(x) = 9i(x)Uc(x—a'), i=12,...,k.

Since we mainly consider the case g € (3,5), we make use of it without mention when
no confusion can arise.

Lemma 2.1 Let (Ql) be satisfied. Then for € > 0 small,

sup I (v (x)) < ¢* :=
£20

g(bs3+\/WaQMS3)+ b(bs3+\/WaQMS3)2.

3 2Qum 12 2Qm

12
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Proof From [7,38], we have following results

1/3
W2 = ([RN UJ0dx) " + 0(e%) = $¥2 + O (&%),

(2.5)
V0|2 = [RN IVU.[Pdx + O(e) = $¥2 + O(e),
and
O(£%|ln£|) s=3,
(2.6) /(; Wlfdx =1 0(7) 3<5<6,
O(e?) 1<s<3.
Note that
7 T(ed) = LR+ S-S [ Qoptiiax- it [ uRjeias,
2 4 6 Ja q+1 Q
and
dI (tv?) _

02 3,004 _ 45 06 0jq+1
D a2t [ QEopeirdx-aet [ uiriax,
From p € (3,5), we deduce that I, (tv?) - O as t > 0 and I} (tv?) — —oco as t —» +oo.
Moreover, there exists a unique ¢, > 0 such that I, (tv?) achieves its maximum. We
claim that there exist two constants Ty, T, > 0 such that T; < ¢, < T,. In fact, from
lim;_ I, (tv?) = 0 uniformly for all & > 0, we choose

§= L(ivg) > 0.

Then there exists T; > 0 independent of e such that |I; (Tiv?)| = |I (Tyv?) -1, (0)] < &.
According to the monotonicity of I, (tv?) near t = 0, we have ¢, > T;. Similarly, from
lim;_, ;o0 Iy (tv?) = —oco uniformly for all € > 0, we have t, < T5.

Set

lvel®

" (Jo Q) [dx) 13

(2.8) B,

6
andlet h(t) = 262[v0|2 + 24w |* - £ [, Q(x)[v?|°dx. Then

() =t(alve]® + bt ve]* - £ fg Q(x)lve[°dx),

and h(t) attains its maximum at

tmax -

bIv2[* + /L2 + 4a[v0]? , Q(x)vOFdx | /2
2 [, Q(x)v?]edx '
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Moreover, h'(t) > 0 for all 0 < t < tpax and h'(¢) < 0 for all £ > tp,.x. Direct
computation implies that

allv? | (bllve]* + /P22 [® +4a]v2[? [, Q(x)[vE[°dx)

6 Jo Q(x)v2|°dx

blve|*(B]Ive]l* + /o2 [v2[® + 4a]vR]? [o Q(x)[vE|°dx)?

+

22 f, Qx)v2Idx)?
a(bB+\/b2BS +4aB3\ b bB}+\/b2B¢+4aB3\2
(M b U
3 2 12 2
Leta := S_Tq. Then « € (0,1) by q € (3,5). In view of (Ql),

|Q(x) - Q(a”)] = o(]x - a°[*).
Then for any 7 > 0, there exists a § > 0 such that

(2.9) h(tmax) =

(2.10) |Q(x) = Q(a®)| < ylx - a®*, VO<|x-a’<é.
We claim that

016 1/3 31,002 a
(2.11) (/(;Q(x)|v€| dx) = Qpylvele +o(€").

Indeed, for 0 < ¢ < §, it follows from (2.3), (2.4), and (2.10) that
| [ eabtiac- [ Quititar| < [ () - Q(a®)lvidx
= Q(x) - Q(a®)|]¥?)°dx
f{xegzu_awﬂ}' (%) - Q(a®) ||

3¢2)3
S[ r]|x_a0|‘x&dx
{xeQ:|x—a%|<8} (82 + |x - ao‘z)s
+2Q ﬂ
M {xeQ:0<|x—a®|<8o} (82 + |x — a0|2)3

3.2+« 3.2

S &r % &r
SClT’] ﬁdf"’C] ﬁdr
o (e2+71?) s (e2+71?2)

2 2ta L) 2
-C “f " __ar+cC f d
o e T s ey

< Cone® + Gy,

where C;, C, > 0 are constants. From « € (0,1), we get

, | [ Q(x)v2I%dx - [, Quv?|®dx|
lim sup

< C2rl)

e—0 et

which implies (2.11) since # > 0 is arbitrary.
By (2.5), (2.8), and (2.9), we have

5 - $2 + O(e)
C QL8124 0(e%)) + o(e)
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and

12

a;bS®+/b2S6 + 4aQ S3 b bS®+/b2S6 + 4aQS3\ 2
h(tmax) < 7 +o(e
(tmar) < 5 2Qu )l 2Qu ) +ole)
=c" +o(e%).
Then it follows from (2.6), (2.7), and T; < t, < T, that
A
sup I (1v0) = Iy (t:v°) < h(tmay) — —— T2 / |27+ dx
£20 q+1 Q
< +o(e%) - Ce¥ < (¥,

where ¢ > 0 is small enough and C; depending on A, g is a positive constant. This
completes the proof. ]

Lemma 2.2 Let p € (3,5). The following statements hold.

() If{un} is a (PS). sequence in Hy(Q), then u, — u for some u € H(Q) and
I4(u) = 0. Moreover, if u # 0, then [, |Vu,|*dx — [, |Vu[*dx.

(ii) Forany u € Hy(Q) \ {0}, there exists a unique t, > 0 such that t,u € N;, and
I (t,u) = maxsg I) (tu), where the Nehari manifold N is defined by

(2.12) Ny = {v e H}(Q) ~ {0} : (I} (v),v) = 0}.

Note that for p € (3,5), the function
Aul"'u + Q(x) |ul*u
ul?
is increasing on (—o0,0) U (0, 00 ). Taking advantage of this fact and using the Nehari

manifold method, it is not difficult to verify (i) and (ii). See [20, Lemma 3.2] and
[37, Lemma 2.2 (i)].

Lemma 2.3 Letc e (—oo,c*). Then I, satisfies the (PS). condition in Hy(Q) for all
A>0.

Proof Let{u,} c Hy(Q) bea (PS), sequence satisfying
(2.13) L(uy)=c+o0(1), and I)(u,)=o0(1).
Then for n large,

1
Q) crte ] 2 ) = T ) )

~(2- ﬁ)anunnz +(5- ﬁ)buunu“

+ ﬁ -2) [ @l a,

which implies that {u,} is bounded in Hj(Q). Passing to a subsequence, we may
assume that

(215) u, = uin Hy(Q), wu, »uinl*(Q),1<s<6, and u, > uae onQ.
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Lemma 2.2 (i) implies that I} (u) = 0. Set v, = u, — u. By Brezis-Lieb’s lemma, we
have

(2.16) [val* = lual® = Jul® + 0 (D),
fQQ(x)|vn|6dx:/QQ(x)|u,,|6dx—/(;Q(x)|u|6dx+o(1).

Then we deduce from (2.13), (2.15), and (2.16) that
(2.17)

) = 13(@) = vl + (vl 2 PLal?) - & [ QEollfd+ o),
0(1) = (I (un), un) = (I (1), u)
= aanHZ+b(|\vn|\4+2an|\2\|u\|2)—fQQ(X)IVnIGdHO(l)-
We may assume there exist [; > 0, i = 1,2, 3 such that
allval® > by b(Ival® +2fval*[ul®) > L, fQ Q(x)lval*dx — Ls.

Clearly, I3 = I; + I,. Next, we show that [; = 0.
If ; > 0, then 15, I3 > 0. By Sobolev inequality, we have

@ [ QEvalfdx < a’Qu [ val'dx < a*Qu(S™[val?)? = 0 QS el
Q Q
b( [ QE)lval"dx) " < bQY(S™ v l)? = QS v,

which implies that ; > an_j S(h+ lz)é and [, > bQ;,I% S*(h+ lz)§ . Direct computa-
tion shows that

(218)

bS? +/b2S6 + 4 S3 bS® + /286 + 4 §3y\2

llza( * +4aQy ) and lzzb( hl +4aQu )
Note that I (u) = I (u) - ﬁ(li(u),u) > 0. Then it follows from (2.17) and (2.18)
that
b 1 1

¢z lim [ Slval” + o (lval* + 2lval?lul?)] = Sh+ Sl .
This contradicts with ¢ < ¢*. Therefore, I; = 0, i.e., |v,,| = |4, — u| = 0. The proof is
completed. ]

By a standard argument we can verify the following result (see [25]).

Lemma 2.4 I, satisfies the mountain pass geometry.

(i)  There exist x, p > 0 such that I (u) > « for |u| = p.
(ii) There exists e € Hy(Q) with |e|| > p such that I)(e) < 0.

Define

(2.19) ¢y ==inf sup I,(y(¢t)) >0,
yel) te[0,1]
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where Ty = {y € C([0,1], H)(Q)) : y(0) = 0, I;(y(1)) < 0}. Then by the moun-
tain pass theorem without the (PS) condition, there exists a (PS),, sequence {u,} c
H(Q) satisfying

(2.20) I(un) = ¢y, and Ij(u,) =0 in (Hy(Q))™
Moreover, for p € (3,5), as in [30, 38], we can prove

2.21 = inf I = f ax I

-2 = B0 o T (1) > 0

Proof of Theorem 1.1 By Lemma 2.1 we get ¢y < maxyso I (tv?(x)) < ¢* fore > 0
small. Consider the sequence {u,} given by (2.20). Lemma 2.3 implies that there
exists u € Hy(Q) such that, up to a subsequence, u, - u in Hy(Q). Then I} (u) = 0
and I (u) = ¢;. By (2.21), u # 0, and it is a ground state solution of problem (1.1).
Since Iy (u) = I (|u|) and (I} (u),u) = (I;(|u]), |u]), we see that u is a nonnegative
solution. By the strong maximum principle, u(x) > 0 for x € Q. Thus u is a positive
ground state solution of (1.1). [ |

3 Proof of Theorem 1.2

Let g € (3,5). It is easy to verify that I is coercive and bounded from below on N
for all A > 0. Indeed, for every u € N},

(1) L(u) = () - qiu;(u),w

:(%—ﬁ) alul? + (= )bl + (5~ ¢) J QChifax

We minimize the energy functional I on some submanifold of N,. As in [6, 8], we
define a barycenter map B: Hy(Q) \ {0} — R? by
Jq x|ul®dx
Bu) = =
Jo lulodx
Let
Nyi={ueNy: |B(u)-a’|<ro},
Oy ={ueNy: |B(u)-a'|=ro},

where ry > 0 such that

i=12,...,k

k —
B,,(ai)nB, (al)=ofori#j(i,j=1,2,...,k), UB,(a’)cQ
i=1

and B,,(a’) = {x € RN : |x — a’| < ro}. By Lemma 2.2 (ii), there exists a unique
t,i > 0 such that t,:v, € N). Moreover, by the definition of 3, one has

2y3/2 ; ; 32
B(tvi) = Joxoi(x )(52+3|i ayr dx Jo(ex+a')gf(ex+a )@f‘wdx i
vi £2)3/2 = ; 3/2
fQ (Pi %dx fQ @?(£X+a )Ujlwdx
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as ¢ > 0. Then we have actually proved the following result.

Lemma 3.1 Foreachi=1,2,...,k, ﬁ(tvévé) — a' as ¢ - 0. Moreover, there exists
g0 > 0 such that B(t,:v}) € B;,(a’) forall 0 < e <eg and1<i<k.
Lemma 3.1 shows that N ; # @ for all 1 < i < k. By (3.1), the following terms

(3.3) cri= inf Ly(u), ¢y = inf I)(u)
ueN) ; ued, ;

are well defined. Moreover, it follows from (2.21) that ¢ ; > ¢; > 0.
Lemma 3.2 Let (Q2) be satisfied. Then for all A > 0and1<i <k,

sup I (tv!) < c*.
120

Lemma 3.2 can be proved similarly to Lemma 2.1 by using v and a’ instead of v?
and a°, respectively.

Lemma 3.3  There exists A > 0 such that

(3.4) Ga>ct forallo<A<Al<i<k.

Proof Suppose by contradiction that there exists a positive sequence {1, } such that
Ay > 0and ), ; - ¢ < c¢* forsomel< i< k. Up to a subsequence, we may assume
that

-1 _ _ 1
(3.5) C——<0C,i<c+—.
n n

By the definition of ¢;, ;, there exists a sequence {uty,,m }m C ©),,; such that for any
neN, I), (up,m) = €1, as m — oo. Now we choose a subsequence {m,} c N such
that ¢y, ; < In, (n,m,) < Cx,.i + =, n € N, which, together with (3.5), implies that

~ 1 ~ 2
c-—<I),(upm,) <c+—.
n n

Let ux = U, m,, k € N. Then, up to a subsequence, we have
(3.6) I, (u,) ><C<ch.

By a similar argument as in (2.14), we have that {u, } is bounded in Hy(Q) and
G alunl bt~ [ QEolunldx = A [ fuafP*dx 0.
Q Q
Using Sobolev inequalities, we have A, [, |[u,|?*'dx = 0(1) and

Junl?> Car [ Qo) dx > Cs

for some positive constant C4. Then, up to a subsequence, we may assume that there
exists an [ > 0 such that

(3.8) lun|? — 1 and ’}Lrgof()Q(x)|un|6dx—>al+blz.
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By (2.2),
(3.9) al +bl*> < lim fﬂ Qulun|®dx < Qpr lim (874 un|?)? = QuS31.

Direct computation shows that

Is bS? +/b2S6 + 4aQ 3
> 200 .
Using (3.6) and (3.7), we are led to
1
T=lim I, () = =1 + 212 - (al b1 = gl + %12 > c*.

n—oo 2

Therefore, ¢ = ¢* and all the inequalities in (3.9) must be equalities. We deduce from
(3.8) and (3.9) that

(310)  lim fﬂ Quilunl®dx = QuS P = al + bI* = lim fQ Q(x)|un[*dx.

Set w,, = . Then |w,|s = 1 and (3.10) implies that

|n‘6.

2

lim w2 = fim 222l oL

n—oo n—»oo |un|é (8—313)3
Thus {w, } is a minimizing sequence for S. We apply a result of Lions [24] to con-
clude that there exist an x( € Q and a subsequence, still denoted by {w,, }, such that
[Vwu|* = dy = S8, |wnl|® = dv = 8,, weakly in the sense of measure, where y, v
are finite measures and Jy, is a Dirac measure assigned to xo. On one hand, in view
ofu, € ®,, ;, we have

Jo xwal®dx

Jo Iwal®dx

From |3(w,) — a’| = ro and B,,(a?) N B,,(a/) = @ for i # j, we deduce that x, # a’
for each 1 < i < k. On the other hand, it follows from (3.10) that

B(wn) =

— Xg, Aashn —> 00,

Qu = Qu lim [ Iwn|®dx = lim [ Q) walfdx = Q(xo).
n—oo JQO n—oo J()
This is a contradiction. Thus (3.4) holds. [ |

Lemma 3.4 Letl < i < k be fixed. Then for every u € N, ;, there exists T > 0
and 6:B(0;7) ¢ Hy(Q) — R such that 6(0) = 1, and O(v)(u - v) € Ny ; for any
v € B(0;71). Moreover,

(0°(0), 9) =

2a(u, ¢) +4b|ul|*(u, @) = 6 [, Q(x)|u|*updx — A(g +1) [, [u|" ' ugpdx
a(l-q)|ul>+b6G-q)ul* - (5-q) [o Q(x)|uldx

forany ¢ € C°(Q).
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Proof The original idea is contained in [35,39]. Here we give the proof for com-
pleteness. For every u € N ;, we define a function f*: R x Hy(Q) — R by

f40,v) = (13 (8(u~v)),0(u~v))
:aGZHu—vHZ+b64|\u—v\|4—96/ Q(x)|u—v|6dx
Q
Y f lu— v]9*1dx.
Q

Note that f*(1,0) = (I} (u),u) = 0 and
A or-cuy = 2alul® + 4blul* ~6 [ QUe)uldx~A(g+1) [ [uldx

—a(1-)lul* + b3 - q)Jul* - (5-9) [ Q(x)lul°dx <o.

Applying the implicit function theorem, there exist a 7 > 0 and a differential function
6:B(0;7) c Hy(Q) — R such that 6(0) =1, and for any ¢ € C;°(Q),

(6'(0), )
v:O)q))

_ _( (/) (6(v),v)
(f)5(8(v),v)
2a(u,9) + 4b]ul(1,9) = 6 [y, QUo)lul'updx ~ A(g-+ 1) f, " ugd
a(l=q)ful>+b(3-q)|ul* - (5-q) [o Qx)|ul°dx
and f*(6(v),v) = 0 forall v € B(0; 1), which implies that
(LOW)(u=-7)),0(v)(u—-v))=0 forallveB(0;7).

Therefore 6(v)(u — v) € N,. By the continuity of 3, taking 7 > 0 small enough, we
have B(0(v)(u—v)) € B(a',r). Thus O(v)(u —v) € Ny ;. [ |

>

Proof of Theorem 1.2 By Lemmas 3.1and 3.2, we have

0<cy; < I,\(tvivi) =sup I, (tvl) < c*.
20

It follows from Lemma 3.3 that
(3.11) i <ct < forall0 <A<,

This implies that ¢; ; = inf{I; () : u € Ny ; U®,;}, forall 0 < A < 1. Consider
a minimizing sequence {w’} c N, ; U ®, ; for I;. Since I,(|-]) = I,(+), we may
assume that w (x) > 0 for x € Q. By the Ekeland variational principle [38], there
exists a sequence {u}} c N, ; U®, ; such that

(3.12)

. . . 1 | .
lun =wall < = Lup) <eni+—5, L) 2L(uy) = —llv-u,l, VveNy
We claim that {u}, } is a (PS)., , sequence for I. It is sufficient to show that
I (1) — 0

in (Hy(Q))™" as n — oo. By (3.11) and (3.12), we have u, € N, ; for n large. Ap-
plying Lemma 3.4, there exist a 7/ and a differentiable functional 6: B(0;7.) c
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H(Q) - Rsuch that 67 (0) =1, and 6 (v)(u’, = v) e Ny ; for any v € B(0;7%). Let
¢ € Hy(Q) with || =1and s € (0,7’,). Then

v=s¢eB(0;7)) and 6! (s)(u’ —s¢)eNy;.

By (3.12) and the mean value theorem, we have

OGO =39) 1 1) 10 sg) - 5)

= () (toty, + (1= 10) 0, (s9) (uy, = 59)), 11, = 0,,(59) (11, = 59))
= (L (1), ty, = 0,(59) (i, = 59)) + 0 ([, = 0,,(59) (i1, = 59))
=50, (s)(I1.(uy), @) + (1= 6,,(s9)) (L1 () 4y

+o(|u, - 0,(s9) (u, —59)])
= 50,,(s9) (1 (1), @) + 0([luy, = 0,,(s9) (1, = 59) ),

where o € (0,1) and the second equality follows from ||u}, — 6% (sg) (v, —s@)| — 0
as s - 0. Letting s — 0, we obtain

[y, = 05 (s9) (uy, = s9) | (5; + lo(1)])

(1 (), 9) <

5165 (s
_ w5, (65,(s9) - 6,,(0)) — 596, (s) [ (5, +lo(D)])
) 5165 (s
. (unl16(s) - 6,(0)] + 165, sl G + lo(DI)
B 5165 (s

- (1o g OOy (L oy
<+ L1108 D +lo))

In view of the boundedness of {u}} and {(6})'(0)} we have that I} (u,) - 0 in
(H}(©)) " as n — oco. Hence {u},} is a (PS)., , sequence for ).

Equation (3.11) implies that ) ; < ¢*. From Lemma 2.3, there exists u’ € H}(Q)
with u’ > 0 such that, up to a subsequence, u’, - u’ in Hy(Q) for every 1 < i < k.
Then I} (u') = 0 and I (u') = c),; > 0. Thus, u’ is a nontrivial and nonnegative
solution of problem (1.1). Using the strong maximum principle, we have u’(x) > 0 in
Q,1< i < k. Therefore, problem (1.1) admits at least k positive solutions u’ (1 < i < k)
forall 0 < A < A. u

4 Remarks on the Results and Approach

In Theorem 1.1 and Theorem 1.2, positive solutions are obtained via the Nehari man-
ifold method provided 3 < g < 5, which forces the boundedness of any Palais-Smale
sequence of the functional I,. It is an intriguing problem to study the case 0 < g < 3.
The boundedness of the Palais—-Smale sequence becomes a major difficulty in prov-
ing the existence of a positive solution in that case. We point out that if the domain
is the whole space R?, He and Li [17] considered Kirchhoff type equation (1.1) with
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Q(x) = land1 < g < 3. By using variational methods that are constrained to a
Nehari-Pohozaev manifold, they showed the existence of positive solutions of (1.1)
and studied the concentration phenomena of the semiclassical solutions. However,
the method used there is not applicable to the bounded domain case. New approaches
and techniques should be introduced. So, it is very interesting and challenging to in-
vestigate further problem (1.1) with 0 < g < 3. This is the work under consideration.

We emphasize that the method used in this paper is still valid for the following
Schrodinger—Poisson equation:

—Au+ ¢u = Q(x)|ul*u + M|u|T'u, inQ,
-Ap=u*, inQ,
u=¢=0, onodQ,

We leave the details to the readers.
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