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Abstract. We study an (z + 1)-tensor norm ¢, extending to (n + 1)-fold tensor
products, the classical one of Lapresté in the case n = 1. We characterise the maps of
the minimal and the maximal multi-linear operator ideals related to «; in the sense of
Defant and Floret (A. Defant and K. Floret, Tensor norms and operator ideals, North
Holland Mathematical Studies, no. 176 (North Holland, Amsterdam, Netherlands,
1993). As an application we give a complete description of the reflexivity of the o-
tensor product (®7:11€“f , oty
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1. Introduction. In [13] Pietsch proposed building a systematic theory of ideals of
multi-linear mappings between Banach spaces, similar to the already well-developed
one regarding linear maps, as a first step to study ideals of more general nonlinear
operators. Since then several classes of multi-linear operators more or less related to
classical absolutely p-summing operators have been studied, although without to deal
with aspects derived from a general organised theory.

Having in mind the close connection existing in linear case between problems of
this kind and tensor products (see [3] for a systematic survey of the actual state of the
art), in the present setting it is expected an analogous connection with multiple tensor
products. However, a systematic study of this approach has not been initiated until
the works of Floret [4, 5], mainly motivated by the potential applications of the new
theory to infinite holomorphy. In this way, classical notions of maximal operator ideals
and its associated a-tensor norm, dual tensor norm o’ and the related a-nuclear and
a-integral operators can be extended to the framework of multi-linear operator ideals
and multiple tensor products.

However, there are few concrete examples of multi-tensor norms where the general
concepts of the theory have been applied and checked. The purpose of this paper is to
study an (n + 1)-tensor norm ¢, on tensor products ®'7:11 E;, 1 <n, of n+ 1 Banach
spaces E;, extending the classical one of Lapresté for n = 1, as well as its associated
ay-nuclear and o, -integral multi-linear operators. Knowledge of such operators allows

o~

us to characterise the reflexivity of the corresponding tensor product (®j’:ll£“f, ozr) of
spaces £ .

The paper is organised as follows. First we introduce the notation and some
general facts to be used. In Section 2 we define the (n + 1)-fold tensor product
®ar(E1, Es,...,E, F), neN of type a, of Banach spaces E;, 1 <j <n and F. We
find its topological dual introducing the so-called r-dominated maps and obtain multi-
linear extensions of the classical theorems of Grothendieck—Pietsch and Kwapien
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(Theorem 3). The latter one is the key to approximate r-dominated maps by multi-
linear maps of finite rank in many usual cases (Theorem 7) and to compare different
tensor norms «;, a tool that will be very useful in our applications in the final section
of the paper.

The elements of a completed a,-tensor product canonically lead to multi-linear
r-nuclear operators from [[._, E; into F, which are considered in Section 3 and
characterised by means of suitable factorisations in Theorem 9. According to the
pattern of the general theory of multi-tensor norms, the next step must be the study
of the so-called r-integral multi-linear maps, i.e. the maps in the ideal associated to
the a,-tensor norm in the sense of Defant-Floret [3]. To do this we need a technical
result about the structure of some ultraproducts, which follows easily from the work
of Raynaud [14]. It will be presented in Section 4 just before its use.

In Section 4 we characterise the r-integral operators, obtaining as a main result
the ‘continuous’ version of previous factorisations of r-nuclear operators. Finally, in
Section 5 we apply the characterisations of Sections 3 and 4 to study the reflexivity of
a,-tensor products and, more particulary, to characterise the reflexivity of «,-tensor
products of ¢ spaces, a result that, as far as we know, is indeed new for classical
Lapresté’s tensor norms.

We shall deal always with vector spaces defined over the field R of real numbers.
Notation of the paper is standard in general. Some not so usual notations are settled
NOW.

Given a normed space E, we shall denote by Bg its closed unit balland Jg : E —>
E” will be the canonical isometric inclusion of E into the bidual space E”. B will
be considered as a compact topological space (Bg, o (E’, E)) when provided with the
topology induced by the weak*-topology o (E’, E). For every x € E, we shall denote
by f; the continuous function defined on (Bg, o(E’, E)) as f(x') = (x, x) for every
x" € Bg. The symbol E ~ F will mean that £ and F are isomorphic normed spaces.
The closed linear span in a Banach space E of a sequence {x,,}>_; C E (respectively
of a single vector x) will be represented by [x,]>_; (resp. [x]).

Asusual, e; denotes the kth standard unit vectorinevery ¢, 1 <p < oo.£/, he N
will be the ¢7-space defined over the set {1, 2, .., &} with the standard measure.

Given a normed space E, a sequence {xm}’,‘n:1 CE keNU{oo},and 1 < p < o0,
we define in the case p < 0o

1 1
k »
(o) (Z nxmuﬂ) - eplGi) = sup (ZKWW)
X'eBg —
and when p = oo

oo ((em)by) 1= oo ((m)iiny) = sUpP [1Xmll.

l<m<k
A sequence {x,,}°>_; C E is called weakly p-absolutely summable, notation (x,,)7_; €
¢2(E) (resp. p-absolutely summable) if &,((x,)_ ) < 0o (resp. my((xm)3;) < 00).

Given Banach spaces E and F, an operator or linear map 7 € L(E, F) is said to
be p-absolutely summable if there exists C > 0 such that

o), € P(E) —> n,,((T(xm))m 1) < Cep((xa)y). )
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The linear space B,(E, F) of all p-absolutely summing operators from E into F
becomes a Banach space under the norm P,(7) := inf{C > 0 | (1) holds} for every

T € Py(E, F).
We always consider a finite cartesian product ]_[fn=1 E,, of normed spaces E,;, | <
m < h € N as a normed space provided with the £*-norm |(x,,)"._, | = sup’,_, [ x|

If F is a Banach space, we shall denote by £" (]_[h E, F ) the Banach space of all

m=1

h-linear continuous maps from ]—[f;:] E, into F. Given T € £" (]_[,hn:1 E,. F), we can

define in a natural way the transposed linear map T’ : F/ —> L (]_[fn:1 E,. [R{) putting

VyeF Y(xn)_ e ﬁ Ey, <T'()/), (Xm)ﬁ1:1> = <T((xm)ﬁ1:1),y’>.

m=1

Given maps 4; € L(E;, F;) between normed spaces E; and Fj, 1 <j < n, we write
n n
Ay = (A1, As . A [ B — ]
j=1 j=1
to denote the continuous linear map defined by

VO e[ [E Ui ((xa o x) = (Ai(x1), Aa(x2), - .. An(xn).
j=1

Sometimes we will write (4;) instead of (4; [ Concerning (n + 1)-tensor norms, n > 1
(or multi-tensor norms), we refer the reader to the pioneer works [4] and [5]. If it is

needed to emphasise, o (z; ®]'-’:11 MJ) or similar notations will denote the value of the

multi-tensor norm « of z € @' M;.

As customary, for p € [1, o], p’ will be the conjugate extended real number such
that 1/p+1/p’ = 1. Given n > 1, in all the paper we denote by r an (n+ 2)-pla
of extended real numbers r = (ro, 11,72, ..., s, Fpr1) such that 1 <rg <00, 1 <r; <
00, 1 <j<n+1and

1 1 1 1
l= —F =4t —. ®)
ro 1y 1 Tos1

Such r will be called an admissible (z + 2)-pla. Moreover, we define w such that

1 1 1 1
_:_,+_/_|_...+_/7 3)
w }"1 I’z }"n
which gives the equality
1 "1
n=5+27j. (4)
j=1
For later use, we note that (2) implies
A I f 1 1 1 1
1=24+2 2+ -% and =—+-+-++ ()
}’l 7’2 }’n }"n_H Fn+1 ro }’l 7’2 }’n
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as well as
1 1 1 1 1 1 1 1
wo Ty Ty Terr 70 woFoo Ty
and moreover,
Vi<j<n  ngg<w<r )
and
Vi<j<n+1 r <. (8)

To finish this Introduction we consider the following construction which will be of
fundamental importance in all the paper. Given any measure space (2, A, i) and an
admissible (n 4+ 2)—plar, as a direct consequence of generalised Holder’s inequality and
(2), we have a canonical (n + 1)-linear map 9, : L"(2, A, ) x ]_[ WL (2, A, n) —
L'(2, A, u) defined by the rule

Y () € L (<, M)XHL'(Q w o M) =15
=0

j=1

verifying |9, (())] < ||g||L,‘O(Q) M- ||j-(/‘|L7'J/'(Q)' If (22, A, ) is N with the counting
measure, we will write simply 91 instead of 91,,. Moreover, given g € L"(S2, ), we

shall write D, to denote the n-linear map from ]_[;7:1 L7(Q, w) into L'+ (2, ) such
that

VO € [129@ 1) Do) = M (& i ). ©)

j=1

It will be important for later applications to remark that 9, induces a linearisation
map M, : (L"(K, M)@(@;ZIL";(Q, w)), ) —> L™(, u) and a canonical map

m, : (L, M)@(@:ZIL"}(Q, w), n)/Ker(ﬁTu) — L'(Q, 1)

n+l

such that |9, || < 1. Moreover, by (5) we obtain f = f o [T,/ 7 for every f = 0

in L'1(Q, ). As f = ft —f for every f € L'(2, u), it turns out that 931# is a
surjective map and 91, becomes an isomorphism such that ||sm I <2.

2. a,-tensor products and r-dominated multi-linear maps. LetE;, 1 <j <n-+1be
normed spaces. Using classical methods we can show that

n+1 n+1
2@ E | i=inf (o ) [Ten()hmr). (10)
j=1 j=1
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taking the infimum over all representations of z of type

Z—Z)\.m HxXim), XmeE 1<j<n+1, 1<m<h heN,

m=1

iS a norm on ;7:11 E;, which defines an (7 4 1)-tensor norm in the class of normed
spaces. It is interesting to note that if # = 1, we obtain the classical tensor norm o,
of Lapreste (see [3] for details).

The just defined normed tensor product space will be denoted by (®"+1 E;, )

or @, (Ei. Es, ..., E,1) and its completion by ®a, (E1, Es, ..., Eypr). Itis clear that
for every permutation o on the set {1,2,...,n+ 1} the map

m n+1 m n+1

1, Z Am ® 1 Xjm € ® Eja Or | —> Z Am & 1 Xo(ym € ® Ea(]’)s qs |,
=1

where s is the admissible (n 4 2)-pla sy := roand s; = 15, 1 <j <n+ 1, isanisometry
from (' Ej, &) onto (®"+l E;, ag). We shall use this type of isomorphism in Section
Sinthe particular case of transposmons o simply indicating that the transposed indexes
o (jo) = j1, o(j1) = jo in the way jo — j1,j1 — Jjo-

To compute the topological dual of an «;-tensor product we set a new definition.

DEeFINITION 1. Let F and E;, 1 <j<n be normed spaces. A map T €
L*([1/=, Ej, F) is said to be r-dominated if there is C > 0 such that for every 4 € N and

every set of finite sequences {Xjk}zzl CE, l1<j<mnand {Y§¢}Z=1 C F’ the inequality

n

my ((‘(T(xlk, X2k - -+ > Xnk)s yk)‘)z:l) <C 1_[8,./4<(xjk);n=1) e, ((yi)zzl) (11)

j=1
holds.

It is easy to see that the linear space ‘ﬁr(]_['7:1 E;, F) of r-dominated n-linear
maps from []_, E; into F is normed setting P(7) := inf[C >0 | (11) holds ] for

every T € ‘,Tjr(]_[j';1 E;, F), becoming a Banach space when F does. The interest on
r-dominated multi-linear maps follows from the next result.

THEOREM 2. (®a'(E1, E,, ...,E, F)) = ‘43,(]_[7:] E;, F') for all normed spaces F
and E;, 1 <j <n. ‘

Proof. (1) Given TeﬂS,(]_[;’zlEf,F’> and z=Y"7_ M (®xjk) @ yr 1n

(®]’7=1 E)®F we define ¢,(z) = Z’;:l Ak<T((x1k, Xks -5 Xnk)), yk>. It follows
directly from Holder’s inequality, Definition 1 and (10)

0,)| < PUT) ear(z) = o, || < Pu(T). (12)
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(2) Conversely, let ¥ € (®,, (E1. Ex. ..., Ey, F))/ . We define Ty, € £"([T-, E;, F')
as
n
Vool e [T5 YyeF (Ty(im) ) =v(mexe. . xey).
Jj=1
Given {xjk}’,zz1 CE, 1<j<nand {yk}2=1 C F, h e N, we have

h

S((CCTBEY MEETI)S
@)eB [12)
v (Xh: (L %) ®yk>

k=1

o ¥ () 8)

= sup
@)eB

n

= sup |w] o (@ois)) [T e (Gooinr) | e, (000iz)

)EB r .
(ax)e ,_7/10 Jj=1

< 1ol (TT oot} e (600

J=1

By o (F”, F')-density of F in F” the latter inequality also holdswhen y; € F”, 1 < k < h.
Hence, Pi(Ty) < || and clearly ¢y, = ¥, giving by (1) P(Ty) = (K4 O

The name of r-dominated multi-linear maps is suggested by the following
characterisation.

THEOREM 3. Given Banach spaces E;, 1 <j <nand Fand T € [Z"(]_[j';1 E;, F), the
Jfollowing assertions are equivalent.

() T e BT, By, F).

(2) (Pietsch—Grothendieck’s domination theorem) There are Radon probability
measures j, 1 <j <n (resp. v) in the unit balls Bg, (resp. in Bpr) and C > 0 such
that, B; (resp. Buy1) being the o-algebra of Borel sets in Bg (resp. Bpr) for every

(x])j"=l € ]_[J:1 E; and every y' € F' one has

(o)) < s

Moreover, P(T) = inf C taking the infimum over all C >0 and u;, 1 <j <n and v
verifying (13).

(3) ( Generalised Kwapien's factorisation theorem) There exist Banach spaces M; and
linear maps A; € PBr(Ej, My), 1 <j=n and an n-linear map S : ]_[]'.’=1 M; — F such
that T = S o (A1, A2, ..., A,)) and the adjoint map S’ € Br (F/, E"(]_[]’.'=1 M;, R))

(13)

/ X + .
Lt (Bpr, B v) o o LTy, By, wy)
Jj= i

Proof. (1) => (2). Clearly, the restriction to C((Bg,o(E', E))) of each W €

(L°°(BEf))/ is a Radon measure. Then condition (2) follows from (1) directly by
definition of r-dominated maps and the very general result of Defant ([2], Theorem 1).
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Moreover, the proof of that result allows us to obtain
inf{c >0 ‘ (13) holds] < P(T). (14)

(2) = (3). Let uj, 1 <j < nand v be probability Radon measures in the unit balls
By and Bp, respectively (with corresponding o -algebras B; and B, of measurable
sets) such that (13) holds.

Put Q:= ]_[]:1 Bg provided with the product measure u := QL 1) and its
corresponding o-algebra B of measurable sets. For every x; € E;, 1 <j < n, we define
the map Gy, : @ —> R given by G,,(X) = (x;, x;) for every x' = (x, x5, ..., x},) € Q.
Clearly, as a consequence of Fubinis theorem, we have G, € L";’(Q, B, ,u) and,
moreover, for each )’ € F’ the inequality

LCREY

(15)

YL@, B w

n
=cn,, [T]e
= P B, By vy "

]:

holds still.

Define 4; € L(E;, Li(Q, B, w), as Aj(x;) =G, for every x; € E; and M, :=
A;(E)), taking the closure in L'I(2, B, i) and providing it with the induced topology.
It is easy to check (classical Pietsch—Grothendieck’s domination theorem) that

Vi<jsn A ePyEM) and Py4) <. (16)

Now we define the multi-linear map S : []/_, 4,(E;) —> F as

Ve e[15  S(Gy) = T(())-

J=1

S is well defined because (Gx/.)f:1 = (ng)?zl implies G, = Gx, € L7(Q, B, ), 1 <j <
n and ' '

n

T((xj)le) (x])j | Z T(X1, .o Xjm1 X — Xy Xj 1 - o, Xn)
j=1

and by (15) we obtain ||T((xj);’:l) - T((x; 7:1)” = 0. Equation (15) also gives the
continuity of S and hence it can be continuously extended to a map (still denoted
by S) in L”(]_[;’ZIM,,F). To finish the proof, we only need to see that S’ €

Br,,, (. L7(TT12 M5 R)).
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Given {y%}Zzl C F', h e N, fix a finite sequence {ozk}f=1 verifying H(oek)zzl oo
1. For every ¢ > 0, there are G_W € By, 1 <k <h, 1 <j<nsuchthat
S' ()

Visk<h | (SO0, (G| + e L.

<|
(T, M;.R)

Hence, from Holder’s inequality and (13) we obtain

S')

m(SO0L) = s (Y]
k=1

(BOEB i £1(IT- M)
h

< s [Ya (|(s00. G )| + s|ak|)‘
k=1

(ﬁk)EB[’/'nJrl

1

h , N
/ rn+l ntl
= sw 80| ( D2|0k T(ea)
(ﬁ]\')EBL’}II-Fl h k=1
h /
te sup ol . J@ois] .
h h

(Br)e B£;’)1+1

7
¥ "1
n+l

L, B, w

Lo T
dv(y”)) +e&

" n
+1
<C Hf " | | HG\,,
— Vi I Xjk
LtV (Bpr, Buyr, v)
J=1
1

<C ( ( /B Kyky>
=C (/B i‘(ﬁw”)

" k=1

h
k=1
h
k=1

_1
L et
o) e

1
< Con (B8 o(Br) o= (00)

and ¢ > 0 being arbitrary, the result follows. Moreover, by (16) and the definition of
P, (S') we obtain

n
P, (8) [Py =cC. (17
j=1

(3) = (1). Assume there are Banach spaces M; and maps 4; € ‘B,.;(Ej,]llj),

l<j<nandSe L‘”(l—[;’:l M;, F) such that S’ € pU (F, Ll”(]_[j'.’=l M;, R))and T =
So ((4),)- Given finite sequences {x;}i_,; C Ej and {y};_; C F', h € N, using (2)
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and Holder’s inequality we have

(s ) =

(ak) EBLV'O

h

) ak((Af(xfk))Ll)’ S/(V;‘)>

k=1

< sup Z |ouk | HS’(yk)

(Otk)EB /0 k=

(M MpR) 4 H HA (x]k)H

h
< sup H(ak)kzl‘ o
(Olk)EB[;() [/1

[T o ((es00y) | e ((5000)
j=1

n

v, ) TT 2ot | oo (600) (1T or(G)ly)

J=1 J=1

and hence T € ‘Is’r(]_[}':l E;, F) and

P(T) <P, (SH]] Pu4). (18)

j=1
The assertions about P,(7T') follow from (14), (17) and (18). [

Theorem 3 can be used to find some equivalences between some tensor norms
oy and oy derived from different admissible (n + 2)-plas r and s on certain classes of
Banach spaces. We present some results of this type, which will be of fundamental
importance in the final section of the paper.

COROLLARY 4. Let r = (r])'H' be such that v ntl <2 and let s = (sj);’;’ol be an
admissible (n + 2)-pla such that She1 <2, ands —1 ,1<j<n IfE,1<j<n+1

E; .| has cotype 2, one has (®j:1 ar) ~ (®Jn+11 o).

Proof. By Theorem 2 and the open mapping theorem it is enough to see

that Bs([T, Ej» E,41) = Be([T21 Ej» E,,,)- Given T € Bs([T2, E, E,,,) and using
Kwapien’s generalised theorem, we choose a factorisation 7' = C o (A_ )i— throughout

some product ]_[” M; of Banach spaces in such a way that 4; € By, ( ; j), 1<j<n

and C' € Py I(E,;’H, L'([Ti2, M}, R)). Being E; | of cotype 2 and 1}, < 2, Maurey’s

theorem ([3] Corollary 3, Sectlon 31.6) and Pletsch s inclusion theorem for absolutely
p-summing maps give C' € Py (E,, |, LTy M, R)) € B, (E),.. ([T M}, R)).

As ri=s,1<j<n, by the sufficient part of Kwapien’s generalised theorem we

obtain Te‘p,(]—[ ,E,.,). In the same way we show P ([T, E;, E,,,) C
Ps(IT=, E,.) and the proof is complete. 0

are Banach spaces and E

COROLLARY 5. Let E;, 1 <j<n+1 be Banach spaces and let r = (rj)”+1 be an

admissible (n+2)-pla such that r; > 2 for every 1 <j<n-+1. Let s= (s])"Jrl be
another admissible (n+ 2)-pla such that 2 <'s; for every 1 <j <n and sy11 = rpy1.

Then (@ZlEj, ) A (®7+11E17 o).
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Proof Arguing as above, we only need to show that P([TL, E;, E,,,) =
PBe([T) E n+l) The crucial step is the proof of the inclusion ‘ﬁr(l—[ E.E, )
C ‘135(]_[] 1 E]_ ) since the proof of the converse inclusion can be made exactly in
the same Way

Let T € ‘I?r(]_[;’ VEjs E;H—l) By the proof of (2) = (3) in Theorem 3, there
are a probability space (2, B, n), maps 4; € P, (E; L2 1)), 1 <j<n and a
map S € L"([Ti, 4/(E)), E,,,) such that S" € P, (E,’{H,[Z"(]_[j | A/(Ep), R)) and
T=3So ((A )i )- Consider the tensor products % : (® (L2, ), 7) and 9, =
L (%, ,u)® % . The canonical linear map zm from $, onto L™+ (2, ), (recall the
notation of the introductory section) induces an isomorphism 93? from the quotient
space K| := 9, /Ker(9M,) onto L+ (2, ). Asr,q1 < 2, Kj has cotype 2.

Let W, : $, —> K be the canonical quotient map. Forevery 1 < j < nwe consider
the map y; € L(L"(R), H) defined by

Yiize LN(Q) — (%] ® 4] ® @ [4e] ®20 [Xo] ® - ® [ %]

(z in the position j+ 1) and define %; := y;(L"/($2)). [x.] being of dimension 1 is
complemented in each L7(2, u), p > 1. It follows that ¥, is a complemented (and
hence closed) subspace of §,. Define F; := A;(E;). Clearly H; := ¥;(F;) is a closed
subspace of T;. O

CLAIM. For every 1 <j <n, W (%)) is closed in Kj.

Proof of the Claim. Fix 1 <j <n. Let P; € L($,T;) be a projection and let
W; = Ker(P;) ® (Ker(imu) NE;). The quotient space Ky; := $,/W; is well defined.
Let Uy € L‘(ﬁﬂ, K;) be the canonical quotient map. The map

Vze$H Lj : \I’Zj(Z) € sz — Y0 Pj(Z) S \Ill(ij) c Kj

is well defined and continuous. In fact, given z; = Pj(z1) + (I, — Pj)(z1) € Hr and z, =
Pi(z2) + (I — Pj)(z2) € Hr (Ir denotes the identity map on $,) such that Wy(z;) =
Vyi(22), as (I — Pj)(z1) € Ker(P;) C W and (I, — P;)(z2) € Ker(P;) C W, we obtain
\Ifzj o Pj(Zl) = \Dzj o Pj(Zz), ie.

Pi(z1))— Pi(z) € W = Pi(z1) — Pi(z2) € Ker(M,) NS; C Ker(M,,),

and hence Li(z1) = W o Pj(z1) = V) o Pj(z2) = Lj(z2) and L; is well defined. On the
other hand, given Wy(z) € Ky, thereis w € T, such that \Ilzj(w) Wy(z)and |wl|, <

2 [|wy(2) ||sz. Then

|20 952 g, = L 0 Wa(w) | = [ @1 0 Pi(w)] ¢,
= el 12:] lwl,, =2 12] 1%,

and L; turns out to be continuous. But, clearly, L; is surjective. Then the canonical
mduced map L € L(K3;, Ki) from the quotient space K3; := K»;/Ker(L;) onto K; is an
isomorphism. Let W3 € L(K>;, K3;) be the canonical quotient map. Note that we have

W]OPj:LjO‘-IJz/:Z/O\I—’3jO‘-IJ2/'. (19)
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Next, take ze W((%)). There is a sequence {z,}0o, C %, such that z=
lim,;,, oo W1(2z,) in K;. Then {L (z,,,)} >_, is a Cauchy sequence in Kj3;. By a standard
procedure (see ([8], Section 144 (3)), for instance) and switching to a suitable
subsequence, if necessary, we can assume that there is a sequence {w,}5_; C $ such

that
VmeN Wy oWy(wy) =L (zm) = W3 0 Wy(zy) (20)
and
Vomk €N Jum—wil . <2 [ @y0mm) — U0, < 41T G - TG0,

Then {w,}5_, is a Cauchy sequence in T, and there exists w = lim,,_, o Wy, € Hr. By
(20) we obtain

W35 0 Wy(zn) = W35 0 Woj(wy) = W35 0 Wi (Pi(wi) — (Ix — Pp)(wim)) = W3j 0 Wa; 0 P(wy,)
and since P; is a projection and P;j(z,,) = z,,, by the definitions of W3; and L;
\Ijl(Zm) =WYoo P (Zm) =4Ljo \p2j(zm) j © \I’ZJ o P (wm) Vo Pj(wm)

and Wi o Pi(w) = limy_, o Wi 0 Pi(wy) = limy— 00 W1(z) =z. As Piw) € F;, we
obtain z € ¥ (%)), and W;(F)) is closed. ]

End of the proof of Corollary 5. Let ®; be the restriction to T; of Wy. Let Wy; be the
canonical quotient map from T; onto the quotient space Ky := T;/(T; N Ker(M,,)).
The map (b 1 Wy 0 Yi(z)) € Ky —> ;0 Yi(z)) € D4(T)), z; € F;is well defined. In fact,
ifz; e F and:{l&v o Yj(z; — z;) = 0, we will have wj(z] - z]) € Ker(i)ﬁﬂ) and hence, by
deﬁnition of 9, and ¥, one has z; = Z; and ®; o ¥(z;) = ®; 0 Y;(Z)), turning d> well
defined. The same argument shows that <I> is 1n]ect1ve By the claim ®(%;) is closed
in K;. As CD is clearly surjective by the open map theorem it turns out that dD is an
1somorphlsm from Ky; onto ®,(%)).

Next, remark that given z; € L7(Q, w) and ¢ > 0, there is Z; € L'1(2, ) such that
\I’4j o I/fj(Zj) = \IJ4]- o }[/j(zj-) and

[viGlls, = 194 0 viGllg, +2 < 1871950 Wy 0 vzl g, +e
=87 190 vzl +2 < 197 ¥zl +e-

But, as we have shown previously, W4; o ¥;(z;) = Wy o ¥;(z;) implies z; = Z; and so
¥i(zj) = ¥;(Z;). Then ¢ > 0 being arbitrary, we obtain

[viels, < 1951 190wl < 195 il s

which means that ®; is an isomorphism from ¥; onto ®;(%)).

As a consequence the isomorphisms F; &~ H; ~ ®;(H;) hold and F; has cotype 2
because @;(H;) is a closed subspace of K, which has cotype 2. As 4; € B,/ (E;, F;), by
Maurey’s theorem ([3], Corollary 3, Section 31.6) and Pietsch’s inclusion theorem for
p-absolutely summing maps, we obtain 4; € ‘B (E;, Fj) C ‘BS; (Ej, F;). It follow from the
properties of S and from Kwapien’s generalised theorem that 7' € &]35(1—[ EE, +1)
as desired. ]
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COROLLARY 6. Let E;, 1 <j<n+1 be Banach spaces and let r = (rj);:ol be an
admissible (n 4 2)-pla such that r;, < 2 for some 1 < jo <n + 1 and r’ > 2 for some 1

J1 #Jjo < n+ 1. Choose sj, < rj, and define - l == + - — 7 ands/ =r, 1 <j#jo
“lo

n+1.Thens = (sj)}’ is an admissible (n + 2) -pla such that so < coand (®”+1 E;, )
(®n+1 E )

Proof. After the eventual transposition j; — n+ 1,n+ 1 — j; we can assume that
j1 = n+ 1. Then the proof is essentially the same one of Corollary 5 because we have
rpe1 < 2 and Maurey’s theorem will be still applicable in the ‘axis’ jj. O

IATA

%

Another application of Theorem 3 concerns to the approximation of r-dominated
maps by finite rank maps.

THEOREM 7. Let E;, 1 <j <n+1, be Banach spaces with duals E; having the
metric approximation property and such that each E’ 1 <j < nhasthe Radon—N ikodym

o
property. Then ‘}3,(]_[ E;, E}/1+1> (®j" VEl, o).

Proof. Let T e P, (]_[7:1 E, E, +1). By Kwapien’s theorem (Theorem 3)
there are Banach spaces M; and operators 4; € P (E;, Mj),1 <j<n and Se€
L (]_[7:1 M;, E;H) such that 7' = So (4, A2, ..., A,). Since every E} has the Radon-
Nikodym property, by the result ([10], p. 228) of Makarov and Samarskii, each 4; is a
quasi r}-nuclear operator. By ([12], Theorems 26 and 43) there is a sequence

f//r 00
{Bi =Y xu, @my | cE @M,

si=1
of finite rank operators such that

Vi<j<n Ilim P.(4; — Bj) =0. 2n
h—oo 7

In particular, every sequence {Bj};2, is a Cauchy sequence (and so bounded) in
T (E, M), 1 <j<n.
Since for every (x;)/_, € [[/_; £; and i € N, we have

15 Jh

(50 (B ) (o) = s((z(x_;,mj, shms)_ )

tin tuh

=2 X (n jtsj> X ) S((mns)iy)
s1=1 =1 j=1
it turns out that S o ((th) el (HJ 1 E..,) has finite dimensional range and
37 tuh il

((B]h ) Z Z ( hs) ® S((mjng)) ®E/

s1=1 sp=1
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e~

With a similar proof to the one given in [3] it can be seen that (®jn:1 E, a;) is a

topological subspace of ‘Br(]_[;'zl EE, +1). Hence, by Theorem 3, (18) and (21)

Oél,.(So (Blhv By, ..., Bnh) —So (Blkv By, ..., Bnk))

n

= Pl’ Z(SO Blka ] Bj—l,ka B/h - B/ka B/+1h7 B Bnh)
=1

< P () P8 - B [T Pus)( [ Puten)
j=1

1<s<j Jj<s<n

is arbitrarily small when % and k let to infinity and so there exists z := lim;_,,, S o

—~n+1 . .
(Bin, Bap, - .., Bup) € (®j:1 E|, a;). On the other hand, it can be shown in an analogous
way that

lim P,(T — So (B ;.;1)) = lim Pr<S o ((A))) = So ((B,h);zl)) =0

and hence T = z. O

3. r-nuclear multi-linear maps. With the same methods used in the classical
case of Lapreste’s tensor topologies, it can be shown that every element z
®ar (El, E,,...,E, F ) can be represented as a convergent series

(o]
2= (@ 1m) ® 2 22)

m=1

where (A,,) € £, (Xj)o_, € K";(Ej), j=1,2,...,nand (z,)°, € '+ (F). Moreover,
the norm of such elements z can be computed as in (10) but using representations (22)
and / = oo. e

If F is a Banach space, every z € (80[r (El, E,....E, F ) defines canonically a

multi-linear map 7. € £" <]_[]’7=1 E.F ) by the rule

n

v (x});l=1 € HEJ/ T;((X]/-);:l) = Z Am 1_[ <x{n’ x:n> Zm- (23)
j=1

m=1 j=1

Remark that 7, is independent on the representing series (22) for z as a consequence
of Theorem 2 and the easy fact that (Q7_, E}) @ F' C &B,(I—[;': VEj, F ’) canonically.
In this way we have defined a canonical /inear map

d:.ze E\,E,...,E,F)—T.e" - E,F), (24)
Olr( ) sl ]
Jj=

which suggest the next definition.
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DEFINITION 8. A multi-linear map 4 € £" (]—[;7:1 E,, F ) is said to be r-nuclear if it
is the restriction R(T?) to []_, E; of a map 7. for some z € . (E}.ES, ... E)F).

It can be shown that the set 91, (]_[;7:1 E, F ) of all n-linear r-nuclear maps from

[T_, £ into F becomes a Banach space under the r-nuclear norm
Ny(4) = 1nf{oe,(z) ‘ A=R(T.), z €&, (E|, E) ..., E, F)}
if all £;,1 <j < n and F are Banach spaces. r-nuclear maps can be characterised by

means of suitable factorisations as follows.

THEOREM 9. Let F and E;, 1 < j < n be Banach spaces and T & L”(]_[;’zl E;, F) T
is v-nuclear if and only if there are maps A; € L(E;, Z"/"), 1<j<n, Ce LW F)and
A= (M) € £ such that T factorises in the way

T
[T E F
(Ap)i c
[T, €7 > e
A

Moreover, Ni(T) = inf (H;:l ||A,||> |Di|| |C|| taking the infimum over all
factorisations as above.

Proof. The proof being quite standard (compare with [9]) is omitted.

REMARK. By Theorem 9, (2) and the compactness result of Alencar and Floret ([1],
Theorem 4.2), if ry < 00, every r-nuclear mapping is compact.

As an application of Theorem 7 we can obtain a sufficient condition in order that
the map ® be injective. Although the formulation of this condition is far to be optimal,
it will be enough for our applications in the sequel.

COROLLARY 10. Let E;,1 <j<n be reflexive Banach spaces having the

approximation property. Then, for every Banach space E,i\ such that E, , has the

A
metric approxzmatlon property, the map ® in (24) is injective and so (®"+

(1_[/ 1 n+1)
Proof. Since we have actually ® € E((@;_TE- ar), We(TTie) By Ens )) it is

enough to show that this map is injective. It is easy to see that ®"+1E’

E. o) =

( ([T E ,,+1)> . Now Theorem 7 implies that the transposed map

o (‘ﬂr(ﬁ E, En+l))/ — iﬁr(l_[E Er/1+1>
j=1 Jj=

has dense range, getting the injectivity of ®. ]
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4. r-integral multi-linear maps.

DEFINITION 11. Let E;, 1 <j < n, and F be Banach spaces. A continuous n-linear

map 7 from []_, E; into F is called r-integral if Jr T € (R (Er, B>, ..., Ey, F))

The norm of JT in that dual space is taken as definition of the r-integral norm
L(T)ofamap T € 3,(1—[;'21 Ej, F), the set of r-integral multi-linear maps from [, E;
into F. (J;, I;) turns out to be the maximal ideal of multi-linear maps associated to the
(n + 1)-tensor norm ¢ in the sense of Defant and Floret (see [3], and Theorem 4.5 in
[S]). The next theorem gives the prototype of r-integral maps.

THEOREM 12. Given a measure space (2, A, u) and g € L' (2, A, ), the canonical
multi-linear map Dy : [Ti_; L"(Q, A, ) —> L™(Q, A, w) is r-integral.

Proof. Let S;, 1 <j <n be the subspace of L(Q, ) of simple functions with
support of finite measure. Every S; being dense in L(Q, ), it is enough to see that
D, € (®ar’ (81,82, ..., Sy, L'1(£2, 1)) (density lemma for (n + 1)-tensor norms).

Fixz € ®04 (Sl, Sy Sy, L (2, [,L)). There exist finite dimensional subspaces
M; C §;, 1 <j < n generated by the characteristic functions {x,, }zzl of a finite family
of pairwise disjoints sets of finite measure {Bk}£=1 C A, and there exists a finite

dimensional subspace N C L'»+1(, p) such that z € ®(My, M», ..., M,, N). Then
forevery f; e M;, 1 <j <nmandf,;1 € N, using (4)

(@7:11]-,Dg)=<(®7:12hjajkxgk)®fn+1,Dg>=Zhj [Teo (x4, &Sun1)

k=1 k=1 \j=1
h 1 n < )
= - /i du) Xs, & Jnt1
o HB"\ ( By .
_ L
h 1 n ro o
) D 1 fB gl dp
= < lgl” d:“f) 1_[ ( T f/ d“) <uxtyfg’fn+l .
k=1 B J=1 \p(By)7 7P B
Asa consequence
Vze @M, M, ....M,. N) (z.Dg)=(zV) (25)

where we have defined

1

(/. g1 i)

W(By)

1
P

h
V= Z( el du) " (®ien) ®
k=1 k

X5,8

1
and where gj is the class in L"(2, u)/M ,l = MJ/ of the function u(By) 7 Xs, for every
V1 <j<n, 1<k <h. Moreover, (the class of ) Xs,8 € N’ for every 1 < k < h since
Xs,8 € L(2, ), and by (8) we obtain X5,8 € L'+ (2, u), By being of finite measure.
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Note that by finite dimensionality

Ve@Mi. M, ... .M, N)=(Q(M1, M, ....M,,N)). (26)

Oy a

Now we perform some computations. The first one is

L h h %
(([rran)) )= (S ) = teher
B k=1 =1 7 B

In second time, for every 1 < j < n, using (4) and Holder’s inequality, we obtain

G

h

8".?-((%’");1): sup Z ! ( fdu>r,

0= \ i1 (B, )
1
h g
< sup [ (/ lfl/du> M(Bk)
V1= \ k=t M(Bk7
1
/
< sup /|f|1du = sup Hf“ =1 (28)
W, <1(Z v, <1 @
L@ L)

Finally, by Holder’s inequality and (6) we have

1 h
1 ; 0
&, <M(Bk) ( lgl"™ du) Xs, g)
Be k=1

ZM(Bk) (/ lgl™ du)

1

, _r
’ 7
"n+1 "nt1

HfH =1

1n+|(

(/ gf dlu) n+1
By

dn) | = AL
HfH <l (Z lfl M) |lf|| <l (f V| M)

<
Ln+l(m le+](Q -
(29)
Then, by (25), (26), (27), (28) and (29),
(2. Dy)| < p(z: Q) (M1, Ma, ... My, N)) (Vi Q) (M. M, ... M, N'))
< o (= @My Moo My ) Ll e
and, o, being a finite generated (n + 1)-tensor norm,
2] = o4l @St Sav e Sun L2 ) ] oy
which means I(D,) < ||g|| o (I

L'0()
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To find a characterisation of r-integral maps we need to use ultraproducts (£, )y
of a given family {E,, y € &} of Banach spaces over an ultrafilter ¢/ on the index set
&. For this topic our main reference is [16]. We use the natural notation (x,, ), for every
element in (E), ).

Given a family {7, € £"([T, E), F,). | y € } of maps between the cartesian
product ]_[}1=l E]y of Banach spaces E’y and F,,1<j<n, ye®, such that
sup, e || Ty || < oo. there is a canonical n-linear continuous ultraproduct map (T, )y
from the ultraproduct (]_[]’7=1 E{,)M into the ultraproduct (F), )y such that for every
X = ((x’y);zl)u e ([T £1),, we have (T,),,(x) = (Ty((x’y);l:l))u. The main result
we shall need is the following factorisation theorem.

LEMMA 13. Consider a family of canonical maps Dy, ]_[j'.’:l O —> gy e ® £
#) defined by a family of elements {gy| y € 8} C£" such that 0 < sup, . ||Dgy H < 00.
There exists a decomposable measure space (2, M, 1), a function g € L'(Q, M, )
and order onto isometries X; : (Z’f/‘)u — L(Q M,p), 1<j<n, X: (), —
L0(Q, M, ) and Xyy = (£7+1),, —> L™1(Q, M, ) such that the diagram

n v, (Dgy )L{ r
(7)), - (U
(xj);;l x;ll

, D
[T L) : - L1 ().

is commutative. Moreover, | Dg|| = |(Dg, Ju| -

Proof. By (5) and a factorisation result of Raynaud ([14], Theorem 5.1), there are
decomposable measure space (€2, M, ) and isometric order isomorphisms

To (07), — L@ M), X (€0), — LU M), 1<) <n

and X, : (€7),, —> L™(Q2, M, ) such that, M, being the map corresponding to
y € & (recall the notations introduced in Section 1), we have (I, )y = %;Jil oM, o
((3))_,)- The lemma follows taking g = Xo((g, Ju)- O

Now we can obtain the following characterisation.

THEOREM 14. Let E;, 1 < j < n and F be Banach spaces and T € L”(l—[;':l E;, F).
The following are equivalent:
(1) T is r—integral.
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(2) JET can be factorised as

1_[” E: T F JF - FV
=1L
(Aj);:1 C
[T, L2, M. ) > L(Q2, M, 1)
g

(30)
where A; € L(E;, L'(Q, M, ), 1 <j<n, CeL(L(Q,M,p),F") and Dy is the
multi-linear diagonal operator corresponding to some g € L' (2, M, ). Moreover,

(1) =inf [ Dg] [ TTl4 31)
j=1

taking the infimum over all factorisations as in the previous diagram.
(3) JrT can be factorised as above but (2, M, ) being a finite measure space and
g = Xq. Formula (31) holds too taking the infimum over the factorisations of that type.

Proof. (1) = (2). This can be done using standard methods with the help of
Theorem 9 and Lemma 13 (see, for instance, [9] for a detailed development of the
method used in a similar framework).

(2) = (3). Given ¢ > 0, select a factorisation of type (30) with g € L"(2, M, u)
and such that

Il oo ICI TTI4] < 1T + 2. (32)
j=1

After projection onto the sectional subspaces L7 (Supp(g)), 1 < j < n if necessary,
we can assume that Q = Supp(g). Consider the new finite measure v on (2, M) defined
by

YVMeM v(M):/ gl du
M

and the mappings

o

Vi<j<n Hj:fie L'i(Q.pn) — H(f)=flgl 7 €LN(Q,v)
and
g I, > g *-’i T
Hyp: f e L'N(Q, u) — Hy () =1 gl 1 e L'™(Q,v).

By Radon—Nikodym’s theorem

| m0)

A T
H n+1(f) L1 (Q,v) Ln1(Q,1) L/j(Q,u) J L/]'(qu/’—)
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and for every (f)._, € [T, L(Q, ), using (2)

. " " T — ’0(%72;;1 *) -
(Holy o Doy o Y ) () = 110 [T frlel o =1l = T
j=I

J=1

= |g|r0<ﬁ_l+%+ﬁ> ﬁﬁ =& ﬁﬁ = Dg((];');;l) (34)
Jj=1 j=1

As x, € L'"(2, v), joining the factorisation (34) with the initial one we get our
goal and, moreover, by (33) and (32)

n
W(T) < [Co B4 [y | TT 10 4]
j=1

< [C| |Hur1 o Dgo B TT 14/] < 1D + . (35)
j=1

(3) = (1). It is immediate by Theorem 12 and the ideal properties of multi-linear
r-integral operators. U

5. Applications to reflexivity. Previous results allow us to obtain some
information about the reflexivity of completed tensor products of type «.

THEOREM 15. Let E;,1 <j <n e N and F be reflexive Banach spaces such that
E// 1 <j < nand F' have the metric approximation property. Given an admissible (n +

2)-plar, the space @, (Ev, Es, ..., En, F) is reflexive if and only if
m(]‘[ Ej. F) = 3(]‘[ E|, F). (36)
=1 j=1
Proof If (36) holds, by Theorem 7 and Corollary 10 we obtain
(@ar(El,Ez, EnF)) - (m(]‘!EJ F)) — (@a;(E{,EQ, . -.,E,’,,F’))’
yl
= j,(]i! Ej, F) = m,(]i!Ef, F) = @ar(El, Ey.....E.F).
= =

Conversely, if @a, (El, E,...,E, F ) is reflexive, by definition of r-integral maps,
Theorem 7 and Corollary 10 we obtain

3,(ﬁ5<, F) = (‘B(HE, F)) = @ar(El,Ez,  EnF)= m(]‘[E F).
J=1 j=1 =1

0
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We apply Theorem 15 to characterise the reflexivity of (® Low, ay). First, we
need a lemma.

LEMMA 16. Let r = (r ])”Jrl an admissible (n + 2)-pla verifying ro = oo and let
1< u] < r for every 1 <j<n+1. Then there exists a non compact map T €

3, (H;?:l guj’- , Qi )

Proof. Let I := [0, J[ and I, := [Y0, . 04" L[ if m > 1. Themap 4; : (B) €

1
77

0 — 3 B (L) X, € L'i([0,1], ), 1 <j < n(uis the Lebesgue measure on
[0, 1]), is well defined and continuous since

=

, _ (s 1Bnl” ,
|4;(B) | = (r; Al m>> <B4

Take g = x,, € L*([0, 1], n). Consider now the closed linear subspace F
generated by the set {x, , m € N} in L"+!([0, 1]). The map

Q:f e L™ (0, 1) — Z (,) (Ifdu> X, €F

is continuous, since by Holder’s inequality

1

ol = (S (fran) " war ) :
m=1
(B () i

It is immediate that Q is a projection from L™+ ([0, 1]) onto F. Finally, consider the
map

L+1([0.1])

o
1
C :f = Z,Bm X[,,, € F— (,Bm /.L(]”1)r’l+l) = gunﬂ

m=1
is continuous since 1,11 < u,y; and

1

1
S Uy, ) o "n+1
HCU N gner = (Z |ﬂ,,1|“"+‘u(1m)fn+5> < (Z |ﬂm|r"+‘u(lm)) =[] -

m=1 m=1

Hence, T := Co Qo Dyo ((4)",) € Fe([Ti, £, £+1) but T is not compact,
since using (2) ‘

1 1
VmeN T((ems €y enns em)) = w(ly) 1 ey = €.
(L) 1

We can now state the main result of this section.
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THEOREM 17. If'1 < u; < oo for every 1 <j <n+1, (@::116”1', oz,) is reflexive if
and only if at least one of the following set of conditions holds:

(S1) There is 1 < jo < n+ 1 such that w; > 2 and u; > r; for all 1 <j # jo <n+ 1.

(S2) There exists 1 < jy < n+ 1 such that uj’ >2foreveryl <j#jo<n+1and

1
1 H
To 1 Y

and moreover, there exists 1 < ji # jo < n+ 1 such that r; > 2 for every 1 <j # ji <
n—+1.

(S3) We have uj/ > 2 forevery 1 <j<n+1, and there exists 1 < jo <n+ 1 such
that r_}o <2 and

1

=
+

>
1

" (38)

1
u,

N =
<

i

4

-0

(S4) There is 1 < jo < n+ 1 such that uj’.O =2, r]’-

, <2, u;> 2 forevery 1 <j#jo <
n+1and

L
-y L (39)
u.
1</

S
+

N =
i
B,

Proof. (Sufficient conditions. Case (S1)). After the transposition jyo —> n+ 1, n +
1 — jo if necessary, we can assume jo =n+ 1 and so u; > 2 and u; > r; for every
l<j<n

By Theorem 14, given T € J,; (]_[;’:1 0, K“ﬂ“), there are a finite measure space
(Q. M., p) and mappings 4; € L(€", L'i(Q, 1)), 1 <j <nand C e L(L"™ (2, ), £°)
suchthat 7= Co D,_o (Aj)j'.;l. By Rosenthal’s result ([15], Theorem A.2) every 4; is
compact, and by the metric approximation property of £, there is a bounded sequence

Kim o
Am =Y Xk ®fpt CLYQLIL, p) (40)
k=1 m=1

such that

— 0. (41)

Visjsn  fim |4 dpl o, =
=/= Tl i@y

m—00

Define 7,, := Co D,_ o ((Ajm /'?:1) forevery m € N. Arguing asin Theorem 7 and using
Theorem 14 we obtain forevery 1 <j <nandm e N

[CoDy o (Aum ey Aptms Ay = Ay At Aun) 1, C Jr(]_[gu;, gu,,+1)
=1
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and by (41)

n
(T = T,) <> 1(CoDy_ o (Aim - At A = Aj. Aji1. ... Ay))
j=1

<w@? ] Y=l | [Tl | | TTI40). @2
Jj=1

1<s<j Jj<s<n
which approach to 0 if m — oo. But actually we have

Kjm u
T =) (&%) ® (Co Dy, o ((fj)) € M (]_[ 24, e“w)_

k=1 j=1

It follows from Theorem 7 that N.(T,, — T;) = I,(T,, — Ty) for m, s € N and using
(42), it turns out that {7,,} | is a Cauchy sequence in M ([TL, €4, ¢"+1). Then
T € M([Ti, £, £*+') and by Theorem 15 (@;’:118”/, ay) is reflexive.

Case (S2). Let 1 <jj # i §n+lsuchthatu]f >2,1<j+#jo gn—i—l,r]’. >21<
j# 1 <n+1and (37) holds. In a first step we are going to see that we can assume
ri, = 2 too.

Consider the case that r}l < 2. In such a case we have ] > 2 because jo # ji. If
Ji =n+1, defining s, =2,sj/- = r_;,l <j <nand % = %—l—% — % we obtain an

n+1

admissible (n + 2)-pla s = (s/)”“ verifying (37) still and such that, £“ having cotype

2, by Corollary 4, we have (® 1@“ ay) X (® 1@“! ag). If 1 <j; < n, atransposition
jion+ln+1—j would reduce the situation to the just considered case. So, in
the formulation of case (S1) we can assume that rj >2,1<j<n+1.

After the eventual transposition jo—>n+1,n+1— j, we can assume that
u/ > 2forevery 1 <j <mn, r > 2forevery 1l <j<mn+1and(37)holds forjo =n+ 1.
Using (5) this last Condltlon can be written in the way

" 11

—+ Z (———) > (—,——,). (43)

. u. r.
U 1<) 4 Glrzuy N7

For every 1 <j < n such that rj’- > uJ’-, choose 2 < t]’- < u]’- close enough to uj’- in order
that

n

1 1

—=—+ Z (———) > (?—7>>0. (44)
U Ir<u) N1 =\ T

Now define 7; := r;if r; < u}, 1 <j < nand ty41 = ryt1. By (2) we have

SR () ()

fns1 I gin<u) Ginzay N

~
X
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and it turns out that t = (tj);?iol is an admissible (n + 2)-pla such that 2 < #; < u; and
' —n+1
1; <rj; for every 1 <j < n, and moreover, by Corollary 5 we have (®]n:1 0, o) &
—~n+1 —~n+1 . .
(®/:1 ¢4, o). Hence, by case (S1), (@7:1 04, ay) is reflexive.
Case (S3). Once again, after the transposition jy — n+ 1,n+ 1 —> j, we can

assume that 7/ il = 2, u; > 2 forevery 1 <j <n+ 1 and (38) holds for jy =n+ 1, or
in an equivalent way (by (2)),

! (11
) (_ B _) Z (J - 7) :
n-H U Irj<u} ./ U 172} j j

Remark that by (2) we have necessarily r_; > 2,1 <j <n. Since £“+ has cotype 2,
by Corollary 4 there exists an (n + 2) pla s = (s])’”ro1 such that s, =2, s, :=r;, 1 <

j<nand { =14 —Jand (® s ag) ~ (@’:11@”/‘, ar). Then (® Lo, a) is

7o s

reflexive by the case (S2) and so (® o o , ar) does.

Case (S4). Assume the existence of 1 < jy < n+ 1 such that uj’ =21 j/ <2, uj’ > 2
for every 1 <j #jo <n+ 1 and ( 39) holds. Consider the admissible (n —|— 2)- pla s =
(9,)”+1 such that 5;, :=2,5;:=1r; forevery 1 <j#jo<n+1land L :=14 L — 1
We obtain from Kwapien’s generalised theorem and Pietsch’s 1nclu51on theoreI;]n that
Pe ([T €9, £+1) < Ps([Tiy €9, €4+1). The reverse inclusion is true by Kwapien’s
factor1sat1on theorem and Maurey’s theorem ([3], Corollary 3, Section 31.6) because
2% = ¢* has cotype 2and 7 < 2 give Pa(€?, M) = PBr, (¢, M) for every Banach space

M. Then (@) %, &) ~ (@) €, &) and (@) €%, a) is reflexive by (39) and the
case (S2).

Necessary conditions. We are going to see that (® 1 K”f a,) is not reflexive if none
of the previous conditions holds. It is enough to con31der the following cases.

Case (N1). Assume there exists 1 < jy < nsuch thatu <2andl <ji#ji<n+1
such thatu;, > 2. After the transpositionj; — n+1,n + Il —jion{l,2,...,n+ 1}
if necessary, we can assume that j; = n+ 1, i.e. w1 > 2.

For every 1 < p < oo, let {R,;};2, be the sequence of Rademacher functions in
L7([0, 1]). It is well known that the sequence {R, 5}2 , is equivalent to the standard unit
basis of ¢2 and its closed linear span X, is complemented in L”([0, 1]) (Khintchine’s
inequality and ([11], Proposition 5)).

Let P,1 € L(L™([0, 1]), X,,.,) be a projection. Let S, : £ —> X be the
continuous linear map such that Sj(e;) = R,/ 4. On the other hand, for every 1 <

J #Jo < nfix a sequence (a;;,)72, € €% such that oj1 = 1 and denote by S; : £" i —> Xy
the continuous linear map such that S;(e;) = a; R,]r_,h for every & € N (remark that

IS8 = G @il = G @ [BD] e~ = G @],
for some C; > 0 by Khintchine’s inequality).

Take g := H;l:l,j 2y Re1 € L([0, 1]), and consider the well-defined map 7, €
L(X,,,, €"+) such that T, 1(R,,,, ») = e, for h € N. Then

T :=Ty 0PyyioDyo (S)j” 1
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is r-integral by Theorem 14. Let {z;,4}32, := {(ain. ax. - ... @)}, €[]} £ such
that aj, = e if j # jo and a;,, = e, for every 1 € N. We obtain 7'(zj, ;) = e, for every
h € N and so T is not compact. If ry # oo, by the remark after Theorem 9 we have

T ¢ ([T ¢4, ¢"+1) and by Theorem 15, (® g , ) is not reflexive.
In the case ro = oo, we need to consider several possibilities. First assume that
there are 1 <j, #jo<n+1and 1 <j3;#j, <n+1 such that r j222 and rhzZ.

By Corollary 6 there is an admissible (n + 2)-pla s = (sj)]’?iol such that sy # oo and
—=n+1

(R 9, o) & (®n+11€”/ as). Then by the previous case with rg # oo, we see that
(®"+1 %, o) is not reflexive.

Finally, having (2) in mind, it remains to consider the case that rj <2 and
n = 1. We are dealing with £ ®a/£“2 where #] < 2,7 <2and u, > 2. By Theorems 2
and 7 we have (E“'® ) =R, 0% Theset K := {e;®@e;, i e N} C 1, £ 1s
bounded. If ¢ ® £"2 was reflexive, Z”l ®  £%> would be reflexive too and by Smul yan’s
theorem, sw1tch1ng to a suitable subsequence if if necessary, we would assume that
{e; ® e;}°, is weakly convergent to some z € 4 ® E”v It follows from boundedness

of K and the density of [e;],”, ®[ex],, in "R, K”Z that given T € (), ¢ and

p > 0, there exist w € (i, [eh]j::l ®[eh]2:1 and myp € N such that

Vm=my |(T.2)] < [T,z —en®en)| + [T — w, ey ®en)| + |(w, e ® ey)

<|(T.z—en®en)| +iu£|(T— w, & ® ex)| + |(w. en @ ey)| < p
€

because (w en ®ey,) =0 if m is large enough. Then z = 0. But we are assuming
that J,(¢", £2) = (€4 Q, E”Z) =", ¢" and so by the construction made in the

case 1y # oo thereis T € £ ®ar6“2 such that (T'(e;), e;) = (e, e;) = 1 foreveryi e N, a
contradiction. Then £ (), €* is not reflexive.

Case (N2). Assume that u’ >2foreveryl <j<n,r;>2foreveryl <j<n+1,

u,, <, and ﬁ < / Vi ' , or equivalently (by (5))
" 1 1
U Irj<u) oY {/ lzu) N\

Given I <j <n, if rj < ujand #; € [u}, oo[ it turns out that we have
=3 S CEF BET o
ro AT ¥,
4 Ir<u) 7 Gy \'7 Y Gir<uy i

On the other hand, if r} > u} and 7] € [uj’ r]’-], we have
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Then it follows from (45) that we can choose l} > uj/ for every 1 < j < n such that

r]’- < u} and u} < t} < rj’- for every 1 < j < n, which verifies u]’- < r} in order that

n
Z Z 1 1
U Ir<u) o Glrzy N\

By (2) we have

S-Sy (5oi) 2 (5ot en-ty

.
mH b iy Girzay \'J =1

Taking ty) = oo and ¢, = r,+; we obtain an admissible (n + 2)-pla t = (t,)’“r2

—~n+1
such that #; > u; > 2 for every 1 <j <n. By Corollary 5 we have (®j:l 0, o) A
it , , '
((X)]n:1 €4, ay) and so Je([ T, €, ¢+') = J([Tj=, €, €+'). But by Lemma 16 there
is a non-compact map S € St(]_[_;.':l Z”;‘,Z“"“). Now we take ;=17 if 1 <j<n,

7
tn+l

admissible (n + 2)-pla verifying (® 16/ as) A (@7;12“/,%) by Corollary 6 and

S e 3([T, ¢4, ¢"+1). By remark after Theorem 9 we have S ¢ N (T 4, ¢4+1) and
by Theorem 15 (®7+116“ ar)
Case (N3). Assume thatu; > 2 forevery 1 <j<n+1,r,,, <2 and § <"

or, in an equivalent form (by (2))

1 - 11
L ()= 2 (51)
0 Tt G I <iry 4]y =y N

Ly 1

1
7o . 2:
Spt1 := 2 we obtain an admissible (n + 2)-plas = (s,)’.’jo1 such that, £“+ having cotype

2, by Corollary 4 one has (@7;16”/, ag) A~ (®7+11€” ar). Then (@7;16”/, a) is not

reflexive by the case (N2) obtaining the desired conclusion by isomorphism.

Case (N4). Assume there are 1 < jy <nand 1 <j; # jo < n+ 1 such that ujﬁ0 <
2,1, <2andr; <uw,.

(a) First we consider the case that n > 2. By (2) necessarily exists 1 < j, # j3 <
n+ lsuchthatr, > 2andr; > 2 and so by Corollary 6 and eventually switching to an

/ / 1 — 1 _ an+l o
8,11 > 1,4y and define 5o < oo such that - oo Then s = (s;)/Z, is another

(®7_1 €%, ag) turns out to be not reflexive.

Ilu”

/

By (2) we have r_} > 2,1 <j < n. Defining % = s = rj;, 1 <j<nand

isomorphic tensor product (® 1 K”/ as) we can suppose moreover that rp < oo. After
the transpositionj; —> n+ 1,n+ 1 —> jj if necessary we can assume thatj; = n + 1,
1.e. ryy1 < upyq indeed. If there exists 1 < jy # jo < n—+ 1 such that u]’-4 < 2, the result
follows from case (N1). Hence, we can assume u; > 2 forevery 1 <j #jo <n+ L.
Fix ¢ < 2 such that ;{;-0 <t, u;-o < tand w1 < t. Let {g}32, be a sequence of
standard independent identically distributed ¢-stable random variables in [0, 1]. It is

known that the norm X, , := ||<pk| k € Nis only dependent on ¢ and p for every

(0.1))
I < p < 2and that {Cbk,p = P }k | Is isometrically equivalent in Z7([0, 1]), 1 <p <1
to the canonical basis of £ (see [ ], Proposition 1V.4.10 for example). Then {®y ,, ., 172,
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is a normalised basis in the reflexive subspace [CDk_rm];O:] ~ (' of L'+([0, 1]) and
thus it is weakly convergent to 0 in L™+ ([0, 1]) (see, for instance, [7], FN p. 169).
Switching to a suitable subsequence if necessary, by ([17], Chapter III, Theorem 1.8) the
sequence {®Py, r,11}72, can be enlarged to obtain a normalised basis B := {®y ., 172, U

{Wnlhey In L™+1([0, 1]). By reflexivity the sequence {®} +1}k L U)o | of associated

coefficient functionals to Bis a basis in L'+ ([0, 1]). From ([17], Chapter I, Theorem 3.1)
we find 1 < M € Rsuchthat 1 < |®;, | <Mand 1< |W;| < M forevery k € N.
As above, we obtain that {®} | i must be weakly convergent to 0. As r, ., > 2, by
the result of Kadec and Pelcmsky ([7], Corollary 5), switching to a subsequence again,
it can be assumed that {®; ke Jie; s equivalent to the standard unit basis in 271 or to

the standard unit basis in ¢2. By ([7], Corollary 1), the latter possibility would imply
that [CD;‘;, ] 4 Would be complemented in L"+([0, 1]) and by reflexivity and duality,
we would have the isomorphisms ([®} , 1,~ ) & [@rn Joey & €0~ €2, which is not
possible. Then { Kt } - 18 equivalent to the standard bas1s of £+ and so the map
V e L(e%+1, L+ ([0, 1])) such that V(e;)) = @y, heNiswell defined.

Let S; € L(E“l', L0, 1])), 1 <j # jo < n be defined as in previous case (N1) and
consider Sj, € E((";’O, L' ([0, 1])) such that Sj,(ex) = @y, forevery k € N. Taking g as
in case (N1), themap 7 := V' o Dy o ((Sj));.lzl is r-integral. However, for every k € N
and every (y;) € £“+ we have

<T(Zjo,k)s (Vh)> <II(<:V:“ D s Z Yu®, W) = % Y

o h=1 o

K
and so 7'(zj, x) = &= e, and T is not compact. By remark after Theorem 9 we obtain
t,r/o

T ¢ N([T- | €4, ¢4+1) and by Theorem 15 (® 16”/‘ ay) is not reflexive.

(b) Now we consider the case n = 1. If ry # oo, the previous argumentation can be
used still and £ ® £ is not reflexive. If r) = oo, after an eventual transposition, we
will be dealing with the case uy <2,r) <2andry < up. Ifuy > 2, theresult follows from

(N1).Ifuy < 2andu; = 2 werepeat the proofgwen in thiscase forn > 2, and £ ® e
turns out to be non-reflexive. If u, < 2 and | < 2, the same construction just used in
the case n > 2 shows the existence of a map T’ € J,(£, £*2) such that T'(e;) = ”2 e

for every i € N. Then we can repeat the argumentation used in the last part of (Nl)
with the set K := {e; ® ¢;, i € N} C £ ® £ to conclude that (® 1( i, ap) is not
reflexive.

Finally, we check that the proof of Theorem 17 is complete. Assume that neither
condition (S1), (S2), (S3) and (S4) holds.

(a) First case: Assume there is 1 < jo < n+ 1 such that u]’b < 2. After an eventual
transposition with any 1 <k #jo <n+1, we can take jo < n. If there is some 1 <

Jt #Jo < n+ 1 such that <2, by (N1), (® IZ”f ar) is not reflexive. Then we can
assume u >2, 1<j#jy< e n+ 1. As (S1) does not hold, there exists j; # jo such

that r;, <u;. If it would be u; <2 and rj <2, then (@, IIZ“ ar) would be not
reflexive by (N4). If & = 2 and rj < 2, as (S4) does not hold, after the transposition

Jjo—n+1,n+1— jo, by (N3) (®j:1 €4, o) is not reflexive.
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In the case rj > 2, by (2) there is at most a unique 1 <j» <n+ 1 such that

/

r. < 2. Necessarily, j» # jo. As (S2) does not hold, after an eventual transposition

J2
—~n+1 .
jo—>n+1,n+1— jo, wesee that u,,; <2 <7, , and by (N2) (®,:1 €, o) is not
reflexive.

(b) Second case: Assume that uj’- >2,1<j<n+1. As (S1) does not hold, after
an eventual transposition, it turns out that u), | <, ,. But (S3) is not verified. Then

for every 1 <jo <n+ 1 we have r}o > 2, or (38) does not hold. If it would be r_} >2

forevery 1 <j < n+ 1, as (S2) is not verified, (@;:K”f, ar) would be not reflexive by

(N3). Ifitwould exist 1 <j; < n+ 1such that r_}l < 2, then (38) would fail for this index

J1. After an evident transposition, by (N3) (@;:IIE“/, ar) would be not reflexive. M
The application of Theorem 17 to the case n=1 gives the following

characterisation of reflexivity of classical Lapresté’s tensor products.

COROLLARY_18. Let n =1 and let ¥ = (ro, 11, 12) be an admissible triple. If 1 <
uy, uy < 00, Q) " is reflexive if and only if one of the following sets of conditions
holds:

(Duy >2,u) > 1)

2 uy > 2,u5 > 7).

B up>2,mn<2.

Duy>2,1r <2.

O)uy =2,u, > 2.

©)u; >2,u) > 2.

Proof. By Theorem 17, £ @arE”z is reflexive if and only if one of the following sets
of conditions holds:

@ u; >2,u) >r].

(b) u), > 2,u, > .

©u; >2,u; >r,r = 2.

d )y >2,u, >r,1, > 2.

(e)uy >2,uy >2,r] <2.

O uy >2,uy > 2,1, <2.

@u=2,uy,>2,r <2

(h)u)y=2,u; > 2,1, <2.

Clearly, (c) and (3) (resp. (d) and (4)) are equivalent. On the other hand, if (5)
holds and 7| < 2, then (e) or (g) holds. If (5) and #} > 2 are true, we have r; < 2 < u,
and (d) is verified. The remaining of the proof is similar or trivial. O
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