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WORST-CASE ERRORS IN A SOBOLEV SPACE SETTING FOR
CUBATURE OVER THE SPHERE 52

KERSTIN HESSE AND IAN H. SLOAN

This paper studies the problem of numerical integration over the unit sphere 5? C R?
for functions in the Sobolev space H3/2(52). We consider sequences Qmn), » € N,
of cubature (or numerical integration) rules, where Qp ) is assumed to integrate
exactly all (spherical) polynomials of degree < n, and to use m = m(n) values of f.
The cubature weights of all rules Q) are assumed to be positive, or alternatively
the sequence Qmn), n € N, is assumed to have a certain local regularity property
which involves the weights and the points of the rules Qmn), n € N. Under these
conditions it is shown that the worst-case (cubature) error, denoted by E3/5(Qm(n));
for all functions in the unit ball of the Hilbert space H3/2(S?) satisfies the estimate
E3/5(Qm(n)) € ¢n~%2, where the constant c is a universal constant for all sequences
of positive weight cubature rules. For a sequence Qm(n), n € N, of cubature rules
that satisfies the alternative local regularity property the constant ¢ may depend on
the sequence Q@ (n), n € N. Examples of cubature rules that satisfy the assumptions
are discussed.

1. INTRODUCTION

In this paper we study the problem of numerical integration over the unit sphere
S? C R?,
S?={x=(z,y,2) eR*| 2 +y* + 2 =1}

The exact integral of a (continuous) function f defined on S? is

(1.1) If:= /f(x) dw(x),

S?
where dw(x) denotes the surface measure on S2. In terms of the usual polar coordinates
0, ¢, the integral takes the explicit form

2r 7

(1.2) If=//f(sin0cos¢,sin08in¢,c039)sin0d0d¢.
00
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We are interested in the approximation of I f by cubature rules of the form

m
(1.3) me = ij f(Xj),
j=1
where
x; € s?, w; €ER, j=1,...,m.

Most of the time we shall assume also that @, integrates exactly all (spherical) polyno-
mials of degree < n. Thus we assume m = m(n), and

(1.4) Qmp=1Ip Vp € P,,

where P, is the set of spherical polynomials of degree < n, that is the set of all polynomials
in x,y, z of total degree at most n, restricted to the unit sphere S2. It is important for
our considerations that dim P, = (n + 1)2.

There are many cubature rules with the property {(1.4). Most obviously, there are
product Gauss rules discussed by Stroud [18], considered in detail in Section 6. But there
are also many others (see Section 6).

The integrands f are assumed to be selected from a particular Sobolev space H®
= H*(S?), with s > 1. (Roughly, H* is the space of square-integrable functions on
S? whose generalised (distributional) derivatives of order s are also square-integrable.
Precise definitions are given in Section 2.)

By definition, the worst-case error for the cubature rule @Q,, in the space H*, endowed
with the norm || - ||, is

E{(Qm) := sup |Qnf —If]
feH*,
IIfls<1

For a particular choice of s > 1, and a well chosen sequence (Qm(n))nen of cubature
rules, how fast can E,(Qm(n)) converge to zero as n — oco? The present paper is motivated
by persuasive numerical evidence, presented in [15], suggesting that, for the particular
case of s = 3/2 and for cubature rules based on extremal systems,

(1.5) E32(Qumw) < ¢ (m(n) ™ = c(n+1)"%2,

An extremal system is a set of (n + 1)? points for which the determinant of the inter-
polation matrix with respect to any fixed basis of P, takes its greatest possible value.
The cubature rules in [15] are obtained by exact integration of the interpolating spherical
polynomial in PP, that coincides with a given function at the (n+1)? points of an extremal
system. The analysis in [15] obtains only the much weaker result E3/2(Qmn)) < cn™/2.
(In this paper c denotes a generic constant, which may take different values in different
places, while cg, ¢;, . . . denote constants with fixed values.)
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In this paper we do indeed prove that
(1.6) E3/2(Qmem) < en™2,

under the assumption that, for each n € N, Q(n) satisfies Qunyp = Ip for all p € P,
and that the weights w; of Qm(n) are positive. The constant ¢ in (1.6) is in this case
independent of the particular sequence (Qm(n)) of positive weight cubature rules. The
assumption of positive weights can be replaced by the assumption that (Qm()) satisfies
a certain local regularity property, in which case the constant ¢ in (1.6) may depend on
the sequence of cubature rules (Qmn)). (The precise statement is given in Theorem 6.)
Examples of cubature rules satisfying the conditions are discussed in Section 6. For the
case of the rules corresponding to the extremal systems in [15] the reported weights, for
degree n up to 50, are all positive.

The proof of Theorem 6 rests on an unusual representation (in Lemma 9) of the
tail of a certain Legendre series as the sum of a polynomial and other terms involving a
more rapidly converging Legendre series. The proof of Lemma 9 (in Section 5) uses the
Christoffel-Darboux formula to give an integral representation of the tail of a particular
Legendre series, and the integrand in this integral representation is then manipulated
algebraically. The proof of Lemma 9 does not extend in an obvious way to general values
of s > 1.

2. PRELIMINARIES

Let L, = Ly(S?) be the space of square-integrable measurable functions on S?, that
is, the set of measurable functions f on S? for which

/]f(x)|2dw(x) < oo,
52

The space L, is a Hilbert space with the inner product

(f,9)1 = / f(0) 9(x) dw(x),  fog € La.
S?

On the unit sphere S? C R3, for £ € Ny let
(Yulk=1,...,204+1}

be an orthonormal set (with respect to (-,-)z,) of (real) spherical harmonics of exact
degree ¢. Of central importance is the addition theorem of spherical harmonics (see [9]),

! 2 +1
— . 2
(2.1) ; Yu(x) Yar(y) = o P(x-y), xyeS’
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where x - y denotes the usual Euclidean inner product of x and y in R3, and P, is the
Legendre polynomial of degree £.
A function f € L, is equal in the Ly-sense to its Laplace (or Fourier) series,

oo 2U+1

(2.2) fx)~> Y, o Yo (%)

=0 k=1

For = [ 100 Vi) o)
S2
For s > 0, the Sobolev space H* C L? may be defined as the completion of the space

of all spherical polynomials, U P,, with respect to the norm
=0

= (S (e+2)7)"

£=0 k=1

(We follow [4] in the definition of the norm.) The space H* is a Hilbert space, with inner

product
oo 2841 2s N
ZZ(£+ ) fGex,  fig€H
£=0 k=1
For s > 1 it follows from the Cauchy-Schwarz inequality that
o0 26+1 00 2041 s
S FuYalo)| = z}:(u 3) Fu(€+5) Va0
£=N k=1 e=N k=

(2.3) Hflls(iui(ﬂ )‘”ni(@)w

{=N k=1

= Ls,N “f“.n

where with the help of the addition theorem (2.1)

1 & 1y 1-2s 1/2 1 & 1y 1-25\ /2
Cs,N = (-2—; l__ZN(Z + 5) Pg(l)) = (5; §(€+ 5) ) s

which is finite for all NV € Ny and converges to zero as N — oo, because 1 — 25 < —1.
Thus the Fourier series of f € H?, for s > 1, converges uniformly, and hence converges to
a continuous function that coincides almost everywhere with f. Taking f as the uniform
limit of the Fourier series, it follows that f is continuous, and (on setting N = 0 in (2.3))

oo 2£+1

Z Z Tor Yo (x

£=0 k=1

Ca,O “f”s vx € §2

(2.4) |F(x)| =
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Hence
sup |f(x)| < Cooliflls
x€S?

and we obtain an embedding of H*® into C(S?). The estimate (2.4) also implies that
for s > 1 point evaluation is a bounded linear functional on H*®, and hence H*® is a
reproducing kernel Hilbert space. That is to say, there exists K, : $? x 2 = R, with
K,(x,y) = K,(y,x) and K,(x,-) € H* for all x,y € 52, such that

(2.5) (£, K.(\y)),=fly) VfeH’, vyeS:
From (2.5), it can be easily seen that the reproducing kernel K,(x,y) is given explicitly
by
oo 2+1
1\ -2
Kxy) =Y (¢+5) Ya® Yal)
=0 k=1
1 < 1y 1-2s
(2.6) == (e+3)  Px-y),

which converges absolutely and uniformly for (x,y) € S? x 5% because s > 1. Thus K,
is a continuous function on S? x §2.

3. WORST-CASE CUBATURE ERROR IN A REPRODUCING KERNEL HILBERT SPACE

Let H be a reproducing kernel Hilbert space of real continuous functions defined on

S?, with inner product (-, ), norm || - ||, and reproducing kernel K. We also assume that

H can be embedded into C(S?), that is, there exists a constant c such that sup|f(x)|
x€S?

< c||f|l for all f € H. For f in the space H let

Qnf =Y w; f(x;)

J=1

be an m-point cubature formula. (Of course Q,, f is well defined, because point evaluation
is well defined for f € H.) We assume that Q,, f is an approximation to I f, the integral
of f over 52,

If = /f(x)dw(x).
52

Since H is a reproducing kernel Hilbert space with reproducing kernel K, we can
write

f(x5) = (£, K(, %)),

Qnmf = (f,iwj K(‘ﬂ‘j))-

j=1

and hence
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Similarly, integration over S? is a bounded linear functional on H with representer
K(-,y)dw(y), that is
S2
11 = (4 [ Ky do).
S2

Thus the cubature error is

(3.1) Qmf~1If = (f 3w Kl x5) - / K(.y) do(y) ).

j=1

The worst-case (cubature) error for the cubature rule @y, in the space H is defined

E@Qm) = sup |Qmf — If|.
i<t
From (3.1) it follows easily that

E(Qm) =

iwj K(,x;) - /K(-,y) dw(y)”.
i=1 A

In turn, on using ||g|| = (g, 9)*/?, together with the reproducing property (2.5) of K, it
follows that

(3.2) E(Qm) = (ZZw,wJ K(x,,x,)—-2ZwJ/ (x;,y) dw(y)

+ [ [Key)a dw(y))w.

52 g2

So far our reproducing kernel Hilbert space is rather general. The expression (3.2)
is in fact well known (see, for example [16]), and has been found useful in other settings.

4. WORST-CASE CUBATURE ERROR IN H*®

Now we specialise our discussion of worst-case cubature error to the particular case
of the Hilbert space H®, with s > 1, for which the reproducing kernel K, is given by
(2.6). Moreover, let us assume that the weights of the cubature rule satisfy

(4.1) iwj =47 = /dw(x)
Jj=1 S2

so that the cubature rule is exact at least for constant functions. It follows immediately
from (2.6) (on noticing that in the series representation (2.6) of K, the terms with £ # 0

https://doi.org/10.1017/5S0004972700038041 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700038041

7] Worst-case errors for cubature over the sphere 52 87

contribute nothing to the integral) that

/K,(x, y)dw(y) =2  vxeS%
52

This allows the second and third terms of (3.2) to be evaluated explicitly, yielding the
simplified expression

m m 1/2
(4.2) E,(Qm) = (Zzwi wj K.Sl)(xi,xj)) )

=1 j=1

where K{*, a € N, denotes the contribution to the reproducing kernel (2.6) from the
terms with £ > a; that is,

1 & 1\ 1-2s
(a) = - bt .
(4.3) K©(x,y) = o Em:(H 5) Pdx-y).

We want to study the asymptotic behaviour of the worst-case error for a sequence
of cubature rules (Qm(n)), where Qmn) is exact for all polynomials of degree < n, that
is, (1.4) is satisfied. From this it follows that for 1 £ £ £ n we have

w; Po(x - x;) = fp,(x-y) doly)=0 VxeS?
j=1 S2

leading to (4.2) being further simplified to

m m 1/2
(4.4 Eu@nio) = (3 S wiwy Ky
i=1 j=1
The main result of this paper, Theorem 6 below, is restricted to the case s = 3/2,
and also requires that the sequence of cubature rules has a certain regularity property
expressed in terms of spherical caps.
DEFINITION 1: For each point x € S?, let S(x,r) be the ‘spherical cap’ with axis
x and angular radius r, that is

S(x,r):={y eS| cos}(x-y) <}

The surface measure (or area) of S(x,r) is denoted by |S (x, r)l

LEMMA 2. Let Q.. be a cubature rule on S%, with points X; € S? and weights
w; € R, j =1,...,m. Assume that there exist ro € (0, 7] and a constant cg > 0 such
that for all x € S?

m

(4.5) > lwil < co]S(x,m0)].
x]-QJS:(;,’ro)
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Then for all v € [ro, 7| and for all x € S?

m 3 2
(46) > sl < (14 =)o) Sx, )|
xjég(l;c,r)

In particular, (4.6) implies that

m

2
(4.7) > wsl < 47r(1 + 3%)(;0.

=1
The proof of Lemma 2 will be given in Section 5.
COROLLARY 3. Let the assumptions be the same as in Lemma 2, with
T9 € (0, (7r/2)]. Then for every spherical cap S(x,r) of angular radius ro < r < 7/2
= 372
(4.8) J=Zl lw;| < 27r(1 + —4—)co (sinr)2.
x,-ES()‘c,r)
ProOOF: The area of S(x,r) is given by
|S(x,7)| = 2 (1 — cosr).

Observing that 1 — cosr = (sinr)?(1 + cosr)™!, and that for r < /2 we have
(1 +cosr)~! < 1, we obtain (4.8) from (4.6). 0

DEFINITION 4: (PROPERTY (R)) A sequence of cubature rules (Qmn)) is said to
have the property (R), or to be ‘quadrature regular’ (see [14]), if there exist positive
constants ¢ and ¢; independent of n with ¢; < #/2, such that for all n > 1 the points
x; and the weights w;, j = 1,...,m, of Qm) satisfy

m
91
(4.9) > Il as(x2)|  wxest
j=1,
x;€5(x,(c1/n))
REMARK 5. The assumption ¢; € #/2 in the property (R) can be removed, because
(4.9) with a constant ¢, > 7/2 implies after a change of the constant ¢, that (4.9) is also

satisfied with a new constant ¢; < 7/2. Furthermore it is sufficient if (4.9) is satisfied for
all n > N, because with a change of ¢, we can arrange that (4.9) is satisfied for all n > 1.

If the property (R) holds, then for each n € N the cubature rule Q,,(») satisfies the
hypothesis of Lemma 2 with 7 = ¢;/n. We make use of this fact in the proof of the
following theorem, which is the main result of the paper.

THEOREM 6. Assume that (Qmn)) is an infinite sequence of cubature rules on
S?, where Qumn) is an m(n)-point rule satisfying Qmm)p = Ip for all p € P,. Assume also
that the sequence (Qm(n)) has the property (R). Then there exists ¢ > 0 such that

(4.10) E32(Qmmy) <cn™?  Vnx1
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REMARK 7. The constant ¢ in (4.10) in Theorem 6 depends on the constants ¢y and
¢, in the regularity property (R), and therefore may depend on the sequence (Qmn)) of
cubature rules. However, Reimer [12, Lemma 1] shows that if the weights are all positive
then (4.9) holds automatically, with universal constants ¢y and ¢;, under the assumption
that Qmmp = Ip for all p € P,,. Thus the constants ¢y and c; in (4.9) are in this case
independent of (Qm(n)), and so also is the constant ¢ in (4.10). We formulate this stronger
result as a corollary.

COROLLARY 8. There exists a constant ¢ > 0 such that for any positive weight

m({n)-point cubature rule Qmn), With Qmn)p = Ip for all p € Py, the worst-case cubature
error in H3? satisfies
E3/2(Qm(n)) < cen™2,

The proof of Theorem 6 will proceed by way of two lemmas and a corollary.

In the following P,("’ﬂ ) denotes the Jacobi polynomial of degree ¢ and indices
a,B > —1, as defined by [19, Chapter II, 2.4, and Chapter IV], thus satisfying the
orthogonality relation

1
/ PLB () PeB)(t) (1 - ) (1 +8)Pdt =0  Vm, € € Ny with £ # m.
-1

The particular Jacobi polynomial Pl(l’o) assumes its maximum at ¢ = 1, more precisely
|PMOt)| < PO(1) = (€+1) for all t € [-1,1), while P{"?(—1) = (=1)%,
The first lemma gives a representation of

oo

(4.11) K 0ay) =5 3 (0+3) Pdx-y)

£=n+1
in a convenient form for further analysis.

LEMMA 9. Forn>0and -1<t<1,

oo

1 1\ - 2 (n+1) 1,0
%tzw(“ﬁ) Pt =~ oD ey @
E (n+l) Pn(t)
7 2n—1)2n+1)(2n+3)(2n+5) 1t
(4.12) _% 1 i = JX0)
' m1-t o (26-3)(2-1)(20+3)(2t+5)

8 1
T egl - @i 13 )

COROLLARY 10. Forx,y € S? and x-y = cosf, with 0 < § < 7, there exists a
constant ¢ > 0, independent of n, such that
(n+1)

7 (2n-1)(2n+1)(2n+ 3)

(n+l)

(4.13) |Ky, (x y)+ P9 (cosB)| < cn~ 72 (sin§) 5/
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for all n € Ny, and hence for fixed x,y
(4.14) K030 (x,y) = n™%2 Dy(6) + O(n™"/?),

where
limsup|D,(6)] > 0.
n—o0

REMARK 11. The corollary brings to attention a delicate aspect of the proof of
Theorem 6. To prove the theorem we must show that (from (4.4))

(4.15) B (Q@mem) = 3 3 wiw; K5V (xi, ;)

i=1 j=1

is of order O(n~?). Yet for fixed x,y, with x # y and x # —y, the second conclusion in
the corollary tells us that for large n the kernel Ké'/'; b (x - y) is larger than the desired
O(n3) result for (4.15). The troublesome term is, of course, the first term on the right-
hand side of (4.12). Fortunately, the order of this term is improved (by an additional
factor of n~'/2) through the application of the cubature sum, as the following simple
lemma shows. The key is that, because P g a polynomial of degree n, we can make

yet another application of the exactness property (1.4) of the cubature sum.

LEMMA 12. Forn 2> 1, assume that Q,, is an m-point cubature rule on S? satis-
fying Qmp = Ip for all p € P,. Then

m m
1672
DY wiw; P (% x5) = ol

i=1 j=1

Lemma 9, Corollary 10, and Lemma 12 will be proved in Section 5.
PROOF OF THEOREM 6: In order to deal separately with the first term on the
right-hand side of (4.12), we rewrite (4.15), using (4.11) and (4.12), as

(n+1) 1,
B32(Qme) = Z Z Wi ”’J( ) (2n—1)(2n +1)(2n + 3) PO o - ;)

i=1 j=1
m
+ZZw, ’LUJ' k,,(x,-,x,-),

i=1 j=1

where for x,y € S?

PO (x - y).

o pr(n+1) 2 (n+1)
(4.16) ka2, ¥) = Ko ") + o e on s an+3) |

Applying Lemma 12, we obtain

32
By (Qmm) = ~ &n 1)(2n:1)(2n+3 +ZZw.ka (%, %;).

=1 j=1
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Clearly, the first term is of the desired order O(n~3). We split the remaining term, writing

(4'17) Eg/z(Qm(n)) = O(n_a) + At + A_,
where m ~
A% = Zw,- Z wj kn (X, X5),
=1 =1,
)(_,'Gfll-:k
and where fori =1,...,m

Hf ={xe 5% |x; x>0},
Hy = S™\Hj .

That is, with respect to x; as the ‘north pole’ we decompose the set S? into a ‘northern’
hemisphere H; and a ‘southern’ hemisphere H;, arbitrarily putting points on the equator
in HY.
The estimate (4.13) in Corollary 10 tells us that for x,y € S? and x-y = cos 4, with
6 € (0,7),
|kn (x, y)| € cn”"/? (sin §)~5/2,

Since this bound diverges toward § = 0 and 8 = m, it is convenient to split each of
the sums A* into a ‘diagonal’ part D*, which includes for each i € {1,...,n} the
contributions from points x; that lie in the spherical cap S(%x;, (c1/n)) centred at +x;,
and a remainder R*. Here ¢, is the constant in the property (R). Thus we write

(4.18) A* = D* + R%,
where
m m
D¥* .= Zw,- Z wj kn(xi,X5),
i=1 =1,
' x,‘ES(:i;]x;,E,;L)an
m m
R:t = Zw; Z wj k,,(x,-,xj).
i=1 i=1,

x; €HE\S(Fx;,2L)

To estimate D* we use, from (4.16) and (4.11),

2 (n+1) 1, ) i s l -2 '
LR 2] RS g Yo e T | LA G R 2] Rl l;t—z(“ ;) Pix y)l
2 (n+1)? 1 « 1\-2
ST @ -Den+D@En+3) T %gn;l(“ 5)

gen
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where we have used |P{"?(¢)| < (€ + 1) and |Pe(t)] < 1forallte[-1,1] and all £> 0.
This yields

c m m
|D*| < ;leil > lwil,
i=1 J=1,

x; €S(£x;,2)

and hence from the property (R) and (4.7)

m
[ [}
D*I< = ( ._)
| l\",-=1 |w,|co‘S :i:x,,n

m
cco _
i=1
< dn?ccode, ¢
nd T nd’

where we have written c; := (1 + (372)/4)co, and used
2
IS(d:x,-, &)' = 27r(1 — cosc—l) = 47r(sin —c—l-) < netni
n n 2n
It only remains to estimate R*. For this purpose we use the estimate for k, from
Corollary 10 to obtain

m

m
(4.20) IRE| < en™2 " juyl > |w;| (sin 6£) %72,
i=1 =1,
xjeHi*\é(ixi,(cl/n))
where 0§ = cos™!(£x; - x;), 0§ € (0,7). Arguing as in Reimer [12], we define for
i=1,...,m
o a
1
gi(6) = ) ol o€ [2,7].
Jj=1,
x; €(HE\S(£x:,61/n))NS(£x;,8)

Thus g£(6) is the contribution to the sum of the absolute values of the weights from the
cubature points whose angular distance from +x; lies in the interval ((c;/n), 6] (except
that the half open interval is replaced by the open interval in the case § = 7/2 and
g7)- Note that g vanishes at ¢;/n, and (because it is monotone) that it is a function of
bounded variation on [cl/n, m/ 2]. Define also
.— (cin G)—5/2 a m
16 = (in0)2,  0e[2,7],

and note that f is a continuous function. This allows us to write the inner sum in (4.20)
as a Riemann-Stieltjes integral (see [6, Chapter X]),

m w/2
Y fuyl(singE)~ = / £(6) dg*(6).
=1
' ca/n

x; €HE\S(Ex:,(c1/n))
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Integration by parts then yields

m/2 n/2
[ 1oaro=1(3)e(3) - (L) (2) - [ @ a®
ci/n a/n
w/2
=gt(§) +3 / 42(6) (sin6)~"/2 cos 8.d6.
a/n

On using (see Corollary 3)
m

92(0)] < Z |w;| < 27, (sin6)?, ee[%g]

j=1,
x; €S (£x;,8)
we finally obtain from (4.20)

w/2

5 cosf
< en 2
IR*| < cn ( E Jws] )27rcz(1 + - (5in 6)772 d6)

i=1 c;/n

= 2meyC n”"/? (ZI: thl) (1 - 5[(8111 0)_1/2] :1//211)

-1/2
< 2meen”? (4mes) (— 4+ 5(sin %—) ) ,

where we have used (4.7) in the last step. Observing that sin(6) > (20)/x for 0 < 8 < /2,

we finally obtain
|Ri| < cn—7/2+1/2 = cn—3.

Putting this together with (4.19), (4.18) and (4.17) completes the proof. 0

REMARK 13. The key to the proof of the theorem is thus the representation of
K;';; 1)(x, y) in Lemma 9 —~ a representation that might seem remarkable, in that for
fixed x € S? the critical first term, being a polynomial of degree n, is orthogonal to

K37V (x,) in both Ly and H*/2,

5. PROOF OF LEMMAS AND A COROLLARY IN SECTION 4

PROOF OF LEMMA 2: The ideas of the proof of this lemma are taken from [14,
Lemma 5.5.3], but as the statement and the proof are simplified here we include the
proof.

The general idea is to cover the spherical cap S(x,r) with smaller spherical caps
S(y,7o) and to use the assumption (4.5) for these smaller caps. To achieve this we

https://doi.org/10.1017/5S0004972700038041 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700038041

94 K. Hesse and I.H. Sloan (14]

proceed in two steps: firstly, for r; 2 0 and ro = r; + 9 < 7 we cover the spherical collar
S(x,11,72), defined by

S(x,m1,m2) := {y € S?| r1 <cos”(x-y) < r2} = S(x,m2)\S(x,71),

by spherical caps S(y, ro) and derive a result analogous to (4.6) for such spherical collars.
Then we cover our spherical cap S(x, r) with such spherical collars and the spherical cap
S(x, 7o), and use (4.5) and the results for the spherical collars to prove (4.6).

PART 1. For fixed x € S?, let S(x,7;,72) be a spherical collar with r; > 0 and
ry = 71+ 79 < 7. The angle v := (11 +72)/2 is in [(r0/2),7 — (r0/2)], and we dis-
tinguish the two cases y < 7/2 and v > 7/2. We observe that

(5.1) S(x,71,79) = S(—x, 7 — 19, — 1),
and that
(5.2) (”"2);(”‘“) =71

If v > 7/2 we consider S(—x, T —ry, ™ — ), that is we regard S(x, 71, 72) as the spherical
collar S(—x, 7 — ro, ™ — 1) with axis —x, due to (5.1). Because of (5.2), we now obtain
for S(—x,m — ra,m — 1) that ((m — r2) + (v — 1)) /2 < /2. Therefore we may restrict
our discussion to the case of spherical collars S(x, ry,r2) for which v = (r; + r;)/2 < 7/2,
and more precisely, v € [ro/2,7/2].

Let v < n/2 and consider the latitude £, := {y € S? | x-y = cos~}, which is a
circle of radius sin 7. Choose K := [2775 siny] equally spaced points yy,...,yx on ,,
from which it follows that the separation between y; and y;i: (and between yx and y;)
along £, is at most ro. We claim that the spherical caps S(y;,7), 7 = 1,..., K, cover
our spherical collar S(x, 7, 732).

To show this we select an arbitrary point y € S(x,r;,72), and show that it is
contained in one of these caps. Let ¥ denote the point of intersection (closest to y) of
the great circle through x and y and the circle £,, and let y; be the axis (of one of our
spherical caps) which is closest to ¥. Then an upper bound of the great circle (that
is, geodesic) distance between y and y; is given by the sum of the great circle distance
between y and ¥ and the distance between ¥ and y, along £,, that is the great circle
distance between y and y; is bounded from above by r4/2+79/2 = 0. Thus y € S(y;, o).

It follows from this covering property and (4.5) that

m K

S lwil €3 co|S(ye o)
(5.3) x,'ESg(i,lfzhrz) =

< KCO IS(ylaro)l
K rricg(2mrytsiny + 1),
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where we have used |S(y1,70)| = 27 (1 — cosro) = 47r(sin(1'0/2))2 < wmrd. Usingsinr

2 2r/m, 0 £ v £ w/2, we get the following lower bound for the surface area of the
spherical collar S(x,r,73)

|S(x,71,72)| = 2 (cos T, — cosT)
(5.4) = 41 siny sin(ry/2)

> 4rp sinvy.
Due to v € [ro/2,7/2], we have sin~y > sin(ro/2), and thus also
(5.5) IS(x rl,rg)l 4rg sin(ro/2) > (4/m) 2.

Combining (5.3), (5.4), and (5.5) yields

m 72 2
Z ijl < 7COIS(X)T177'2)|+TCO'S(X,T],Tz)l
(56) ijSJ(?(,lr,l,rg)
3 2
= %Cols(xﬂl,m”-

Due to our initial observation, (5.6) is also valid for the case v > =/2.

PART 2. With the help of (5.6) and (4.5) we can now prove (4.6). For the spherical cap
S(x,7), with r > 7o, there exists k € N such that krg < 7 < (k+ 1) 7. Then

m m k m
Yool D lwl+) > s
j=1, j=1, = j=1,

x; €S(x,r) xj ES(x ro) x; €S (x,r—irg,r—(i—1)rg)

k
3 . :
< ¢ |S(x,ro)| +Z 7r4co IS(x,r —irg,r — (1 — l)ro)l

i=1

3 2
< co[Stx,r)| + 2 |S(x, )|
3 2
= (1+%)c0|5(x,r)|.

This completes the proof. 0
PROOF OF LEMMA 9: Firstly, we rewrite the sum in the following way:

oo o0

67 5 3 (¢+) PO=2 3 _Ts)P‘(t)

1
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Now we know (see Section 7) that

2 — 1 V2 .
(5.8) - g ml’z(t) =-5-(1-1 7,

but in the first term on the right-hand side of (5.7) the first (n + 1) terms of the series
expansion (5.8) are missing. Therefore the first term in (5.7), denoted from now on by

(n+1)(g) ;= 2 -~ 1
(59) A )=z, Z 2= 1) 2z+3)P‘(t)’

is the error in the approximation of

f(t) = - —2—‘/3 Q-2

by

2 « 1
p ; @i-pai+y ¥

which is the nth partial sum of its Legendre series. In other words, f(**!) is f minus
its L2([—1, 1])-orthogonal projection onto the space Pol, ([-1,1}) of all polynomials in a
single variable up to degree n on [-1,1].

More precisely, with the reproducing kernel G, of Pol,([-1,1]) (endowed with the
norm || - {| La-1,1p,

2¢ + 1
(.0)= 3 D pioy b, siel-11)
=0
the orthogonal projection P, : Ly([-1,1]) — Pol,([-1,1]), defined by P? = P, and
(Pug, B)La(-1,1) = (9, A)La-1) for all g € Ly([—1,1]) and for all A € Pol,([-1,1]), is
given by '

Pagi= 2L ([* ot0) sy ds) i) = / (5) Ga(s,) ds

=0

In particular, P,f = f — f®+1) and P,1 = 1. Due to the Christoffel-Darboux formula
(see (19, (3.2.3)]), G, can be expressed in closed form as
(n+1) Paii(t) Pa(s) — Pu(t) Pata(8)

Gn(sa t) = D) t—s )
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[ p

and we obtain (using f_ll Gn(s,t)ds = P,1 =1)

FO@) = f(t) — Paf(t)
- / (F(8) = £(5)) Gals,t) ds

(5.10) 4
+ 1 t) s
- ot / IO =T (P at) Pa(s) = Bl) Pasa(s)) ds.
—5

Assuming from now on that ¢t € {[—-1,1), we can rewrite the first factor in the integrand
as follows:

f@) - f(s) _ \/5((1—3)‘/2 (1—t)3/2—(1—8)3/2)

t—s 2t \ (1-t) (1-t)(t—2s) )

Thus
(5.11) FO(E) = an(t) + bat),
where

2(1-1)

enlt) = (2D / V2LV (1 0) Pals) = Pl Pra() s,

(5.12)  bu(t) := — V2 ) /((1 —)¥% — (1 - 5)*?)Gn(s,t) ds.

2n(1 -t
21

From the series expansion (5.8) we know that

(VD=9 4
/ on Pl ds = haerneersy 20

-1

Thus, we can compute a,(t) exactly:

a (t) 2 (n+ 1) ( Pn+1(t) _ Pﬂ(t) )
" 7 (1-t) \(2n-1)(2n+1)(2n+3) (2n+1)(2n+3)(2n +5)
2 (n + 1) Pn+l(t) - Pn(t) 6Pn(t)
BT <(2n— D2n+D@2n+3)  @n-D(n+ 1)(2n+3)(2n+5))'

Using Pp(t) — Ppya(t) = (1 —t) P,Sl’o)(t), which follows easily from Rodrigues’ formula
(see [19, (4.3.1)]), we get

2 (n + 1) P(l’o)

n(2n-1)2n+1)(2n+3) " (®)

(5.13) an(t) = —
12 (n +1) P()

t oD@+ D2n+3)(2n+5) A1)
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Now, we turn to b, (). It follows from (5.12) (compare (5.10)) that

V2 ) (9(t) — Pag(t))

B0 =9

where
9(t) = (1 — )2,
But we know that (see Section 7)

o 36v2
; (2¢ - 3)(2¢ - 1)(2¢ + 3)(2€ + 5)

(5.14) (1-1)%2= P(t), te[-1,1].

In analogy to (5.10), we can therefore write b, (t) as

36 > 1
m(l1—1) z=¥+1 (26 -3)(2¢—1)(2¢ + 3)(2¢ + 5)

(5.15) bu(t) = ~ Py(2).

The identities (5.7), (5.9), (5.11), (5.13), and (5.15) together imply (4.12) in Lemma 9. []
PROOF OF COROLLARY 10: The estimate (4.13) follows from (4.11), (4.12), and

the estimate :
(1 —cosf)™! = (sinf) "2 (1 + cos @) < 2(sin )2,

and from [19, (7.3.8)],
1/2
(5.16) | Py(cos 0)]| (sin 6) /% < (;) 2 0gogT

It follows from (4.11), (4.12), and (4.13) that for fixed 6 € (0, 7)

2 (n+1)
7 (2n - 1)(2n+1)(2n+ 3)
Now it is known that for 0 <0< 7

Ké?;l)(x7 y) = P’Slio)(cos 9) + O(,n—7/2).

g\ -3/2 0 -1/2 3
(1,0) — 12 -2 9 v _9 -3/2
P{'%cos@) =n=*n (sm 2) (cos 2) cos((n+ 1)6 47r) +O0(n/%),
which is a special case of Darboux’s asymptotic formula (see [19, Theorem 8.21.8]), thus
(4.14) follows with
1 AL 0\ -1/2 3
D,(0) = - Tz (sm 5) (cos —2-) cos((n + 1) — Zﬂ') 1

PROOF OF LEMMA 12: As P{"?(x;-x) € P, for all i € {1,.. .,m}, the cubature

rule @, integrates it exactly. That is,

m m m
Sowid w PMO(x; - x;) = Zwi/P,E"”(xf-y)dw(y)
i=1 i=1 i=1 32

_ z"‘:w. dr 167

N ‘r+1) (n+1)

i=1
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where we have used (4.1) and

2
n+1)

1

(5.17) / PO () ds = (
-1

which can be easily proved with the help of Rodrigues’ formula (see [19, (4.3.1)]). 0

6. EXAMPLES

In this section we discuss examples of cubature rules that satisfy both the exact-
ness property (1.4) and the regularity property (R) of Theorem 6 and Corollary 8. For
sequences of such rules, the O(n~3/2) estimate for the worst-case error in H3/? therefore
applies, with a constant ¢ independent of the sequence in the case of positive weight rules.

6.1. PropuUCT RULES. The most popular cubature rules over S? are product rules.
Writing the integrand in (1.2) as

f(sin @ cos ¢, sin @ sin ¢, cos @) = F(cos 8, ¢), for 8 € [0, ], ¢ € [0, 27),

the integral (1.2) may be written as

If=7jF(t,¢)dtd¢.
0 -1

A product rule is then a rule of the form

j2
Qmf = n+124~“‘F(t" ]+7r1)

j=0 &=1

which is just the product of two 1-dimensional rules:

27

(61) nzfliog(ji"l) ~ [ se)a0,
=

0

a rule which integrates exactly all trigonometric polynomials of degree < n; and

(62) S ueht) ~ [ mod,
=1 el

a rule which we shall require to have positive weights u, and to integrate exactly all
algebraic polynomials of degree < n. It is easily seen that every such product rule
satisfies (1.4). Because they also have positive weights, a sequence (Qm(n)) of such rules
also has the property (R), as we remarked after Theorem 6.
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There are many possible choices for the rule (6.2). For example, the rule could be a
Gauss rule 2], in which case n’ = [(n +1)/2], or a Clenshaw—Curtis rule [2], in which
case n’ = n + 1. The total number of points of the cubature rule is m = (n + 1)n’, if
we allow the possibility of cubature points coinciding. The value of m can be reduced to
m = (n+1)(n' —2) + 2 if (as in the Clenshaw-Curtis rule or the Lobatto rule [2]) the set
of quadrature points {¢,} in (6.2) includes the two endpoints.

We observe that in the examples above m is exactly of the order n?, thus the rate of
convergence of E3/2(Qmn)) when expressed in terms of m is O(m~%/%), which is believed
to be optimal.

6.2. SPHERICAL n-DESIGNS. A point set {z;,...,T,} C S? is called a spherical
n-design on S? if the cubature rule

Qunf = % Zf(xj)
ij=1

is exact for all polynomials of degree < n. That is to say, if the weights in (1.3) are
given by w; = 47/m and (1.4) is satisfied. As noted already, for a sequence of positive-
weight rules such as this the regularity property (R) holds automatically, and therefore
Theorem 6 applies.

The concept of spherical designs was introduced in [3], and in [13] the existence of
spherical n-designs for any n and sufficiently large m was proved. For practical purposes
it is, of course, desirable to have spherical n-designs with a small number of points m.

For the minimal number M{(n) of points such that a spherical n-design with
m = M(n) points exists, the lower bound

M(n)>cn?

is known (see [1, 3]).

In [5] for n = 2¢g — 1 > 1, spherical n-designs with O(n®) points were constructed
as product rules, but these are not serious contenders as cubature rules, as they use too
many points. Whether spherical n-designs with O(n?) points exist for arbitrarily large n
seems to be as yet unknown. (Rabau and Bajnok [10, Conjecture 4.4], conjecture that
the minimum number of points of a spherical n-design on S? is of order O(n?), but in
(5] Korevaar and Meyers conjecture that the minimum number of points is O(n?); we
support the second conjecture.) Finally, in [1] it is shown that the minimum number of
points M'(n) such that for all m > M'(n) a spherical n-design of m points exists, has
the upper bound

M'(n) € cn®s.

6.3. RULES OF SOBOLEV TYPE. Sobolev [17] introduced the concept of cubature rules
that are invariant under a finite symmetry group of the sphere, based on the observation
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that if a is the lowest degree of the non-trivial invariant polynomials under the particular
group, then all spherical polynomials of degree less than a are integrated exactly. Lebedev
and co-workers [7, 8] have constructed many rules on the sphere by exploiting the Sobolev
theory for the particular case of the octahedral group with inversion, with values of n in
equation (1.4) as high as n = 131 (see [8]). The weights are often positive. As long as
this is the case (given that positivity of the weights is not guaranteed) the conclusion of
Theorem 6 applies. The number of points m is always O(n?), and indeed is smaller than
the number of points for product rules that are exact for polynomials up to degree n.

6.4. EXTREMAL SYSTEMS. An extremal system (see [11]) on S? is a set of (n +1)2

distinct points {x;} for which the determinant of the interpolation matrix
j=1,...,(n+1)2

{Yex(x;) 0<e<n, k=1,....20+1

cubature on S? with respect to extremal systems (which by definition has the property

(1.4)) it was found numerically that the resulting weights are all positive for all degrees
n up to at least n = 50.

takes its maximal value. In a recent study [15] of interpolatory

Of course, the conclusions of Theorem 6 hold as long as the weights are positive, but
an alternative condition on the absolute values of the weights would also be adequate,
because of the good geometrical distribution of extremal points. Specifically, the following
property of extremal systems is known:

THEOREM 14. (See [11].) Forn > 1, let xy,...,X(n41)2 be an extremal system
on S%. Then

(6.3) cos~1(x; - Xi) > % for j # k.

Because of this result, the property (R) holds if the ratio of the weights to the average
weight is bounded uniformly in n.

PROPOSITION 15. Forn > 1 and m(n) satisfying an® < m(n) < bn? for some
a,b > 0, independent of n, let x1,...,Xm(n) be a set of distinct points on S? that satisfy
(6.3). Let (Qmn)) be a sequence of cubature rules Qm(n), given by (1.3), with the points
X1,...,Xm(n), and with the corresponding weights satisfying
ar
j S 7T\ j = 17 ey 3
sl e s, g m(n)

for some constant ¢; > 0, independent of n. Then the property (R) holds with
= (32¢3)/a and ¢, = w/4.
PROOF OF PROPOSITION 15: Because of the bound on the weights, for all x € S?
we have

m(n)

Z lwj| < ( ) card{]e{l .,m(n)} |ijS(x,Z7%)},

Xj ES(x_,n,/(‘in))
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Now because of the condition (6.3), at most two of the cubature points can lie in
S(x,m/(4n)) (this happens if and only if the two points lie at opposite ends of a ‘di-
ameter’ of the spherical cap). Thus
"‘z"i’ | < B0 ¢ Bres 32y
Wi m(n) an? © a

)

5(e 30

j=1,
x;€S(x,75)

where in the last step we used the easily found bound

Seer)l 4

O0<r<gnm
ar2 7 q¥ =

with 7 = m/(4n). Thus the property (R) holds, with ¢, = 7/4 and ¢y = (32¢3) /a. 0

7. SOME SERIES EXPANSIONS IN LEGENDRE POLYNOMIALS

In this section we sketch derivations of the series expansions (5.8) and (5.14). The
functions (1 — ¢)'/? and (1 — t)¥? are both in Ly([—1,1]) and have therefore a series
expansion (in the Lebesgue sense) with respect to the Ly([-1,1])-complete orthonormal

system {((2n + 1)/2)1/2 P"}neNo' Thus

(182 = (/(1 — §)/2 P(s) ds >(2e+1) Pyt),

=0

and analogously for (1 — ¢)%/2. In order to compute the integrals, we observe that

(7.1) /(1 — 5)* Py(s) ds

is well-defined for @ > —1. Using the Legendre polynomial property that (see [4, (3.2.19)])
(2¢+ 1) Py(t) = Py, (t) — P, (2), 2eN,

we derive by partial integration, for & > 0 and £ > 1, the relation

(7:2) /(1 —8)* Py(s)ds
= —_(ZZC-:- 0 (/(1 ~ 8)°7 Ppyi(s) ds — /(1 —8)* P,y (s) ds).

-1 -1

It follows from (7.2) that the integrals (7.1) with @ = 1/2, and in turn the integrals with
a = 3/2, can be evaluated once the integrals (7.1) with o = —1/2 are known.
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The key result we need is therefore

(7.3) \/ii /(1 - s)"ll2 Py(s)ds = m%j, £ € Nq.

We sketch briefly how this can be proved. The basic idea is to use (see, for example [4,
Lemma 3.2.4]) the generating function of the Legendre polynomials,

(7.4) (1+h%—2ht)"12 = f:hk Pi(t), te[-1,1], he (-1,1).
k=0

For each fixed & € (—1, 1) the function on the left-hand side of (7.4) is infinitely often dif-
ferentiable on [—1, 1] and its series expansion on the right-hand side converges uniformly
for t € [—1,1]. Taking the limit A — 1 we get for the left-hand side of (7.4)

1
i 2 _ -2 - = (1 —)~Y2 -
’Ill_'rri(l + h* — 2ht) ﬂ(l )%, te([-1,1).

For fixed £ > 0 we define now f\9 : [~1,1] - R for h € [ho, 1), ho > 0, by

(l)( ) Pl( )
h (1 + h2 — 2ht)/2"

Obviously ®
) VR 14
lim £,7(¢) = Al-0

and the estimate

=: fO(1), tel-1,1),

1+h%—2ht = (1 - ht)2+ A2 —t)(1 +t) > h2(1 — t)(1 +¢)
for t € [~1,1], h € [ho, 1), implies for t € (—1,1)

|Py(2)]
Ol < o= t)f/zu 7 =900

I (l)
The function g9 is in L, ([~1, 1]) and independent of h. Thus the dominated convergence

theorem (see [6, Chapter VI, Theorem 5.8)) implies that limy_,; £ = £ in the Lebesgue
sense, and in particular

1 1
Py(
'lli_’rr}/f,gl)(s)dssz(‘)(s) \/—/ (1::)1/2
-1 -1

Now for h € [hg, 1) fixed it is clear that (7.4) converges uniformly, thus

/f“’ s)ds—Zh"/P,,(s Py(s)ds = Rt (2‘_,“)
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This proves (7.3).
Application of (7.2), starting with o = 1/2 and using (7.3), yields in the L,([—1,1])

sense
(73) o Ty O
36v2
(7.6) (-5 = Z; (2¢ — 3)(2¢ — 1)(2¢ + 3)(2¢ + 5) Fe(t)-

Both series also converge uniformly on [-1,1], and therefore (7.5) and (7.6) are valid
pointwise.
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