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Abstract

We show that the modulus of the Bergman kernel B(z, {) of a general homogeneous Siegel domain of
type II is ‘almost constant’ uniformly with respect to z when ¢ varies inside a Bergman ball. The
control is expressed in terms of the Bergman distance. This result was proved by A. Koranyi for
symmetric Siegel domains of type II. Subsequently, R. R. Coifman and R. Rochberg used it to establish
an atomic decomposition theorem and an interpolation theorem by functions in Bergman spaces A” on
these domains. The atomic decomposition theorem and the interpolation theorem are extended here to
the general homogeneous case using the same tools. We further extend the range of exponents p via
functional analysis using recent estimates.
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1. Introduction

Let D c C" be a homogeneous Siegel domain of type Il and let B : D X D — C denote
the Bergman kernel of D. The Bergman distance function d : D X D — R™ is defined
from the Bergman metric on D. In this article, we prove the following statement.

Tueorem 1.1 (Kordnyi’s lemma). For every p > 0, there exists a constant M, > 0 such
that
’B(Z, $H)

B(z.01)
forall z, ¢, € Dwith d({, () < p.

1

<M,d((1,4)

This theorem was proved by Koranyi (see [8]) for symmetric Siegel domains of
type II and was used respectively in [8] and [19] to establish successively an atomic
decomposition theorem and an interpolation theorem by functions in Bergman spaces
AP on these domains (see also [7] and [1]). It was then clear that if Kordnyi’s lemma
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could be extended to general homogeneous Siegel domains of type II, these theorems
may be extended with the same proofs to the general case.

The validity of these results was restricted to exponents p > 1 for which there
exists LP-boundedness of the integral operator with kernel given by the modulus of the
Bergman kernel; a range of such p was given in [6]. It was proved in [5] and [2] that
there is an extended range of p for which the weighted Bergman projector is bounded
in L? on tube domains over symmetric cones (symmetric Siegel domains of type I).
Moreover, in [4], the atomic decomposition theorem of functions in L” was extended
via functional analysis to this extended range of p on these domains. Recently,
Nana [16] proved that results of [2] and [5] above remain valid in the case of general
homogeneous Siegel domains of type II. This gives the way to the extension with the
same functional analysis proof of the atomic decomposition theorem of functions in
AP for this extended range of p > 1 on these general domains.

The paper is organised as follows: in Sections 2 and 3, we shall give two
proofs of Theorem [.1. The uniform boundedness of Cayley transform images
of the homogeneous Siegel domain D of type II plays a key role in both proofs.
In Section 4, we state the Coifman—Rochberg atomic decomposition theorem and
Rochberg’s interpolation theorem on general homogeneous Siegel domains of type II.
Finally, in Section 5, we state the extension of the atomic decomposition theorem for
an extended range of p > 1 on these general domains and sketch the functional analysis
proof.

2. First proof of Theorem 1.1

It was shown in [22] that B(w,z) # 0 for all w,z € D. Since D is convex and
hence simply connected, it is well known (see [15, Proposition 12.7.1, page 254])
that the holomorphic function w — B(w, z) possesses a holomorphic logarithm w —
log B(w, ), that is, a holomorphic function on 9 whose exponential is w — B(w, 7).

Since B(z,w) = B(w, z) for all z, w € D, our purpose is to show that

B({»,2) ’ log B(Zs.2)—
- — 1| = |8 (£2,2)—log B({1,2) — 1| < M, d(¢,,
| 560 || | < Myd(d1, &)
for all z,41,4 € D with d({1, ) < p. We shall rely on the following elementary

inequality:
le* — 1| < |sle"! (s e ).

It therefore suffices to prove that there exists a constant Cy > 0 such that

[log B(2,2) —log B({1,2)| < Cpd(L1,42)

for all z, {1, € D with d(¢y, () < p.
Lety : [0, 1] — D be a geodesic curve in the Bergman metric connecting {; = y(0)
to £, = y(1). Then, for every holomorphic function f on D,

d

1
£ - f&) = f L evo .
o at
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We denote by @, : D — D a biholomorphic automorphism on £ which maps y(r)

to the base point (ie, 0) of D. (For the notation (ie, 0), see the beginning of Section 3.)
For every t € [0, 1],

d d
SUOON= () (2 0@y 0 N

_ d
= oo 0 Q)00 () (@0 0O

So,

< Wumieo(f o O )|

’%(f () (%)T:t(@m o ¥)(1)) '

where || - || stands for the Euclidean norm on C", which is canonically identified
with the tangent space T, 0D at (ie,0). The Bergman Hermitian metric H,(u,v) :=

,,,,,

property:

Hoyo (0, 7)) = ng,m((%)m(@ya) ) (%)m«% o)

2

~

=~ .

(%)T:l((q)y(t) 0 y)(7))

The latter relation relies on the equivalence between the Bergman metric and the
Euclidean metric on C". The conclusion is

d
E(f(y(t)))‘ < 10=ie0)(f © D YW Hyoy (D), (1)) /2.
In particular, for f(w) = log B(w, z) with z € D,

llog B(£»,2) — log B(Z1,2)|

1
s( f H ) (7(), 7)) dt) sup  [18w=(ie.y(log B(D, 4 (w), )
0 t€[0,1], zeD

=d(01.8) sup [1Bu—ie0)(log B W), ).
te[0,1], zeD

The next step is to prove that the following estimate holds:

sup  ||0yw=(ie,0)(l0g B((D;(lt)(w), Il < o0.
t€[0,1], zeD

In view of the standard change of variables formula in the Bergman kernel [9], we
obtain

log B(®,(w), 2) = log B(w, Dy (2)) — log JO i, (w) = log JO_{ (D,1(2)),

where J(D;(lt)({ ) denotes the Jacobian of fl);(lt) at . We note that here (I);(lt) may be an
affine transform because D is an (affine)-homogeneous Siegel domain of type II; then
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6wlog.l(l);(1t)(w) = 0 since ]d);(lt)(w) is independent of w. It therefore suffices to show

the following estimate:

sup [|0y=(ie,0)(log B(w, 2))|| < oo. (2.1
€D

Let o : D — C”" be a holomorphic mapping defined by

(L) := Oye(ic0)(10g B(L,W)) — By—(ic.0)(log B((ie, 0), w)). (2.2)

The mapping o is called the Bergman mapping (see [12] and [22]), which was shown
in [13] to be equal to % times the Cayley transform of the Siegel domain D, introduced
by Penney [18]. The following theorem is fundamental (see [13], [17], [18] and [22]).

TuEOREM 2.1. The Bergman mapping o gives a biholomorphic mapping from D onto
the image o (D) which is a bounded domain in C".

We first point out that
Br=tie) (10g B(L, W) = 0({) + Oy=(ic0)(log B((ie, 0), w))

and log B(w, {) = log B({,w) for all {,w € D. We deduce at once from Theorem 2.1
and (2.2) that (2.1) is valid.

3. Second proof of Theorem 1

Here we rely heavily on [14, Proposition 6.1]. Let o: D — o(D) be the
biholomorphic mapping defined in (2.2). The domain D := o(D) is a homogeneous
bounded domain. Moreover, D is minimal with centre O by [13, Proposition 3.8], so
that the Bergman kernel Bp of the domain D has the property

1
Bp(w,0) = Vol D) (w e D). 3.1)

Note that o (ie, 0) = 0.
For every z € D, let ¢, be the function on D given by

_ Bw,2)
¢:(w) 1= BGe.0).9) (weD),

where B denotes again the Bergman kernel of D. Let ¢ be the Euclidean distance from
(ie, 0) to the boundary of D, and put

K i={we D lw - Gie,0) < g}
It was pointed out in [6, page 157] that Theorem 1.1 follows from the following lemma.
Lemwma 3.1. There exists a positive constant C > 0 such that
lp-(w)l < C
forallw e K and z € D.
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Proor. In view of the change of variables formula in the Bergman kernel and (3.1), we
obtain (see also [14, Lemma 5.2])

B(w, 2)B((ie, 0), (ie, 0))
B(w, (ie, 0))B((ie, 0),7)’

Vol(D)Bp(o(w), o(z)) =
so that
B(w, (ie, 0))

¢.(w) = Vol(D)Bp(o(w), o (Z))m-

(3.2)

Since K C D is compact,
Cy = sup BFW, (ie,.O))
wex| B((ie, 0), (ie, 0))
We denote again by d the Bergman distance on D. Put

p = sup d(w, (ie, 0)) < co.
wekK

By [14, Proposition 6.1], there exists N, > 0 such that

dp(£1,0) < p = N;' < IBp(L1, L) < N,

for all £, € D, where dp stands for the Bergman distance on D. By virtue of the
equivalence of the Euclidean and Bergman distances on the compact set K, there exists
a positive constant C such that the following implication holds:

w - (ie, 0)| < (—25 = d(w, (ie,0)) < C6.

If w € K, the invariance of the Bergman metrics under biholomorphisms tells us that
dp(oc(w),0) = d(w, (ie, 0)) < Cé. Therefore,

|Bp(o(w), 0(2))| < Ncs,

so that (3.2) implies
. (w)] < VOI(D)NcsCr - (w € K).

This finishes the proof of Lemma 3.1. O

4. Atomic decomposition and interpolation: the constructive approach

Coifman and Rochberg [8] used Kordnyi’s lemma to establish atomic
decompositions of functions in Bergman spaces on symmetric Siegel domains of
type II. Subsequently, Rochberg [19] applied these atomic decompositions to prove
interpolation results by functions in Bergman spaces. Their proofs were constructive:
see also [1] and [7] where these results were extended to two homogeneous,
nonsymmetric Siegel domains of type II to which it has been possible to generalise
Koranyi’s lemma. Since, in the present paper, Kordnyi’s lemma is proved in full
generality, these atomic decomposition and interpolation results can now be extended

https://doi.org/10.1017/S0004972714000033 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972714000033

82 D. Békollé, H. Ishi and C. Nana [6]

to general homogeneous Siegel domains of type II. In this section, we state these
general results.

We use the same notation as in [16]. We consider the T-algebra U in which an
involution is given by x — x*. We have the following canonical decomposition of U:

U= (P uy
1<i,j<r

where r is a positive integer, the subspaces U;; satisfy U;; = Re; with ci2 =¢; and
dim U;; = n;; = nj;. We denote by e the unit element of the matrix T-algebra U, that is,

;
e = Z C/'.
j=1
Let p be the canonical isomorphism from U; onto R. We consider the subalgebra
7= P u;
1<i<j<r
of U consisting of upper triangular matrices. Let
H={teT :p(t;)>0,i=1,...,r}

be the subgroup of upper triangular matrices whose diagonal elements are positive,
and let
V={xeU:x* =x)

and
Q={ss*:s€H).

Then V is an n-dimensional Euclidean vector space (the dimension n will be given
below) and Q2 c V is an irreducible, open, convex and homogeneous cone of rank r,
which contains no straight line. The group H acts simply transitively on € through the
transformations

aw) tuu* - wu)ww*) (w,u € H),

which correspond to the left translations of Q [21, page 383].

We define .
i— r
n; = ani, m; = Z njj;
=1 j=i+l
then
r r
dimV=n=r+Zm,~=r+Zn,~.
i=1 i=1
For k=1,...,r, we consider the homogeneous functions of degree 1 denoted by y
in [1, 6, 10], defined by
Pr(x)
Or(¥) = ",
=kt pj(x)
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where py, k=1,...,r are homogeneous polynomials of degree 2" called
determinant-type polynomials associated with the cone Q (see [11, Proposition 1.4]).
The convex homogeneous cone € is therefore defined by

Q={xeV:0;x>0, j=1,...,r}

and all irreducible, open, convex and homogeneous cones are obtained in this manner
(see [21)).
We shall use the following notation.

(1) Forall@ = (ay,...,a,) € R"and x € ), we put
o'w=[]ew.
j=1

(2) Weputt=(1,...,7,) € R" with
=1+ %(mi +n;)
(in the notation of [1, 6, 10], T corresponds to —d).

Let now D = {(z,u) € C" x C" : Immz — F(u, u) € Q} be the homogeneous Siegel
domain of type II associated with the open, convex and homogeneous cone Q2 and
with the homogeneous Q2-Hermitian form F. We have the direct sum decomposition
C™ =T1;., C;, where C, is the subspace of C" on which the projection F;; of the form
F on the subspace U; of U is positive definite. We set b; = dim¢ C;, each b; is a
nonnegative integer and we denote by b the vector (by, ..., b,).

In the sequel, we denote by dV the Lebesgue measure on D. For v = (v,...,v,) €
R", dV, stands for the weighted measure

dVy(z,u) := Q"> "(AImmz — F(u, u)) dV(z, u).

We denote by LI(D), 0 < p < oo, the weighted Lebesgue space L7(D, dV,(z, u)).
The weighted Bergman space A%(D) is the closed subspace of L) (D) consisting of
holomorphic functions on D. To have AL (D) # {0}, we must take v > %(m j +bj) for
all j=1,...,r.

The orthogonal projector of the Hilbert space L>(D) onto its closed subspace A%(D)
is the weighted Bergman projector P,. For @ € R" and z € V + iQ), we denote by Q“(z/i)
the holomorphic determination of the power on the tube domain V + iQ over Q which
is positive on iQ. Then P, is the integral operator

Py f(z,u) = f B, ((z,u), (W, 1)) f(w, 1) dV,(w, 1),
D

where B
B,((z,u), (w,1)) = dVQ‘V‘W"(ﬂ ~ Fu, t))
2i

(note that [10] gives the value of d,) is the weighted Bergman kernel of O. The
unweighted Bergman kernel of 9, which was denoted by B in the previous three
sections, is given by B = By/2)++-
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DeriniTION 4.1. Suppose that 77 is a positive number and {{;}iez, is a sequence of points
of D. Let d denote again the Bergman distance on D and define the Bergman balls

Bi={cep:de.co <1},

B =1{{eD:d(, &) <),

By =1{{ €D d(L,4) < 4n).
The sequence {{;} jez, is called an n-lattice if:

(1) BinB =0, (k+#1);

() Ukez, B = D
(3) there is a positive integer M which depends neither on 77 nor on the i such that
no point of D belongs to more than M balls By.

Coifman and Rochberg [8] proved the existence of an n-lattice for each n > 0 (see
also [4]). For a point { = (z, u) of D and for u € R”, we adopt the notation

AQ) = QMO (Immz — F(u, ).
Put

® = max —.
1<j<r v J J

We first state the atomic decomposition theorem.

THeEOREM 4.2. Let D be a general homogeneous Siegel domain of type II. Let p be a
positive number and v = (vi,...,v,) a vector in R" such that v; > %(mj + b;) for all
j=1,...,r. Let a be a vector of R". The following two assertions hold.

(1) AssumethatO<p<land forj=1,...,r,

p 1 pmi+b; i vit3 1}
. e e + ’ *

(respectively, l<p<1+1/@and forj=1,...,r,

p-1 Vit 3 vj 1_7mj+bj})

+(p-1 ,p+ +
(P=D PPy o, T 2b, + 21,

iz max{ 2 b, + 21,

Then there is a positive constant ny such that for each n € (0,n9) and each
n-lattice (¢} in D, every F € AD(D) can be decomposed in the form

F() = Z ABW(&, 8)Aw (&) (L € D), 4.1)
k
where

20 b v+§+‘r
e
p
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and {A;} is an [P-sequence of complex numbers. Moreover, there is a constant
C = C(a, p, v) such that for each n € (0,n9), each n-lattice {{;} and each F €
AL(D), the sequence {A;} of (4.1) satisfies

DMl < CIFI, P ™™D if p> 1
k

(respectively, 3 \il? < CIIFI”, if p € (0, 1])
(2) Assume that p € (0, 1] and

nj
Vit 1

P> +
@ 2Tj+bj 2

forevery j=1,...,r (respectively, 1 <p <1+ 1/0O and

.
1 vi+ 7] )
; —
@i p(2 2‘1']' + bj
for every j=1,...,r). Then there is a constant C = C(a, p,v) such that for
eachv > 0, each sequence {{;} satisfying infiz d((, {)) = n and each IP-sequence
{4}, the function F defined by (4.1) belongs to AL(D) and satisfies the estimate
IFIS, < C Xkl (respectively, ||FII%, < C 3y |4y @),
The proof of this theorem relies on the following three propositions, which are
established in [7]. In Theorem 4.2, we take u = Qa/p — 1)(b/2 + 7).

Proposition 4.3. Let v be a vector in R” such that v; > %(mj +bj)forall j=1,...,r.
Let 0 < p <1+ 1/0. Then the weighted projector P, reproduces functions in the
weighted Bergman space AL(D) if the following condition is fulfilled:

1 1 b; 1 b;
Hj> max{z(mj + b]) + l—)(V] + 3 + Tj), E(mj + bj) + (Vj + 3 + T])}
forallj=1,...,r.

ProposiTioN 4.4. Let u,v be two vectors in R” such that v; > %(mj + b)) and u; >
vi+mnj/2forall j=1,...,r. Then the following estimate holds:

f |B.(z, W dV, (W) = Cpuy A_yusy—bj2—+(2).

D

ProposiTioN 4.5. Let v be a vector in R" such that v; > %(mj +bj)forall j=1,...,r.
Then the integral operator P; with kernel given by the modulus of the weighted

Bergman kernel is bounded on the weighted Lebesgue space LY(D) if the following
conditions are fulfilled:

1 nj
1<p<1+6 and uj2vj+3", j=1,...,r.
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The sufficient conditions given in the latter proposition are not known to be
necessary even for tubes over symmetric cones; in this particular case, the conditions
were only proved to be necessary for v = u real, that is, v = (v, ..., v) [4]. (The reader
should also look at the remark following [16, Theorem 2.3].)

Let us next move to the announced interpolation result. Let S = {{i}rez, be a
sequence of points of D and define the operator T : AD(D) — I°(S) by (TF)() =
F ({k)Ai/ P(£:). We can now state the interpolation theorem.

THEOREM 4.6. Let D be a general homogeneous Siegel domain of type Il. Let S =
{kYkez, be a sequence of points of D satisfying infy.; d((x, () 21> 0. Let p be a
positive number and v = (vi,...,v,) a vector in R" such that v; > %(mj + bj) for all
j=1,...,r. Then:

(1) T is bounded from AL (D) into IP(S);

(2) moreover, if 0 < p <1+ 1/0, there exists a positive number 1y = ny(p, v) such

that if n.> no, T maps AL(D) onto IP(S); more precisely, there is a continuous
linear operator R : IP(S) — AL(D) such that TR = Idps).

S. Extension of the atomic decomposition theorem:
a functional analysis approach

The extension of the atomic decomposition theorem to other values of p > 1 was
obtained in [4] on tube domains over symmetric cones (symmetric Siegel domains of
type I). The proof uses functional analysis and it also works here. The results in the
general case are the following.

THeEOREM 5.1. Let D denote a homogeneous Siegel domain of type Il and let p € (1, ).
Assume that the topological dual of AL(D) identifies with AD (D), 1/p+1/p’ =1 by
means of the map

Lc:G e AV (D) > L(F) = f F(2)G(2) dV,(2). (5.1)
D

Let {{i} be an n-lattice in D. Then the following two assertions hold.

(1)  For every complex sequence {Ay} such that
DIl < o,
3

the series 3 A;B,(C, {k)Ai_(l/p)({k) is convergent in AL (D). Moreover, its sum F
satisfies the inequality

IFIE, <€ > 1.
k

(2) For n small enough, every function F € AL(D) may be written as

FQ) =" ABy(& 20" (@)
k
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with
Dl < ClF,.
k

The functional analysis proof of this theorem is identical to the proof for symmetric
Siegel domains of type I [4]. The idea is to examine the adjoint operator of the
interpolation mapping

F = (FEOA (@hez,

on the respective bases of assertion (1) of Theorem 4.6 and the following sampling
theorem [4, Theorem 5.6].

Tueorem 5.2. Let {{;} be an n-lattice in D with n € (0, 1). If np is small, then there is a
positive constant C,, such that every F € A}(D) satisfies

IFIf, < € ) IF@IPAG).
k

To adapt the proof of [4], the reader should keep in mind that the measure
dV({)/Aw/2y+- () is invariant under automorphisms of D.

We now explain why the range of p > 1 for which the topological dual of AL(D)
identifies with A,’," (D) by means of the map L given in (5.1) extends the interval
of validity of Theorem 4.2, that is, (1,1 + min;<;<,((v; — m;/2 — b;/2)/(n;/2))) or,
equivalently, (® — 1)/(2(® + 1))) < 1/p — 1/2 < 1/2 with ® = max <<, ((n;/2)/(v; —
m;/2 — b;/2)). It is routine to show that this dual property holds whenever the weighted
Bergman projector P, is bounded on L(D). The conclusion follows from the next
theorem.

Tueorem 5.3 [16, Theorem 2.3]. Let v € R" be such that v; > %(mj +nj+ b)),

j=1,...,r. The weighted Bergman projector P, extends to a bounded operator on
LL(D) for

‘ 1 1 ‘ - 1-A

p 21 2(0+A)

where A = max<j<,((n;/2)/(vi — mi/2 — b;j/2 + n;/2)).

Remark 5.4. (1) Let v € R" be such that v; > $(m; + b)), j=1,...,r. It was
shown in [6, Theorem II.8] that P, does not extend to a bounded operator
on LY for 1/p—1/2> (1 -2I/2 or 1/p—1/2 < @I - 1)/2, where T =
minls,-g((ni/2)/(vl- + 1+ (m; + b;))/2 + n;)). For Vi > %(ml +n;+ bj), ] =
1,...,r, there remain two intervals of exponents p for which it is not known
in general whether P, extends to a bounded operator on L)(D). A conjecture is
stated in [3] for the particular case of tubes over symmetric cones.

(2) This functional analysis approach can also be applied to smaller values of p,
namely 1 < p <1+ A with
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or, equivalently,
1-A < 1 1 1
20+A) " p 2 2
In this case, it was proved in [20] (see also [3] for tubes over symmetric domains)
that the topological dual of A”(D) identifies with a (Banach) analytic Besov
space.
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