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Abstract ~ We prove the compactness of critical Sobolev embeddings with applications to nonlinear
singular Schrédinger equations and provide a unified treatment in dimensions N > 2 and N = 2,
based on a somewhat unexpectedly broad array of parallel properties between spaces D1'2(RY) and
H& of the unit disc. These properties include Leray inequality for N = 2 as a counterpart of Hardy
inequality for N > 2, pointwise estimates by ground states r(2~N)/2 and v/log(1/7) of the respective
Hardy-type inequalities, as well as compactness of the limiting Sobolev embeddings once the Sobolev
norm is appended by a potential term whose growth at singularities exceeds that of the corresponding
Hardy-type potential.
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1. Introduction

The goal of the present work is to address questions of compactness for Schrédinger type
equations in dimensions N > 2. It is well known that two-dimensional problems differ
from higher-dimensional ones in several ways, such as critical rates of growth, energy
spaces and corresponding embeddings into Lebesgue-type spaces.

The starting point of our study is the Schrédinger operator

L=-A+V(z) (1.1)

on a domain 2 C RN, N > 2, where V is a continuous function away from the origin. The
idea is to present a unified approach where the differences between dimensions N = 2
and N > 2 can be understood as a realization of common phenomena. For that, when
N = 2 we shall pick 2 = B (the unit ball, rather than 2 = R?) as the closest counterpart
of 2 =R" when N > 2.
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A reason for this apparent dichotomy lies in the fact that the kinetic energy

/ |Vu|? dz
RN

does not define a bona fide functional space when N = 2. Namely, the completion of
C§°(R?) under the kinetic energy norm lacks a continuous embedding even into the
space of distributions (note that the zero element in the completion space consists of the
class of all constant functions). Indeed, the affinity between the unit ball in R? and the
whole space R for N > 2 becomes transparent when we consider the Hardy inequality,

2
/ |Vul?dz > C’N/ u—2 dz, wue CeRY), (1.2)
RN RN T

where the optimal constant Cy = (3(IN — 2))? expresses the optimal coercivity of the
energy space D12(RY) in terms of weighted L2-norms (and the uncertainty principle, for
that matter). The mentioned optimality means that no larger weight can replace C\ /r?
(cf. [6]). On the other hand, when N = 2 and Cy = 0 (yielding incompatibility with the
uncertainty principle), one can reestablish the following Hardy-type inequality on the
unit ball B = B;(0) C R%:

2 1 ’LL2 T u oo
/B|Vu| dr > 1/3772(1%(1/@)2‘1 . ueC(B) (1.3)

(cf. [5]), where again the weight 1/472(log(1/r))? cannot be improved.

Going back to the Schrédinger operator L in (1.1), the above discussion suggests the
use of radial potentials V' which exceed the optimal threshold const./r? when N > 2 or
const./r?(log(1/r))? when N = 2, thus inducing energy spaces which are smaller than
D2 for N > 2 or HE(B) for N = 2. So, we shall be considering the following hypotheses:

(VN) V(r)+ (ug — )V (r) 20, V(r)/Vu(r) = 400 when r — 0 or r — oo, for N > 2,
(V2) V(r)+ (g — a)Vy(r) 20, V(r)/Vg(r) = +oo when r — 0 or r — 1, for N = 2,

where o > 0,

% for N > 2,
Vi (r) = " 1
ogi/m N T
and )
<N2) for N > 2,
[ = 2
i for N = 2.

Typical potentials satisfying the above conditions are

“‘;%T' for N > 2,
V()= loglog(1/7) ; B

—————— for N =2.

r2(log(1/7))?
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In the case N > 2, related results have been considered by Su et al. in [11,12] by a dif-
ferent method with assumptions yielding compactness on embedding of weighted radial
Sobolev spaces. Our focus in this paper is not on compactness for weighted Sobolev
inequalities in general as in [11,12], but rather on appropriate, and more refined, condi-
tions that yield weak continuity of the standard (i.e. with weight 1) critical nonlinearities.
Our approach also extends to the case N = 2 and, as mentioned at the start of this sec-
tion, aims at presenting a unified view of both cases N > 2 and N = 2.

From now on, the energy space Ey is defined as the subspace of radially symmetric
functions in the completion of C§°(f2) with respect to the norm

1/2

fulli= | [ (9uf + veyad]

where 2 = RY for N > 2 and 2 = B for N = 2. It follows from (VN) and (V2) that
Ey is continuously embedded into Ey, which stands for the radial subspace of D!'2(RY)
when N > 2 and for the radial subspace of Hi(B) when N = 2, endowed with the norm
Vull2.

We recall two standard inequalities characterizing integrability of functions in Sobolev
spaces, namely, the limiting Sobolev inequality for N > 2,

sup P(u) < oo, where &(u) = / lul? dz, 2" = ——, (1.4)
IVull2=1 RN N =2
and the Trudinger-Moser inequality for N = 2 (cf. [7,14]),
sup P(u) < oo, where P(u) = / e’ dz, (1.5)
IVull2=1 B

with 47 being the best such constant. We point out that, while for N > 2 the limiting
Sobolev inequality defines a continuous embedding of Ey into L2, the Trudinger—Moser
inequality defines a continuous embedding of Ey into the Orlicz space exp L? induced
by the functional @ (for the sake of comparison, we remind the reader that D!?(R?)
lacks continuous embedding even into D’). The radial subspace exp L2, ; of exp L? can
be endowed with an equivalent norm (for details, we refer the reader to [3]):

Jul = sup DL (1.6
r +/log(1/r)

Neither the embedding Ey < L% for N > 2 nor the embedding Ey < exp L? for N = 2
is compact. However, if instead of Ey we consider Ey with a potential V satisfying (VN)
and (V2), then the corresponding embeddings become compact. Our main results are
Theorems 2.4, 2.6, 3.2 and 3.4. The last two results are applications to critical growth
Schrodinger equations of the compact embedding theorems (Theorems 2.4 and 2.6). An
illustrative consequence of the latter is the following theorem.

Theorem 1.1. Let : Ey — R be as in (1.4) (respectively, (1.5)). If V satisfies (VN)
(respectively, (V2)), then the embedding of Ey into L*" (respectively, exp L?) is compact
and the functional ¢ defined by (1.4) (respectively, (1.5)) is weakly continuous.
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Remark 1.2. Conditions of Theorem 1.1 are sharp in the following sense.

e If V/Vy is bounded near one of the endpoints in (VN) and (V2), then the cor-
responding embedding is not compact. The lack of compactness is verified on
sequences ¢, u, where u € C§° is fixed,

t>0, (1.7)

tN=2/2q(tr)  for N > 2,
geu(r) = 1/2,, (1)t
tH/ 2 (rt/t) for N =2,

with ¢, going in a direction related to the endpoint in question (e.g. for N = 2,
e/t converges to 0 and 1, respectively).

o If we have equality in the first condition of (VN) and (V2) and o = 0, the operator
(1.1) is no longer positive definite. In this case the operator (1.1) for N > 2 corre-
sponds to the Hardy inequality that has the generalized ground state r=™)/2 and
for N = 2 it corresponds to the Leray inequality that has the generalized ground

state /log(1/r).

e The theorem is false if the restriction to the subspace of radial functions is omitted.
In particular, if N > 2, u € C§°(RY) and sup,., [V (r)| < oo, then u, := u(-—y) —

0 in Ey as |y| — oo, but
/ uy > dz = / lu?" dz.
RN RN

For N = 2 a counter-example is given by a sequence concentrating (by means of
logarithmic dilations (1.7)) at a point bounded away from both the origin and 9B.

2. Critical nonlinearities in Ey

In this section we prove Theorem 1.1 and derive some of its consequences. The main
technical component of the proof will be the operators (1.7), which are isometries on Ey
and form a multiplicative group, as can be shown by an easy calculation.

Due to the lack of compactness in the limiting embeddings, a sequence in Ey will
vanish in the target space only if its convergence to zero in Ej is stronger than the weak
convergence. Indeed, we have the following.

Proposition 2.1. If (ur) C Ey is such that for every ty, > 0,
g, Uk — 0 in E(), (21)

then ur, — 0 in L2 for N > 2 and u — 0 in exp L2 . for N = 2.

rad

Proof. For N = 2, this result is [1, Lemma 3.3]. For N > 2, the result is a restriction
of [9, Theorem 2] to the radial case, once one observes that radiality prevents the forma-
tion of rescaled profiles at any other point but the origin, and condition (2.1) prevents
formation of profiles at the origin as well. For completeness, we include an independent
proof in the appendix. O
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In the terminology of [13], the above proposition states that the embeddings Fy < L*
and Ey — exp Lfad are cocompact with respect to the group of transformations (1.7).
Another important embedding of Ey that is cocompact with respect to (1.7) is given by
the inequalities

lrV =272y < C(N)||Vull2, N > 2, (2.2)
and

1(og(1/r) ™ ?ulle < C(N)|Vulla, N =2 (2.3)

(see [10] and [7], respectively). In what follows, the notation L? will refer to the space
LP(2,W dzx), p < oo, the Lebesgue space of {2 with measure W dz, W > 0, with norm

1/p
el = ( / |u|pdx) .
(9]

Somewhat inconsistently, we denote by L>°(£2, W dz) the space of Lebesgue measurable
functions with the norm

[uW|oc = sup [u(z)|W ().
e

Then, we have the following.

Proposition 2.2. If the sequence uy, is as in Proposition 2.1, then |[r(N=2)/2q, ||, — 0
for N > 2 and ||(log(1/7)) ™" ?ug||ec — 0 for N = 2.

Proof. Note first that the case N = 2 here is identical to the case N = 2 in Proposi-
tion 2.1, since the norm appearing in (2.3) has already been adopted in §1 (see (1.6)) as
the standard norm for exp L2 ;. For N > 2 we have that

N—2)/2
r,(c )/ ug(rg-) = 0
for every sequence r > 0. Let us use the trace value of a function on the unit sphere SN =1,
integrated over this sphere, as a continuous test functional for the weak convergence. This
yields réNﬁZ)/Zuk(m) — 0, which in turn, since 7, is arbitrary, gives ||r(V =272y, | —
0. a

We further note that, for N > 2, one has the inequality
[ el de < CVpIValg, where o = H(p- (N ~2) =2, p€ [2.00). (24)
RN
Indeed, for p = 2 this is the Hardy inequality and for p > 2 it is an elementary conse-
quence of the Hardy inequality and the radial estimate (2.2). Observe that, for p = 2*,

we have o, = 0, which gives the limiting Sobolev inequality as a consequence of the
Hardy inequality.
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Similarly, for N = 2, as has been observed in [1], the following inequality follows from
Leray inequality (1.3) and the radial estimate (2.3):

p
| oy o < COVpIVal,  where 6, = 3p-+2), pe o). (25)

It is now clear that inequalities (2.4) and (2.5) also define cocompact embeddings; namely,
we have the following.

Corollary 2.3. If the sequence uy, is as in Proposition 2.1, then

/ r*ugPdz — 0, pe€ (2,00), N> 2 (2.6)
RN
and
/de—w pe(2,00), N=2. (2.7)
g r*(log(1/r))% 7 L

Unlike embeddings of Ej that are cocompact but not compact, the space Ey admits
the following compact embeddings.

Theorem 2.4. For every p € [2,00) the space Ey is compactly embedded into the
space LP(RY,r® dzx) for N > 2 and into the space

—6
1 p

LP <B,r2 <10g ) dz) for N = 2.
T

Proof. Consider first the case p = 2. By (VN) we have, for N > 2,

u? u? 9
/ —I;dz:/ —’;dereR/ Vug dz
RN T R-1<r<R T {r<R-'}u{r>R}

up 2
< / 5 Az + er|luk| g, ,
R-1<r<R T

where eg — 0 as R — oo. If we assume that ur — 0 and use Sobolev embedding in
bounded domains, it follows that

2

. u .

lim sup/ 71; dz < eglimsup ||Uk||%fv
k— 00 RN T k—o0

Since R is arbitrary, it follows that uj, — 0 strongly in L?(RY,1/r? dx). Similarly, when
N =2, we have, by (V2),

g o
/B 2 (log(1/r)2

uy 2
= - dz + €R/ Vg, dz
/nglog(l/r)gR TQ(IOg(l/T))2 {log(1/r)<R—1}U{log(1/r)>R} g
2
u
< ——Fk ___dx+enllukl|%. , 2.8
nglog(l/r)gR 7’2(10g(1/7"))2 || ||EV ( )
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where eg — 0 as R — oo. If we assume that ur — 0 and use Sobolev embedding in
bounded domains, it follows that

2
U
limsup/ ——Fk ____da <eglimsup ||lun|%. ,
2P 2 og(ym)e O S erlimsup ez,

and we conclude similarly that u; — 0 strongly in

1
*(B——— _d
( * 12(log(1/r))? x)
since R is arbitrary.

The case 2 < p < oo follows immediately from the case p = 2 and the retrospective
pointwise estimates (2.2) for N > 2 and (2.3) for N = 2. O

As a matter of fact, the case p = oo also holds true. Before stating the theorem we
need the following elementary estimate, which follows from the fundamental theorem of
calculus and the Cauchy—Schwarz inequality in a similar manner to (2.2) and (2.3).

Lemma 2.5. Assume that u € C}(B) is a radial function on the unit disc, let X\ # 1

and let \ 12
Na(u) = (/B|Vu|2(1og i) dx) . (2.9)

1\(A—1D/2 1
sup |u(r)|<log r) < —=Ni(u). (2.10)

re(0,1) V2| —1|
Theorem 2.6. The space Ey is compactly embedded into L*°(RY, r(N=2)/2 dz) for
N > 2 and into the space L>°(B, (log(1/r))~/?dx) for N = 2.

Then

Proof. Let u; — 0 and consider the case N > 2.
Case 1. Assume first that all the up have support outside the annulus
Ar={xeR|1/R < |z| < R},

with R > 0. Since r2V (r) — oo as 7,771 — oo, there exist Mg > 0, limg_,oo Mg = 400,
such that V(r) > Mg/r? for all 7,71 > R. Let A = Ag > 0 be any of the two roots of
the equation

Ar(Ag + N —2) = Mp. (2.11)

As a matter of convenience we can decrease Mg, so that Mg still goes to infinity as
R — oo but A is now an integer. It follows that ¢ (r) = 7% solves

M
—Ap + T2R<p =0 in RV \ {0},
and we obtain

M,
v wprar= [ (9 )< c
A% Ac

R
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where C' > 0 is such that
Jur]®* < C

for all £ € N. Therefore, we have
/ |Vo2rVe=ldr < C, (2.12)
RN

where v = r " Ry, and Np = N + 2\g. It follows from the pointwise estimate (2.2) in
DL2(RNR) that

const.

VNr —2

r(NR=2)/2)y ()| < for all » > 0,

or

const.

JN—2+2n, B

where eg — 0 as R — oo (recall that Ap — 00 as R — oo because My does so by (2.11)).

V=272, (r)] < (2.13)

Case 2. The general case, where we do not assume that all u; have support outside
a fixed annulus, can be handled by cut-off functions. Let 8z € C*°(R) be a non-negative
function such that

On(r) = {1 for r € [0, R U [R, c0), (2.14)

0 forre[R7'+1,R-1],

with |6 (r)] < 2 for all 7. Then, defining vy = Orur and wy = (1 — Og)uy (where, for
simplicity of notation, we now drop the subscript R), we can write

U = Vi + W,

where vy, has support in the union of Br-1,; and RN \ Bg_1, and wy, has support in
Ap-1 g = Br\ Bg-1. Now, a straightforward calculation shows that

/ (|Vog|? + Vi) de < 2/ (|Vug* + Vui)de + 2/ ug de,
RN A

RN R-1,RUAR 1 14,

where the second term above goes to zero since uy, — 0 as k — oo. Therefore, the sequence
v, is bounded in Ey. This allows us to use Case 1, in order to conclude from (2.13) that

sup 7N =272y, (1) = 0. (2.15)

r>0
An analogous calculation shows that wj; has a bounded FEp-norm, and thus wyp — 0
uniformly on its support in Ag-1 p_; by compactness in the Morrey embedding. Recalling
that ur = v + wg, we extend the estimate (2.15) to the sequence ug, which proves the
theorem for N > 2.
‘We now consider u; — 0 in the case N = 2.
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Case 3. Assume first that all the u; have support outside the annulus A, = {z € B |
e~/ < |z < e "}, with a fixed small 7 > 0. Since (log(1/7))?r?V (r) — oo as 7 — 0 or

r — 1, there exists M, > 0, lim, o M,, = 400, such that

MW
V)= gy

whenever r € [0,e'/"] or r € [e™",1].
Also, letting A = A;; > 0 be any of the two roots of the equation

An(/\n - 1) = an

it follows that ¢, (r) = (log(1/r))* solves
M
—A el E— — in B
ot Eegmp? =0 MO

and we obtain

M,
2 Z1 42 _ 0o, M, o
/Bgon\V(gon ug)|[*r dr /B(Wuk + r2(log(1/r))2uk>rdr <C,

where C' > 0 is such that
Jur|®* < C

for all £ € N. Therefore, we have

1\2M
/ |VU2(logr) rdr < C,
B

where v = (log(1/r))"*uy. From Lemma 2.5, we have

1\ 12 const.
swp [o(r)(log ) <

re(0,1) V |)‘77 - 1|’

or

1\ /2 const.
ol (tog ) e I

VA =1

(2.16)

(2.17)

(2.18)

(2.19)

where €, — 0 as 7 — 0 (recall that \,, — co as 7 — 0 because M, does so by (2.16)).

Case 4. The general case for N = 2, where we do not assume that all u; have support

outside a fixed annulus, can be handled by means of cut-off functions.
Let

1 for r € [0,e= /" U e, 1],
0 for r € [e=1/ () ¢=n/2],
=2 —n/2
On(r) —log c for r € (e7", e—17/2)7
n r
—1/(2n)
2nlog c for r € (efl/nvefl/(%))’
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and observe that, apart from a set of measure zero,

2 for 7 € (e=1/1, e~/ (2m),
r

‘0:7(7‘” g 3 for r e (efn’efn/2), (221)
nr

0 otherwise.
The choice of the cut-off function involving logarithmic terms is common in optimal cut-

off functions for N = 2 and has been used in the literature (see, for example, [6]). Then,
setting v,(cn) = 0, u), and w,(cn) = (1 — 6,)ux, we can write

up = Ul(cn) + wl(f),

and proceed analogously to Case 2, above. Our choice of 6, yields a bound on the gradient

norm for both v,(cn) and w,(cn), which is uniform in 7. The contribution of v,(cn) is small by

the estimate (2.19) (similar to (2.13)), while w,(cn) converges uniformly to zero on the
annulus e~ /7 < r < e~ by compactness in the Morrey embedding. O

Now we can give the proof of Theorem 1.1.

Proof of Theorem 1.1. For N = 2, the theorem follows from the corresponding
statement in Theorem 2.6, and the equivalence of the Zygmund norm (1.6) (the same as
L>®(B, (log(1/r))~/?) dz) and the Orlicz norm of exp L?. For N > 2, this is a particular
case of Theorem 2.4 with p = 2* corresponding to a;, = 0. (]

3. Applications

Let f € C(R) and assume that there exists A > 0, such that, for all s € R,

1f(s)] < {A|5|2 o frN>2 (3.1)

Asleds”  for N =2,

where A > 0 will be specified later. Let

F(s) = /OS f(t)de
and
P(u) = /QF(u(x)) dz. (3.2)

We recall that 2 = RY if N > 2 and 2 = B if N = 2. Then, clearly, 1 € C*(E,) and
therefore ¢ € C*(Ey).

Proposition 3.1. Assume that f satisfies (3.1) and let ¢ be the functional (3.2).
Then 1) is weakly continuous on Ey and v’ is weakly continuous as a map from Ey, into
E{/ = Ev.
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Proof. Let uy — wu. Consider the case N > 2 first. By the compactness given by
Theorem 2.4, u, — u in L? . The assertion then follows from the well-known continuity
of : L?” — R and of ¢': L?" — D2,

Now, let N = 2. It suffices to show that f(ur) — f(u) in LP(B) for any p. This follows
from Lebesgue dominated convergence once we show that |f(ug)|? is bounded by an
L'- function for all k sufficiently large. Indeed, combining an elementary inequality with
Theorem 2.4, we have with some €, — 0,

up < 2ui 4+ 2(up — u)? < 2ui 4 Cey, log(1/7).
Applying the bound (3.1), we obtain

|f (ur) [P < fug|P exp(pAui)
< exp(p(A + Dug)
< exp(p(A + 1)2u}) exp(p(A + 1)Cep log(1/7))

exp(2p(A + 1)ui)

rp(A+1)Cey
< exp(2p(A + 1)u%),
T
where the last inequality holds for all k sufficiently large. O
Let
J(u) = gllull* = (u)
and define

& :={u; € C([0,1], Ev): uop = 0 and J(u;) < 0}.

We recall that the notation of the norm without further specification refers to the
space Fy .

Theorem 3.2. Assume that (3.1) holds and that the functional J satisfies the follow-
ing functional-analytic conditions:

b # 0, (3.3)
for every p > 0 sufficiently small, c,:= Hiﬂip J(u) >0,
and
J(ug) = ¢, J(ug) -0 = |jug| is bounded, (3.5)
where
c:= uit%fds tax, J(ug) > 0. (3.6)

Then there exists u € Ey such that J(u) = ¢, J'(u) = 0. In particular, u is a weak
solution of
—Au+V(r)u= f(u). (3.7)

https://doi.org/10.1017/50013091512000363 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091512000363

438 D. G. Costa, J. M. do O and K. Tintarev

Moreover, the conditions (3.3)—(3.5) follow, respectively, from the following explicit con-

ditions:
. F(s)
sup F(s) >0 for N > 2, 1l>m i +oo  for N =2, (3.8)
A < da, (3.9)

where A is as in (3.1), v is as in (V2), Ay is the first eigenvalue of the Dirichlet Laplacian
in B and
there exists 0 > 2 such that f(s)s > 0F(s) for all s € R. (3.10)

Proof. From the standard Mountain Pass Theorem and conditions (3.3), (3.4), it
follows that there exists a sequence (uy) € Ey such that J(ug) — ¢ and ug — 9" (ug) — 0
in Ey. By (3.5), ug is bounded in Ey and, therefore, for a renumbered subsequence,
up — u in Ey. Then, by (3.1) and Theorem 1.1, ¢/ (ux) — ¢'(u) in Ey and thus uy — u
strongly in Ey . Consequently, u is a critical point with J(u) = c.

Next, note that (3.5) follows from (3.10) by repeating the classical argument in [2].
So, it remains to derive (3.3) from (3.8), and (3.4) from (3.9).

In the case N = 2 condition (3.3) follows from (3.8) immediately. Now, let N > 2. let
us show that the path u; := u(t~!-), for a suitable u € Cg°(RY \ {0}), is in the class &.
Continuity of the path in D2 is shown, for example, in [4]. In order to verify continuity
of the path in L?(RY,V dz), note first that if ¢, — ¢ > 0, then

/ V(z)ui da = / tNV (tpx)u® de — NV (tx)u? dz.
RN RN RN

Furthermore, if t; — 0, then, since u has compact support in RY \ {0}, we have
tNV (tpx) — 0 uniformly on suppu. Using the change of variables x = ty in [ F(u;) dz,
we have

lim +V -/RN F(u(y)) dy = oo,

t—o0

once we observe that, by (3.8), the integral above becomes positive for a suitable w.
Finally, since the proof of (3.4) for N > 2 is clear from (3.1), let us then prove (3.4)
for N = 2. From (V2) it follows that

lul? > daf| Va2 > 4%/ W2 da.
B

Therefore, the quadratic part of J(u) is non-negative whenever the constant A in (3.1)
does not exceed 4aA;. We conclude that, once A < 4a\;, one has

J(u) = (dads = N)lull* + o(||ul®),
from which (3.4) follows immediately. a

Remark 3.3. It is possible to provide sufficient conditions, alternative to (3.10), by
following an argument based on Pohozhaev identity and similar to that of Jeanjean and
Tanaka [4].
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We note that we have considered only autonomous nonlinearities. Analogous results
based on compact embeddings of Ey into appropriate weighted LP-spaces are also pos-
sible. Due to the pointwise estimates (2.2) and (2.3), a nonlinearity satisfying (3.1) may
be multiplied by h(urN=2/2) when N > 2 or by h(u/+/log(1/r)) when N = 2, with
a general h, without a major change in the character of the problem. In particular,
this includes nonlinearities of Hénon type (see [8]). We elaborate this case below as an
illustration.

So now let N > 2 and f € C(]0,00) x R). Assume that there exists C' > 0, p > 2 and
A > 0 such that, for all » > 0 and s € R,

|f(r,8)] < Cr%|s|p_1 + )\|s|7°_2. (3.11)

As we did for the definitions at the start of this section we set

F(r,s) = / flr,t)dt and ¥(u) := / F(r,u)dz.
0 RN
Then ¢ € CH(DV2(RY)) by (2.4), and therefore ¢» € C(Ey ). Moreover, due to Theo-
rem 2.4, ¢': Eyy — Ey is continuous in Ey with respect to weak convergence. We will
use the same notation as above for the analogous functional J(u) = 3 |lu||?> — +(u) and

2
for the class of paths &.

Theorem 3.4. Assume that (3.11) holds and that the functional J satisfies the
functional-analytic conditions (3.3)—(3.5) of Theorem 3.2, where c is given by (3.6). Then
there exists u € Ey such that J(u) = ¢, J'(u) = 0. In particular, u is a weak solution of

—Au+V(r)u= f(r,u). (3.12)
Moreover, the conditions (3.3)—(3.5) follow, respectively, from the following explicit con-
ditions:
Tl;ngo r?F(r,s) = oo for 0 < s < so with some sg > 0, (3.13)
the constant A in (3.11) is less than the constant « in (VN) (3.14)
and
there exists 0 > 2 such that f(r,s)s = 0F(r,s) for allr >0, s € R. (3.15)

Proof. The assertion of the theorem follows from the same argument as in Theo-
rem 3.2, with reference to (3.11) and Theorem 2.4. Moreover, (3.5) follows from (3.10)
by repeating the classical argument in [2]. It only remains to verify the functional-analytic
conditions (3.3), (3.4) from (3.13) and (3.14).

To prove (3.3), we use the same path u; := u(t~!-) as in Theorem 3.2. Then, with
ty — 0, taking u that vanishes near the origin, we have t]kv V(txz) — 0 uniformly on
supp u. Therefore, (3.3) will follow once we prove (after using the change of variables
y = tx) that
lim tN/ F(ty,u(y))dy = oo,

RN

t—o00

which in turn is immediate from (3.13) once we require that 0 < u < sg.
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We turn now to (3.4). From (3.11) it follows that

flul> A / |u|? C'/
> _ 171 _ Qp p .
J(u) = 5 3 fon 12 dz » ]RNT |ul? dz

Note that v := A/a < 1 in view of (3.9), so that, by Hardy’s inequality and by (VN), we
obtain

1 _
Jw) > 2 g? ¢, / P ful? da.
2 .

Therefore, (3.4) is immediate in view of Theorem 2.4. O

Appendix A. Proof of Proposition 2.1 for N > 2

By one-dimensional Morrey embedding, noting that the weights under the integrals are
bounded and bounded away from zero, we have

1-(2/2%)
/ lul?” dz < C’/ (|Vul? + r~2u?) dx(/ |u|? dx> .
rell,2] re(l,2] refl,2]

Applying this inequality to 2(N_2)j/2uk(2jx), j € Z, and rescaling the variables of inte-
gration, we obtain

/ lug|? dz < C’/ (|Vug|* +r2u3) dx</ |u
re[2,2iH1) re[2d,29+1] re(29,2iH1)

Summation over j € Z gives

1-(2/27)
/ lug|* dz < C/ (|Vug|* + r~2u?) dz sup (/ g |? dx) :
RN RN JEZL re(24,2i+1]

With suitable ji € Z, we arrive at

' _ i 1-(2/2%)
/N |uk|2* dz < C’(/ ) \2*(N—2)Jk/2uk(2ﬁkz)|2 dx) 7
R rell,2

1-(2/2%)
2 dx) .

where the last term converges to zero by the one-dimensional Morrey embedding.
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