
Can. J. Math., Vol. XXXI, No. 2, 1979, pp. 304-307 

COMPATIBLE TIGHT RIESZ ORDERS II 

A. M. W. GLASS 

R. N . Ball (unpublished) and G. E. Davis and C. D. Fox [1] established t h a t 
if 12 is a doubly homogeneous total ly ordered set, the /-group 4 (12) of all order-
preserving permuta t ions of 12 endures a compatible t ight Riesz order. Speci
fically T = {g Ç A(Q)+ : supp (g) is dense in 12} is a compatible t ight Riesz 
order for A(Q). Using this fact, I inserted Theorem 3.7 into [2; MR 53 
(1977), #13070] a t the galley proof stage. ( I t was also included in MR 54 
(1977), #7350 and [3 ; p. 472].) Theorem 3.7 s ta ted: Let 12 be homogeneous. 
Then .4(12) endures a compatible t ight Reisz order if and only if 12 is dense. 
I s ta ted t ha t it was obvious t ha t if 12 were homogeneous and discrete, 4 (12) 
could not endure a compatible t ight Riesz order. This ' ' obvious" is neither 
obvious nor t rue. M y purpose in this note is to prove in a unified way (and 
wi thout recourse to the machinery developed in [2]): 

T H E O R E M . Let 12 be a homogeneous linearly ordered set. Then A (12) endures a 
compatible tight Riesz order if and only if 12 is not ordermorphic to Z. 

Let 12 be a homogeneous linearly ordered set (i.e., 4(12) is t rans i t ive) . T h e 
set of 4 (12)-congruences on 12 forms a chain (under inclusion), and for each 
a, /3 (E 12 with a ^ /3, there exists a (unique) convex 4 (12)-congruence ^ 7 on 12 
t h a t is maximal with respect to a ^ 7 ^ /3^V Let ^y be the intersection of all 
convex 4 (12)-congruences ^f on 12 such t h a t afëp. Then a^ 7 / 3 and ^ T covers 
9% (in the set of all convex A (12)-congruences on 12). Let 7 = Val (a, fi) = 
(fây, ^ 7 ) , and let V be the set of all such 7 (as a, fi range over 12 with a 7^ fi) 
totally ordered by: 71 ^ 72 if and only if cêyi C <gy%. Let 12(7) = a^/Wy. If 
g G 4 (12) is such t ha t a^yag, let ga<y £ -4(12(7)) be obtained from g by: 
(P^y)ga,y = fig^y (P £ a^). Observe t ha t for each a 6 12, 

{ga,y e 4(12(7)) : g G 4(12) and a^ag} = 4 (12 ( 7 ) ) . 

{4 (12(7)) : 7 G T} is called the set of o-primitive components of A (12). For each 
7 G T, 4.(12(7)) is 0-2 transit ive (and divisible), isomorphic to Z, or Ohkuma 
(i.e., 12(7) is ordermorphic to a dense subgroup of R—and so has cofinality 
Ko—and 4 (12(7)) is jus t the right regular representation of 12(7)). If 12(7) is an 
Ohkuma set, 4 (12(7)) is a dense total ly ordered group and hence 

T = {g e 4(12(7)) :g> e] = {ge 4 ( 1 2 ( T ) ) + : g * e} 
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is a compatible tight Riesz order on A(iï(y)). (T is a compatible tight Riesz order 
on an /-group G provided 

1. T is a proper filter on G+, 
2. T is G-invariant [/ G T implies (\/g 6 G){g~lfg G T)], 
3. T • T = r , and 
4. inf T = «). 

Note that A(Z) = Z and so, by 3, cannot endure a compatible tight Riesz 
order. Finally, if ^ is a convex 4̂ (12)-congruence on 12, let 

L ( ^ ) = {g e i4(û) : a ^ a g for all a G 12}. 

Lifîû) is an /-ideal of 4̂ (12). For proofs and further details of these facts, see [3]. 
Throughout this paper, assume that 12 is a homogeneous linearly ordered set. 

LEMMA 1. If A(Q) has an o-primitive component that is 0-2 transitive, then 
A (12) endures a compatible tight Riesz order. 

Proof. Let y £ T be such that A (12(7)) is 0-2 transitive. Let 

T7 = {/ e A(tl(y))+ : supp (/) is dense in 12(7)}, 

a compatible tight Riesz order on A(Q(y)). Let 

r = [g a L(V->)+ : (V/s e o)(a.7 e r7)}. 
JT' is an 4̂ (12)-invariant subset of 4̂(12) + that satisfies V • T' = T' (since 
^4(12(7)) is divisible). Moreover, /, g £ r ' implies/ A g G 7"'. Let a £ 12 and 
& G T7. There exists gar7 £ T7 such that a ^ 7 is fixed by ga>7. Let g £ 4̂(12) + 
be such that gpty> — e if y' < y and /3^7a, and 

3'y [h otherwise. 

Then g £ Tf and ag = a. Consequently, inf V = e. Therefore 

T = {g £ A (12) : g ^ / for some/ G r } 

is a compatible tight Riesz order on A (12). 

LEMMA 2. If A(Q) has a non-maximal o-primitive component that is Ohkuma, 
then A (12) endures a compatible tight Riesz order. 

Proof. Let 7 G T be such that A (12(7)) is Ohkuma. Let 

T 7 = {/£ . 4 ( 1 2 ( 7 ) ) + : / 7 ^ } , 

a compatible tight Riesz order on A(û(y)). Let 

V = \g e L(tfy)+ : (3 tr, r Ç 0) (<x < r and (V/3 € 0) 
[08 <<r or T < 0)-> (&„ £ Ty)])\. 

T' is an A (fi)-invariant subset of yl(Q)+ that satisfies T' • T' = T' (since Ty 

https://doi.org/10.4153/CJM-1979-032-2 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1979-032-2


306 A. M. W. GLASS 

has no least element and is total ly ordered) . Moreover, / , g G T' implies 
/ A g G T'. Let a G 12. Since 7 is non-maximal, there exist a, r G 12 such t h a t 
( j ^ < « ^ < r ^ . Let A G T7. Define g 6 A(ti)+ such t ha t & i 7 = h for all 
j8 6 12 for which ffîy ^ 0 - ^ or /3<^ ^ r ^ and g$y = e for all 7 ' ^ 7 and 
P G 12 for which < r ^ < 0 ^ < r ^ . Then g £ V and ag = a. I t follows t h a t 
inf T' = e. Therefore 

T = {g G 4 (12) : g ^ / for s o m e / G r } 

is a compatible t ight Riesz order on A (12). 

Note t ha t 7" defined above is equal to 

{g G ,4(12)+: (3(7, r G 12) (cr < r and 

(V/3)[( /3<o- or r < /3) —> Val (/S, /8g) è 7])} . 

LEMMA 3. 7/ /^ere existe ( 7 , : w Ç Z + } C r ze^A 71 > 72 > 73 > . . . , then 
A (12) endures a compatible tight Riesz order. 

Proof. In view of Lemmas 1 and 2, we may assume tha t A (12(7)) ~Z for 
all 7 G r \ { 7 l } . Let 

T = {£ G 4 ( Î 2 ) + : Q w G Z+) (3c r , r G î2)(o- < r and 

(V0 G Q)[(/3 < a or r < 0) -> Val (0, /3g) è 7»])}. 

Clearly T is an A (12)-invariant subset of ,4(12)+. Let Ty2 = {f G Z+ : / ^ e}. 
T h e proof in Lemma 2 tha t inf T' = e shows t h a t inf T = e (replace 7 by 72). 
Finally, let g G T. Let n, a, r show this. Define h G L ( ^ 7 n + 1) so t ha t hp>y = 0 if 

Œtfyn + 1 ^ /3^7n + l ^ r ^ 7 n + l a n ( ] 7 ^ ^ ^ 

and A/ïl7n+1 = + 1 if 

/ ^ 7 « + i < < r ^ 7 ^ or / ^ 7 » + i > r<i£y»+K 

Then if 0 < a or r < p, Val (/3, /3A) = 7^+1 ; so /& G 2". Since /^ i 7 = 0 if 7 ^ 7n + i 
and cr^ 7 - + 1 ^ 0 ^ 7 * + 1 ^ r ^ 7 * + 1 and Val (0, ft) ^ yn if ^ < <T or r < 0, 
g/*-1 > e and Val(/3, ft/^-1) ^ 7w if 0 < 0- or r < /?. T h u s gh~l G T and as 
g = gh~l • h, T • T = T. Consequently, T is a compatible t ight Riesz order 
on ,4(12). 

LEMMA 4. If A is ordermorphic to Z or an Ohkuma set, then A (Z X A) endures 
a compatible tight Riesz order. 

Proof. i ( Z X A ) = 

{ ({&: X G A}, g) : g G 4 ( A ) and (VX G A) (gx G Z ) } . 

L e t T = 

{({gx: X G A}, g) : g > 0 or (g = 0, ail gx è 0 and 

(V» G Z + ) Q X n G A)(gx è » for ail X ^ Xn))}. 
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Clearly T is an 4 ( Z X A)-invariant filter on A (Z X A)+ and inf T — e. Let 
g G T. If I > 0, l e t / = ({/x : A G A}, 0) where 

_ in if X G [n, » + 1) and « > 0 
i x " (0 if X < 0. 

/ Ç T and £p~ = | > 0. Hence g/-1 G r and g = g/"1 • / . If 
| = 0, let {\n: n e Z+} show that g G T. L e t / = ({/x : X G A}, 0) where 

f = <f ̂ x/2 if £x i s e v e n 

l ( g x + l ) / 2 if x̂ is odd. 
Then / G T and g/"1 G r since /x, (g/'Ox = n if X ^ X2n. So T • T = T. 
Consequently, T is a compatible tight Riesz order on A (12). 

The technique employed in the above proof is due to N. R. Reilly [4, p. 159]. 

LEMMA 5. / / | r | = 2 and A (12) has a minimal Q-primitive component that is 
isomorphic to Z, then A (12) endures a compatible tight Riesz order. 

Proof. By Lemmas 1 and 3, we may assume that no o-primitive component 
of A (12) is o-2 transitive and that Y is well-ordered. Let 70 be the least element 
of T and 71 its successor. Then A = 12(71) is an Ohkuma set or Z. By Lemma 4, 
i ( Z X A) endures a compatible tight Riesz order, say T'. Let 

T = {g G L ( ^ ) + : (Va G G)(&,71 G T')} and 
T = {g G A(Q) :g £ / for some/ G r } . 

Then T is a compatible tight Riesz order on 4̂ (12). 
By Lemmas 1-5, the theorem follows. 
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