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A MIXED PARSEVAL’S EQUATION AND A
GENERALIZED HANKEL TRANSFORMATION OF
DISTRIBUTIONS

J.J. BETANCOR

1. Introduction. Let an integral transform T'{f} of a complex valued
function f(x) defined over the interval (0, co) be defined as

(1a) g = TUOI = [o foKe »a.

One of the most usual procedures to extend the classical transform (1.a) to
generalized functions consists in constructing a space A of testing func-
tions over (0, co) which is closed with respect to the classical transform
(1.a) and then the corresponding transform of the generalized function f
of the dual space of 4 is defined through

2.a) ({Tf, o) = {f, T$), for every ¢ € 4.

This approach has been followed by L. Schwartz [13] and A. H. Zemanian
[20], amongst others.

Sometimes (for example in [13] and [20] ) the above definition (2.a) ap-
pears to be a generalization of a suitable Parseval’s equation, but, most of
the time (see [7] and [12] ) the needed formula does not occur. Recently,
J. M. Mendez [11] introduced a modification in this method based on a
mixed Parseval’s equation involving two different integral transforms.

In a previous paper [2] we introduced the integral transform depending
on three real parameters («g, «;, a,) defined by

F(y) = Fagaa{f(x) }(»)

[ee]

= yr® ,/o J(xy; oy, ay, ag) f(x)dx

where

2
J(z; ay, ay, ay) = A 2m)2, (__Z(2+k)/2)
(2 ag, a5 @) o

where
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2+ k 2

v

and J, denotes the Bessel function of the first kind and order p.
Note that the F q,q,-transform reduces to certain Hankel type trans-
formations for suitable values of the parameters (for example

Foou—1op+10 = By ([1]),

Foy1ou+1,-p = 7 ([18]),
Foy—/ou+1,-p—(172) = hy ([20]) and
Buvi,—p = Hhu ([9)).

In [2] the following statements concerning the Fy a.a,-transformations
were established.

THEOREM 1 (Inversion formula). If f is of bounded variation in a vicinity
of the point xy, > 0, (a; — 1)/(2 + k) = —1/2 and the integral

oo
fo 1f(x) |1 =120/ D= (@ +K)/2) g

exists, then
_ o) A
lim xp° * f f(x) / J(ux; oy, a;, ap)
A—co 0 0
X J(uxy; 0y, oy, ag)u™ " “2dudx

{f(xo +0) + f(xo -0}

N | —

THEOREM 2 (Parseval’s equation). If f(x)x™ ® and G(y)y * are in
L(0, oo) and, in addition, (e; — 1)/(2 + k) = —1/2,

F(y) = Fpaa{f(x) }(y) and
8(x) = Fapaya,{G(y) }),
then
) 00

fo x2T0f(x)g(x)dx = fo YO RF(y)G(y)dy.
By invoking the Fubini’s theorem we also can prove
THEOREM 3. If f(x)x™ * and G(y)y * are in L|(0, c0),

F(y) = Byaa{/(x) }y), and

G(¥) = Fayaya{g8(x) }(»),
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then

7 s = [ Fncoa
provided that (ay — 1)/(2 + k) = —1/2.

According to J. M. Mendez [11] the equality (1) can be called the mixed
Parseval equation for the F 4, q,-transformations.

In this paper we extend the Fy q,q,-transform to a space of generalized
functions employing the same procedure as the one introduced by J. M.
Mendez [11] to extend the Hankel transformation. For every a,, k € R
with k > —2, we construct a space H,, « of testing functions such that the
Foy.a,.a,-transform is an automorphism on it provided that

a0+a2<1,(al_1)§—

2+k and k=_a0—a1_a2.

1
2
The generalized transformation Fy «,.q, fof fe Hg, x (the dual space of
H, k) is defined on Hy x as the adjoint of Fy, a, .« SO that

?2) <Ft¥0.t¥|.a2fa ¢y = <fa Exz,u,,aoa ¢y, for every ¢ € Hao,k-

Fy o, 18 an automorphism onto Hg k, if ay + a < 1, (¢ — 1)/
Q+ k)= —-1/2

We prove some operational formulas concerning the Fy 4,4, and Fy a,.q,
transforms, and the coincidence of both conventional and generalized
transformations when they act on conventional functions is established.

Our results generalize the ones obtained by A.H. Zemanian [20]
and J. M. Mendez [11], and improve the results due to W. Y. Lee [7] and
A. Schuitman [12], as is shown in Remark 2.

Throughout this paper, I denotes the real interval 0 < x < oo.
D(I), E(I), D'(I) and E’(I) denote well-known spaces of testing functions
and distribution encountered in [13] and [21].

2. The space of testing functions H,, s and its dual. Let a,, k be real
numbers, with 2 + k > 0. In [2] we defined the space Hy, « of functions as
the space of all complex valued smooth functions ¢(x) on 0 < x << co for
which all of the following quantities yf,"ﬂ(cb), m, n € N, exist, where:

Yagk(®) = sup " (x”TADY" (x"(x) ) I

Hy, x is a linear space over the field of complex numbers. We assigned to
it the topology generated by using v,%, m, n € N, as seminorms. Hence
H,, x 1s a Hausdorff locally convex topological linear space that satisfies
the first countability axiom.

We now list some properties of the space H,,« and its dual.
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PROPOSITION 1. 4 function ¢ is in Hy, i if, and only if, ¢ satisfies all three
conditions:

(i) ¢ is in C*°(I),
(ii) ¢(x) = x"%by + byx* Tk + by? @O
+ bxX"CTO 4+ B (x))

where

b

m

TR T i o A D)y () ),
m! x—=0"

for every m = 0,1,2,...,nand
~ —1—k
lim (x D)'B,(x) = 0,

x—0
for eachn € N.
(iii) D"'$(x) is of rapid descent as x — oo, for every m € N.

PROPOSITION 2. H,,  is a Frechet space. Hence the dual space Hy,x is
complete endowed with both weak and strong topologies.

Therefore Hy,y is a space of testing functions and Hg, is a space of
generalized functions.

PrROPOSITION 3. D(I) C Ha, i and the topology of D(I) is stronger than
the one induced on it by Hy, x. Hence, the restriction ofany f € Hy  to D)
is in D'(I), and the convergence in Hy,\ implies the weak convergence in
D).

However D(I) is not dense in Hy, .

PROPOSITION 4. H,, 4 is contained in E(I) and the inclusion is
continuous.

Moreover Hy, is dense in E(I) because D(I) C Hy, and D(I) is dense
in E(I).

ProposITION 5. If p = (2 + k)n, for n € N, then
Hazfp,k C Haz,k
and the inclusion is continuous.

Remark 1. Note that the space Hy,  of testing functions reduces to other
spaces earlier studied related to certain variants of the Hankel transform.
For example: H_, (/20 = H, [20], Hop = H [1}, H-,p = 54 [11],
H_,, = H,[10], Hy; = S [16], amongst others.

ProrosITION 6. If oy € R, and ay + a, < 1 then every member
Jf € Hy i gives rise to a regular generalized function f in Hy, x, through

Loy = [ fosrds, for every 6 € Hos
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Proof. Firstly, f is a linear operator on H,, . Moreover, one has

hey = [ x| o) e osdx = 420 @)

for a certain constant 4, since ay + a, < 1, f(x) = o(x~ %), as x — 0",
and f(x) is of rapid descent as x — oo. Hence f is a continuous
mapping.

It can be also proved that two members of H, x which generate the same
regular distribution of Hg,y, are identical. Therefore, Hy 4 can be identi-
fied with a subspace of Hg,, and the inclusion Hy x C Hg,x 1s justified
provided that oy + a, < 1.

We now introduce the differential operators
Na,,

M,, = x™Dx "%

o ta a
apa, = X1 2Dx?

(3)
* . _a a, +a
Ni o, = —x2DxT17T0
My = —x " %Dx%

ay, o) and a, being real numbers. For the moment, we interpret the
differentiations in the conventional sense. Next, we study these operators
on the space Hy, 4.

ProposITION 7. If k = —ay — a; — a,, then
() Naya,.a, is an isomorphism between Hy, y and Hey,— | k.
e operator M, is a continuous linear mapping from Hy i

b) The operator My, t I} ipping Hy, 1,
into Hy, k.

(c) Mg, is an isomorphism between Hyx and Hyy—1— k-

(d) The operator Ng a,.a, is a continuous linear mapping Srom Hy—— ik
into Hy .

In the dual space we follow the notational convention. Now if 4 de-
notes some of the operators in (3) then we define the dual operator 4’
as follows

Af, ) = ([, Ad)

where f and ¢ are suitable generalized and testing functions, respectively.
According to well-known results about dual operators (see [21]), we
have

ProPOSITION 8. If k = —ay — a; — a,, then

(a) Naya,.a, IS a continuous linear mapping from Hj y into Hy —\— k.
(b) My, is an isomorphism of Hyy,—1—kx into Hy k.

(c) M, is a continuous linear mapping from Hy, x into Hg,— k-

(d) N& a,.a, is an isomorphism from Hy — y into Hy, .
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Propositions 7 and 8 imply that the Bessel type operator
Bao,apﬂz = MaoNao,al,az = xaoDx"‘Dx"Q

is a continuous mapping of the spaces H,, x and Hg « into themselves. This
operator, and some of its special cases, has been extensively studied
because it arises in many problems of mathematical physics. Significant
studies were made by, amongst others, I. Dimovski [3], A. McBride (8],
A. H. Zemanian [21] and J. M. Mendez [10].

3. A generalized F, g, o -transformation. Throughout this section we
restrict the parameters «y, «; and a, to oy + a; < 1 and (a; — 1)/
(2 + k) = —1/2. Here, as before, k = —ay — a; — ay > —2.

According to the behaviour of the function J(z; &), «;, a,) at the origin
and at infinity and in view of Proposition 1, we can establish, after some
straightforward manipulations, the following operational formulas, in-
volving the Fy 4, q,-transformation defined in (1).

PROPOSITION 9. If ¢ is in Hy,x, then

@  By—1—ka +2+ka— 1{Naga,. @} (V) = — Vi a,.0,{0}())
®)  EyaafBuoaa®}y) = =5 Eaa{)()

(©  NegajaFapaa{®}(¥) = Foy—1—ka +2+kay—1{ =X} )
@ Bayaa oo 03() = Eaa —x*T40}().

If ¢ isin Hy,—\ k, then

©  EpaafMa}(0) = ' By ka2t ka1 {8300
() MaFy 1k 2tk 1{0I() = Fapayar{x' T*0}(»).

We now prove a fundamental theorem which describes the behaviour of
the F&O,al,az-transformation on the spaces Hey, k-

THEOREM 4. F, 4, a, is an automorphism on Hy, .

Proof. Let ¢ be in H,,; and let n and m be any pair of nonnegative
integers. Denote

W) = Fpaa{o}().

We must analyze the expression

sup [y"CHRO2(, TR DY (%) ) |
yel

According to the operational rules (a) and (c) in Proposition 9, we get
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()" Nag—n+1a,+201— Day—n+1 - - - Nagay.aoFag.ey.a {9} ))
= Foy—(ntm)1+k)ay + Q@ +h)n+m)ag—n+my{ (—x)"
“ Nag—m+ 1oy +2m—1ay—m+1 - - - Nag—1.a,+2.00— 1Nag.a,.,9(X) ().
Therefore

YD (T DY () )
= oo o k(tm fZOJ(xy; ay — (n+m),a; + (n+ m)2 + k),
ag — (n + m)(1 + k)X T EDY (x%¢(x) )dx
which can be written

(_ l)n+mym(2+k)/2(y—l—kD)/z(ya2¢(y) )

- /ZOJ(X)’; 0, —n—ma + 2+ k)n+ m),
ay — (n + m)(1 + k))(xy)® "kFDZkm2)
X x—ao~u2x(2+k)(2n+m)/2(x_]AkD)m(xazqs(x) .
Hence, since the function
J(zyay —n—m,a; + 2+ k)n + m),
ap — (n + m)(1 + k) )zt (/DEmFA/DEHR)

is bounded on 0 < z < oo, one has
m

Yah) = 4 ZO Y (9)
—

provided that ay + a; < 1, where 4 is a positive real number and m(r)
and n(r) are suitable nonnegative integers.
The last inequality proves that ¢ is also in Hy,x and that the linear
mapping o q,.a, 1S also continuous from Hy, 4 into themselves.
Furthermore, the classical inversion theorem (Theorem 1) applies in this
case; if ¢ is in Hy,  then it satisfies the conditions in Theorem 1. Also
F—l = E"oﬁlv‘lz‘

g, Ay, Q)

Hence Fyq,.0, is @ One to one mapping of Ha, x onto Hy, x and indeed an
automorphism.

On the other hand, proceeding as in Proposition 9, we can establish the
following operational formulas involving the operators Ng 4 a,, Ma;, and
B* *

N
a0 ®,& T N"ov"‘h“z g
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ProrosiTiON 10. If ¢ is in He s then
@) By—tat2+ha- 1-k{MESYD) = ¥ T B a{93)
(0) M Feaa{9}(0) = Ewa,+z+k%ﬁ1;k{x‘“¢}<y>
©  EyaafBEana®}(3) = =3 By a0 {o)}(0)
@ B aaioeaf93(0) = Bpaad—* o}

If ¢ is in Hoy—1—p 1, then
(©)  Fayeod Nda,a,®}(V) = =yl —1a,+2+kay—1-k{P} )
) Nl 10+ 2+ kag—1-k{OIV) = Fayaaof —X0}().

We now define the generalized transformation fy a,.«, On Hg s as the
adjoint of the £, 4,4, 00 Ha k. More specifically, for arbitrary ¢ € Hy s
and for every /' € H; , we define Fy a,.a,/ by

4 (Faal ¢) = ([ Fpanab)-
Applying the theory of adjoint operators to Theorem 4 we derive

THEOREM 5. The generalized transformation Fy q,.«, is an automorphism
on Hgy .

Note that by setting ¢ = [ 4,4,4 and by invoking the inversion
theorem, (4) can be written as

(5) <I;¥/().d|.a2f; F&g.al.ﬂ0¢> = <f; ¢>9 f = I_L:()./ﬁ ¢ S HO(()J(
and in this form it appears as a generalization of Parseval’s equation (1).

The conventional F Fyya,.0,-transformation when acting on a function
f € Ha,y (recall that Hy,x C Hjx) is a special case of our generalized
transformation. Indeed, set

F(y) = “00‘1 az{f(X) Hy) =y /zo J(xy; ay, ay, a())f(x)dx-

Since z*J (z; ay, a;, ap) is bounded on 0 < z < coand ay + a, < 1, F(p)
generates a regular generalized function in H; 4. Furthermore, by our
definition (5) we have

<E;0.a|,¢x2ﬁ 1';2.01[,010‘;[)> = <fs ¢> = ./0 f(X)¢(X)dX
for every ¢ € H,, k. Since
X F ayagd € Li(0, 0)

when &y + a, < 1 and we may invoke Parseval’s equation (1) to write
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7 s = [} FOIMuyaaotx) Yo

Therefore

(6) <Fa,0,al.a2f’ E:tz,ul,ao‘f’) = (F(y), Exz.a.,ag‘i’>-

Thus, our generalized transformation Fy o o,/ is the regular generalized
function corresponding to the conventional F 4, a, transform

F(y) = Eyapa{/})

According to definition (3) and Proposition 10 we can prove the follow-
ing operational formulas for the generalized Fy 4, a,-transformation.

ProposITION 11. If ¢ is in Hx, then
(@) - 1—ke+2+ka— 1{Naga, 0,0 V) = Vi a,a,{0} (D)
0 EaafBuaa$}(0) = =V Baa{s}(0)
(©)  NagoyaFagaa{PY(V) = Fy— 1=k +2+kay—1{ —X0}(»)
@ BuyaarFieaf9}()) = ool "0},

If ¢ is in Hy,—\—kx, then
(©  EaafMagd}(y) = y' TR ka2 k- 1{03()
() MaFl 1 —kay+ 2+ ka1 {O}) = Fayana{x' TFo3(»).

Since Ha, x € Hyyx and Ha,—1 k C© Hgy—1 - provided that ey + o, < 1,
the results in Proposition 11 can be seen as an extension of those in
Proposition 9.

Remark 2. As we said above, the Fy q, a,-transformation reduces to other
Hankel type transformations setting for the parameters «), «; and a,
suitable values. Our results extend those due to A. H. Zemanian [20], and
J. M. Mendez [11], which can be obtained as special cases of ours.
Moreover, when oy = —a; = —2p — 1 and a, = 0, the Exo,alvuz-transform
reduces to the Hankel-Schwartz transform B, introduced by A.L.
Schwartz [14]. In this paper we improve the work of A. Schuitman [12] on
a generalized Hankel-Schwartz transformation. This author proved that,
for w = —1/2, the B,-transform is an automorphism onto a space H of
testing functions. He gave the following definition of the generalized
Bj-transformation for every f € H’:

(Bif. o) = ([, Bip), V¢ € H.

For both conventional and generalized B,-transformations the following
equality holds:
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S = B *TYY, vfeH

instead of the natural equality (6). Moreover, the operational formulas
corresponding to the generalized Hankel-Schwartz transformation B [1,
pp- 211} do not coincide with the respective classic results [1, pp. 207].
Also, the paper of W. Y. Lee, [7] is improved in the same sense.

If (4) is replaced by the more usual definition

<E;/O,a|,a2f; ¢> = <f; P&z,a,,az‘i’)

the same problems that we have just noted in [12] and [7] arise again.
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