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SPECTRAL INTEGRATION
OF MARCINKIEWICZ MULTIPLIERS

NAKHLE ASMAR, EARL BERKSON AND T. A. GILLESPIE

ABSTRACT  Let X be a closed subspace of L7(p), where p 1s an arbitrary measure
and 1 < p < oo By extending the scope of spectral integration, we show that every
invertible power-bounded linear mapping of X into X has a functional calculus imple-
mented by the algebra of complex-valued functions on the unit circle satisfying the
hypotheses of the Strong Marcinkiewicz Multiphier Theorem This result expands the
framework of the Strong Marcinkiewicz Multiplier Theorem to the setting of abstract
measure spaces

1. Introduction. Harmonic analysis can be broadly described as the study of the
ways that spaces decompose under the actions of groups. Multiplier theory often serves
this purpose by its ability to treat weakened forms of orthogonality. For example, the
boundedness of the Hilbert transform on LP-spaces of the unit circle T, 1 < p < 00,
sets up the convergence in LP(T) of Fourier series (a convergence which 1s unconditional
only when p = 2 [7, p. 12]), and thereby leads to the M. Riesz decomposition and 1ts
ramifications in Macaev’s results for the von Neumann-Schatten p-classes [10]. As this
conditional convergence and similar examples suggest, an operator-theoretic approach
to the weakened forms of orthogonality in general analysis must take account of the
delicacy involved by forgoing reliance on strongly countably additive spectral measures
in formulating the spectral decomposability of operators. The following weakening of
the notion of spectral measure has been useful 1n this regard (see, e.g. [1], [3], [4], [S]),
and, in Theorem 1.4 below, we shall take up the link 1t provides between operator theory
and the Strong Marcinkiewicz Multiplier Theorem ([7, Theorem 8.4.2]).

DEFINITION.  Let B(Y) denote the Banach algebra of all bounded linear mappings of
a Banach space Y into itself, and let I be the identity operator on Y. A spectral family 1n
Y is a projection-valued function F(-) mapping the real line R into 23(Y), and having the
following properties:
() sup{||[F(V)] : X € R} < o0;
(i) FONF(1) = F(r)F(A\) = F()\) whenever A < 1;
(iii) F(-)isright-continuouson R with respect to the strong operator topology of 13(Y);
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(iv) ateach A € R, F(-) has a left-hand limit F(\™) in the strong operator topology of
BY);
(v) with respect to the strong operator topology of B(Y), F(\) — I as A\ — 400, and
F(\) — 0as A — —o0.
If there is a compact interval [a, b] such that F()\) = 0 for A\ < aand F(\) = I for A > b,
then we say that F(-) is concentrated on |[a, b].

Corresponding to any spectral family F(-) of projections in Y, a Riemann-Stieltjes
notion of spectral integration with respect to F(-) can be defined as follows. Given a
bounded complex-valued function f on a compact interval / = [«, 3] of R, for each
partition P = (Ao, A, ..., A,) of J we put

S(P.f,F) = Xn:f()\k){F(/\k) — FOu-n}-
k=1

If the net {S(‘P;f, F)} converges in the strong operator topology of 3(Y) as P increases
through the partitions of J directed by inclusion, then we denote the strong limit by
Jia,31.f dF, and we further define ﬁ;’m f dF by writing

/m fdF = f@F@+ [ fdF
[o3] (e8] ’

Until now, the only general class of functions known to be integrable with respect to
F(-) over J has been the algebra BV(J) consisting of all complex-valued functions f on
J whose total variation var(f, J) is finite (see [6, Chapter 17] or the abbreviated account
of spectral integration in [3]). In fact, the mapping f € BV(J) — flﬁm fdF is an algebra
homomorphism of BV(J) into B3(Y) such that

D
|, eF] < IiFlsup{IFO0 = & € 73,
where || - ||; denotes the Banach algebra norm on BV(J) specified by

Iflls = sup{[f(N)] : A € J} + var(f, J).

Having attended to the basic facts of spectral integration, we now pass to the setting
wherein our main result (Theorem 1.4) expands the scope of spectral integration to a
broader class of integrands. The notation established here will be in effect henceforth.
Let X be a closed subspace of L”(u), where (M, p) is an arbitrary measure space, and
1 < p < oo. Denote the set of all integers by Z, and suppose that U € B(X) is an
invertible operator such that

(1. 1) c=sup{||U"]| : n € Z} < 0.

Under these circumstances, it is known [3, (2.17), (2.18), and Theorem (4.8)(ii)] that
there is a unique spectral family E(-) of projections in X such that E(-) is concentrated on
[0,27], E((2m)~) = I, and

AN
U= e dE()N).
[0,27]
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This unique spectral family E(-) is called the spectral decomposition of U. It has the
further property [3, Theorem (4.8)(iii)] that:

(1.2) sup{|IEQV)|| : X € R} < 2C,,

where, here and henceforth, C, denotes a positive real constant depending only on p
which may change in value from one occurrence to another.

REMARKS. By virtue of [8, Theorem 2(ii)], the operator U can easily fail to be a
spectral operator in the sense of Dunford. Consequently its spectral decomposition E(-)
is, in general, not induced by a countably additive spectral measure on the Borel sets
of R.

Our main result in Theorem 1.4 establishes integrability with respect to E(-) for the
complex-valued functions on T satisfying the hypotheses of the Strong Marcinkiewicz
Multiplier Theorem [7, Theorem 8.4.2]. Such functions are characterized in terms of the
dyadic decomposition of T, which is described in the following manner. Forj € Z, let ¢,
be the j-th dyadic point of (0, 27) specified by

p o [27m ifj <0,
J 2 =277 ifj > 0
and put
w, = e forjeZ.
Also, for j € Z, let T be the arc specified by
I ={:1,<r<tn}

and denote the closure in T of T, by A,. With this notation, the functions ¢ mapping T
into the complex numbers C which satisfy the hypotheses of the Strong Marcinkiewicz
Multiplier Theorem can be characterized by the condition

(1.3) |¢lle = sup{|$(2)| : z € T} +sup{var(¢,A) :j € Z} < oo.

We shall call the functions satisfying (1.3) Marcinkiewicz multipliers, and shall denote
the set of all Marcinkiewicz multipliers by It. Notice that with pointwise operations and
the norm || - ||y in (1.3), I is a Banach algebra. Our main result can now be stated as
follows.

THEOREM 1.4. Let u,X,U € B(X), and E(-) be as described above. Then for each
Marcinkiewicz multiplier ¢ defined on 1, the integral fjosx d(e?) dE(N) exists in the
strong operator topology of B(X). Furthermore, the mapping from I to B(X) specified
by

1A
6= [ N dEN)

is an identity-preserving algebra homomorphism such that

(1.5) ¢(e'*)dE(A)“ < EC, || dllg forall 6 € M,

In
[0,27]
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where C, is a positive real constant depending only on p, and c is the constant defined
in(1.1).

After a preliminary review of some needed tools in §2, the demonstration of Theo-
rem 1.4 will be carried out in §3. In §4 we consider circumstances under which the bound
in (1.5) can be improved.

REMARKS. The proof of Theorem 1.4 in §3 will rely on a certain “dyadic spec-
tral measure” associated with U (described in Theorem 2.1 below). Since the existence
and properties of this dyadic spectral measure are established in [2] with the aid of the
Strong Marcinkiewicz Multiplier Theorem, the latter is an ingredient in the proof of
Theorem 1.4. Nevertheless, it should be noted that Theorem 1.4 reflects and general-
izes its classical antecedents by including the Strong Marcinkiewicz Multiplier Theorem
as a special case. Specifically, when U is the left shift on ¢7(Z), the spectral decompo-
sition E(-) of U is determined as follows (see [8, proof of Theorem 1] or {3, Proposi-
tion (4.23)(ii)]): for each A € [0,27), E(}\) is the Fourier multiplier transform on £7(Z)
corresponding to the characteristic function of the arc {¢* : 0 < s < \}. Consequently,
it is easy to see that in this special case Theorem 1.4 states that each ¢ € IR is an ¢7(Z)-
Fourier multiplier, with corresponding multiplier transform [ , , d(e™)dEN).

2. Background items. In this section we assemble a few required facts from [2]
regarding estimates for square functions. We continue with the notation established in
81. Let X, denote the sigma-algebra of subsets of T generated by the class Dy consisting
of the sets I (j € Z) together with the singleton sets {w;} (j € Z) and {1}. This dyadic
sigma-algebra ¥, has the following obvious description.

For each o € X, there is a unique subclass 4, of Dy such that

o=U{a:ae A}

We next indicate how the spectral decomposition E(-) of U produces a strongly countably
additive spectral measure on X;. The preliminary step is to define the projection-valued
function Ey(-) on Dy as follows.

DEFINITION.  For each j € Z, define Ey(T';) by putting
FoT)) = Et,y) — E(y);

and let

Fo({1}) = E©O);  Eo({w;}) = E(t)) — E(t)), forj € Z.
The dyadic spectral measure ‘E(-) is now described as follows.

THEOREM 2.1 ([2, THEOREM (2.12)]). For each o € X, we can define

E(o) => {Fo(@): a € 4,},
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where the sum on the right represents a series which is unconditionally convergent in the
strong operator topology of B(X). The projection-valued function ‘E(-) thereby obtained
on X, is a strongly countably additive spectral measure in X such that

(2.2) sup{||E(0)|| : 0 € 4} < *C,.

By applying Khintchine’s inequality [9, Theorem 2.b.3] in a standard way to Theo-
rem 2.1, one obtains the following analogue for X of the Littlewood-Paley theorem for
Z [7, Theorem 7.2.1].

COROLLARY 2.3 ([2, COROLLARY (2.14)]). There is a positive real constant C,,
depending only on p, such that whenever f € X and {0,},>\ is a sequence of mutually
disjoint elements of X, satisfying T = U,>, o), then

26 Wl < {1, <G

The following transferred version of the Vector-valued M. Riesz theorem [7, The-
orem 6.5.2] is the last item of the preliminary machinery for §3 below. It is a special
case of the methods in [2, §3] for transferring the bounds of square functions defined by
sequences of multiplier transforms on ¢°(Z).

THEOREM 2.4 ([2, THEOREM (3.15)]).  There is a positive real constant C,,, depending
only on p, such that

S 1e@er}™,,, <cal{Zier}"]

jmy

for all sequences {a,}°| C [0,2) and all sequences {g,}7°, C X.

3. Proof of Theorem 1.4. The proof of Theorem 1.4 will rest on the following
two lemmas. Given a bounded function ¢: T — C, we shall take the liberty of writing
S(P; ¢, E) for the Riemann-Stieltjes approximating sum corresponding to the function
A €[0,27] — ¢(e) and a partition P of [0, 27]. Recall from §1 that {tj Joir ~ denotes
the sequence of dyadic points in (0, 27).

LEMMA 3.1. Let ¢: T — C be a Marcinkiewicz multiplier, and let f € X. Then, in
the notation of §1, we have:

3.2

1/2
(3 1B — EnS@;0.EfP) | < e Cllollal

JeL
for all partitions P of [0, 2].

PROOE. Let0 = Ao < A} < --+ < Ayy1 = 27, where n > 0, be a partition P of
[0,27]. If n = 0, then the Marcinkiewicz-Zygmund inequality [7, p. 203], together with
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(1.2) and Corollary 2.3, easily gives (3.2) in this case. So we can assume without loss of
generality that n is a positive integer. Temporarily fix j € Z, and observe that if

(3.3) M E ()t forl <k <n,
then,

[E(t)s1) — E(t)]S(P; ¢,E) = <{>(e”\”f)[E(t]+1) — E(t)], forsome %, € {1,2,...,n+1}.
Suppose, on the other hand, that j is such that

(3.4) {k:1 <k <nand M\ € (1,111} is a non-empty set

having minimum element k; and maximum element &;.

Then, upon putting g, = [E(t,+1) — E(,))]f, we easily find after a summation by parts that:

ko—1
[E(tr) — EEDIS(P; 6. E)f = > {d(e™) — (e ) }E(N\g,
k=k,
+{p(e™) — p(e™) L EO,)g,
+ ¢(e'*"z*‘ )g)-

It follows by applying the Cauchy-Schwarz inequality to the sum constituting the first
member on the right of (3.5) that p-a.e. on M, we have:
(3.6)

|(E(t11) — EtDIS(P; 6, EXf|

ky—1 1/2 (ka1 1/2
< X loe™) — ol | {5 o) = e [EOwg, P

k=k, k=k,
+|ollm{2lEN,)g | + g}

(3.5)

ka—1 1/2
<ol 3 I — o™ [Ewg

+ ||o|m{21EO)g) | + g1}

Let J denote the set of j € Z such that {k : 1 < k < nand )\ € (1,411} is non-
void. Asin (3.4), forj € J, let ki, and k», be, respectively, the minimum and maximum
elements of the set {k : 1 <k <nand A, € (1,141} Also, for k € {1,...,n}, let j; be
the unique j € 7 such that Ay € (#),,41]. In particular, j; € J, and J is a finite, non-empty
set. By (3.6) we see with the aid of the triangle inequality for finite-dimensional ¢ that
p-a.e. on M:

1/2
(UG~ BuISe;o. BT
JE

kay—1 1/2
(3.7) < !Iéllﬁ){z{Z > lo(e™) — e IE(Ak)g]klz}

JEJ k=ky,

Jjed

https://doi.org/10.4153/CJM-1993-024-7 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1993-024-7

476 N. ASMAR, E. BERKSON AND T. A GILLESPIE

Hence by the triangle inequality in L”(u) and an application of Theorem 2.4, we see from
the outer terms in (3.7) that
(3.8)
12
S ItBwn) — Eanss .07} |
JjeJ

Lr(p)

<llsl’| (£ 5 e - ¢(e'**+'>1lE(Aogjklz}mll

jEJ k=k,, Lrw

{gl&'z}‘”H

+Gllollw

U(u).

Let by = |p(e™) — (e™1)|'/2g, fork = 1,...,n. Again using Theorem 2.4, we find
that:

6o
I S o) — o) IE(Ak>g,k!2}l/2H

JEJ k=ky, Lr(p)

_ “{Zsz |E(Ak)hk|2}l/2”mm

JEJ k=ky,
kaoy—1

<G| (T ¥ Im)”

7€J k=ky, HUU’)

_ CZCP’ {Zkllil |¢(e”\l<) — d)(el/\“])| |g]k|2} ]/2”11’(;0

JeJ k:kIJ
kay—

2o (x Y e - s lgh) ]

JEJ k=ky,

<@Glolar’| {3 e )

Lr(p)

”U’(p)'

Employing (3.9) on the right of (3.8) and recalling the definition of g;, we infer that:

{Z |[E(tj+l) — E(tj)]é‘(fp; o, E)f|2} 1/2”

= Lr(p)

< csz||¢||we‘ {g |g1|2} ]/ZH

Lr(p)

U’(}l)'

1/2
= 26l {S1EG — B} |
jed
An application of Corollary 2.3 to the majorant in this inequality shows that:

1/2
G10 (S IEG) —~ BonS:6. By P < Cloll o

Jjed

https://doi.org/10.4153/CJM-1993-024-7 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1993-024-7

MARCINKIEWICZ MULTIPLIERS 477

Taking account of (3.3) for j € 7 \ J, we readily observe with the aid of Corollary 2.3
that

1/2
G {3 1)~ B0 BYF) | <G el

JEINJ

Since it is elementary that

5 1/2 5 1/2
(0BG — EG)S@: 0, B} < {5 1B Gw) ~ BIS(: 6, BV
J€ JE
12
+{ 2 1BG0) — EeIS®s 0. B}
JEINJ

the conclusion of Lemma 3.1 now follows immediately from recourse to the triangle
inequality in L” (1), (3.10), and (3.11). n
Lemma 3.1 has the following lemma as a consequence.

LEMMA 3.12.  Under the hypotheses of Theorem 1.4 we have

(2 6. B)l| < Gl bll.
for every Marcinkiewicz multiplier ¢: T — C, and every partition P of [0, 27].

PROOE. Let f € X, and let P be a partition of [0, 27]. Since E(0)S(P; ¢, E) = 0, it
follows from the first inequality of Corollary 2.3 and Lemma 3.1 that

1SC: 6, Xl < G {; (1) — EG)S(P; 6, EXf2) l/ZHW)
J

< Gl pllwllf Nl erws

as required. L]

PROOF OF THEOREM 1.4. We first establish the existence of fjg 2 d(e?) dE()) for
an arbitrary Marcinkiewicz multiplier ¢. Fix f € X, and suppose that ¢ > 0. By virtue
of properties (iii) and (iv) in the definition of spectral family, coupled with the fact that
E((27r)*) = I, the series

Z[E(tﬁl) - E(tj)]f

JEL
converges in the norm topology of X to f — E(0)f. (This also follows from the strong
countable additivity of the dyadic spectral measure ‘E(:) of Theorem 2.1.) Hence there is
a positive integer K such that ||k || .y < €, where

hx = 3 [Et) — E@)IS.

bI>K
Putting gk = Z[/]ﬁK[E(th) — E(tj)]f = {E(t[(+1) — E(t_]()}f, we have

f = E(O)f+gK+hK.
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Consequently for an arbitrary partition P of [0, 27],
(3.13) S(P; ¢, E)f = S(P; ¢, E)gg + S(P; ¢, EYhg.
Applying Lemma 3.12 to hg, we see that:

| S(P; ¢, E)hk]|

From this and (3.13) we infer that for any two partitions ‘P;, P of [0, 27],
(3.14)

| S(Pr; ¢, ENf — S(Pr; ¢, ENf|

oy < G|l e

v < || S(P; 6, E)gx — S(Po; 6, EVgkll gy +<° Cpl 6| e

As a function of A, ¢(¢™) is obviously of bounded variation on every compact inter-
val contained in (0, 27). In particular, [, , ;.. #(e™) dE()) exists in the strong operator
topology of 13(X). Moreover, if a partition P of [0, 27] contains the dyadic points 7_g
and 1,1, then S(‘P; ¢, E)gk is the Riemann-Stieltjes approximating sum for

/[ L dEN

corresponding to the partition of [¢_g, tx+ ] given by P N[t_k, tx+1 . In view of (3.14) and
the last observation, we can apply the Cauchy Criterion to deduce that the net
{S(P; ¢, E)f} converges in the norm topology of X, as P runs through the partitions
of [0, 27] directed by inclusion. This fact together with Lemma 3.12 establishes the exis-
tence, in the strong operator topology, of fjg2. #(e™) dE()), and also gives the estimate

[, 6B < ECllol

It is obvious from this and (1.2) that the desired conclusion in (1.5) holds.
To complete the proof of Theorem 1.4, notice that for each partition P of [0, 27}, the
mapping
¢ € M — d(HEWO)+ S(P; ¢,E)

is an identity-preserving algebra homomorphism. Taking limits in the strong operator

topology as P varies, we immediately conclude, with the aid of Lemma 3.12 for multi-
plicativity, that

Mo [ e

oEM— [ 6 dEN)

is also an identity-preserving algebra homomorphism. ]
4. Spectral integrals bounded by mutliplier norms. The Strong Marcinkiewicz

Multiplier Theorem states thatif ¢ € ¢, then [|¢|| 4, (1), the norm of ¢ as an ¢7(Z)-Fourier
multiplier, satisfies:

llollm,m < Colldlu-

Itis a well-known elementary fact that the roles of the two norms in this inequality cannot
be reversed, and so, in a sense, on Y the norm || - {|4;,(1) has a lower order of magnitude
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than || -[|y. As a concrete illustration, for each n € Z we can use the dyadic points 7y = 5

and 1; = 2 to define ¢, € BV(T) C M by:

e fortyg <\ <t

i\ _
o™ =14, for A € [0,27] \ [to.11].

It 1s obvious that
sup{[|@allag,m : n € 7} < oo,

whereas
(| @nll e — +00, as |n| — +oo.

Since the spectral integrals of functions in IR, as treated in Theorem 1.4, can be viewed as
transferring the actions of multipliers to the space X, we shall now seek conditions under
which the bounds for such integrals can be estimated by the “smaller” norm || - |[5;,r)
rather than by || - ||y.

Similar comments can be made in regard to BV(T) in place of . The corresponding
state of affairs for BV(T) has the following outcome [3, Theorems (3.10)(ii) and (4.14)],
which we shall generalize to the framework of Jt.

THEOREM 4.1.  For each y € BV(T), let ¥: [0, 27] — C be defined by
e U T is : is
W) =271 lim y(e") + lim (")},
Then ¥ € BV([0,2n]), and

N 2
||/[:).2ﬂ\PdE“ < Yl m-

Our extension of Theorem 4.1 will require some consequences of Theorem 1.4, and
these will be discussed first in order to avoid digressions later on. Given a function ¢ €
I, and an interval [a, b], where 0 < a < b < 27, it is easy to see from Theorem 1.4 and
definitions that f{, #(e™) dE()) exists and can be expressed by

i _ i\
4.2) oy €@OdEN = ([ o) dE) | {E®) ~ E@).

It follows from (4.2), the strong right-continuity of E(-), and the property E((27r)’) =
E(Q27) = I that, in the strong operator topology of 33(X), we have:

. i\ _
“.3) Jim [ o(eM)dEQ) =0,
and

. i\ _
(4.4) lim /{bm 6™ dEQ) = 0.

The next lemma follows immediately from (4.3) and (4.4).
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LEMMA 4.5. Let ¢ € IR, and suppose that {a,};> | and {b,}° | are two sequences
of real numbers such that 0 < a, < b, < 2m, forall n, and a, — 0, b, — 2. Then

iA ix
/[ambn]¢>(e YdE()\) — /rom d(e™) dE(N),

in the strong operator topology of B(X). In particular, the value of [jo2x) #(e?)dE(N) is
completely determined by the restriction of ¢ to T \ {1}.

Given ¢ € I, let @: (0,27) — C be defined by putting
(4.6) o) =27 lir/r\l d(e®) + lir/{l ¢(e")}, for 0 < A < 2.
S—AY ST

Simple examples show that the expression on the right in (4.6) need not make sense for
A = 0or A = 27 However, if we extend @ to [0,2r] by taking ®(0) = ®(2n) =
o, where « is an unspecified complex number, then it is clear that there is a corre-
sponding function ¥ € I such that ®(\) = d(e™), for all A € [0, 2n]. In particular,
Jio2mn P(A) dE(X) exists, and, by Lemma 4.5, has value independent of «. With this un-
derstanding, we can now state our analogue for It of Theorem 4.1.

THEOREM 4.7.  Suppose that ¢ € I, and let ® be as above. Then

(4.8) | oy @O LEN] < EColl6

PROOF. For each positive integer n, put a, = %, b, =21 — % Let @ and ¥ be as
above. With 9 playing an intermediary role, we see from Lemma 4.5 that, in the strong
operator topology of B(X),

(4.9) /{amm O\ dEQN) — /mﬂ ®(\) dE(N), as n — 00,

Let x, be the characteristic function, defined on T, of the arc {eM tap < X < b,}, and
define ¥, € BV(T) to be the pointwise product x,¢. Let ¥, correspond to v, as in the
statement of Theorem 4.1. It is easy to see by direct calculation that for each positive
integer n we have:

Joney TV E) =27 {Jim o(c*) (@) — Ea,)} + [

[an.bp

— 27! {lim ¢(e") {E(b,) — Eb,)}.

dN\) dEN)
(4.10) '

Since, in the strong operator topology, E(a,) and E(a,, ) separately converge to £(0), while
E(b,) and E(b, ) separately converge to I, an application of (4.9) on the right of (4.10)
shows that as n — 00

@
(4.11) [any PAOVAEQ) — _/“)M D(\) dE(N),

in the strong operator topology. However, by Theorem 4.1 and a standard theorem of
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M. Riesz [7, p. 104],

D
[, 0B < il = bl < ECllélua.

Using this 1n (4.11), we obtain (4.8), as required. ]

COROLLARY4.12.  Let ¢: T — C be a continuous function as well as a Marcinkiewicz
multiplier. Then

@ ) 2
” [0.27] e )dE()‘)H < Gl Bllm, -

PROOF. In this case we can take ®(\) = ¢(e?), for all A € [0, 27]). From Theo-
rem 4.7 we see that

@.13) B dE)| < |6 [EO)]+ ECyll6 g

0
“ [0,27]

However, from the continuity of ¢ and a standard application of the M. Riesz Convexity
Theorem [7, 1.2.2(ii)], we obviously have

lo(D)] < |l < 1Bl r)-

Using this together with (1.2) in (4.13) completes the proof of Corollary 4.12. n
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