MONOTONE MAPPINGS
IN TOPOLOGICAL LINEAR SPACES

SADAYUKI YAMAMURO
(received 21 August 1964)

Let E bea topological linear space over the real number field. Throughout
of this paper, we denote by G an open subset of E, by 0G the boundary of
G and by G the closure of G. The totality of all circled open neighbourhoods
of the zero element is denoted by 1L

The purpose of this paper is to introduce the notion of “monofone
mappings”’ and to discuss their properties.

1. Monotone mappings and their topological properties

A mapping f: G — E is said to be increasing at a € G it there exists
U=U(t a)el such that

(@) a+UCG.

(ii) It there exists x € U such that
(%) fla+z)—f(a) = ax and z 0,
then o« > 0.

If the condition () implies « = 0 or « << 0 or « < 0, the mapping is said
to be mon-decreasing or decreasing or non-increasing at a respectively.
It is clear that, if a mapping f is decreasing or non-increasing at a,
then —f is increasing or non-decreasing at 4. Therefore, in the sequel, we
shall only deal with the increasing or non-decreasing mappings.
It is also clear that f is increasing (or non-decreasing) at @ € G if and
only if the mapping

fole) = fa+a)—}(a) : U(f,a) > E

is increasing (or non-decreasing) at 0 (the zero element of E).
Next, let us assume that the space E is locally comvex. A mapping
f: G — E is said to be a completely continuous vector field if f is continuous
and the image F(@), where F(z) = #—f(x), is contained in a compact
subset.
Two completely continuous vector fields f and g are said to be strongly
25
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homotopic on @ if there exists a mapping A(x, ¢) : G X [0, 1] - E which
satisfies the following conditions:

(H,). Az, 0) = f(z) and h(z, 1) = g(x) for every z e@.
(Hy). h(z,t) = 0 for any x € G and any te [0, 1].
(Hy). The set {g—h(z, t) |z e @G, te]0,1]} is contained in a compact set.

It is well-known that, if the completely continuous vector fields f and g
are strongly homotopic on @, then 4(0, G, f) = d(0, G, g), where (0, G, §)
denotes the mapping degree of G at 0 by f, provided that the both degrees
are well defined (Leray-Schauder [1] or Nagumo {2]).

Now, we can prove that

THEOREM 1. Let E be locally convex. A completely continuous vector field
f:G — E is increasing at a € G if and only if the mapping f, is strongly
homotopic to the identity mapping I by h(x,t) = (1—t)x+tf,(x) on every such
V that Vel and VCU(f, a).

PROOF. Let us assume that f is increasing at a. It is clear that f, is
also a completely continuous vector field and that (H,) and (H;) are
satisfied for f, and I. Assume that there exists ¥ e Il such that V CU(f, a)
and h(z,, t,) = 0 for some z, € oV and for some ;€ [0,1]. Since z, # 0,
we have that ¢, # 0. Therefore,

fuleo) = (1- ;1—) -

which contradicts the assumption that f, is increasing at 0. Conversely,
let us assume that the mapping A(x, t)=(1—£)z-}+#f,(x) satisfies the con-
ditions (H,), (H,) and (H,) on every such V that Vel and V CU({, a).
If there exists a non-zero element z, € U(f, 4) such that f,(x,) = ax,, we
can find V e U such that z, e dV and V CU(f, a). Assume that « is not
positive, then £, = 1/(1—a«) satisfies 0 < ¢, < 1, and, for this ,, we have
h(zy, t,) = 0. This contradicts the condition (H,). Thus, the proof is
completed.
Theorem 1 immediately implies

THEOREM 2. Let E be locally convex and a completely continuous vector
field f on G be increasing at a e G. Take any V e 1 such that V CU(f, a).
Then, d(0,V,f,) =1

Next, we prove that an increasing completely continuous vector field
on a locally convex E is an open mapping. Note that, even if a mapping
is increasing at every point of an open set, it is not necessarily one-to-one.

THEOREM 3. Let E be locally convex. If a completely continuous vector
field | : G — E is increasing at every point of an open set G, C G, then f(Gy)
is open.
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Proor. Let b = f(a) and a € G;. We shall prove that & is an interior
point of f(G,). We can assume that a+U{(f, a) C G,. Since f, is increasing

at 0, for any non-zero z € U(f, a), we have f,(x) % 0, because, if f,(x) = 0
for some non-zero x € U(f, a), we have f,(x) = 0 - « which contradicts the
increasingness of f at 0. Therefore, 0 ¢ f,(oU) for U = U({, a), and since

f.(0U) is closed, there exists ¥ e Il such that
Vnf,(oU) = ¢.

Take an element y € 8-+V, and consider the completely continuous vector
field

g(x) = fla+x)—y
on U. It is clear that g(x) # 0 for every x € 8U. Since

fa@)—g(@) = y—fla) =y-—-beV,
we get, by Theorem 2, that
a,U,g)=4d{0,U,f,) =1

Therefore, there exists z € U such that g(z) = 0, that is, y = f(at=).
Since a4z € a4+ U C G,, we have y e f(G,). This completes the proof.

Remark. Our definition allows the existence of such a mapping f that
is increasing and decreasing at one point. For example, a mapping which
has no small proper vectors is increasing and decreasing at 0. But the
argument above shows that, in case of odd-dimensional Euclidean space,
any increasing mapping at one point cannot be decreasing at the same
point. This follows from the fact that the decreasing mapping at 0 is
strongly homotopic to —I on the set U for some Uell and that
d(0, U, —I) = —1 when the dimension is odd.

2, Contraction vector fields and uniform monotony

In this section, the space E is assumed to be a real normed linear space.
A mapping F: E — E is said to be a contraction mapping if there
exists a number y such that 0 <y < 1 and

IF@)—F@)ll < 7 lle—yll for every & and y in E.

A mapping f(x) = x— F(x}, when F(z) is a contraction mapping, is called
a contraction vector field.

Also, we shall say that a mapping f: G — E is uniformly increasing
at a € G if there exist U = U(f, a) el and ¢ = &(f, a) > 0 such that the
following conditions are satisfied:
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i) a+UCG.

(ii) If there ewists a nom-zero x € U such that

IIfal@)—azl| < ellz]l,
then o > 0.
Obviously, if f is uniformly increasing at a, then it is increasing at a.
Then, we prove that

THEOREM 4. A contraction wvector field f is uniformly increasing at
every point a € E and the set U(f, a) can be taken to be the whole space E for
every ae E.

ProoF. Let f(z) = x— F(z) and, for some y such that 0 <y <1,
|F @) —F@)l = ylle—yl| (x, y € E).
Assume that there exists # € E such that z % 0 and
[1fa(@) —az|| < eljzl],

where & is an arbitrary number such that y--e< 1. Then, for
F,(x) = F{at+x)—F(a), we have

ellzl] 2 lla— Falz) —oz|| = ||(1—a)z—F4(2)]|
2 [1—af - [je||—[[Fa(e)l] = [1—al - [l]|—yll2|l.

Since [|z]] # 0, we have |1—a| < e+4y << 1, which implies that « > 0.

Here is a possibility of generalizing the so-called “contraction mapping
principle’”’, namely, for an increasing mapping f with some other properties,
the equation f(z) = 0 may have one and only one solution. We could not
get the result which could be regarded as general enough. Here, as a partial
answer, we prove the following

THEOREM 5. Let us assume that

(1). The mapping | : E — E is uniformly increasing at every a € E and
U{f,a) = E for every ac E.

(2). There exists an clement a € E such that ||f(a)|| < ¢(f, a) - || a}l.

(8). For any r > 0, the image of the set S(a,7) = {x € E| |la—=z|] = 7}
by the mapping F(x), where F(zx) = x—f(z), is contained in a compact
subset.

Then, the equation F(x) = x has one and only one solution in S(a, 7).

Proor. The condition U(f, a) = E{a € E) implies the unicity of the
solution. In fact, if F(z) = « and F(y) = ¥, since f is increasing at y, we
have

0 =fx)—{{y) = f,{z—y) = 0 (z—y),

which, by the definition of the increasingness, is impossible. The existence
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is shown as follows. For the element 4 in the condition (2), choose the set
S(a, ) such that 0 is an interior point of S{a, ). The mapping

glx) = flat=)
is a completely continuous vector field on the set S(#) = {z € E| ||z|| < 7}.
We prove that g(z) is strongly homotopic to the identity mapping on
S(r) by
h(z, t) = (1—t)z+ tg(x).
We have only to show that (H,) is true. Let us assume that A(z,, ¢,) = 0
for some z, € 0S(r) and some ¢, € [0, 1]. Then, since £, = 0, we have

= H [f(a—l—xo) - (1 - i) xo] —f{a)

)

fa(@o) — (1 - %) Zy

t_lo [tog (@o) + (L—1g) o] —f(2)

= [|f(@)l| < e&(f, a) - llall < e(f,a)-7r
= E(f’ a) - |lzll,

hence it follows that 1—1/¢, > 0, which is impossible. Therefore, there
exists an element z,eS(r) such that 0= g{z,) = f(a-t=,), namely,
Fla+tz,) = atx,.

We need the following fact later.

THEOREM 6. Let a mapping | : G — E be umiformly non-decreasing at
a € G, then, for any number o such that

[Ifa(@)—ax|| < 3e(f, @) - ||z]| for some non-zero xzeU(f, a),

we have a = $e(f, a).

Proor. Put g = £(f, a), then, if

[Ifalw) —az|| < 3ellz]l, € = 0 and e U(f, a),
we have

1fa(®) — (a—eo)ll = [|[fa(x) —ax]+Feo]|
= lfa(@) —o||+ Feoll]] < £l

hence it follows that « = §z,.

This theorem shows that the uniform non-decreasingness at a point
coincides with the uniform increasingness at the same point. Therefore, in
the sequal, we shall only deal with the uniform increasingness.

Finally, we have to give a remark on the uniform increasingness. Let
f: @ — E be uniformly increasing at a € G. Then, there exist &(f, a) and
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U(f,a) such that a4U(f,a) CG and “||f,(z)—ax|| < &(f, a) - ||z]| for

12

some non-zero « e U(f, a)”’ implies « > 0. This is equivalent to the fol-
lowing proposition: “If « < 0, then ||f,(x)—azx|] = £(f, a) - ||z]| for every
non-zero z € U(f, a).”

Therefore, putting « =0,

fo@)ll = (4, @) - |lx]| for every x e U(f, a).

In the case of the continuous linear operators, this means that the operator
has the continuous inverse. Therefore, unless the space E is finite-dimen-
sional, any completely continuous linear operator cannot be uniformly
increasing. However, since every contraction vector field is uniformly
increasing at every point, every completely continuous linear vector field
is uniformly increasing if the norm of the completely continuous part is
less than one.

This fact indicates that the study of uniform increasingness should
mainly be concerned with the vector fields, rather than completely con-
tinuous mappings.

3. Fréchet-derivatives

In this section, the space E is assumed to be a normed linear space
over the real number field.

Our definition of the non-decreasingness at a point a € E of a mapping
f means that, if the mapping f, has a small proper element, the correspond-
ing proper value must be non-negative. This fact immediately suggests
the following

THEOREM 7. (1). If f : G — E is non-decreasing at a € G, then the bifurca-
tion points of f,, if such points exist, are non-negative. (2). If f : G — E is
uniformly increasing at a € G, then the bifurcation points, if such points exist,
are positive.

Proor. (1). Let 4, be a bifurcation point of f,. Then there exist a

sequence {4,} and a sequence {z,} such that
limA, = A, limz, = 0 and f,(z,) = A,z, (r=1,2"-").

This implies, since f, is non-decreasing at 0, that 1, = 0, and hence it
follows that 1, = 0.

(2). For this sequence {A,}, we have, by Theorem 8, that 1, = % &(f, a).
Therefore, 4, is positive.

It is well known that, if f, is Fréchet-differentiable at 0, then any
bifurcation point of £, is a proper value of the Fréchet-derivative df,(0, z)
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of f,() at 0. This fact suggests that there is a close connection between
the monotonicity of the mapping f,(x) and the sign of the proper values
of df,(0, ). In order to establish this connection exactly, we need a new
definition.

A mapping | : G — E is said to be strongly increasing (or strongly non-
decreasing) at a € G if the existence of a sequence {x,} such that

€, # 0, imz, = 0 and limw=0

n— 00 n— 00 Hx””
implies &« > 0 (or « = 0).

It is clear that, if a mapping f is uniformly increasing at «, then f is
strongly increasing at «. The converse may not always be true. In the
paper [8], we have given the following definition: A mapping 7 : G — E,
where 0 € G, is said to be linearly lower bounded, if there exist y > 0 and
8 > 0 such that S(8) = {x € E] ||| < 6} C G and

f ()] =y - |lz|] for every z e S(d).

Making use of this terminology, we can prove that

THEOREM 8. If a mapping f: G — E is strongly increasing at a € G
and the mapping [, is linearly lower bounded, then f is uniformly increasing
at a.

ProoF. Let us assume that 7 is not uniformly increasing at 4. Then,
we can find {z,} and {«,} such that

fa(@a) —aall = lle,lifn, 0 < |lz,l| < 1/n and «, < 0.

Since fa,| - Hz,l| = Ifo(@,)|4(1/n) - ||z,]| and f, is assumed to be linearly
lower bounded, the sequence {«,} is bounded. Therefore, a subsequence
{on,} can be chosen in such a manner that lim«, = «, for some «,. Then,

i>00

]_i_ Hfa(xn‘_)—d.o . zn'.H < lim ”fa(xn.-)'—angxﬂ.'” 4 hm [aﬂ‘._0‘0| = 0.

t-;oo Hx,,‘H -0 Hxn‘“ —>00

Since f is strongly increasing at a, the number «, must be positive. But,
this is impossible, because ®,, are non-positive.

This theorem, by the same reason as in the case of the uniform in-
creasingness, indicates that, when we make use of the strong increasingness
property, we should mainly deal with the vector fields, not with especially
the completely continuous mappings, because a completely continuous
linear operator is linearly lower bounded.

Now, we prove that
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THEOREM 9. Let f: G — E be a completely continuous vector field, so
that the set F(Q), where F(z) = x—f(x), is contained in a compact set. Let
us assume that f is Fréchet-differentiable at a € G. Then, f is strongly increasing
(or strongly mom-decreasing) at a if and only if every proper value of the
Fréchet-derivative df,(0, x) is positive (or non-negative).

Proor. Let us assume that f is strongly increasing at a and 1, is a
proper value of df,(0, z). Therefore, there exists x, € E such that

afe(0, 2y) = Ay,.
Since the Fréchet-derivative df,(0, ) is linear with respect to z,
af,(0, tzy) = Aytxy for every number ¢,

and, by the definition of the Fréchet-derivatives, we have

lim ”/a(txo)_dfa(oi txo)” _

t-0 ¢

0;

or,
lim [1fa(t2o) —Agty|| -0

=0

’

from which, since f, is assumed to be strongly increasing at 0, it follows
tha.t Ao > 0. ’

Conversely, let us assume that every proper value of df,(0, z) is positive
and there exists a sequence {z,} such that

2, #0, limz, = 0 and lim Me@) =@l _

7~ 00 - 00 Hxn“
Here, we can assume that « 7= 1. Then, since f,(z) = 2—F,(z), we have

” (l—a‘)xn—Fa(xn)“ _

lim =0,
21

from which it follows that

1— —
i J0=02.~dFa0, 20l _ o

=00 Hxﬂ”

where dF,(0, ) is the Fréchet-derivative of F,(z) at 0, the existence of
which follows immediately from the Fréchet-differentiability of f,(z) at 0.
Since dF,(0, x) is linear with respect to z, we have, putting ¥, = z,/||z,l/,
that

']l-lm H(l—a)yn—dFu(O’ Ya)ll = 0.
Since dF,(0, ) is a compact linear operator, there exists a subsequence
{¢.,} and y, € E such that
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Lim dFu(Ot yn‘) = Yo
=00

and then we have
tim (1—a)y,, = vo.

Therefore, [ly,ll = |[1—a| 7 0, and

Yo—f4(0, Yo) = AF (0, yo) = (1—a)y,.
so that « is a proper value of df,(0, «), hence it follows that a« > 0.

4. Perturbation

Let E be a normed linear space over the real number field. We begin
with
THEOREM 10. Let [ : G — E be uniformly increasing at a € G. Then,

for any mapping g : @ — E such that g,(x) is linearly lower bounded, there
exists g > 0 such that every f(x)+eg(x) (le| < &,) 1s uniformly increasing at a.

Proor. Since f is uniformly increasing at a, there exist ¢ > 0 and
8, > 0 such that a+S5(3;) C G and the existence of such non-zero z € S(é,)
that

Ifa(@)—az|] < &2l

implies « > 0. Since g, is linearly lower bounded, there exists &, > 0
and 8, > 0 such that a+S(d,) CG and

llga@)l = &ollzll if  |l=l] < 8,.
Put ¢, = &/(1+4¢,) and §, = min {4,, ,}, and assume that
o) +ega (%) —azll < &llzll, le] = & and 0 < [jz]| < 4.
Then,
fa(®) —ozll = [Ifa(®) +2ga (@) — o+ el - |lga(@)]]
= g (12114 llga(@)1) = eo(14-2,)[2l] = &lz]],
from which it follows that o« > 0, namely, f-+eg is uniformly increasing at a.

Next, we prove a perturbation theorem. For the proof, we use a fixed
point theorem which has been proved on [4]. It is as follows:

Let E be a locally convex topological linear space over the real mumber
field, and G be an open set. Let F be a completely continuous mapping of G
in E. If there exists a point a € G such that

“tf F(x) = ax+ (1—a)a for some x € 0G, then o < 17,
then F has at least ome fixed point in G.

Now, we prove the following
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THEOREM 11. Let F be a completely continuous mapping of G and a € G
be a fixed point of F. If the completely continuous vector field f(x) = x—F (x)
s uniformly increasing at a, them, for any completely continuous mapping
H of G such that ||H,(z)|| = o(|iz]]) (||z|| — 0), there exists e, > 0 such
that every F(z)+eH (x) (le] < &) has at least one fixzed point in some neigh-
bourhood of a.

ProoF. By the previous theorem, since H ,(z) is linearly lower bounded,
there exists £ > 0 such that every f(z)+eH (z) (l¢] £ ¢) is uniformly
increasing at a. Therefore, there exist & > 0 and d; > 0 such that
a+S(d,) CG and the existence of non-zero x e S(§;) for which

1fa(®) 421 Ho () —azl| < &l]|
implies « > 0. Next, choose &; > 0 for which &, &, < }¢, and take §, such that

lleo—all < &, implies ||H,(z—a)|l < &]lz—all
and
S(a, 8) = {x e E| ||z—al]| =< 8} C G.

We can assume that 0 ¢ dS(a, &,). Since H is completely continuous, the
set H[0S(a, d,)] is bounded, namely,

|H(z)|| = M for every =z e d5(a, dy)

for some M > 0. Put g, = £,6,/2M.
Now, assume that |¢] =< ¢, and

F(zy)+eH () = azy+ (1—a)a for some x, € dS(a, dy)-
Let us consider the mapping
g(®) = H{@)—e, H ().
This is uniformly increasing at a, and
g(wo) —g(a) = [f(wo) —&1H ()] —[f(a) —&, H (a)]
= g F (zo) —&,H (z) -+, H (2)

= Zo— [F (x0)+eH ()] +2H () + 2, [H (@) — H ()]
= (1—a)(zy—a)+eH (xo) +2,[H (a) —H (,)],

from which it follows that

lg (@o) —g (@) — (1—a) (wo—a)|| < le| - ||H (,)||+&1] | H (a) — H (z,)]]
= le| - M+e,85lla—ao|| = 80M+%£2”a“x”

= %‘92”‘1"‘-’”0”‘*‘%‘92”“_370” = g&|ja—ux,|]-
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Therefore, we have that 1—a = 0, namely, « < 1, which, by the fixed
point theorem mentioned above, implies that F(z)+eH (z) has a fixed

point on S(a, 4,).
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