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Let £ be a topological linear space over the real number field. Throughout 
of this paper, we denote by G an open subset of E, by dG the boundary of 
G and by 0 the closure of G. The totality of all circled open neighbourhoods 
of the zero element is denoted by 11. 

The purpose of this paper is to introduce the notion of "monotone 
mappings" and to discuss their properties. 

1. Monotone mappings and their topological properties 

A mapping f : & -*• E is said to be increasing at a eG if there exists 
U = U(f,a) EU such that 

(i) a+UCG. 
(ii) If there exists xeU such that 

(*) f[a-{-x)֊f{a) = ax and x # 0, 

then a > 0. 
If the condition (*) implies a S 0 or a < 0 or a g 0, the mapping is said 
to be non-decreasing or decreasing or non-increasing at a respectively. 

It is clear that, if a mapping / is decreasing or non-increasing at a, 
then —/ is increasing or non-decreasing at a. Therefore, in the sequel, we 
shall only deal with the increasing or non-decreasing mappings. 

It is also clear that / is increasing (or non-decreasing) at a e G if and 
only if the mapping 

fa(x) = f(a+x)-f(a) :U(f-a) ^ E 

is increasing (or non-decreasing) at 0 (the zero element of E). 
Next, let us assume that the space E is locally convex. A mapping 

/ : 0 -> E is said to be a completely continuous vector field if / is continuous 
and the image F(G), where F(x) = x—f(x), is contained in a compact 
subset. 

Two completely continuous vector fields / and g are said to be strongly 
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homotopic on 0 if there exists a mapping h(x,t) : 0 X [0, 1] E which 
satisfies the following conditions: 
(ILJ. h(x, 0) = f(x) and h(x, 1) = g(x) for every xeG. 
(H2). h(x, t) ^ 0 for any xsdG and any t s [0, 1]. 
(H3). The set {x—h(x, t) | x e G, t e [0, 1]} is contained in a compact set. 

It is well-known that, if the completely continuous vector fields / and g 
are strongly homotopic on G, then d(0, G, f) = d(0, G, g), where d(0, G, /) 
denotes the mapping degree of G at 0 by /, provided that the both degrees 
are well defined (Leray-Schauder [1] or Nagumo [2]). 

Now, we can prove that 
Theorem 1. Let E be locally convex. A completely continuous vector field 

f .& -> E is increasing at a eG if and only if the mapping fa is strongly 
homotopic to the identity mapping I by h(x, t) = (1— t)x+tfa(x) on every such 
V that V e l l and VCU{f,a). 

Proof. Let us assume that / is increasing at a. It is clear that fa is 
also a completely continuous vector field and that (Hj) and (H3) are 
satisfied for /„ and / . Assume that there exists V e U such that V CU(f, a) 
and h(x0, t0) = 0 for some x0 e dV and for some t0e [0,1]. Since x0 0, 
we have that t0 ^ 0. Therefore, 

which contradicts the assumption that /„ is increasing at 0. Conversely, 
let us assume that the mapping h(x, t) = {\—t)x-\-tfa{x) satisfies the con­
ditions (Hj), (H2) and (H3) on every such V that V e U and V C U(f, a). 
If there exists a non-zero element x0 e U(f, a) such that fa{x0) — «x0, we 
can find F e l l such that x0 e dV and V CU(f, a). Assume that a is not 
positive, then t0 — 1/(1—a) satisfies 0 s=i t0 g 1, and, for this t0, we have 
h(x0,t0) = 0. This contradicts the condition (H2). Thus, the proof is 
completed. 

Theorem 1 immediately implies 
Theorem 2. Let E be locally convex and a completely continuous vector 

field f on G be increasing at aeG. Take any V e U such that V C U(f, a). 
Then, d{0, V, / J = 1. 

Next, we prove that an increasing completely continuous vector field 
on a locally convex E is an open mapping. Note that, even if a mapping 
is increasing at every point of an open set, it is not necessarily one-to-one. 

Theorem 3. Let E be locally convex. If a completely continuous vector 
field f :G E is increasing at every point of an open set Gx C G, then /(Gx) 
is open. 
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Proof. Let b = f(a) and a eG1. We shall prove that b is an interior 
point of /(Gi). We can assume that a^-U(f, a) CGX. Since /„ is increasing 
at 0, for any non-zero x e U(f, a), we have fa(x) ^ 0, because, if fa{x) — 0 
for some non-zero x e U(f, a), we have fa(x) = 0 · x which contradicts the 
increasingness of / at 0. Therefore, 0 £ fa{dU) for U — U(f, a), and since 
fa(dU) is closed, there exists F e l l such that 

V n fa(dU) = <f>. 

Take an element y eb + V, and consider the completely continuous vector 
field 

g(x) = f(a+x)֊y 

on U. It is clear that g(x) 0 for every x e 8U. Since 
fa{x)֊g{x) = y-fifl) = y֊b e F, 

we get, by Theorem 2, that 

¿(0, U, g) = ¿(0, C/, /.) = 1. 

Therefore, there exists x e U such that g(x) = 0, that is, y = /(a-f-a;). 
Since a-\-x s a-\-U CGlt we have yef(G1). This completes the proof. 

Remark. Our definition allows the existence of such a mapping ƒ that 
is increasing and decreasing at one point. For example, a mapping which 
has no small proper vectors is increasing and decreasing at 0. But the 
argument above shows that, in case of odd-dimensional Euclidean space, 
any increasing mapping at one point cannot be decreasing at the same 
point. This follows from the fact that the decreasing mapping at 0 is 
strongly homotopic to —I on the set U for some U e l l and that 
d(0, U, —I) — — 1 when the dimension is odd. 

2 . Contraction vector fields and uniform monotony 

In this section, the space E is assumed to be a real normed linear space. 
A mapping F : E -> E is said to be a contraction mapping if there 

exists a number y such that 0 < y < 1 and 

|\F(x)—F(y)\\ < y \\x—y\\ for every x and y in E. 

A mapping /(*) = x—F(x), when F(x) is a contraction mapping, is called 
a contraction vector field. 

Also, we shall say that a mapping / : G -> E is uniformly increasing 
at a eG if there exist U — U(f, a) e U and e = e(f, a) > 0 such that the 
following conditions are satisfied: 

https://doi.org/10.1017/S1446788700025830 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700025830


28 Sadayuki Yamamuro [4] 

(i) a+UCG. 
(ii) If there exists a non-zero x e U such that 

||/.(*)-«*|| < 8||a:||, 
then a > 0. 

Obviously, if / is uniformly increasing at a, then it is increasing at a. 
Then, we prove that 
Theorem 4. A contraction vector field f is uniformly increasing at 

every point ae E and the set U(/, a) can be taken to be the whole space E for 
every ae E. 

Proof. Let f(x) = x—F(x) and, for some y such that 0 < y < 1, 

\\F{x)-F{y)\\<y\\x֊y\\ (x.yeE). 

Assume that there exists x e E such that x ^ 0 and 

| !/.(*)-aalK elM |, 
where e is an arbitrary number such that y-fe < 1. Then, for 
Fa(x) = F(a+x)֊F(a), we have 

e\\x\\ ^ \\x֊Fa(x)֊xx\\ = IKl-aJa-F.faOII 
2> | i _ a ) . \\x\\-\\Fa(x)\\ > · ||z||֊y|M|. 

Since 0, we have |1— a| e+y < 1, which implies that a > 0. 
Here is a possibility of generalizing the so-called "contraction mapping 

principle", namely, for an increasing mapping / with some other properties, 
the equation f(x) = 0 may have one and only one solution. We could not 
get the result which could be regarded as general enough. Here, as a partial 
answer, we prove the following 

Theorem 5. Let us assume that 
(1). The mapping f : E -> E is uniformly increasing at every ae E and 

U(f, a) = E for every ae E. 
(2). There exists an element aeE such that <e(f,a) · \\a\\. 
(3). For any r > 0, the image of the set S{a, r) = {x e E\ \\a—x\\ r) 

by the mapping F(x), where F(x) = x֊f(x), is contained in a compact 
subset. 

Then, the equation F(x) = x has one and only one solution in S(a, r). 

Proof. The condition U(f, a) = E(a e E) implies the unicity of the 
solution. In fact, if F(x) — x and F(y) = y, since / is increasing at y, we 
have 

0 = f(x)֊f(y) = fv{x-y) = 0 · (x-y), 

which, by the definition of the increasingness, is impossible. The existence 
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is shown as follows. For the element a in the condition (2), choose the set 
S(a, r) such that 0 is an interior point of S(a, r). The mapping 

g(x) = f(a+x) 

is a completely continuous vector field on the set S(r) = {x e E\ \\x\\ ^ r}. 
We prove that g(x) is strongly homotopic to the identity mapping on 
S(r) by 

h(x, t) = (1— t)x+ tg(x). 

We have only to show that (H2) is true. Let us assume that h(x0, t0) = 0 
for some x0 e BS(r) and some t0 e [0, 1]. Then, since t0 ^ 0, we have 

/aW֊ (l ֊ ֊) «b|| = ] [/(«+*·) ֊ (l - ֊) *o] ֊/(«) 

= ||f[^W+(i-^oK]֊/(«) 
II h 

= ll/(«)IK«(/.a)-|l«ll<e(/. *)՝r 
= e(f, a) • Hxll, 

hence it follows that 1 — ljta> 0, which is impossible. Therefore, there 
exists an element x0eS(r) such that 0 = g(x0) = f(a+x0), namely, 
F(a+x0) = «+x0. 

We need the following fact later. 

Theorem 6. Let a mapping f .0 E be uniformly non-decreasing at 
aeG, then, for any number a such that 

\\fa(x)—txx\\ < \e(f, a) · \\x\\ for some non-zero x e U(f, a), 

we have a ^ \e(f, a). 

Proof. Put e0 = e(f, a), then, if 

||/a(*)-«B|| < |£0IW|, z # 0 and x e U(f, a), 
we have 

||/.(*)-(a-fco)*ll = \\[fu{x)-*x-]+faz\\ 
|̂|/.(*)-«*||+KINI<«olNI. 

hence it follows that a 5; Jc0. 
This theorem shows that the uniform non-decreasingness at a point 

coincides with the uniform increasingness at the same point. Therefore, in 
the sequal, we shall only deal with the uniform increasingness. 

Finally, we have to give a remark on the uniform increasingness. Let 
f :Q ~+ E be uniformly increasing at aeG. Then, there exist s(f, a) and 
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U(f,a) such that a+U(f, a) C G and "\\fa(x)-ax\\<e(f,a)-\\x\\ for 
some non-zero x eU(f, a)" implies a > 0. This is equivalent to the fol­
lowing proposition: "If a 0, then \\fa(x)—<xx\\ ^ e(f, a) · \\x\\ for every 
non-zero x eU(f, a)." 

Therefore, putting a = 0, 

\}fa(x)\\ ^ «(/> «) -11*11 for every xeU(f, a). 

In the case of the continuous linear operators, this means that the operator 
has the continuous inverse. Therefore, unless the space E is finite-dimen­
sional, any completely continuous linear operator cannot be uniformly 
increasing. However, since every contraction vector field is uniformly 
increasing at every point, every completely continuous linear vector field 
is uniformly increasing if the norm of the completely continuous part is 
less than one. 

This fact indicates that the study of uniform increasingness should 
mainly be concerned with the vector fields, rather than completely con­
tinuous mappings. 

3 . Frechet-derivatives 

In this section, the space E is assumed to be a normed linear space 
over the real number field. 

Our definition of the non-decreasingness at a point a e E of a mapping 
/ means that, if the mapping ƒ„ has a small proper element, the correspond­
ing proper value must be non-negative. This fact immediately suggests 
the following 

THEOREM 7. (1). If / : G -> E is non-decreasing ataeG, then the bifurca­
tion -points of fa, if such points exist, are non-negative. (2). If / : 0 -*• E is 
uniformly increasing at a e G, then the bifurcation points, if such points exist, 
are positive. 

PROOF. (1). Let A0 be a bifurcation point of /„. Then there exist a 
sequence {An} and a sequence {xn} such that 

lim An = A0, lim xn = 0 and fa(xn) — Xnxn ( « = 1 , 2 , · · ·). 
n-^oo n-*oo 

This implies, since /„ is non-decreasing at 0, that Xn ^ 0, and hence it 
follows that A0 0. 

(2). For this sequence {AM}, we have, by Theorem 6, that A„ 22 \ · e(f, a). 
Therefore, A0 is positive. 

It is well known that, if /„ is Fr<khet-differentiable at 0, then any 
bifurcation point of /„ is a proper value of the Frechet-derivative dfa(0, x) 
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of fa(z) at 0. This fact suggests that there is a close connection between 
the monotonicity of the mapping fa{x) and the sign of the proper values 
of dfa(0, x). In order to establish this connection exactly, we need a new 
definition. 

A mapping f : G ֊> E is said to be strongly increasing {or strongly non-
decreasing) at a eG if the existence of a sequence {xn} such that 

xn # 0, l imz B = 0 and Mm «̂(a;">~ga;«H = 0 

n-too n-»co ll̂ nll 
imphes a > 0 (or a ^ 0). 

It is clear that, if a mapping / is uniformly increasing at a, then / is 
strongly increasing at a. The converse may not always be true. In the 
paper [3], we have given the following definition: A mapping / : G -> E, 
where 0 eG, is said to be linearly lower bounded, if there exist y > 0 and 
b > 0 such that S(6) = {x e E\ \\x\\ ^d}CG and 

||/(a;)|| S a y ||a;|| for every a;eS(<5). 

Making use of this terminology, we can prove that 

THEOREM 8. If a mapping f : G -*• E is strongly increasing at a eG 
and the mapping fa is linearly lower bounded, then f is uniformly increasing 
at a. 

PROOF. Let us assume that / is not uniformly increasing at a. Then, 
we can find {xn} and {<x„} such that 

ll/.(*„)-«.*JI ^ ll*JI/». 0 < II* JI ^ \\n and a B < 0. 
Since |an| · ||a;B|| ^ ||/0(a;B)|| + (l/w) · ||a;B|| and /„ is assumed to be linearly 
lower bounded, the sequence {oc„} is bounded. Therefore, a subsequence 
{<xB(} can be chosen in such a manner that lima„j = a0 for some a0. Then, 

^ \\LK)֊c,-xnl ^ U m ||/.(« ) - ^ i i + U m = Q_ 

Since / is strongly increasing at a, the number a0 must be positive. But, 
this is impossible, because oc„. are non-positive. 

This theorem, by the same reason as in the case of the uniform in-
creasingness, indicates that, when we make use of the strong increasingness 
property, we should mainly deal with the vector fields, not with especially 
the completely continuous mappings, because a completely continuous 
linear operator is linearly lower bounded. 

Now, we prove that 
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or, 
,. ll/apsJ-Aoteoll 
lim = 0, 

from which, since /„ is assumed to be strongly increasing at 0, it follows 
that A0 > 0. 

Conversely, let us assume that every proper value of dfa(0, x) is positive 
and there exists a sequence {xn} such that 

xn ^ 0, lim xn = 0 and lim • = 0. 

Here, we can assume that « ^ 1. Then, since fa(x) = x—Fa(x), we have 

lim ii(*֊«>*.-*-t«.>ii _ q , 
ll*.ll 

from which it follows that 
^ \\(l-*)xn-dFa(0,xn)\\ ^ 

11* JI 
where dFa(0, x) is the Frechet-derivative of Fa(x) at 0, the existence of 
which follows immediately from the Fr&het-differentiability of fa(x) at 0. 
Since dFa(0, x) is linear with respect to x, we have, putting y„ = xj\\x„\\, 
that 

lim\\(l-x)yn-dFa(0, y,) | | = 0. 
n-*oo 

Since dFa(0, x) is a compact linear operator, there exists a subsequence 
{«/„.} and y0e E such that 

Theorem 9. Let f : 0 -*• E be a completely continuous vector field, so 
that the set F(G), where F(x) = x—f(x), is contained in a compact set. Let 
us assume that f is Fre'chet-differentiable ataeG. Then, f is strongly increasing 
(or strongly non-decreasing) at a if and only if every proper value of the 
Frechet-derivative dfa(0, x) is positive (or non-negative). 

Proof. Let us assume that / is strongly increasing at a and X0 is a 
proper value of dfa(0, x). Therefore, there exists x0 e E such that 

*/.(0.*b) = Vb-
Since the Frechet-derivative dfa(0, x) is linear with respect to x, 

dfa(0, tx0) = A0tx0 for every number t, 

and, by the definition of the Frdchet-derivatives, we have 

l i m \\fa(tXo)֊dfa(0,tX0)\\ = Q> 
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]hndFa(0, yn) = |,0, 

and then we have 
lim ( l - a ) y B < = y0. 

Therefore, \\y0\\ = |1— a| ^ 0, and 

yo֊dfa{0, y0) = dFa(0, y0) = ( l - a ) y 0 l 

so that a is a proper value of ¿/„(0, x), hence it follows that a > 0. 

4. Perturbation 

Let £ be a normed linear space over the real number field. We begin 
with 

THEOREM 10. Let f . G E be uniformly increasing at aeG. Then, 
for any mapping g : G -> E such that ga{x) is linearly lower bounded, there 
exists e0 > 0 such that every f(x)-\-eg{x) (|c| e0) is uniformly increasing at a. 

PROOF. Since / is uniformly increasing at a, there exist ex > 0 and 
dt > 0 such that a+Sidj) C G and the existence of such non-zero x e S ^ ) 
that 

\\fa(x)֊xx\\<El\\x\\ 

implies a > 0. Since ga is linearly lower bounded, there exists £2 > 0 
and <52 > 0 such that a+S(<5a) C G and 

llg.(*)llg«,ll*ll if 11*11̂ ,. 
Put £0 = £i/(l+£2) and d0 — min {d1։ d2}, and assume that 

< «0INI. 1*1 ^ *o and 0 < ||*|| ̂  (50. 
Then, 

||/B(*)-ox|| ^ \\fa{x)+ega{x)-*x\\ + \e\ · \\ga(x)\\ 
£ «o(INI+llg.(*)ll) ^ e0(i+£2)||*|| = 

from which it follows that a > 0, namely, f-\-eg is uniformly increasing at a. 
Next, we prove a perturbation theorem. For the proof, we use a fixed 

point theorem which has been proved on [4]. It is as follows: 
Let E be a locally convex topological linear space over the real number 

field, and G be an open set. Let F be a completely continuous mapping of G 
in E. If there exists a point a e G such that 

"if F(x) — M֊j-(l֊et)a for some x e 8G, then a ^ 1", 
then F has at least one fixed point in G. 

Now, we prove the following 
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THEOREM 11. Let F be a completely continuous mapping of G and aeG 

be a fixed point of F. If the completely continuous vector field f(x) = x—F(x) 
is uniformly increasing at a, then, for any completely continuous mapping 
H of G such that ||H„(a:)|| = o(||a;||) (||a:|| 0), there exists e0 > 0 such 
that every F(x)-\-sH(x) (|e| S: e0) has at least one fixed point in some neigh­
bourhood of a. 

PROOF. By the previous theorem, since Ha(x) is linearly lower bounded, 
there exists e1 > 0 such that every f(x)-\-eH(x) (|e| ^ et) is uniformly 
increasing at a. Therefore, there exist e2 > 0 and 6X > 0 such that 
a+Sfti) C G and the existence of non-zero xeS(d1) for which 

\\fa(x)+e1Ha(x)֊aX\\<e2\\x\\ 

implies a > 0. Next, choose e3 > 0 for which ê g < \e2 and take <50 such that 

Ifco—«11̂  ¿0 implies \\Ha{x—a)\\ <e&\\x0֊a\\ 
and 

S{a, <50) = {x e E\ \\x-a\\ ^ 80} C G. 

We can assume that 0 £ 8S(a, d0). Since H is completely continuous, the 
set H[dS(a, <50)] is bounded, namely, 

\\H(x)\\ ^ M for every x e dS(a, <50) 

for some M > 0. Put e0 = e26J2M. 
Now, assume that |e| 22 e0 and 

F(x0)+eH(x0) = aa;0-f-(l—a)a for some x0 e 8S(a, <5„). 

Let us consider the mapping 

g(x) = f(x)-SlH(x). 

This is uniformly increasing at a, and 

g(*o)-g(a) = m*o)-eiH(x0)]-[f(*)-eiH(<*)l 
= x0—F(x0)֊elH{x0)-\-e1H (a) 
= x0֊[F(x0)+eH(x0)]+sH(x0)+e1[H(a)֊H(xe)] 
= (l֊oL)(x0֊a)+eH(x0)+e1iH(a)֊H(x0)], 

from which it follows that 

l l*(*o)-g(«)- ( i -«) (*b-«) l l ^ kl · ll#(*o)ll+*ill# 
|s| •M+e 1 e 3 | |a -a; 0 | | 52 e 0 M+|e 2 | |a -a; | | 

= |e2| |«—*oll+l£2ll«-a ;oll = «2!!«—*oll-
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Therefore, we have that 1—a 2g 0, namely, a ^ 1, which, by the'fixed 
point theorem mentioned above, implies that F(x)+eH(x) has a fixed 
point on S(a, (50). 
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