SYLOW THEORY FOR A CERTAIN CLASS OF
OPERATOR GROUPS

CHRISTINE W. AYOUB

1. Introduction. In this paper we consider again the group-theoretic
configuration studied in (1) and (2). Let G be an additive group (not neces-
sarily abelian), let M be a system of operators for G, and let ¢ be a family of
admissible subgroups which form a complete lattice relative to intersection
and compositum. Under these circumstances we call G an M — ¢ group. In
(1) we studied the normal chains for an M — ¢ group and the relation between
certain normal chains. In (2) we considered the possibility of representing
an M — ¢ group as the direct sum of certain of its subgroups, and proved that
with suitable restrictions on the M — ¢ group the analogue of the following
theorem for finite groups holds: A group is the direct product of its Sylow
subgroups if and only if it is nilpotent. Here we show that under suitable
hypotheses (hypotheses (I), (II), and (III) stated at the beginning of §3)
it is possible to generalize to M — ¢ groups many of the Sylow theorems of
classical group theorem. The most important of these is the existence theorem—
Theorem 3.1.

2. Definitions and preliminary results. In order to make this paper as
self-contained as possible we shall summarize in this paragraph the definitions
and results which we shall use from the two previous papers (1) and (2).

Let G be an M — ¢ group. The subgroups belonging to the lattice ¢ are
called ¢ subgroups. The following notions are defined in the obvious manner:
M — ¢ isomorphism, M — ¢ automorphism, M — ¢ homomorphism, the
M — ¢ quotient group G/N (where N is a normal ¢ subgroup of G). The
analogues of the Homomorphism Theorem and the Isomorphism Theorems
hold (see (1) for a statement of these definitions and theorems).

Throughout this paper we shall assume that G possesses a ¢ composition
series all of whose factors are abelian, that is, there is a chain of ¢ subgroups

(1) 0=40C...CA,CApC...Cd, =06,

where A; is normal in 4;.; for 2=0,...,#n — 1, such that each factor
Ai41/4,; is abelian and ¢ simple, that is, has no proper normal ¢ subgroups
(# 0). We call (1) a ¢ composition series of length # and we say that G is ¢
soluble. The analogue of the Jordan Hélder Theorem tells us that any two ¢
composition series have the same length and M — ¢ isomorphic factors. If

Received September 2, 1959. Much of the work of this paper was done when the author was
the holder of the ZAE post-doctoral fellowship.

192

https://doi.org/10.4153/CJM-1961-016-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1961-016-0

SYLOW THEORY FOR OPERATOR GROUPS 193

the chain (1) consists of normal ¢ subgroups of G and if 4,.1/A4,; contains no
proper normal ¢ subgroups of G/4; (# 0) we call (1) a principal ¢ series.

If a is an element of G, the intersection of all ¢ subgroups which contain a
is called the ¢ cyclic subgroup generated by a. The M — ¢ group is said to be
¢ nilpotent if the upper central ¢ chain joins 0 and G (for a definition of ¢
centre and central ¢ chain see (2), Definitions 5.1 and 5.2). The M — ¢ group
P is said to be primary with characteristic F if it possesses a ¢ composition
series all of whose factors are M — ¢ isomorphic to F. We shall make extensive
use of the following theorem, which is proved in (2) (Theorem 7.2 under
hypotheses (i), (ii’), and (iii)—see Remark after Corollary 7.1):

(A) Let P be a primary M — ¢ group with abelian characteristic and assume
that

(i) Inner automorphisms are M — ¢ automorphisms.

(i1) The ¢ cyclic ¢ subgroups of P are abelian.

(iii) Any ¢ subgroup of P has a finite number of conjugates.
Then P is ¢ nilpotent.

We also need (Theorem 7.4 of (2)):

(A’) Let G be an M — ¢ group which possesses a ¢ composition series.
Assume (i) of (A), and also that unitoral ¢ cyclic ¢ subgroups are primary.
Then if G is ¢ nilpotent, G is the direct sum of primary ¢ subgroups. (An
M — ¢ group is unitoral if it possesses a unique maximal normal ¢ subgroup.)

We shall also make use of the following result—the proof is an easy generaliz-
ation of the argument used for ordinary groups (see, for example, (3)):

(B) Let G be an M — ¢ group which possesses a ¢ composition series; and
let N be a minimal normal ¢ subgroup of G. Then N is the direct sum of a
finite number of M — ¢ isomorphic ¢ simple ¢ subgroups.

The ¢ subgroup S of G is said to be a ¢ link if there is a normal ¢ chain
connecting .S and G, that is, if there exist ¢ subgroups .S; such that

2 S=S5C...CS;CSyuiC...CS; =G, where S;is normal in S ;.

It is easy to see that if G possesses a ¢ composition series, the ¢ links satisfy
the double chain condition. We shall need the following result concerning ¢
links (see Theorem 5.2 of (2)):

(C) If the M — ¢ group G is ¢ nilpotent, then any ¢ subgroup of G is a
¢ link.

The following notations will be used: If 4 and B are subgroups of the
group G, {A, B} denotes the compositum of 4 and B. If .S is a subgroup of
the group G and g an element of G, S(g) denotes the conjugate subgroup
—g + S + g. The notation Z4(G) is used for the ¢ centre of G. The symbol

( M% é) is used for M — ¢ isomorphism.

3. The existence theorem. Throughout this paper we assume that G is a
¢ soluble M — ¢ group which satisfies the following hypotheses:
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(I) Inner automorphisms are M — ¢ automorphisms.
(IT) ¢ cyclic ¢ subgroups of G are abelian, and unitoral ¢ cyclic ¢ subgroups
are primary.
(IIT) Any ¢ subgroup has a finite number of conjugates.

Definition 3.1. Let G have a ¢ composition series which has F as a ¢ com-
position factor of multiplicity (exactly) m. Then if S is a primary ¢ subgroup
of G with characteristic F and ¢ composition length =z, S is called an F Sylow
subgroup of G.

Definition 3.2. If K is a ¢ subgroup of G, the ¢ normalizer of K in G, N4 (K)
is the maximal ¢ subgroup of G in which K is normal.

TureoreM 3.1.1 For each ¢ composition factor F of G there exists an F Sylow
subgroup S of G. Furthermore, the F Sylow subgroups of G are all conjugate;
and if there is more than one, F is of finite order f, and the number of F Sylow
subgroups is congruent to 1 modulo f.

Proof. We use induction on j(G), the ¢ composition length of G. If j(G) =
the theorem is obviously true. Assume the theorem true for all M — ¢ groups
H with j(H) < j(G); and assume that the ¢ simple abelian group F is a ¢
composition factor of multiplicity m for G.

We consider first the case where G contains a normal primary ¢ subgroup of
characteristic ' not M — ¢ isomorphic to F and where G/N is primary of
characteristic F. Let H be a maximal normal ¢ subgroup of G which contains
N; hence

G/H,, =

Mar - o

Let s be an element of G not in H. Then if S is the ¢ cyclic ¢ subgroup of G
generated by s,

S/SNH S-I—H/H G/ F

ar— o= oM ar— g
so that S has F as a ¢ composition factor. Since S is ¢ cyclic, it is abelian and
hence by (A’), S = S; 4+ Ss, where char (S;) = F and char (S;) = F’. Now
Ss € N C H, and hence S; is not contained in H since S is not contained in
H.

If S, is an I Sylow subgroup of G, then the existence of an F Sylow sub-
group for G is proved. Otherwise N + S; is a ¢ link and hence is contained in
a maximal normal ¢ subgroup of G, say L.

Since H and L are proper ¢ subgroups of G, we know from the induction
assumption that H contains an F Sylow subgroup 7', and L an F Sylow sub-
group W. Furthermore, H = N + T, NN\T =0;L =N+ W, NN\W = 0.

!The author would like to thank the referee for his suggestions regarding the proof of
this theorem.
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Form an ascending ¢ chain from N to G: N=N,CN:C...CN,;C
N1 C...CNuy1=HCN, =G, where N,y1i/N; is ¢ simple and is
contained in the ¢ centre of G/N;; such a chain can always be constructed
since G/ N is primary and hence ¢ nilpotent.

Define U; = NN\ T,fori=0,...,k+1. Then0=0U,C...C U, C
U C...CUpy=Tand Ny=N+ U, for 1=0,...,m, since N C
N:.CHand H= N+ T.

We show that if U, & W, then U, is normal in W.

For if w and %, are elements of W and U, respectively, then since N,/N,_; C
Zs(G/N,_1), —w 4+ u, + w = u, (mod N,_;). It follows that —w + %, + w =
u, + .1 + x, where x and u,; are elements of N and U, ; respectively,
since N,.; = U,.1+ N. Hence x = —u;y —u; —w+ u, +w is an ele-
ment of NN W = 0. Thus —w 4+ u, +w = u, + u,; is an element of U,
so that U, is normal in W.

It follows from the fact that 0 = U, is contained in W but T = U,,_; is not
contained in W (since H = N + T is not contained in L), that there exists
an integer s such that U,_; is contained in W but U, is not contained in V.
We assume that W is a maximal F subgroup of G and show:

(1) W(us) = Wior u,in Uy if and only if #,is in WM U,.

(ii) F has finite order, say f. The number of conjugates W (u,) with u,
in Ugis [Ug: WN Ug]l =0 (mod f).

(iii) The total number of conjugates of W is = 0 (mod f).

Proof of (1). Assume that W(u;) = W for some element u; of U,. On the

other hand, —u; + w + u; = w (mod N,_;) since G and N, commute, mod
Ny1= Usg1+ N. Hence v’ = —u; +w + u, = w + u,_, + x, where u,_;

and x are elements of U,_; and N respectively. Thus x = —u, ; — w + @' is
an elementof WNN =0;0r —u, +w +u, = w + u,_q.
Form
Q= N Usw).
win W

Then Q(w) = Q for win W. It follows that {Q, W} = Q + W is an F subgroup
of G. But by hypothesis W is a maximal F subgroup of G; hence Q is contained
in W. But #; is an element of Q; for #; = —w + u; + w + u,_; and hence
is an element of Us(w) since —w + u, + w is in Us(w) and u,_; is in U,_,
= Us,_1(w) C Us(w). Thus u, is in W N U,.

Proof of (ii). By hypothesis, W has a finite number of conjugates and by
(1), W(us) = W(u,) if, and only if, (u; — u,) is in W M U,. Therefore, the
number of conjugates W (u,) is [Us: WM U,]. Now since U is ¢ nilpotent,
W M Usis a ¢ link for Uy, and hence there exists a ¢ composition chain joining
W N U to Us and all the ¢ composition factors are M — ¢ isomorphic to
F. Hence F has finite order, say f, and [U;: W M U,] is divisible by f.

Proof of (iii). Let W’ be any conjugate of W; then there is an integer s’
such that Uy _; is contained in W', but Uy is not contained in W’'. We call s’
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the integer associated with the group W’. Since W is by hypothesis a maximal
F subgroup of G, W’ is also a maximal F subgroup and hence applying (ii)
to the group W’, we see that the number of conjugates W’ (u,) with z. in
U, is divisible by f.

Choose a conjugate Wy of W so that the integer s(1) associated with W,
is as large as possible. Assume that the conjugates W, have been defined for
7 < 7 and that s(j) is the integer associated with W;. If the groups W;(uj)
for ;) in Uy ; do not exhaust the conjugates of W, choose IW; so that:

(a) W, is different from W ;(uyj) for sy in Usey.

(b) The integer s(z) associated with W7, is as large as possible.

Since W has a finite number of conjugates, there are a finite number of
groups W; say n. We show that W, (usy) 52 Wi(uyy) for j < 4. For if
Wilusn) = Wilusy), Wi = S;sy — tscpy), and since s(z) < s(j) implies
that Uy © Usey), s — Usp 1S in Uygcy. But it follows from the definition
of W, that this is impossible. Hence the groups W;(usy) with usy in Ugy
(1 <7< n) are all distinct. But for fixed 2, the number of conjugates
Wi (ugcs) is divisible by f. Thus the total number of conjugates of W is divisible
by f.

Hence we have shown that under the assumption that W is a maximal F
subgroup of G, the number of conjugates of W is divisible by f. But any con-
jugate of Wis an F Sylow subgroup of L, and by the induction assumption
all the F Sylow subgroups of L are conjugates of W (in L and hence in G),
and their number is congruent to 1 modulo f. Thus if W is a maximal F sub-
group of G we have a contradiction. Hence G contains an F subgroup P which
properly contains W. It is clear that P is an F Sylow subgroup for G. This
proves the existence part of the theorem in the particular case we were treat-
ing—that is where G contains a normal primary ¢ subgroup of characteristic
F’ not M — ¢ isomorphic to F, and G/N is primary of characteristic . We
prove next the existence part of the theorem in the general case.

Let G be an M — ¢ group, one of whose ¢ composition factors is F, and
assume that G is not primary. Let V be a minimal normal ¢ subgroup of G;
by (B) N is primary. Either N is itself an F Sylow subgroup or else we have
one of the following:

(a) N is primary of characteristic /' not M — ¢ isomorphic to F, and
G/ N is primary of characteristic F.

(b) G/N is not primary.

If (a) holds, we have the special case treated above. If on the other hand,
G/ N is not primary, by the induction assumption it contains an F Sylow sub-
group K/N. Furthermore, since K # G we can use induction again to obtain
an /' Sylow subgroup .S of K. Clearly S is also an F Sylow subgroup of G. This
completes the proof of the existence of an F Sylow subgroup in the general
case.

We now turn to the second part of the theorem, still using induction on
7(G), the length of a ¢ composition series for G. Let H be a maximal normal ¢
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subgroup of G. If G/H is not M — ¢ isomorphic to F, and T is an F Sylow
subgroup ¢f G, then T is contained in H. For otherwise G = H + T and

~

(M — 9)
which is impossible. Hence in this case all the F Sylow subgroups of G are F
Sylow subgroups H and conversely. Since j(H) < j(G), the F Sylow subgroups
are all conjugate in H and hence in G. If there is more than one, F is finite of
order f and the number is congruent to 1modulo f.

Suppose next

T/HNT G/H not (M — ¢) isomorphic to F

G/H ( M $) F
and H does not have F as a ¢ composition factor. Let S be an F Sylow sub-
group of G. Then

Sar - o
and G = H+ S, HNS = 0. If S is the unique F Sylow subgroup of G, then
there is nothing to prove. Otherwise let 7" be an F Sylow subgroup of G distinct
from S. We prove that if 7(s) = T for sin S, then s = 0.

Let ¢ be an element of 7. Then —s 4+ ¢+ s = { is an element of 7. Now
—s 4+t + s —tisin H since G/H is abelian; and also (—s + ¢t +s5) — ¢ =
f—tisinT. Thus —s + ¢+ s — tisin HMN T = 0. Hence for any tin T, —s
+t4+s=tors = —t+s+tsothatif 7'(s) = T, s is in S(¢) for every ¢ in
T. Let

Q=N Sk;
teT
Qi) =Q for t in T. Hence {Q, T} = Q + T and therefore {Q, T} = T or
Q € T. Thus sisin T since s is in Q. But SM T = 0; therefore s = 0.

Thus if s; and s, are distinct elements of S, 7'(s;) # T(sz) so that the
number of conjugates 7'(s) with s in S is equal to the order of F (since S = F).
By hypothesis, T" has a finite number of conjugates. Hence F has finite order f.

If the subgroups 7T'(s) with s in .S do not exhaust the conjugates of 7" distinct
from S, let 7T be such a conjugate of 7. Then there are f conjugates 7' (s) with
s in S. Continuing in this way, we find that the number of conjugates of T°
distinct from S is congruent to 0 modulo f. However, if .S is not a conjugate of
T, we may replace S by 77, a conjugate of 7', in the argument above and obtain
the result that the number of conjugates of T is congruent to 1 modulo f.
Thus if .S is not a conjugate of 7" we have a contradiction. Therefore, S is a
conjugate of T and the number of conjugates of T is congruent to 1 modulo f.

Finally, suppose

~

G/H 4P

and H contains F as a ¢ composition factor. Let 7" be an F Sylow subgroup of
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G; then S; = HM T is an F Sylow subgroup of H contained in 7, and S; is
normal in 7" Furthermore, if Sy is any F Sylow subgroup of H contained in 7,
then {S;, S:} = S; + Sa2isan Fsubgroup of H, but.S; and S; are both maximal
F subgroups of H; therefore, S; + S: = S; = So. On the other hand, if S
is any F Sylow subgroup of H, by the induction hypothesis S is a conjugate
of Sy, say S = S1(g) = (HN T)(g), and hence S C T'(g), an F Sylow sub-
group of G. Thus every F Sylow subgroup of G contains one and only one F
Sylow subgroup of H, and every F Sylow subgroup of H is contained in at
least one F Sylow subgroup of G.

In particular, if / has an F Sylow subgroup S which is normal in G, it is the
only F Sylow subgroup of /7 and hence is contained in every F Sylow subgroup
of G. Thus in this case T is an F Sylow subgroup of G if and only if 7/S is an
F Sylow subgroup of G/S. Furthermore, 7,/S and 7,/S are conjugate in
G/S if and only if Ty and T’ are conjugate in G. Hence we deduce the validity
of our theorem in G from its validity in G/S, which we know from the induc-
tion assumption.

Assume, on the other hand, that I has an F Sylow subgroup .S which is not
normal in G. Let 7" be an F Sylow subgroup G such that S C T then, as was
shown above, S = 77\ H and hence S is normal in 7. Thus N4(S), the ¢
normalizer of S in G, contains any F Sylow subgroup 7" of G such that S C T
and also N4(S) ## G since S is not normal in G.

Now let .Sy, . .., .S; be all the F Sylow subgroups of H. Then either £ = 1
or F has finite order f and 2 = 1 modulo f. Consider all the FF Sylow subgroups
of G which contain S;. Since these are all contained in N4(S;) there are a
finite number of these, say

Tl(l)y ooy Tni(i);

furthermore, either #n; = 1 or n; is congruent to 1 modulo f (if #; > 1, F has
finite order f) and the subgroups

T, ., T,

are all conjugate. The 7, (1 =1,...,k; j=1,...,n;) includes all F
Sylow subgroups of G, since every F Sylow subgroup of G contains some F
Sylow subgroup of H. Furthermore, they are all distinct since an F Sylow
subgroup of G contains only one F Sylow subgroup of . Thus the number of
F Sylow subgroups of G is either 1 (if # = 1and n; = 1) orisequalton; + . ..
+ ny, =k =1 modulo f since each #; = 1 and 2 = 1 modulo f. Also for fixed
the 7',(9 are conjugates since they are F Sylow subgroups of . NV4(S,), and
T, is conjugate to 7,7 since N4(S;) is conjugate to N4(S,). Hence the F
Sylow subgroups of G are all conjugate and if there is more than one, F has
finite order f and their number is congruent to 1 modulo f.

COROLLARY 3.1. If the ¢ composition factor F of G is infinite, G has just one I
Sylow subgroup and it is normal.
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4. Some further theorems on Sylow subgroups.

THEOREM 4.1. If S is an F subgroup of G, S is contained in some F Sylow sub-
group of G.

Proof. We prove the theorem by induction on j(G). If (G) = 1,Gis M — ¢
isomorphic to F and hence there is nothing to prove. Assume that the theorem
is true for all A such that j(H) < m and that j(G) = m. If G is primary the
theorem is obvious so we assume that G is not primary. Let N be a minimal
normal ¢ subgroup of G; we distinguish two cases:

(a) G/N is not primary. N + .S/N is an F subgroup of G/N and hence by
the induction hypothesis there exists an F Sylow subgroup K/N of G/N which
contains N + S/N; furthermore, K # G, since G/N is not primary. Now .S
is an F subgroup of K; using the induction hypothesis once again we conclude
that S is contained in an F Sylow subgroup P of K, and it is easy to see that P
is also an F Sylow subgroup for G.

(b) G/N is primary. If N + S = G, S is already an F Sylow subgroup for
G, since it follows from the fact that G is not primary that char() = F.
If N+ 8 # G, N + .S is contained in a maximal normal ¢ subgroup K of G;
for it follows from the ¢ nilpotency of G/N that N 4+ Sis a ¢ link for G. Let
P be any F Sylow subgroup for G, then by Lemma 4.1, P M K is an F Sylow
subgroup of K. By the induction hypothesis, .S is contained in some F Sylow
subgroup of K and hence, since the F Sylow subgroups are all conjugates, is
contained in some conjugate [P M K](k) of P M K. Hence S is contained in
P(k).

TurorEM 4.2. If H is a ¢ subgroup of G and P, and P, are two F Sylow sub-
groups for H, they are not contained in the same F Sylow subgroup for G.

Proof. If Py and P, are both contained in the F Sylow subgroup S of G,
then {P;, P2} is a ¢ subgroup of S and hence is primary with characteristic F.
But {P;, Ps} is contained in H and P; is an F Sylow subgroup for H; hence
Pz = Pl.

THEOREM 4.3. The ¢ normalizer N of an I Sylow subgroup P does not contain
any conjugate of P distinct from P itself. Furthermore, N 1s its own ¢ normalizer.

Proof. Assume that P’ = —g + P + g is contained in N. Then P’ is an
F Sylow subgroup for N and hence is conjugate to P in N so that there exists
an element # in N such that P = —# 4+ P 4 #. But P is normal in N so that
this implies P’ = P. Let K be the ¢ normalizer of N in G. If kisin K, —%k +
p+kEC —k+ N+ k= Nand hence =k + P + k& = P. Thus P is normal
in K so that K = N.

More generally we have:

TuEOREM 4.4. If H is a ¢ subgroup of G such that any ¢ composition factor
of H has the same multiplicity for H as it does for G, then the ¢ normalizer of H
is its own ¢ normalizer.
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Proof. Let N be the ¢ normalizer of H in G, and K the ¢ normalizer of N
in G. Then if kisin K and H' = H(k), —n + H' 4+ n = H' for n in N; for

—n+H +n=-n—-k+H+kk+n=—k+ (k—n—Fk+H+
(b+n—Fk +k=—k+H-+k

since B + n — kisin N. Thus H and H' are both normal in N and {H, H'} =
I 4+ H' has the same ¢ composition factors as H, since H' has the same ¢
composition factors as H. Hence H = H' and H is normal in K. Therefore,
N = K and the theorem is proved.

THEOREM 4.5. Let P, be the intersection of the F Sylow subgroups for G, P’,
and P", and assume that if the ¢ subgroup S contains Py, S is contained in no
more than one F Sylow subgroup for G. Then

(a) The ¢ normalizers of Py in the F Sylow subgroups which contain it are all
M — ¢ isomorphic.

(b) The ¢ normalizer of P, in G is not equal to the ¢ normalizer of Pyin any F
Sylow subgroup containing P;.

Proof. Let P', P”, ..., P® be the F Sylow subgroups (of G) which contain
Py; and let N/, N”,..., N©® be the ¢ normalizers of P; in these groups.
Since P; # P and P;is a ¢ link for P (2 =1,...,s), Py % N®, Let N
be the ¢ normalizer of P; in G. Then N =P N\ N,...,N® = PO NN,
Furthermore, N (9 is an F Sylow subgroup for V; for otherwise N is properly
contained in an F Sylow subgroup Q of N, which in turn is contained in
P for some j # 7. Thus we would have N C Q, and Q € P so that N
is contained in both P and P, which contradicts the hypothesis since
P and PP are different. Hence the subgroups N(? are F Sylow subgroups
for V and so are M — ¢ isomorphic—which proves (a).

Now assume that ¥ = N for some 7. Then N is an F group and A’ =
N'=...=0N® g0 that N' = N/ C PN P’ = P,;, which is impossible.
Hence (b).
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