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MORSE INDEX OF APPROXIMATING PERIODIC
SOLUTIONS FOR THE BILLIARD PROBLEM.

APPLICATION TO EXISTENCE RESULTS

PHILIPPE BOLLE

ABSTRACT. This paper deals with periodic solutions for the billiard problem in a
bounded open set of RN which are limits of regular solutions of Lagrangian systems
with a potential well. We give a precise link between the Morse index of approximate
solutions (regarded as critical points of Lagrangian functionals) and the properties of
the bounce trajectory to which they converge.

1. Introduction. Let Ω denote a connex bounded open subset of RN, such that ] Ω
is a C2 hypersurface. A 1-periodic trajectory for the billiard problem in Ω is a continuous
nonconstant map x: S1 ! Ω (where S1 = RÛZ) such that there exists a finite subset
R = ft1Ò    Ò tpg of S1 such that ((Ò ) denoting the standard inner product in RN):

(i) x is of class C2 in S1nR and satisfies ẍ(t) = 0 for any t 2 S1nR
(ii) for any ti 2 R Ò x(ti) 2 ] Ω and x has a right derivative ẋ+(ti) and a left derivative

ẋ�(ti) at ti which satisfy:

(a) ẋ+(ti)�
�

ẋ+(ti)Ò n
�
x(ti)

��
n
�
x(ti)

�
= ẋ�(ti) �

�
ẋ�(ti)Ò n

�
x(ti)

��
n
�
x(ti)

�
(b)

�
ẋ+(ti)Ò n

�
x(ti)

��
= �

�
ẋ�(ti)Ò n

�
x(ti)

��
6= 0, n(x) denoting the interior unit

normal to ] Ω at x.
t1Ò    Ò tp are then called the bounce instants and x(t1)Ò    Ò x(tp) the bounce points
(the number of bounce points is p).

Thus a bounce periodic trajectory is a continuous periodic piecewise linear path, with
corner points only on ] Ω, the usual laws of reflection on the boundary being satisfied.

REMARK 1. It may happen that x(t) 2 ] Ω although t is not a bounce instant: ẋ(t) is
then tangent to ] Ω.

REMARK 2. A bounce periodic trajectory has at least two bounce points. For p ½ 2,
we define Lp: (] Ω)p ! R by

Lp(M1Ò    ÒMp) = M1M2 + M2M3 + Ð Ð Ð + Mp�1Mp + MpM1

(MiMj denoting the Euclidean distance between Mi and Mj).
If x is a periodic bounce trajectory with bounce instants t1Ò    Ò tp,

�
x(t1)Ò    Ò x(tp)

�
is a critical point of Lp. Conversely, if M1Ò    ÒMp are p points in ] Ω such that
Mi 6= Mi+1 and M1 6= Mp, if (M1Ò    ÒMp) is a critical point of Lp and if the segments
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[M1M2]Ò [M2M3]Ò    Ò [MpM1] are included in Ω, then we can define a periodic bounce
trajectory containing M1ÒM2Ò    ÒMp and with bounce points only in fM1Ò    ÒMpg.

When Ω is convex, Remark 2 allows us to prove the existence of bounce periodic
trajectories by considering critical points of Lp. Moreover, multiplicity results can be
obtained. For example, in [1] this variational formulation is applied to convex billiards
in R3. We also refer to [6] for the existence of periodic trajectories of special type. We
should recall that the first theorem about multiple periodic trajectories was proved by
Birkhoff for convex billiards in R2 ([4], [8]). When Ω is not convex, there still exist
multiple critical points of Lp but they do not necessarily correspond to periodic bounce
trajectories because a segment joining two points of rΩ may not lie in Ω. There are
examples of non-convex billiards in R2 for which there is no bounce periodic trajectory
with only two bounce points (see [5], [7]). In [3], V. Benci and F. Giannoni used a
penalization method to achieve a general existence result. Their result states that any
bounded open subset Ω of RN of class C2 contains at least one bounce periodic trajectory
with at most N + 1 bounce points (They show in fact a more general result, adding a
smooth potential V; the trajectory then solves equation ẍ = �rV(x) between two bounce
points).

For convex billiards, the index of a bounce trajectory with p bounce points (M1Ò    Ò
Mp) is generally defined as the Morse index of (M1Ò    ÒMp), regarded as a critical point
of Lp (see [8] for the interest of this index). If x is a 1-periodic bounce trajectory of a non-
convex billiard with p bounce instants t1Ò    Ò tp (and p bounce points x(t1)Ò    Ò x(tp)),
using Remark 2, we can still define an index for x, which will be denoted by ¯̊(x). We
can in the same way define a nullity for x, m̄(x), which is the nullity of

�
x(t1)Ò    Ò x(tp)

�
as a critical point of Lp.

In [3], approximate bounce trajectories xn are obtained, which converge to a bounce
trajectory x. The approximate bounce trajectories are critical points of functionals Jn

which are defined on an open subset of H1(S1;RN). These critical points have finite
Morse index in(xn) and finite nullities mn(xn). The first aim of this paper is to give exact
links between limn!+1 in(xn), limn!+1 mn(xn), ¯̊(x) and m̄(x). Since in(xn) can generally
be known (or at least estimated) this will lead to a better understanding of the limiting
bounce trajectory. Moreover we think that this might help to get multiplicity results for
non-convex billiards in certain cases by the penalization method. We shall prove in the
last section a result of this type.

Before stating our results we shall give some details on the variational framework
which is used in [3] to get the approximate bounce trajectories xn (see also [2]).

V. Benci and F. Giannoni consider for è Ù 0 the equation

(Bè): ẍ = �èrU(x)Ò

where U is a function defined and of class C2 on Ω, which satisfies U(x) = 1Ûh2(x)
in a neighbourhood of ] Ω, where h(x) = d(xÒ ] Ω) is the Euclidean distance from x
to ] Ω. They find 1-periodic solutions xè of (Bè) with energy Eè = 1

2 jẋèj2 + èU(xè)
bounded independently of è, and show that there is a sequence (xèn) (with èn ! 0) which
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converges in H1(S1ÒΩ) to a bounce periodic trajectory; xè is obtained as a critical point
of a functional Jè, which is of class C2 on the open subset Λ of H1(S1Ò RN), where

Λ =
n

x 2 H1(S1Ò RN) j x(S1) ² Ω
o
Ò

and is defined by:

Jè(x) =
Z

S1

1
2
jẋ(t)j2 � èU

�
x(t)

�
dt

We have, for vÒw 2 H1(S1Ò RN),

J0è(x) Ð v =
Z

S1
(ẋÒ v̇) � è

�
rU(x)Ò v

�
dt =

Z
S1

�
�ẍ � èrU(x)Ò v

�
dtÒ

J00è (x) Ð v Ð w =
Z

S1
(v̇Ò ẇ) � èr2U(x)v Ð w dt

If xè is a critical point of Jè, we denote by mè(xè) and iè(xè) the nullity and the Morse
index (which are always finite) of xè: mè(xè) = dim Ker J00è (xè); iè(xè) is the dimension of
the linear subspace of H1(S1Ò RN) spanned by the eigenvectors of J00è (xè) associated with
the strictly negative eigenvalues.

In this paper, we consider a sequence xèn (with limn!+1 èn = 0) of critical points
of Jèn , satisfying c � Eèn � C, where c and C are strictly positive constants and
Eèn = 1

2 jẋèn j2 + ènU(xèn ) is the energy of xèn , which converges in Λ = H1(S1ÒΩ) to x 2 Λ,
a 1-periodic bounce trajectory. Note (see [3]) that

lim
n!+1

Eèn = EÒ where E = jx(t)j2Û2

E is the energy of the bounce trajectory. We shall use the abbreviations xn = xèn , En = Eèn ,
Jn = Jèn, in(xn) = ièn (xèn)Ò mn(xn) = mèn(xèn). We assume that lim infn!+1 in(xn) = i Ú
+1. In [3], it is proved that x has at most i bounce points; as the Morse index of the
critical points obtained by V. Benci and G. Giannoni is less than N + 1, this property
implies that their limiting bounce trajectory has at most N + 1 bounce points.

The Morse index of xn thus gives some important information about the trajectory
obtained when taking limit (an upper bound of the number of bounce points). In this
paper we shall get further information about this bounce trajectory.

Set C(x) = ft 2 S1 j x(t) 2 ] Ωg. We shall assume:

(H1) C(x) is finite and all the elements of C(x) are bounce instants.

Thus we have, for all t 2 C(x),
�

ẋ+(t)Ò n
�
x(t)

��
Ù 0 and the case of a trajectory which is

tangent to ] Ω at some point is excluded.
We recall that t1Ò    Ò tp denote the bounce instants and that ¯̊(x) and m(x) denote the

Morse index and the nullity of
�
x(t1)Ò    Ò x(tp)

�
2 (] Ω)p regarded as a critical point of

the function Lp defined in Remark 2.

THEOREM 1. Under hypothesis (H1) there exists n0 2 N such that for n ½ n0:
(i) 1 � mn(xn) � m(x) + 1

(ii) in(xn) ½ ¯̊(x) + p
(iii) in(xn) + mn(xn) � 1 + m(x) + ¯̊(x) + p.
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COROLLARY 1. For all n ½ n0, ¯̊(x) + p � in(xn) � m(x) + ¯̊(x) + p.

If m(x) = 0 then for all n ½ n0, in(xn) = ¯̊(x) + p and mn(xn) = 1.
Note that, as Jè is invariant by the S1 action on Λ defined by í Ðx = x(í+ ), it is always

true that mn(xn) ½ 1 (ẋn 2 Ker J
00

n). So m(x) = 0 implies that for n ½ n0, the equivariant
nullity of xn is 0 (the circle fxn(í + ); í 2 S1g is then a critical non-degenerate circle of
Jn).

REMARK 3. U is assumed to be 1
h2 (with h(x) = d(xÒ ] Ω)) in a neighbourhood of ] Ω.

However this hypothesis is useful only at a precise point of the proof. Elsewhere we shall
just assume that U(x) = g

�
h(x)

�
in a neighbourhood of ] Ω, g being a smooth function

from RŁ+ to R which satisfies:

g0(h) Ú 0Ò lim
h!0+

g(h) = +1 and lim
h!0+

g0(h)
g(h)

= lim
h!0+

g00(h)
g0(h)

= �1

As an application of Theorem 1 we shall prove the following (we call grazing trajectory
a bounce trajectory which is tangent to ] Ω at some point):

THEOREM 2. Assume that there is no grazing periodic bounce trajectory with at most
N + 1 + 2q bounce instants, where q 2 N. Then for each k � q there exists a periodic
bounce trajectory xk such that N + 1 + 2k � m̄(xk) � p(xk) + ¯̊(xk) � N + 1 + 2k, where
the number of bounce instants of x is denoted by p(x).

COROLLARY 2. Assume that all the periodic bounce trajectories with at most N+1+2q
bounce instants are non-grazing and correspond to non-degenerate critical points of Lp.
Then for each k � q there exists a periodic bounce trajectory xk such that p(xk) + ¯̊(xk) =
N + 1 + 2k.

REMARK 4. Of course the bounce trajectories obtained by Theorem 2 may not be
geometrically distinct: some of them may be iterates of others.

In Section 2 we give some preliminary lemmas concerning the properties of the
approximate trajectories in a neighbourhood of a bounce instant. In Section 3 we prove
Theorem 1 thanks to these lemmas. In Section 4 we give the proof of the preliminary
lemmas. Section 5 is devoted to the proof of Theorem 2.

2. Preliminary lemmas. The proofs of the results which are stated in this section
will be given in Section 4.

We assume that (H1) holds and we set ft1Ò    Ò tpg = ft 2 S1 j x(t) 2 ] Ωg. xn

converges to x in C0(S1Ò RN), hence there exists é1 Ù 0 such that for n large enough
h(xn) is of class C2 in the intervals (ti � é1Ò ti + é1); moreover é1 is chosen such that 2é1

is smaller than the distance between two distinct bounce instants. We can write: for all
é 2 (0Ò é1), there exists aé Ù 0 such that

(21) 8t 2 S1n
p[

i=1
(ti � éÒ ti + é) 8n 2 N h

�
xn(t)

�
½ aé

https://doi.org/10.4153/CJM-1998-027-6 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1998-027-6


APPROXIMATING PERIODIC SOLUTIONS FOR THE BILLIARD PROBLEM 501

In order to simplify notations, we now consider one bounce point of x and we suppose
that the bounce instant is 0; we set hn(t) = h

�
xn(t)

�
.

Lemma 2.1 and Lemma 2.2 describe some elementary properties of the approximate
bounce trajectory in a neighbourhood of the bounce instant.

LEMMA 2.1. There exist e Ù 0, é2 Ù 0 (é2 � é1) and n2 2 N such that if t 2 (�é2Ò é2)

and n ½ n2 then 1
2

�
ḣn(t)

�2
+ èng

�
hn(t)

�
½ e and g00

�
hn(t)

�
Ù 0.

Let tn, for all n ½ n2, be such that Minfhn(t); t 2 [�é2Ò é2]g = hn(tn); what follows
implies the uniqueness of tn for n large enough.

LEMMA 2.2.
(a) limn!+1 tn = 0; limn!+1 hn(tn) = 0.
(b) There exist n3 2 N (n3 ½ n2) and é3 Ù 0 (é3 Ú é2) such that, for n ½ n3,

(i) (tn � é3Ò tn + é3) ² (�é2Ò é2);
(ii) ḣn Ú 0 on [tn � é3Ò tn) and ḣn Ù 0 on (tnÒ tn + é3];

(iii) for all é 2 (0Ò é3) limn!+1 ẋn(tn + é) = ẋ+(0) and limn!+1 ẋn(tn � é) = ẋ�(0).
(c) For n large enough and é Ú é3, we have

8t 2 [tnÒ tn +é] ḣn(t) ½ ã(éÒ n)(t� tn ) and 8t 2 [tn�éÒ tn] ḣn(t) � ã(éÒ n)(t� tn )

with limé!0Òn!+1 ã(éÒ n) = +1.
(d) There exist two positive constants å and ç such that (for é small enough and n

large enough)

8t 2 [tn � éÒ tn + é] åjḣn(t)j � j(ẋn(t)Ò nn)j � çjḣn(t)jÒ

where nn = rh
�
xn(tn)

�
; furthermore ḣn(t) and

�
ẋn(t)Ò nn

�
have the same sign on

[tn � éÒ tn + é].
In the sequel, we shall denote by r(é) (respectively r(n)Ò r(éÒ n)) any function depending

on é (respectively on n; on é and n) which satisfies limé!0+ r(é) = 0 (respectively
limn!+1 r(n) = 0; lim n!+1

é!0+
r(éÒ n) = 0); we shall denote by s(éÒ n) any function depending

on é and on n which satisfies: for all fixed é Ù 0 limn!+1 s(éÒ n) = 0.
We denote by Ién the interval (tn � éÒ tn + é). The angle í is defined by í 2 [0Ò ô2 ) and

cos í =
�

ẋ+(0)Ò n
�
x(0)

��
(cos í Ù 0 because of (H1)).

The next lemmas provide estimates which will prove useful to compute the Morse
index of xn.

LEMMA 2.3. There is a constant C1 such that for all n 2 N,
R

I
é3
n

þþþèng0
�
hn(t)

�þþþ dt � C1;

moreover for 0 Ú é Ú é3, we have
R
Ién
�èng0

�
hn(t)

�
dt = 2

p
2E cos í + r(é) + s(éÒ n).

LEMMA 2.4. Z
Ién
èng00

�
hn(t)

�
jt � tnj2 dt = r(éÒ n)

For 0 Ú é Ú é3 limn!+1
R
Ién
èng00

�
hn(t)

�
ḣn(t)2 dt = limn!+1

R
Ién
èng00

�
hn(t)

�
dt = +1.
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LEMMA 2.5. There exists a constant C2 Ù 0 and, for any é 2 (0Ò é3), there exists
n(é) ½ n3 such that if n ½ n(é) and if ï 2 H1(Ién;RN) satisfies

Z
Ién

g00
�
hn(t)

�
ï(t) dt =

Z
Ién

g00
�
hn(t)

�
ḣn(t)ï(t) dt = 0Ò

then Z
Ién
jï̇j2 � èng00

�
hn(t)

�
ï2(t) dt ½ C2

Z
Ién
jï̇(t)j2 dt

This is the only lemma where we use the hypothesis g(h) = 1
h2 for small h.

We now introduce some notations which will be used in the next lemmas. Remember
that nn = rh

�
xn(tn)

�
(limn!+1 nn = n

�
x(0)

�
).

Let Fn be the linear subspace of RN defined by Fn = [nn]? and let F be the linear

subspace of RN defined by F =
h
n
�
x(0)

�i?
.

Let Cn be the endomorphism of RN defined by Cn = r2h
�
xn(tn)

�
. Note that, since

jrh(x)j2 = 1 for all x (in a neighbourhood of ] Ω), Cn Ð nn = 0 and Im Cn ² Fn.
The map n which associates with x 2 ] Ω its interior unit normal n(x) 2 RN is

differentiable of differential Tn; Im
�

Tn
�
x(0)

��
² F.

Let C be the endomorphism of RN defined by C Ð n
�
x(0)

�
= 0 and CjF = Tn

�
x(0)

�
.

We have limn!+1 Cn = C .

LEMMA 2.6. For W 2 Fn,
Z

Ién
�ènU00�xn(t)

�
W Ð W dt = (CnWÒW) cos í2

p
2E +

�
r(éÒ n) + s(éÒ n)

�
jWj2

Moreover there is a constant C3 and for all é 2 (0Ò é3) there is a sequence (uén) ! +1
such that Z

Ién
�ènU00�xn(t)

�
nn Ð nn dt � �uén + C3

and þþþþZIén
�ènU00�xn(t)

�
W Ð nn dt

þþþþ � jWj
�
C3 + r(éÒ n)

q
uén
�

for all W 2 Fn
LEMMA 2.7. If ï 2 H1(Ién;R) satisfies

Z
Ién

g00
�
hn(t)

�
ï(t) dt = 0Ò

Z
Ién

g00
�
hn(t)

�
ḣn(t)ï(t) dt = 0Ò

and if ñ 2 H1(Ién; Fn) satisfies ñ(tn) = 0, then, setting l = ïnn +ñ, the following estimates
hold:

(i)
þþþRIén ènU00�xn(t)

�
ñ(t) Ð ñ(t) dt

þþþ = r(éÒ n)jñj21;

(ii)
þþþRIén ènU00�xn(t)

�
ñ(t) Ð ï(t)nn dt

þþþ =
�
r(éÒ n) + s(éÒ n)

�
jñj1jïj1;

(iii)
þþþRIén èng0

�
hn(t)

�
ï2(t) dt

þþþ = r(é)jïj21;

(iv)
þþþRIén ènU00�xn(t)

�
W Ð l(t) dt

þþþ =
�
r(éÒ n) + s(éÒ n)

�
jWj jlj1 for W 2 Fn,

where jkj21 =
R

Ién
k̇(t)2 dt.
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3. Proof of Theorem 1. In the sequel, whenever k is defined on S1, jkj1 will denote�R
S1 k̇(t)2 dt

�1Û2
.

We shall split H1(S1;RN) into a sum of 3 subspaces. We first introduce further no-
tations. C i

n, Fi
n, ni

n, C i, Fi, ni, ti
n,   , defined in Section 2 correspond now to the i-th

bouncing (of bounce instant ti); for é 2 (0Ò é3), set IiÒé
n = (ti

n�éÒ tin +é). We define the linear
map ßé

n:Rp ð F1
n ð Ð Ð Ð ð Fp

n ! H1(S1;RN) by ßé
n(ã1Ò    Ò ãpÒW1Ò    ÒWp) = w, where

w is the element of H1(S1;RN) (so w is a continuous function on S1) which satisfies:
- in IiÒé

n Òw(t) = ãiẋn(t) + Wi;
- in every interval of S1nSp

i=1 IiÒé
n , w is linear (ẇ(t) is constant).

Let †én:Rp ! H1(S1;RN), be the linear map defined by †én(ç1Ò    Ò çp) = w where
w(t) = çini

n if t 2 IiÒé
n and w is linear on every interval of S1nSp

i=1 IiÒé
n .

Set Bé
n = Im(ßé

n) and Dé
n = Im†én; so dim Bé

n = Np and dim Dé
n = p.

We denote by Πi
n the orthogonal projection onto Fi

n and by Gé
n the set of w 2 H1(S1;RN)

which satisfy for 1 � i � p:
(i)

Qi
n w(ti

n) = 0;
(ii)

R
IiÒé
n

g00
�
hn(t)

��
w(t)Ò ni

n

�
dt = 0;

(iii)
R

IiÒé
n

g00
�
hn(t)

�
ḣn(t)

�
w(t)Ò ni

n

�
dt = 0.

It is clear that Gé
n is a closed subspace of H1(S1;RN).

LEMMA 3.1. é 2 (0Ò é3) being fixed, for n large enough H1(S1;RN) = Bé
n ýDé

n ýGé
n.

PROOF. As one can easily see, it is enough to prove that for n large enough, the two
equalities

çi

Z
IiÒé
n

èng00
�
hn(t)

�
dt + ãi

Z
IiÒé
n

èng00
�
hn(t)

��
ẋn(t)Ò ni

n

�
dt = 0

and
çi

Z
IiÒé
n

èng00
�
hn(t)

�
ḣn(t) dt + ãi

Z
IiÒé
n

èng00
�
hn(t)

��
ẋn(t)Ò ni

n

�
ḣn(t) dt = 0

imply ãi = çi = 0, i.e., that a(nÒ é) � b(nÒ é) 6= 0, where

a(nÒ é) =
Z

IiÒé
n

èng00
�
hn(t)

�
dt
Z

IiÒé
n

èng00
�
hn(t)

�
ḣn(t)

�
ẋn(t)Ò ni

n

�
dt

and
b(nÒ é) =

Z
IiÒé
n

èng00
�
hn(t)

�
ḣn(t) dt

Z
IiÒé
n

èng00
�
hn(t)

��
ẋn(t)Ò ni

n

�
dt

By Lemma 2.2(d), a(nÒ é) ½ å RIiÒé
n
èng00

�
hn(t)

�
dt
R
IiÒé
n
èng00

�
hn(t)

�
ḣn(t)2 dt and, by

Lemma 2.4, limn!+1 a(nÒ é) = +1.
By Lemmas 2.2, 2.4, and the Cauchy-Schwarz inequality,þþþRIiÒé

n
èng00

�
hn(t)

��
ẋn(t)Ò ni

n

�
dt
þþþ � ç a(nÒ é) 1

2 . Moreover,

Z
IiÒé
n

èng00
�
hn(t)

�
ḣn(t) dt = èn

h
g0
�
hn(ti

n + é)
�
� g0

�
hn(ti

n � é)
�i


From (2.1) limn!+1 èng0
�
hn(ti

n š é)
�

= 0. So we have (é being fixed)

limn!+1 b(nÒ é)Ûa(nÒ é) 1
2 = 0. Hence limn!+1 a(nÒ é) � b(nÒ é) = +1, which proves

Lemma 3.1.
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We now consider the restriction of J
00

n to Bé
n.

We recall that throughout this paper r(éÒ n) (resp. r(n), r(é)) denotes any function of
éÒ n (resp. of n, of é) which tends to 0 as n ! +1 and é ! 0+ (resp. n ! +1, é ! 0+).
In addition s(éÒ n) denotes any function of é and n which tends to 0 when n ! +1, é Ù 0
being fixed.

From now we shall often use that

(31)
Z

S1n
Sp

i=1
IiÒé
n

ènU00�xn(t)
�
v1(t)v2(t) dt = s(nÒ é)jv1jL2 jv2jL2 Ò

which is an obvious consequence of (2.1), since U00 is bounded away from ] Ω.
For 1 � i � p � 1, set XiÒi+1 = ẋ+(ti) = ẋ�(ti+1); XpÒ1 = ẋ+(tp) = ẋ�(t1). For

a 2 Rp ð F1
n ð Ð Ð Ð ð Fp

n set

Qé
n(a) = J

00

n(xn) Ð ßén(a) Ð ßén(a)

LEMMA 3.2.

Qé
n(ã1Ò    Ò ãpÒW1Ò    ÒWp) = 2

p
2E

pX
i=1

(C iWiÒWi) cos íi

+
pX

i=1

j(ãi+1 � ãi)XiÒi+1 + Wi+1 � Wij2
ti+1 � ti

+
�
r(éÒ n) + s(éÒ n)

� pX
i=1

(ã2
i + jWij2)

(here, when i = p, i + 1 is identified with 1).

PROOF. Set w = ßé
n(ã1Ò    Ò ãpÒW1Ò    ÒWp). We have

Qé
n(ã1Ò    Ò ãpÒW1Ò    ÒWp) =

Z
S1
jẇ(t)j2 � ènU00�xn(t)

�
w(t)w(t) dt

= q1(w) + q2(w)Ò

where

q1(w) =
pX

i=1

Z
IiÒé
n

jẇ(t)j2 � ènU00�xn(t)
�
w(t)w(t) dtÒ

q2(w) =
Z

S1n
Sp

i=1
IiÒé
n

jẇ(t)j2 dt + s(éÒ n)
Z

S1
jw(t)j2 dtÒ from (3.1).

Since jẋnj1 is bounded,
R

S1 jw(t)j2 dt � K(
Pp

i=1 jãij2 + jWij2), where K is some constant.
In addition, from the definition of w,

(32)
Z

S1n
Sp

i=1
IiÒé
n

jẇ(t)j2 dt =
pX

i=1

jw(ti+1
n � é) � w(tin + é)j2

ti+1
n � ti

n � 2é 

Now, from Lemma 2.2(iii), limn!+1 ẋn(ti+1
n � é) = ẋ�(ti+1) = XiÒi+1 and

limn!+1 ẋn(ti
n + é) = ẋ+(ti) = XiÒi+1; thus we have

(33) w(ti+1
n � é) � w(tin + é) = (ãi+1 � ãi)XiÒi+1 + (Wi+1 �Wi) + s(éÒ n)(jãi+1j + jãij)
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Moreover, since limn!+1 ti
n = ti,

(34)
1

ti+1
n � ti

n � 2é =
1

ti+1 � ti
+ r(éÒ n)

Combining (3.2), (3.3) and (3.4), we get

q2(w) =
pX

i=1

j(ãi+1 � ãi)XiÒi+1 + Wi+1 � Wij2
ti+1 � ti

+
�
r(éÒ n) + s(éÒ n)

� pX
i=1

(jãij2 + jWij2)

For q1 we have

q1(w) =
Z

IiÒé
n

jãiẍn(t)j2 � ènU00�xn(t)
��
ãiẋn(t) + Wi

�

�
ãiẋn(t) + Wi

�
dt

=
Z

IiÒé
n

�ènU00�xn(t)
�
WiWi dt + ã2

i

Z
IiÒé
n

jẍn(t)j2 � ènU00�xn(t)
�
ẋn(t)ẋn(t) dt

� 2ènãi

Z
IiÒé
n

U00�xn(t)
�
ẋn(t)Wi dt

We denote by AÒB and C the three terms of this sum. By Lemma 2.6

A = (C i
nWiÒWi) cos íi2

p
2E +

�
r(éÒ n) + s(éÒ n)

�
jWij2

= (C iWiÒWi) cos íi2
p

2E +
�
r(éÒ n) + s(éÒ n)

�
jWij2

because limn!+1 C i
n = C i.

...x n(t) = �ènU00�xn(t)
�
ẋn(t), hence

B = ã2
i

Z tin+é
tin�é

jẍn(t)j2 +
� ...x n(t)Ò ẋn(t)

�
dt

= ã2
i

h�
ẍn(ti

n + é)Ò ẋn(ti
n + é)

�
�
�
ẍn(ti

n � é)Ò ẋn(ti
n � é)

�i
Ò

and

C = 2ãi

Z tin+é
tin�é

� ...x n(t)ÒWi

�
dt = 2ãi

�
ẍn(ti

n + é) � ẍn(ti
n � é)ÒWi

�


jẋnj1 is bounded and from (2.1) ẍn(ti
n š é) = �ènrU

�
xn(ti

n š é)
�

= s(éÒ n). Hence
B = s(éÒ n)ã2

i and C = s(éÒ n)jãij jWij. We get

q1(w) = 2
p

2E
pX

i=1
(C iWiÒWi) cos íi +

�
r(éÒ n) + s(éÒ n)

� pX
i=1
jãij2 + jWij2Ò

and Lemma 3.2 is proved.
A consequence of Lemma 3.2 is

LEMMA 3.3. There exist a positive constant C4 and, for all n ½ n3, two linear
subspaces of Rp ð F1

n ð Ð Ð Ð ð Fp
n, A1

n and A2
n , which satisfy: for é Ù 0 small enough,

there is n0(é)
�
n0(é) ½ n3

�
such that if n ½ n0(é) then 8y 2 A1

n Qé
n( y) ½ C4 jyj2, 8y 2

A2
n Qé

n( y) � �C4jyj2 and dim A1
n = Np�

�
¯̊(x) + m(x) + 1

�
, dim A2

n = ¯̊(x).
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PROOF. Let Π i
n: Fi ! Fi

n be the restriction to Fi of the orthogonal projection onto
Fi

n. Since limn!+1 ni
n = ni,

(35) jΠ i
nV � Vj = r(n)jVj

and for n large enough Π i
n is an isomorphism.

Let Qé
n be the quadratic form defined on Rp ð F1 ð Ð Ð Ð ð Fp by Qé

n = Qé
n Ž Pn

with Pn(ã1Ò    Ò ãpÒV1Ò    ÒVp) =
�
ã1Ò    Ò ãpÒΠ

1
n(V1)Ò    ÒΠp

n(Vp)
�
. From (3.5) and

Lemma 3.2

(36) Qé
n( y) = q( y) +

�
r(éÒ n) + s(éÒ n)

�
jyj2Ò

where

q(ã1Ò    Ò ãpÒV1Ò    ÒVp) = 2
p

2E
pX

i=1
(C iViÒVi) cos íi

+
pX

i=1

j(ãi+1 � ãi)XiÒi+1 + Vi+1 � Vij2
ti+1 � ti



Let û be the isomorphism of Rp ð F1 ð Ð Ð Ð ð Fp defined by:

û(ã1Ò    Ò ãpÒV1Ò    ÒVp) = (å1Ò    Ò åpÒV1Ò    ÒVp)Ò

with åi = ãi + (ViÒ Xi�1Òi

2E ) = ãi + (ViÒ XiÒi+1

2E ) (index 0 and index p are identified). Note that,
for all i 2 f1Ò    Ò pg, jXiÒi+1j2 = 2E, and the laws of reflection at the i-th bouncing imply
(ViÒXi�1Òi) = (ViÒXiÒi+1) for Vi 2 Fi.

Set q0 = q Ž û�1; let PiÒi+1 be the orthogonal projection onto the hyperplane [XiÒi+1]?.
We have

(37) q0(å1Ò    Ò åpÒV1Ò    ÒVp) = q0(V1Ò    ÒVp) +
pX

i=1

(åi+1 � åi)2

ti+1 � ti
Ò

where q0 is the quadratic form defined on F1 ð Ð Ð Ð ð Fp by

q0(V1Ò    ÒVp) = 2
p

2E
pX

i=1
(C iViÒVi) cos íi +

pX
i=1

jPiÒi+1(Vi+1 � Vi)j2
ti+1 � ti



Remember that
�
x(t1)Ò    Ò x(tp)

�
is a critical point of Lp; Fi is the tangent space to ] Ω at

x(ti).
A quick calculation shows that d2Lp

�
x(t1)Ò    Ò x(tp)

�
= 1p

2E
q0. Hence the index and

the nullity of the quadratic form q0 are respectively ¯̊(x) and m(x). We derive from
(3.7) that q0 has index ¯̊(x) and nullity m(x) + 1 (dim Ker q0 = dim Ker q0 + 1 because
Ker q0 = f(å1Ò    Ò åpÒV1Ò    ÒVp) j (V1Ò    ÒVp) 2 Ker q0 and å1 = Ð Ð Ð = åpg).

Thus q = q0 Žû has index ¯̊(x) and nullity m(x)+1. Hence there exist a constant K1 Ù 0
and two linear subspaces of Rp ð F1 ð Ð Ð Ð ð Fp, A1 and A2, of respective dimensions
Np �

�
¯̊(x) + m(x) + 1

�
and ¯̊(x), such that

8y 2 A1Ò q( y) ½ K1jyj2 and 8y 2 A2Ò q( y) � �K1jyj2
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Set A1
n = Pn(A1), A2

n = Pn(A2) and C4 = K1
2 . Lemma 3.3 is now an immediate conse-

quence of (3.5) and (3.6).
Set B1Òé

n = ßé
n(A1

n), B2Òé
n = ßé

n(A2
n). In the two next lemmas we shall prove that J00n (xn)

is negative definite on B2Òé
n ý Dé

n and positive definite on B1Òé
n ýGé

n.

LEMMA 3.4. For é 2 (0Ò é3) small enough, there exists n00(é) such that, for n ½ n00(é),
the restriction of J00n (xn) to B2Òé

n ý Dé
n is negative definite.

PROOF. Let a 2 B2Òé
n , a = ßé

n( y) with y = (ã1Ò    Ò ãpÒW1Ò    ÒWp) 2 Rp ð F1
n ð

Ð Ð Ð ð Fp
n. Let d 2 Dé

n, d = ûén(ç) with ç = (ç1Ò    Ò çp) 2 Rp.

J00n (xn)(a + d) Ð (a + d) = Qé
n( y) + J00n (xn)d Ð d + 2J00n (xn)a Ð d

By Lemma 3.3, Qé
n( y) � �C4 jyj2 (for é 2 (0Ò é3) small enough and n ½ n0(é)).

J00n (xn)d Ð d =
pX

i=1
ç2

i

Z
IiÒé
n

�ènU00�xn(t)
�
ni

nni
n dt + RÒ

where

R =
pX

i=1

jçi+1ni+1
n � çini

nj2
ti+1
n � ti

n � 2é �
Z

S1n
Sp

i=1
IiÒé
n

ènU00�xn(t)
�
d Ð d dt

From (3.1) jRj can be bounded by Céjçj2 (Cé depending only on é). Hence, by Lemma 2.6,
J00n (xn)d Ð d � jçj2(C0

é � uén). Set q(aÒ d) = J00n (xn) ad = q1(aÒ d) + q2(aÒ d), with

q1(aÒ d) =
pX

i=1

Z
IiÒé
n

�ènU00�xn(t)
�
a Ð d dt (ḋ(t) = 0 in IiÒé

n )Ò

q2(aÒ d) =
Z

S1nIiÒé
n

(ȧÒ ḋ)� ènU00�xn(t)
�
a Ð d dt

Using (3.1), it is easy to see that jq2(aÒ d)j � C00
é jçj jyj.

q1(aÒ d) =
pX

i=1
çi

Z
IiÒé
n

�ènU00�xn(t)
��

Wi + ãiẋn(t)
�
ni

n dt

By Lemma 2.6, þþþþZ
IiÒé
n

�ènU00�xn(t)
�

Wini
n dt

þþþþ � jWij
�
C3 + r(éÒ n)

q
uén
�
Ò

Z
IiÒé
n

�ènU00�xn(t)
�
ẋn(t) ni

n dt =
Z

IiÒé
n

( ...x Ò ni
n) dt

=
h�

ẍÒ ni
n

�½tin+é

tin�é

= �èn

�
rU

�
xn(ti

n + é)
�
�rU

�
xn(ti

n � é)
�
Ò ni

n

�


Hence from (2.1)
R
IiÒé
n
�ènU00�xn(t)

�
ẋn(t)ni

n dt = s(nÒ é). We get

jq1(aÒ d)j �
pX

i=1
jWij jçij

h
C3 + r(éÒ n)

q
uén
i

+ s(éÒ n)
pX

i=1
jãij jçij

https://doi.org/10.4153/CJM-1998-027-6 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1998-027-6


508 PHILIPPE BOLLE

and
jq(aÒ d)j �

h
C000
é + r(éÒ n)

q
uén
i
jçj jyj

Finally, we get

J00n (xn) (a + d)(a + d) � �C4jyj2 + (C0
é � uén)jçj2 + 2

h
C000
é + r(éÒ n)

q
uén
i
jçj jyj

We can choose é4 2 (0Ò é3) such that 8é 2 (0Ò é4), lim supn!+1 r(éÒ n) �
p

C4Û2. Then
for fixed é 2 (0Ò é4), since limn!+1 uén = +1, there exist n00(é) such that if n ½ n00(é)
then [C000

é + r(éÒ n)
q

uén]2 + C4(C0
é � uén) Ú 0. So if n ½ n00(é) then the restriction of J00n (xn)

to B2Òé
n ýDé

n is negative definite.

LEMMA 3.5. For é 2 (0Ò é3) small enough, there exists n000(é) such that for n ½ n000(é)
the restriction of J00n (xn) to B1Òé

n ýGé
n is positive definite.

PROOF. Let b 2 B1Òé
n , b = ßé

n( y) with y = (ã1Ò    Ò ãpÒW1Ò    ÒWp) 2 Rp ð F1
n ð

Ð Ð Ð ð Fp
n; let l 2 Gé

n. Let ïi 2 H1(IiÒé
n ;R), ñi 2 H1(IiÒé

n ; Fi
n) be such that for t 2 IiÒé

n ,
l(t) = ïi(t)ni

n + ñi(t); since l 2 Gé
n we have

(38) ñi(t
i
n) = 0

(39)
Z

IiÒé
n

g00
�
hn(t)

�
ïi(t) dt =

Z
IiÒé
n

g00
�
hn(t)

�
ḣn(t)ïi(t) dt = 0

Note that since g00
�
hn(t)

�
Ù 0 in IiÒé

n ,ïi vanishes at some point of IiÒé
n , and, sinceñi vanishes

at ti
n, there exists a constant K2 2 R such that jlj1 = supS1 jl(t)j � K2

�R
S1 j̇l(t)j2 dt

� 1
2 . We

have
J00n (xn)(b + l)(b + l) = Qé

n( y) + J00n (xn)ll + 2J00n (xn)bl
By Lemma 3.3, Qé

n( y) ½ C4jyj2.

J00n (xn)ll =
pX

i=1

�Z
IiÒé
n

h
ï̇i(t)

2 + jñ̇i(t)j2
i

dt + ai + bi + ci
�

+
Z

S1n
Sp

i=1
IiÒé
n

j̇l(t)j2 � ènU00�xn(t)
�
l(t)l(t) dtÒ

where

ai =
Z

IiÒé
n

�ènïi(t)
2U00�xn(t)

�
ni

nni
n dtÒ

bi =
Z

IiÒé
n

�2ènïi(t)U00�xn(t)
�
ni

nñi(t) dtÒ

ci =
Z

IiÒé
n

�ènU00�xn(t)
�
ñi(t)ñi(t) dt

By Lemma 2.7, bi =
�
r(éÒ n) + s(éÒ n)

�
jlj21 and ci = r(éÒ n)jlj21 . Moreover,

ai =
Z

IiÒé
n

�èng00
�
hn(t)

�
ïi(t)2

�
rh

�
xn(t)

�
Ò ni

n

�2
dt

+
Z

IiÒé
n

�èng0
�
hn(t)

�
ïi(t)2

�
r2h

�
xn(t)

�
ni

nni
n

�
dt
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As r2h is bounded in Ω (for ] Ω is of class C2), by Lemma 2.7, the last term can
be written as r(é)jlj21. Since furthermore

þþþrh
�
xn(t)

�
ni

n

þþþ � 1, we get (using (3.1))

(3.10)

J00n (xn)ll ½
pX

i=1

�Z
IiÒé
n

jï̇i(t)j2 � èng00
�
hn(t)

�
ïi(t)2 dt

�

+
Z

InÒé
i

jñ̇i(t)j2 dt

+
Z

S1n
Sp

i=1
IiÒé
n

j̇l(t)j2 +
�
r(éÒ n) + s(éÒ n)

�
jlj21

By Lemma 2.5
R

IiÒé
n
ï̇i(t)2 � èng00

�
hn(t)

�
ïi(t)2 dt ½ C2

R
IiÒé
n
ï̇i(t)2 dt for n ½ n(é), hence

(311) J00n (xn)ll ½
�
min(C2Ò 1) + r(éÒ n) + s(éÒ n)

�
jlj21

We must estimate J00n (xn)bl. On every interval (tin + éÒ ti+1
n � é)Ò ḃ(t) = biÒi+1, where

biÒi+1 = b(ti+1
n �é)�b(tin+é)
ti+1
n �tin�2é . Since b = ßé

n( y), we get biÒi+1 � K3jyj, where K3 is a constant. We
have Z

S1n
Sp

i=1
IiÒé
n

�
ḃ(t)Ò l̇(t)

�
dt =

pX
i=1

biÒi+1
h
l(ti+1

n � é) � l(tin + é)
i


Since ïi and ñi vanish somewhere in IiÒé
n , supIiÒé

n
jl(t)j �

p
2é
�R

IiÒé
n
j̇l(t)j2 dt

� 1
2 . Hence

Z
S1n
Sp

i=1
IiÒé
n

�
ḃ(t)Ò l̇(t)

�
dt = r(é)jyj jlj1 

Also from (3.1)

Z
S1n
Sp

i=1
IiÒé
n

ènU00�xn(t)
�
b(t)l(t) dt = s(éÒ n)jbj1jlj1 = s(éÒ n)jyj jljH1 

There remains to estimate di =
R
IiÒé
n

�
ḃ(t)Ò l̇(t)

�
�ènU00�xn(t)

�
b(t)l(t) dt: b(t) = ãiẋn(t) + Wi

in IiÒé
n ; ...x n(t) = �ènU00�xn(t)

�
ẋn(t), hence

di =
Z

IiÒé
n

ãi

h�
ẍn(t)Ò l̇(t)

�
+
� ...x n(t)Ò l(t)

�i
dt +

Z
Ién
�ènU00�xn(t)

�
Wil(t) dt

From Lemma 2.7, the latter term in this sum can be written
�
r(éÒ n) + s(éÒ n)

�
jyj jlj1. The

former is equal to ãi

h�
ẍn(t)Ò l(t)

�itin+é
tin�é

. Since ẍn(ti
n š é) = �ènrU

�
xn(ti

n š é)
�

= s(éÒ n)

(from (2.1)), it can be written as ãijlj1s(éÒ n), or jyj jlj1s(éÒ n); hence di =
�
r(éÒ n) +

s(éÒ n)
�
jyj jlj1. Finally J00n (xn)bl =

�
r(éÒ n) + s(éÒ n)

�
jyj jlj1 and we get

J00n (xn)(b+ l)(b+ l) ½ C4 jyj2 +
�
min(1ÒC2)+r(éÒ n)+s(éÒ n)

�
jlj21 +

�
r(éÒ n)+s(éÒ n)

�
jyj jlj1Ò

which concludes the proof of Lemma 3.5.
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PROOF OF THE THEOREM. Firstly, ẋn 2 Ker J00n (xn) hence m¢n
(xn) ½ 1. Let

é 2 (0Ò é3) be small enough so that Lemmas 3.3 and 3.4 can be applied. Let n0 ½
max

�
n0(é)Ò n00(é)Ò n000(é)

�
be large enough so that Lemma 3.1 can be applied. By

Lemma 3.4, for n ½ n0, i¢n
(xn) ½ dim B2Òé

n + dim Dé
n, hence

(312) i¢n
(xn) ½ ¯̊(x) + p

By Lemma 3.5, for n ½ n0, i¢n
(xn) + m¢n

(xn) � codim(B1Òé
n ýGé

n). Now

codim(B1Òé
n ý Gé

n) = dim Dé
n + dim Bé

n � dim B1Òé
n (by Lemma 3.1)

= p + Np �
�
Np�

h
¯̊(x) + m(x) + 1

i�


Thus

(313) i¢n
(xn) + m¢n

(xn) � ¯̊(x) + p + m(x) + 1

From (3.12) and (3.13) we derive m¢n
(xn) � m(x) + 1, which completes the proof of the

theorem.

4. Proof of the preliminary lemmas.

PROOF OF LEMMA 2.1.
- For n large enough, hn(t) = h

�
xn(t)

�
is of class C2 on (�é1Ò é1), and

jḣn(t)j � jẋn(t)j �
p

2En � K4Ò

where En is the energy 1
2 jẋn(t)j2 + ènU

�
xn(t)

�
and K4 is a constant. Hence, for

t 2 (�é1Ò é1),

(41) hn(t) � hn(0) + K4jtj

limh!0
g00 (h)
g0(h) = �1 and g0(h) Ú 0 on RÊ+ hence there exists ë Ù 0 such that if

0 Ú h Ú ë then g00(h) Ù 0.
From (4.1), since limn!+1 hn(0) = 0, it is clear that there exist é2 2 (0Ò é1) and
n2 2 N such that if t 2 (�é2Ò é2) and n ½ n2 then hn(t) Ú ë, and thus g00

�
hn(t)

�
Ù 0.

- For t 2 (�é1Ò é1), set zn(t) = ẋn(t)�
�

ẋn(t)Òrh
�
xn(t)

��
rh

�
xn(t)

�
. We have ḣn(t) =�

ẋn(t)Òrh
�
xn(t)

��
and jrh(x)j = 1 hence jẋn(t)j2 = jḣn(t)j2 + jzn(t)j2; zn is of class

C1 in (�é1Ò é1), and

(4.2)

żn(t) = ẍn(t) �
�

ẍn(t)Òrh
�
xn(t)

��
rh

�
xn(t)

�

�
�

ẋn(t)Òr2h
�
xn(t)

�
ẋn(t)

�
rh

�
xn(t)

�

�
�

ẋn(t)Òrh
�
xn(t)

��
r2h

�
xn(t)

�
ẋn(t)

ẍn(t) = �ènrU
�
xn(t)

�
= �èng0

�
hn(t)

�
rh

�
xn(t)

�
hence

ẍn(t) �
�

ẍn(t)Òrh
�
xn(t)

��
rh

�
xn(t)

�
= 0
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Now, since ] Ω is of class C2, jr2hj is bounded in Ω; since jẋn(t)j � K4, (4.2) implies
the existence of a constant K5 such that for all t 2 (�é1Ò é1) jżn(t)j � K5; so zn converges
uniformly in the interval (�é1Ò é1) to z, defined by

z(t) = ẋ(t) �
�

ẋ(t)Òrh
�
x(t)

��
rh

�
x(t)

�

(rh can be continuously extended to Ω: for x 2 ] Ω rh(x) = n(x), interior unit normal
to ] Ω at x).

We have assumed that
�

ẋ+(0)Ò n
�
x(0)

��
Ù 0 (there is a “genuine bouncing” at the

instant 0 with bounce point x(0)). Hence jz(0)j Ú jẋ š (0)j and E � 1
2 jz(0)j2 Ù 0,

E = 1
2 jẋ š (0)j2 being the energy of x. As z is continuous in (�é1Ò é1), there exist é2 Ù 0

(with é2 Ú é2) and a positive constant e0 such that for t 2 (�é2Ò é2), E � 1
2 jz(t)j2 Ù e0;

set e = e0
2 ; since limn!1 En = E and zn converges uniformly to z in (�é2Ò é2), there exists

n2 2 N (n2 ½ n2) such that if n ½ n2 then En � 1
2 jzn(t)j2 Ù e for all t 2 (�é2Ò é2). Now,

En � 1
2 jzn(t)j2 = 1

2 jḣn(t)j2 + èng
�
hn(t)

�
. Thus Lemma 2.1 is proved.

PROOF OF LEMMA 2.2. (a) limn!1 hn(0) = h
�
x(0)

�
= 0 hence limn!1 hn(tn) = 0.

From (2.1), this implies that limn!+1 tn = 0.
(b) (i) is a trivial consequence of limn!+1 tn = 0. For n large enough, tn 2

(�é2Ò é2) and ḣn(tn) = 0; hn is a function of class C2 in (�é2Ò é2), and, since ḣn(t) =�
ẋn(t)Òrh

�
xn(t)

��
, ḧn(t) = �èng0(hn(t)) +

�
ẋn(t)Òr2h

�
xn(t)

�
ẋn(t)

�
.

Hence there exists a constant K6 such that

(43) 8t 2 (�é2Ò é2)
þþþḧn(t) + èng0

�
hn(t)

�þþþ � K6

On the other hand

(44)
1
2

ḣn(t)2 + èng
�
hn(t)

�
½ e

From (4.3) and (4.4), if ḣn(t) = 0 (with t 2 (�é2Ò é2)) then

(45) g
�
hn(t)

�
½ e
èn

and

(46) ḧn(t) ½ �
g0
�
hn(t)

�
g
�
hn(t)

� e � K6

Since limh!0 � g0(h)
g(h) = +1, there exists h0 such that if ḣn(t) = 0 and hn(t) Ú h0 then

ḧn(t) Ù 0. Now, since (4.5) holds, for n large enough, t 2 (�é2Ò é2) and ḣn(t) = 0 imply
hn(t) Ú h0. Hence there exists n3 2 N (n3 ½ n2) such that if n ½ n3, t 2 (�é2Ò é2)
and ḣn(t) = 0 then ḧn(t) Ù 0. As a consequence ḣn can vanish only at tn in the interval
(�é2Ò é2); since hn has a minimum at tn, ḣn Ú 0 on (é2Ò tn], and ḣn Ù 0 on [tnÒ é2). This
proves (ii) (é3 is chosen such that (tn � é3Ò tn + é3) ² (�é2Ò é2) for any n ½ n3).

https://doi.org/10.4153/CJM-1998-027-6 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1998-027-6


512 PHILIPPE BOLLE

Let é0 2 (0Ò é2); there exists aé0 Ù 0 such that for all t 2 (é0Ò é2) and for all n 2 N
jhn(t)j ½ aé0 . Hence�ènU00�xn(t)

�
converges uniformly to 0 in the interval (é0Ò é2). Since

ẍn(t) = �ènU00�xn(t)
�

(and xn is convergent to x), we can infer that ẋn converges uniformly
to ẋ (constant function equal to ẋ+(0)) in the interval (é0Ò é2).

Since limn!1 tn = 0, it is now clear that for all é 2 (0Ò é3) limn!1 ẋn(tn + é) = ẋ+(0);
in the same way we get limn!1 ẋn(tn � é) = ẋ�(0); (iii) is proved.

(c) If assertion (c) does not hold, then (possibly considering a subsequence), we
can assume that for n ½ n3, there is sn 2 (0Ò é3), and a constant K Ù 0 such that
ḣn(tn + sn) � Ksn, with limn!+1 sn = 0. Since ḣn(tn) = 0, it follows from (4.3) that
Ksn ½ ḣn(tn + sn) ½ R sn

0 �èng0
�
hn(tn + s)

�
ds � K6sn. Hence

(47)
Z sn

0
�èng0

�
hn(tn + s)

�
ds � (K6 + K)sn

We derive from Lemmas 2.1 and 2.2(b) (ii) that the function s 7�! �èng0
�
hn(tn + s)

�
is

decreasing on (0Ò é3), hence (4.7) implies

(48) 0 � �èng0
�
hn(tn + sn)

�
� (K6 + K)

Now, by Lemma 2.1,

(49) èng
�
hn(tn + sn)

�
½
"
e � 1

2
ḣn(tn + sn)2

#
½
"
e � 1

2
K2sn

2
#


Hence limn!1 g
�
hn(tn +sn)

�
= +1 and limn!1 hn(tn +sn) = 0. Since limh!0

g(h)
g0(h) = 0, we

can derive from (4.8) that limn!1 èng
�
hn(tn + sn)

�
= 0, which contradicts (4.9) (because

limn!1 K2sn
2 = 0). So assertion (c) holds.

(d) We have

(410)
þþþḣn(t) �

�
ẋn(t)Ò nn

�þþþ =
þþþþ
�

ẋn(t)Òrh
�
xn(t)

�
�rh

�
xn(tn)

��þþþþ � K7jt � tnjÒ

where K7 is an upper bound of (supΩ jr2hj)jẋnj1. Hence, from (c), there exist å Ù 0
and ç Ù 0 such that, provided that n is large enough and é is small enough, for any
t 2 [tnÒ tn + é), åḣn(t) �

�
ẋn(t)Ò nn

�
� çḣn(t). We get similar estimates for

�
ẋn(t)Ò nn

�
when t 2 (tn � éÒ tn].

PROOF OF LEMMA 2.3. Since g0(h) Ú 0, jèng0
�
hn(t)

�
j = �èng0

�
hn(t)

�
. From (4.3) we

get�èng0
�
hn(t)

�
� ḧn(t) + K6 and hence

R
I
é3
n

þþþ�èng0
�
hn(t)

�þþþ dt � ḣn(tn + é3)� ḣn(tn�é3) +
2K6é3.

We have: jḣn(t)j � jẋn(t)j �
p

2En. Hence there exists a constant C1 such thatR
I
é3
n

þþþèng0
�
hn(t)

�þþþ dt � C1.
From (4.3)

Z
Ién
�èng0

�
hn(t)

�
dt = ḣn(tn + é) � ḣn(tn � é) + r(é)

=
�

ẋn(tn + é)Òrh
�
xn(tn + é)

��
�
�

ẋn(tn � é)Òrh
�
xn(tn � é)

��
+ r(é)
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By Lemma 2.2, limn!1 ẋn(tnšé) = ẋš(0). xn converges uniformly to x and limn!1 tn = 0,
therefore limn!1rh

�
xn(tn š é)

�
= rh

�
x(šé)

�
; hence

Z
Ién
�èng0

�
hn(t)

�
dt =

�
ẋ+(0)Òrh

�
x(é)

��
�
�

ẋ�(0)Òrh
�
x(�é)

��
+ r(é) + s(éÒ n)

Now, limé!0 rh
�
x(šé)

�
= n

�
x(0)

�
, hence

Z
Ién
�èng0

�
hn(t)

�
dt =

�
ẋ+(0) � ẋ�(0)Ò n

�
x(0)

��
+ s(éÒ n) + r(é)

= 2
p

2E cos í + s(éÒ n) + r(é)Ò
because jẋ š (0)j =

p
2E and cos í = (ẋ+(0)Òn(x(0)))

jẋ+(0)j .

PROOF OF LEMMA 2.4. Set I(éÒ n) =
R tn+é

tn èng00
�
hn(t)

�
(t � tn)2 dt (é 2 (0Ò é3) and

n ½ n3). By Lemma 2.2(d) (and since g00
�
hn(t)

�
Ù 0 by Lemma 2.1),

0 � I(éÒ n) �
Z tn+é

tn

èn

ã(éÒ n)
g00
�
hn(t)

�
ḣn(t)(t � tn) dt

Integrating by parts and using the fact that g0 Ú 0 we get

I(éÒ n) �
Z tn+é

tn

�èn

ã(éÒ n)
g0
�
hn(t)

�
dt

Hence, by Lemma 2.3,

0 � I(éÒ n) � C1

ã(éÒ n)
Ò

so I(éÒ n) = r(éÒ n) because limé!0Òn!+1 ã(éÒ n) = +1. In the same way we can prove
that

R tn
tn�é èng00

�
hn(t)

�
(t � tn)2 dt = r(éÒ n).

We now prove the second point of the lemma. For 0 Ú d � é, set

Kn(d) =
Z tn+d

tn
èng00

�
hn(t)

�
ḣn(t)2 dt

By Lemma 2.1, Kn(é) ½ Kn(d). Since limh!0+
g00(h)
g0(h) = �1 and lim d!0

n!+1
sup[tnÒtn+d] h = 0,

we obtain
Kn(d) ½ Ln(d)

Z tn+d

tn
�èng0

�
hn(t)

�
ḣn(t)2 dtÒ

with lim d!0
n!+1

Ln(d) = +1 Hence, from (4.3),

Kn(d) ½ Ln(d)
"Z tn+d

tn
ḧn(t)ḣn(t)2 dt � K6djḣnj21

#


We get, for all d 2 (0Ò é),
(411)

Z
Ién
èng00

�
hn(t)

�
ḣn(t)2 dt ½ Kn(d) ½ Ln(d)

h
ḣn(tn + d)3 � d

i
Ò

with lim d!0
n!+1

Ln(d) = +1. Moreover, d being fixed, by Lemma 2.1, for n large

enough ḣn(tn + d) ½ p
e. So it is not difficult to check that (4.11) implies

limn!1
R
Ién
èng00

�
hn(t)

�
ḣn(t)2 dt = +1. Since jḣnjL1(Ién) is bounded, we conclude that

limn!1
R
Ién
èng00

�
hn(t)

�
dt = +1, which completes the proof of Lemma 2.4.
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PROOF OF LEMMA 2.5.

REMARK. The fact that g(h) = 1
h2 near ] Ω is used only in this proof.

In order to simplify notations, we assume without loss of generality that for any n,
tn = 0: thus Ién = Ié = (�éÒ é), and ḣn(0) = 0. We have already seen that for t 2 Ié3 ḧn(t) =

�èng0
�
hn(t)

�
+ rn(t) = 2èn

hn(t)3 + rn(t), where rn(t) =
�

ẋn(t)Òr2h
�
xn(t)

�
ẋn(t)

�
, jrn(t)j � K6.

Set èn
hn(0)2 = èng

�
hn(0)

�
= en; as in the proof of Lemma 2.1, we readily verify that

limn!+1 en = e Ù 0, where e = 1
2

�
ẋ+(0)Ò n

�
x(0)

��2
. Set hn(t) =

q èn
en

fn( entpèn
); f n satisfies:

(i) f̈n(s) =
2

fn(s)3
+ è

1
2
n Sn(s) for s 2 enpèn

Ié3 ;

(4.12) (ii) ḟn(0) = 0;
(iii) f n(0) = 1

Here we have set Sn(s) = rn(
pèn

en
s)e�

3
2

n ; jSn(s)j � K8, where K8 is a constant.

As jḣnjL1(Ién) is bounded, j ḟnj1 is bounded. Set

Hé
n =

²
ï 2 H1(Ién;RN)

þþþ Z
Ién

g00
�
hn(t)

�
ï(t) dt =

Z
Ién

g00
�
hn(t)

�
ḣn(t)ï(t) dt = 0

¦


For ï 2 Hé
n set

(413) ï(t) = l

0
@ entpèn

1
A Ò qén(ï) =

Z
Ién
ï̇(t)2 � èng00

�
hn(t)

�
ï(t)2 dt

We get:
R

Ién
ï̇(t)2 dt = enpèn

R
Jén

l̇(s)2 ds and qén(ï) = enpèn
q̃én(l), where

Jén =
enpèn

Ié and q̃én(l) =
Z

Jén
l̇(s)2 � 6

fn(s)4
l(s)2 ds

Let H é
n = fl 2 H1(Jén;RN) j RJén l(s)

fn(s)4 ds =
R

Jén
ḟn(s)
fn(s)4 l(s) ds = 0g. ï 2 Hé

n iff l defined

by (4.13) belongs to H é
n . So we have to prove that there exists a constant C2 such that if

l 2 H é
n then q̃én(l) ½ C2 jlj21.

Let f be the function defined on R by f (s) =
p

2s2 + 1. Note that f satisfies f̈ (s) = 2
f (s)3 ,

ḟ (0) = 0, f̈ (0) = 1. Let

E =
²

l 2 H1
loc(R;R)

þþþþ ZR j̇l(s)j2 ds Ú +1
¦
Ò

H =
²

l 2 E
þþþþ ZR

l(s)
f (s)4

ds =
Z
R

ḟ (s)
f (s)4

l(s) ds = 0
¦


Note that all l 2 E satisfies
R
R

l(s)
f (s)4 ds Ú +1, because jl(s)j � jl(0)j+

q
jsj
�R
R l̇(s)2 ds

�1Û2
,

and that ḟ 2 E.
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LEMMA 4.1. There exists a constant C2 Ù 0 such that, for all l 2 H ,

Z
R

l̇(s)2 � 6l(s)2

f (s)4
ds ½ C2

Z
R

l̇(s)2 ds

Before proving Lemma 4.1 we shall explain how we can derive Lemma 3.5 from it.

Set C2 = C2
2 . Let é 2 (0Ò é3); we suppose that there does not exist n(é) such that n ½ n(é)

and l 2 H é
n imply q̃én(l) ½ C2jlj21, and we seek a contradiction.

Then (up to a subsequence), we may suppose that there exists, for any n 2 N, ln 2 H é
n

which satisfies q̃én(ln) Ú C2jlnj21, and
R

Jén
ln(s)2

fn(s)4 ds = 1. The functions fn and ln are defined

on Jén = (� éenpèn
Ò éenpèn

); since limn!+1 éenpèn
= +1,

S
n2N Jén = R. In addition, by Lemma 2.2,

for t 2 Ién, hn(t) ½ hn(0); hence for s 2 Jén, fn(s) ½ 1. It follows by (4.12) that j f̈njL1(Jén) is
bounded independently of n.

So every subsequence of ( f n) has a subsequence which converges in C1(I) for any
bounded interval I of R (this makes sense because f n is defined on I when n is large
enough). Now, from (4.12) a limit F must satisfy: F̈(s) = 2

F(s)3 for all s 2 R, Ḟ(0) = 0 and

F(0) = 1. Hence F = f . We can conclude that f n converges to f in C1
loc(R).

Moreover q̃én(ln) Ú C2jlnj21 hence (1 � C2)jlnj21 �
R

Jén
6 ln(s)2

fn(s)4 ds � 6.

The constant C2 defined in Lemma 4.1 clearly is smaller than 1, so C2 � 1
2 ; hence

jlnj1 is bounded; moreover, since
R
Jén

ln(s)2

fn(s)4 ds is bounded, and since fn converges to f in

C1
loc(R), for any bounded interval I,

R
I ln(s)2 ds is bounded. As a consequence klnkH1(I) is

bounded for any bounded interval I of R (ln is well defined on I for large n). We infer
that there exists l 2 H1

loc(R) such that (ln) (or a subsequence) converges uniformly to l
on I for any bounded interval I of R; ln converges weakly to l in H1

loc(R) hence, for any
bounded interval I,

Z
I
l̇(s)2 ds � lim inf

n!+1

Z
I
l̇n(s)2 ds � 6

1 � C2


Therefore

(414)
Z
R

l̇(s)2 ds � 6
1 � C2



We next prove that limn!+1
R

Jén
ln(s)2

fn(s)4 ds =
R
R

l(s)2

f (s)4 ds. For this purpose, further information

about fn is required: we know that fn (as hn) is non-decreasing on [0Ò éenpèn
] and that

(415) f̈n(s) ½ �pèn K8

The following hold: limn!+1 fn(2) = f (2) Ù 2; limn!+1 ḟn(2) = ḟ (2) Ù 1. Hence for
n large enough fn(2) ½ 2 and ḟn(2) ½ 1, and for any s 2 Jén s.t. s ½ 2, by (4.15),
ḟn(s) ½ ḟn(2) � pènK8s ½ 1 � pènK8s Let sn = 1

2
pènK8

; when s 2 Jén and 2 � s � sn,

ḟn(s) ½ 1
2 and fn(s) ½ fn(2) + s�2

2 ½ s
2 (for n large enough).
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Furthermore, since fn is non-decreasing on Jén, if éenpèn
Ù sn then for sn � s � éenpèn

fn(s) ½ sn
2 . Hence, since éenpèn

1
sn

is bounded by a constant independent of é and n, there is

a constant K9 Ù 0 such that (provided n is large enough), for s ½ 2 and s 2 Jén,

(416) fn(s) ½ sK9

Moreover, for 0 � s � éenpèn
, jln(s)j � jln(0)j +

R s
0 j̇ln(u)j du � K10 +

p
sjlnj1 Therefore

(417) jln(s)j � K10 +
6

1 � C2

p
s

For M Ù 0 set a(M) = supn½n3

�R
Jénn(�1ÒM]

ln(s)2

fn(s)4 ds
�
 From (4.16) and (4.17), we derive

limM!+1 a(M) = 0.

In the same way, setting b(M) = supn½n3

�R
Jénn[�MÒ+1)

ln(s)2

fn(s)4 ds
�

, we get limM!+1 b(M) =

0.
Since ln and fn converge uniformly to l and f on every bounded interval (and since 1

is a lower bound of fn on Jén), we conclude that

Z
R

l(s)2

f (s)4
ds = lim

n!+1

Z
Jén

ln(s)2

fn(s)4
ds = 1

Hence, from (4.14),

(418)
Z
R

l̇(s)2 � 6
l(s)2

f (s)4
ds � C2

Z
R

l̇(s)2 ds

Since ln 2 H é
n ,
R

Jén
ln(s)
fn(s)4 ds =

R
Jén

ḟn(s)
fn(s)4 ln(s) ds = 0. Using inequalities (4.16) and (4.17),

and the fact that ln, fn, ḟn converge respectively to l, f , ḟ , uniformly on every bounded
interval (note that ḟ (s) = 2sp

2s2+1
and that k ḟnk1 is bounded), we can easily check that

Z
R

l(s)
f (s)4

ds = lim
n!+1

Z
Jén

ln(s)
fn(s)4

ds = 0;
Z
R

ḟ (s)
f (s)4

l(s) ds = lim
n!+1

Z
Jén

ḟn(s)
fn(s)4

l(s) ds = 0

Hence l 2 H , and inequality (4.18) contradicts Lemma 4.1, since C2 Ú C2 andR
R l̇(s)2 ds Ù 0.

We now prove Lemma 4.1: E is a real Hilbert space endowed with the scalar product

(l1Ò l2)E =
Z
R

l̇1(s)l̇2(s) + 6
l1(s)l2(s)

f (s)4
ds

Let klk2
E = (lÒ l)E Let K be the endomorphism of E defined by:

8(XÒY) 2 E2 (KXÒY)E = 6
Z
R

X(s)Y(s)
f (s)4

ds

We can easily check that K is compact symmetric, has norm one (if X is a constant map,
KX = X). As E is separable, it admits a base composed of eigenvectors of K.
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The eigenvalues ï1Ò    Ò ïp    of K (all are of finite multiplicity) form a strictly
decreasing convergent to 0 sequence of positive reals. We denote by Eïi the corresponding
eigenspaces; it is obvious that ï1 = 1 and Eï1 is the set of constant functions.

We shall prove that

(Ł) ï2 =
1
2

and Eï2 is spanned by ( ḟ )

Once (Ł) is proved, we shall be able to write that H = (Eï1 ý Eï2)
?E and hence for all

X 2 H (KXÒX)E � ï3kXk2
E with ï3 Ú 1

2 . We shall get for X 2 H

6
Z
R

X(s)2

f (s)4
ds � ï3

�Z
R

Ẋ(s)2 +
6X(s)2

f (s)4
ds
�
Ò

hence Z
R

Ẋ(s)2ds �
Z
R

6X(s)2

f (s)4 ds ½
�

1 � ï3

1 � ï3

� Z
R

Ẋ(s)2 ds

Set C2 = 1 � ï3
1�ï3

; ï3 Ú 1
2 implies C2 Ù 0, and Lemma 4.1 will be proved.

We now prove (Ł). Let Ē = fX 2 E j R X(s)
f (s)4 ds = 0g = E?E

ï1
. We have ï2 =

supkxk2
E�1Òx2Ē(KXÒX)E , and Eï2 = fX 2 Ē j (KXÒX)E = ï2kXk2

Eg. Eï2 is the set of
X 2 E which satisfy equation

(Pï2 ) Ẍ(s) = 6
 

1 � 1
ï2

!
X(s)
f (s)4

Let X 2 Eï2 ; define X(s) = X(0) + Y(s). We get:
R
R Ẋ(s)2 ds =

R
R Ẏ(s)2 ds and

Z
R

X(s)2

f (s)4
ds =

Z
R

Y(s)2

f (s)4
ds +

Z
R

X(0)2

f (s)4
ds + 2

Z
R

�
X(0)ÒY(s)

�
f (s)4

ds

=
Z
R

Y(s)2

f (s)4
ds� X(0)2

Z
R

ds
f (s)4

Ò

because
R
R

X(s)
f (s)4 ds = 0.

Let v(s) = ḟ (s) = 2sp
2s2+1

; note that, since f̈ (s) = 2
f (s)3 , v̈(s) = � 6v(s)

f (s)4 As X satisfies (Pï2 ),
it is of class C1 on R, as well as Y and we can write Y(s) = v(s)z(s), with z of class C1

on R (because Y(0) = 0). Let M 2 RŁ+. We have:

�
Z M

�M
6

Y(s)2

f (s)4
ds =

Z M

�M
v̈(s)v(s)z(s) dsÒ

Z M

�M
Ẏ(s)2 ds =

Z M

�M
v(s)2ż(s)2 + v̇(s)2z(s)2 + 2v̇(s)v(s)ż(s)z(s) ds

We get

Z M

�M
Ẏ(s)2 � 6Y(s)2

f (s)4
ds =

Z M

�M
v(s)2 ż(s)2 ds +

Z M

�M

d
ds

�
v̇(s)v(s)z(s)2

�
ds

=
Z M

�M
v(s)2 ż(s)2 ds +

h
v̇(s)v(s)z(s)2

iM
�M
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We have z(s)2 = Y(s)2

v(s)2 � jsj
v(s)2

�R
R jẎ(s)j2

�
. Hence

jv̇(M)v(M)z(M)2j �
�Z

R
Ẏ(s)2 ds

� M
jv(M)j

2

(2M2 + 1)
3
2



Since limM!+1 v(M) =
p

2, limM!+1 v̇(M)v(M)z(M)2 = 0. In the same way
limM!+1 v̇(�M)v(�M)z(�M)2 = 0. Finally, we get

Z
R

Ẋ(s)2 � 6X(s)2

f (s)4
ds =

Z
R

v(s)2ż(s)2 ds + 6X(0)2
Z
R

ds
f (s)4



This leads to

(419) 8X 2 Eï2 kXk2
E � 2(KXÒX)E ½ 0

and the equality holds iff X = ñv with ñ 2 R.
(4.19) implies that ï2 � 1

2 ; since v 2 Ē and (KvÒ v)E = 1
2 jvj2E, ï2 = 1

2 and Eï2 is
spanned by v. This completes the proof of (Ł), and of Lemma 4.1.

PROOF OF LEMMA 2.6. We have U00�xn(t)
�
WW = g0

�
hn(t)

�
r2h

�
xn(t)

�
WW

+ g00
�
hn(t)

��
rh

�
xn(t)

�
ÒW

�2
.

(4.20)

Z
Ién
�ènU00�xn(t)

�
WW dt =

�Z
Ién
èng0

�
hn(t)

�
dt
�

(CnWÒW)

+
Z

Ién
èng00

�
hn(t)

��
rh

�
xn(t)

�
ÒW

�2
dt

+
Z

Ién
èng0

�
hn(t)

��
r2h

�
xn(t)

�
� Cn

�
WW dt

r2h, defined in Ω\V , where V is a closed neighbourhood of ]Ω, can be continuously
extended to Ω\V , and hence is uniformly continuous; since Cn = r2h

�
xn(tn)

�
, the last

term of the sum in (4.20) is bounded by
R
Ién
èn

þþþg0�hn(t)
�þþþë�kxn(t) � xn(tn)k

�
jWj2, with

lims!0+ ë(s) = 0; from Lemma 2.3
R
Ién
ènjg0

�
hn(t)

�
j dt � C1; kẋnkL1 is bounded and

kxn(t) � xn(tn)k � kẋnk1 jt � tnj hence the last term of the sum in (4.20) can be written
as r(é)jWj2.

We have
�
rh

�
xn(t)

�
ÒW

�
=
�
rh

�
xn(t)

�
�rh

�
xn(tn)

�
ÒW

�
(since W 2 Fn). Thus we

can write
þþþþ
�
rh

�
xn(t)

�
ÒW

�þþþþ � K11jt � tnj jWj (K11 being a constant). Hence

þþþþZIén
èng00

�
hn(t)

��
rh

�
xn(t)

�
ÒW

�2
dt
þþþþ � K2

11jWj2
Z

Ién
èng00

�
hn(t)

�
jt � tnj2 dt

By Lemma 2.4, this term can be written as r(éÒ n)jWj2. Finally, by Lemma 2.3 we can
conclude

Z
�ènU00�xn(t)

�
WW = (CnWÒW) cos í 2

p
2E +

�
r(éÒ n) + s(éÒ n)

�
jWj2
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Let us now prove the second point of the lemma; we have

(4.21)

Z
Ién
�ènU00�xn(t)

�
nnnn dt =

Z
Ién
�èng00

�
hn(t)

��
rh

�
xn(t)

�
Ò nn

�2
dt

+
Z

Ién
�èng0

�
hn(t)

�
r2h

�
xn(t)

�
nnnn dt

By Lemma 2.3, the second term of the sum (4.21) is bounded by a constant. Since nn =

rh
�
xn(tn)

�
and jẋnj1 is bounded, the following inequality holds:

�
rh

�
xn(t)

�
Ò nn

�2
½

1 � K12jt � tnj ½ 1Û2 when jt � tnj � 1Û(2K12). Setting uén = 1
2
R
Ién
èng00

�
hn(t)

�
dt and

using (2.1) we get

Z
Ién
�èng00

�
hn(t)

��
rh

�
xn(t)

�
Ò nn

�2
dt � �uén + K13

Hence we have:
R

Ién
�ènU00�xn(t)

�
nnnn dt � �uén + C3Ò where C3 is a constant (by

Lemma 2.4, limn!+1 uén = +1).

(4.22)

Z
Ién
�ènU00�xn(t)

�
Wnn dt =

Z
Ién
�èng0

�
hn(t)

�
r2h

�
xn(t)

�
nnW dt

+
Z

Ién
�èng00

�
hn(t)

��
rh

�
xn(t)

�
ÒW

��
rh

�
xn(t)

�
Ò nn

�
dt

By Lemma 2.3, the first term of the sum in (4.22) is bounded by K14jWj (K14 being a
constant).

We have already seen that, since W 2 Fn,
þþþþ
�
rh

�
xn(t)

�
ÒW

�þþþþ � K11jt � tnj jWj. Hence

þþþþZ
Ién
�ènU00�xn(t)

�
Wnn dt

þþþþ
� K14jWj + K11

Z
Ién
èng00

�
hn(t)

�
jt � tnj dtjWj

� jWj
 

K14 + K11

�Z
Ién
èng00

�
hn(t)

�
(t � tn)2 dt

� 1
2

�Z
Ién
èng00

�
hn(t)

�
dt
� 1

2

!

� jWj
�
C3 + r(éÒ n)

q
uén
�
Ò

by Lemma 2.4 (provided C3 has been chosen large enough).

PROOF OF LEMMA 2.7. (i) ñ(tn) = 0 hence jñ(t)j �
q
jt � tnj

�R
Ién
ñ̇(t)2 dt

� 1
2 �q

jt � tnj jñj1. Hence, by Lemma 2.3,
þþþþZ

Ién
èng0

�
hn(t)

�
r2h

�
xn(t)

�
ñ(t)ñ(t) dt

þþþþ � éC1(sup
Ω
jr2hj) jñj21

�
rh

�
xn(tn)

�
Ò ñ(t)

�
= 0 (since for all t 2 Ién ñ(t) 2 Fn) and hence

þþþþ
�
rh

�
xn(t)

�
Ò ñ(t)

�þþþþ � (sup
Ω
jr2hj)kẋnk1jt � tnj jñ(t)j
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�
rh

�
xn(t)

�
Ò ñ(t)

�2
� K15jt � tnj3jñj21. Hence, by Lemma 2.4,

(423)
Z

Ién
èng00

�
hn(t)

��
rh

�
xn(t)

�
Ò ñ(t)

�2
dt = r(éÒ n)jñj21Ò

which proves (i).
(ii) Since

R
Ién

g00
�
hn(t)

�
ï(t) dt = 0 and g00(h) Ù 0Ò ï vanishes somewhere in Ién (because

ï is continuous), hence jïjL1(Ién) �
p

2é jïj1 (we also have jñj1 �
p
é jñj1). Hence by

Lemma 2.3,
þþþþRIén èng0

�
hn(t)

�
r2h

�
xn(t)

�
ñ(t)nnï(t) dt

þþþþ can be written as r(é)jñj1 jïj1; on

the other hand

Z
Ién
èng00

�
hn(t)

�þþþþ
�
rh

�
xn(t)

�
Ò ñ(t)

�þþþþ
þþþþ
�
rh

�
xn(t)

�
Ò nn

�þþþþjï(t)j dt

�
�Z

Ién
èng00

�
hn(t)

��
rh

�
xn(t)

�
Ò ñ(t)

�2
dt
�1Û2�Z

Ién
èng00

�
hn(t)

�
ï(t)2 dt

�1Û2


From (4.23) and Lemma 2.5, we get estimate (ii) (we must add s(éÒ n) in the estimate to
take into account the fact that the inequality in Lemma 2.5 holds when n ½ n(é)).

(iii) follows immediately from Lemma 2.3 and the inequality jïj21 � 2éjïj21.
(iv) We have: jïj1 �

p
2éjïj1 and jñj1 �

p
éjñj1, hence

(424) jlj1 �
p

2é jlj1
R

Ién
�ènU00�xn(t)

�
Wl(t) dt = A + B, with A =

R
Ién
�èng0

�
hn(t)

�
r2h

�
xn(t)

�
Wl(t) dt and

B =
R
Ién
�èng00

�
hn(t)

��
rh

�
xn(t)

�
ÒW

��
rh

�
xn(t)

�
Ò l(t)

�
dt.

It follows from (4.24) and Lemma 2.3 that A = r(é)jWj jlj1 . Moreover,

we previously saw that
þþþþ
�
rh

�
xn(t)

�
ÒW

�þþþþ � K11jt � tnj jWj. Hence jBj �

K11
R

Ién
èng00

�
hn(t)

�
jt � tnj

þþþþ
�
rh

�
xn(t)

�
Ò l(t)

�þþþþ dtjWj In addition

þþþþ
�
rh

�
xn(t)

�
Ò l(t)

�þþþþ �
þþþþ
�
rh

�
xn(t)

�
Ò ñ(t)

�þþþþ + jï(t)j �
p

K15 jt � tnj
3
2 jñj1 + jï(t)j

Therefore, by Lemma 2.4, jBj � r(éÒ n)jWj jñj1 + DjWj, with D =
K11

R
Ién
èng00

�
hn(t)

�
jt � tnj jï(t)j dt.

As in the proof of (ii), using the Cauchy-Schwarz inequality and Lemma 2.5, we get
D = r(éÒ n)+s(éÒ n)jïj1 . As a conclusion jBj =

�
r(éÒ n)+s(éÒ n)

�
jWj jlj1 , which proves (iv).

5. Proof of Theorem 2. We shall assume that 0 2 Ω and that U 2 C2(ΩÒ R) satisfies
U ½ 0, U � 0 in a neighbourhood of 0 and U = 1Ûh2 near ] Ω. Let è 2 (0Ò 1) be fixed.

LEMMA 5.1. There is ã Ù 0 and for all k 2 N there is åk independent of è such that
Jè has at least one critical point xk

è of Morse index iè(xk
è) and nullity mè(xk

è) satisfying
N + 1 + 2k �

�
mè(xk

è) � 1
�
� iè(xk

è) � N + 1 + 2k.
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We first prove that Lemma 5.1 implies Theorem 2. Let k 2 [0Ò q] \ N. Let xk
è be the

critical point given by Lemma 5.1. Jè(xk
è) is bounded hence, by a result in [3], there is a

sequence èn converging to 0 such that xk
èn

converges in Λ to a bounce trajectory xk with at
most N + 1 + 2k � N + 1 + 2q bounce points. Hence xk is not a grazing trajectory, and we
can apply Theorem 1. For n large enough ièn(x

k
èn

) +
�
mèn(x

k
èn

)� 1
�
� i(xk) + m(xk) + p(xk)

and ièn (xk
èn

) ½ i(xk) + p(xk), where p(xk) is the number of bounce instants of xk. Hence
i(xk) + p(xk) � N + 1 + 2k � i(xk) + m(xk) + p(xk) and the proof of Theorem 2 is over.

Before proving Lemma 5.1 we enumerate some useful properties of Jè. We shall use
the notations E for H1(S1;RN) and k k for the H1 norm. We have:

(P1) Jè is invariant by the S1-action defined on E by íx = x(í + ). We shall denote
by E0 the set of the fixed points for this action: this is an N-dimensional subspace of E.
Let F = E?

0 .

(P2) There are ö Ù 0 and ã Ù 0 (both independent of è) such that S = fx 2 F j kxk =
ög ² Λ and InfS Jè Ù ã.

We shall denote by (Fk)k½1 some sequence of subspaces of F such that Fk ² Fk+1, Fk

is S1-invariant and dim Fk = 2k. Let Ek = Fk + E0.

(P3) For all k 2 N there is åk independent of è such that on Ek+1 \ Λ Jè � åk.

(P4) If xn 2 Λ and xn ! x 2 ] Λ then Jè(xn) ! �1.

(P5) Jè satisfies the Palais-Smale condition on Λ.

(P2), (P4), and (P5) are proved in [3]. Since Λ is bounded in L1, Λ is bounded in Ek+1

because Ek+1 is finite dimensional. (P3) is now a consequence of Jè(x) � 1Û2kxk2.

We shall use S1 equivariant cohomology over rational coefficients. Let S1 ! CP1

denote the universal principal S1-bundle. If A ² E and B ² A are S1-invariant we set
HŁ

S1 (AÒB) = HŁ�(Að S1)ÛS1Ò (B ð S1)ÛS1
�
.

From now we shall abbreviate Jè = J. By Sard’s lemma we can assume that ã and åk

given by (P2) and (P3) are not critical values of J. Let Jc = fx 2 ΛjJ(x) � cg. We have:

LEMMA 5.2. HN+1+2k
S1 (Jåk Ò Jã) 6= 0.

PROOF. We shall use the following facts which are proved in [10] (S is defined
in (P2)):

- The projection p: (S ð S1)ÛS1 ! CP1 induces an isomorphism pŁ: HŁ(CP1) !
HŁ

S1 (S), where HŁ(CP1) is the polynomial algebra overQ generated by ° of degree
two. We set °̄ = pŁ(°).

- Let Sk+1 = Fk+1 \ S and ik: Sk+1 ! S denote the inclusion map. Then iŁk(°̄k) 6= 0 in
H2k

S1 (Sk+1).

Following [3] we set ∆c = Jc [ (EnΛ) (of course ∆c is S1-invariant). By (P4) EnΛ ²
int(∆c) hence, by the excision property, HN+1+2k

S1 (Jåk Ò Jã) = HN+1+2k
S1 (∆åk Ò∆ã).

https://doi.org/10.4153/CJM-1998-027-6 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1998-027-6


522 PHILIPPE BOLLE

Let R be large enough so that 8x 2 Λ \ Ek+1 kxk Ú R. Let D = fx 2 E j kxk = R ; or
(x 2 E0 and kxk � R)g and Dk+1 = D \ Ek+1.

Let jŁ1: HŁ
S1 (DÒE0 \ D) ! HŁ

S1 (Dk+1ÒE0 \ D) and jŁ2: HŁ
S1 (EnSÒE0) ! HŁ

S1 (DÒE0 \ D)
be induced by the inclusions Dk+1 ² D ² EnS. We shall prove

(51) 9ç 2 HN+2k
S1 (EnSÒE0) jŁ1 Ž jŁ2(ç) 6= 0

First it is easy to define a continuous map H: [0Ò 1] ð (EnS) ! EnS with the following
properties: (i) H(0Ò ) = Id; (ii) H([0Ò 1] ð E0) ² E0; (iii) H(tÒ ) is S1-equivariant for all
t; (iv) H(tÒ )jD = IdD; (v) H(1ÒEnS) ² D.

Hence jŁ2 is an isomorphism. Now let é Ù 0 be small. Let G = fx0 + y 2 (E0 + F)\D j
kyk = ég and D̃ = fx0 + y 2 (E0 + F)\D j kyk ½ ég.We denote Ek+1 \ D̃ by D̃k+1. Using
the excision property we can easily check that there is a commutative diagram

(52)

HN+2k
S1 (DÒE0 \ D)

jŁ1�! HN+2k
S1 (Dk+1ÒE0 \ D)

a

???y b

???y
HN+2k

S1 (D̃ÒG)
jŁ1�! HN+2k

S1 (D̃kÒG \Dk)

where a and b are isomorphisms.

Let BN = fx 2 E0 j kx0k2 � R2 � é2g and g: D̃ ! BN ð S be defined by g(x0 + y) =
(x0Ò öyÛkyk). It is clear that g is a S1-equivariant homeomorphism (the S1-action being
defined on BN ð S by í(x0Ò y) = (x0Ò íy)). Moreover g(G) = ] BN ð S and g(D̃k+1) =
BN ð Sk+1. Hence we have the following commutative diagram:
(53)

HN(BNÒ ] BN) 
H2k
S1 (S) ' HN+2k

S1 (BN ð SÒ ] BN ð S)
gŁ! HN+2k

S1 (D̃ÒG)

Id
iŁk+1

???y
???y jŁ1

???y
HN(BNÒ ] BN) 
H2k

S1 (Sk+1) ' HN+2k
S1 (BN ð Sk+1Ò ] BN ð Sk+1)

gŁ! HN+2k
S1 (D̃k+1ÒG \ Ek+1)

where gŁ is an isomorphism. Let õN generate HN(BNÒ ] BN). (Id
iŁk )(õN 
 °̄k) = õN 

iŁk (°̄k) 6= 0. Hence combining (5.2) and (5.3), gives the existence of å 2 HN+2k

S1 (DÒE0\D)
such that jŁ1(å) 6= 0. Since jŁ2 is an isomorphism we derive (5.1). Now R was chosen such
that Dk+1 ² ∆ã. Moreover ∆ã ² EnS. Let

HN+2k
S1 (EnSÒE0)

rŁ�! HN+2k
S1 (∆ãÒE0)

sŁ�! HN+2k
S1 (DÒE0 \D)

be induced by these inclusions. Set ç̄ = rŁ(ç). Since sŁ Ž rŁ = jŁ1 Ž jŁ2, we must have
sŁ(ç̄) 6= 0.

We now consider the exact sequence
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HN+2k
S1 (∆åk ÒE0)

iŁ�! HN+2k
S1 (∆ãÒE0)

d�! HN+2k+1
S1 (∆åk Ò∆ã)

and we prove that d(ç̄) 6= 0, which obviously implies Lemma 5.2. Arguing by con-
tradiction we assume that ç̄ 2 Ker d = Im iŁ. Then we can write ç̄ = iŁ(ë) with
ë 2 HN+2k

S1 (∆åk ÒE0). We have (i Ž s)Ł(ë) = sŁ(ç̄) 6= 0, where i Ž s is the inclusion
map (Dk+1ÒE0 \ D) ² (∆åk ÒE0). Now we have (Dk+1ÒE0 \D) ² (Ek+1ÒE0) ² (∆åk ÒE0),
with HŁ

S1 (Ek+1ÒE0) = 0. Hence it is clear that (i Ž s)Ł = 0, a contradiction. This completes
the proof of Lemma 5.2.

We now explain why Lemma 5.2 implies Lemma 5.1. We have assumed that ã and åk

are not critical values of J. Let K denote the set of critical points of J in JåknJã. Since J
satisfies (PS), K is compact; moreover supK J Ú åk and infK J Ù ã. We could also easily
check that J00(x) is Fredholm for all x 2 JåknJã. Using the Marino-Prodi perturbation
method ([11]) and a result stated in [12] we derive that there are én Ù 0 ! 0 and a
sequence (gn) of S1-equivariant and C2 functionals defined on Λ such that:

(i) gn(x) = J(x) outside Kén = fx 2 Λ j d(xÒK) � éng;
(ii) jgn � JjC2 ! 0;

(iii) the critical S1-orbits of gn in JåknJã are non-degenerate;
(iv) gn satisfies (PS);
(v) On Kén ã Ú gn Ú åk (hence fx 2 Λ j gn(x) � cg = Jc for c = ã or c = åk).

Since HN+2k+1
S1 (fg � åkgÒ fg � ãg) = HN+2k+1

S1 (Jåk Ò Jã) 6= 0, by S1-equivariant Morse
theory (see for example [9] or [12] for more details), gn has at least one non-degenerate
critical S1-orbit

�
xn(í + )

�
in JåknJã of Morse index N + 1 + 2k. From (i) and (ii), since

K is compact there is a subsequence of xn which converges to x 2 JåknJã, critical point
of J of Morse index satisfying the desired estimates.

REFERENCES

1. I. Babenko, Periodic trajectories in three dimensional Birkhoff billiards. Math. URSS Sbornik 71(1992),
1–13.

2. V. Benci, Normal modes of a Lagrangian system constrained in a potential well. Ann. Inst. H. Poincaré
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