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Existence and non-uniqueness of constant scalar
curvature toric Sasaki metrics

Eveline Legendre

ABSTRACT

We study compatible toric Sasaki metrics with constant scalar curvature on co-oriented
compact toric contact manifolds of Reeb type of dimension at least five. These metrics
come in rays of transversal homothety due to the possible rescaling of the Reeb vector
fields. We prove that there exist Reeb vector fields for which the transversal Futaki
invariant (restricted to the Lie algebra of the torus) vanishes. Using an existence result
of E. Legendre [Toric geometry of conver quadrilaterals, J. Symplectic Geom. 9 (2011),
343-385], we show that a co-oriented compact toric contact 5-manifold whose moment
cone has four facets admits a finite number of rays of transversal homothetic compatible
toric Sasaki metrics with constant scalar curvature. We point out a family of well-known
toric contact structures on S? x S admitting two non-isometric and non-transversally
homothetic compatible toric Sasaki metrics with constant scalar curvature.

1. Introduction

In this paper we study the existence and uniqueness of compatible Sasaki metrics of constant
scalar curvature (cscS for short) on a compact co-oriented contact manifold (N, D), where the
uniqueness should be understood up to a contactomorphism and transversal homothety (rescaling
of the Reeb vector field). Sasaki-Einstein metrics, which occur when the first Chern class ¢; (D)
of the contact distribution D vanishes, have been intensively studied in recent years by many
authors, see [BGO8]. On the other hand, the theory of cscS metrics can be viewed as an odd-
dimensional analogue of the more classical subject of constant scalar curvature Kéhler metrics,
which has been actively studied since the pioneering works of Calabi [Cal85]. We will focus in this
paper on the special case when the contact structure is toric of Reeb type in the sense of [BGO00]
and the compatible metric is invariant under the torus action. In this setting, the problem of
existence of cscS metrics is very closely related to the theory of constant scalar curvature Kéhler
metrics on toric varieties, recently developed by Donaldson in [Don02].

Banyaga and Molino, Boyer and Galicki, and Lerman [BM92, BM96, BG0O0, Ler02, Ler03]
classified toric contact manifolds (N?"+1 D, T "+1) (in what follows, we suppose n >1). The
action of 7' pull-backs to a Hamiltonian action on the symplectization (M?+2 %) of (N, D),
commuting with the Liouville vector field 7, see [Ler03]. In particular, the contact moment
map fi: M — (R"1)* refers to the unique moment map on the toric symplectic cone which
is homogeneous of degree two with respect to the Liouville vector field 7 (i.e. £ =2f) and
C =1Im U {0} is the moment cone.
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E. LEGENDRE

In order to study toric Sasaki metrics, it is not restrictive to consider toric contact manifolds
of Reeb type, so that there exists a vector b€ R"! = Lie 7"*! inducing a Reeb vector field
Xy € I'(TM), see [BG08]. Equivalently, b lies in C%, the interior of the dual cone of C (the set
of strictly positive linear maps on Im i = C\{0}). In particular, C is a strictly convex polyhedral
cone, that is, C% is not empty. From [BG0O, Ler03], we know that toric contact manifolds of
Reeb type of dimension at least five are in correspondence with strictly convex polyhedral cones
C C R™"! which are good with respect to a lattice A. This means that every set of primitive
vectors normal to a face of C can be completed to a basis of A.

Given a strictly convex polyhedral cone C, which is good with respect to a lattice A, one can
associate to any b € CY the characteristic labeled polytope' (Ay, up), where

Ap=Cn{yl(by) =5

is a compact simple polytope and uy = {up1, - . . , upq} is the set of equivalence classes in R" ™! /Rb
of the primitive vectors of A which are inward normal to the facets of C. Here, R"*1/Rb is
identified with the dual vector space of the annihilator of b in (R™*1)* which, in turn, is identified
with the hyperplane {y | (b, y) = 3}.

Remark 1. Referring to (Ayp, up) as a labeled polytope is slightly abusive: when there is a lattice
A’ C R""1/Rb containing the normals u;, there exist uniquely determined positive integers m;
such that (1/m;)up; are primitive elements of A’. Then (Ay, mq, ..., my) is a rational labeled
polytope in the sense of Lerman—Tolman [LT97] and it describes a compact toric symplectic
orbifold. This case appears when the Reeb vector field Xj, is quasi-regular [BGO0S].

Recall that on a toric symplectic orbifold a compatible Kéhler metric corresponds to a
symplectic potential, ¢, that is, a strictly convex smooth function defined on the interior
of the moment polytope A, which satisfies certain boundary conditions depending on the
labeling u [Abr01, ACGTO04, Don05, Gui94]. We denote the set of these symplectic potentials
by S(A, u). Similarly, Martelli et al. [MSY06] parameterized the set of compatible toric Sasaki
metrics in terms of homogeneous smooth functions of degree one on é, the interior of C, and
subject to boundary and convexity conditions. In particular, a Kéhler cone metric g on (M, @)
corresponds to a potential qg on C. According to the Abreu formula [Abr98, Abrl0], the scalar
curvature s is then the pull-back by fi of
;  0*Hy
S@)==3 550 1)

i.j=0

where flij is the inverse Hessian of gZ; Hence, a cscS metric corresponds to a potential gZ; with

b € C} such that S(¢)|Ab
of symplectic potentials on characteristic labeled polytopes. Indeed, any potential ¢ € S(Ayp, up)
on a characteristic polytope (Ayp, up) canonically determines (and is determined by) a Boothy—
Wang potential qg corresponding to a Kahler cone metric § on M, see [Abrl0] and §2.2 below.
The scalar curvature of § is the restriction to N C M of the pull-back of

is constant. This correspondence can be equivalently expressed in terms

~

S(¢) =45(¢) —4n(n+1),

where S(¢) = =>21", 0%H,;/dy;0y; with H;; the inverse Hessian of ¢, see [Abr10]. Furthermore,

the scalar curvature of the Sasaki metric is s; = 45(¢) — 2n, see [BG08] and §2.3.

In [MSYO06], A is the characteristic polytope of a toric Sasaki metric with Reeb vector field Xj.
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A primary obstruction to the existence of cscS metrics is given by the Futaki—Sasaki or
transversal Futaki invariant of the Reeb vector field introduced by Boyer et al. in [BGS08a].
In the toric case, for any Reeb vector field X3, one can restrict this invariant to the Lie algebra
of the torus and obtain a vector Fj, € (R™"!/Rb)* such that Fj, =0 should a compatible cscS
toric metric exist. Thus, we can recast the problem of existence and uniqueness of cscS toric
metrics.

Problem 1. Given a strictly convex good cone C, does there exist b € C} such that

Fyp=0, (2)
d¢p € S(Ap, up), such that S(¢) is constant? (3)

If it exists, is such a b unique up to rescaling?

Rescaling b+ A~'b, equivalently the contact form 1y, — A, leads to a ray of toric Sasaki
structures

g =g+ (X = Ny @
Such a deformation, called transversal homothety, changes the scalar curvature as

sy =A"1(sg +2n) — 2n,

see [BGO8]. In particular, cscS metrics occur in rays. However, once the Reeb vector b € C} is
fixed, the uniqueness of cscS metrics follows from uniqueness of solutions of the extremal Kéahler
equation in S(Ayp, up), see [Gun99] and Lemma 2.13 below.

In view of Problem 1, the Donaldson—-Tian—Yau conjecture [Don02, Tia90, Yau93| has a
straightforward interpretation in the toric Sasaki case using the notion of polystability of labeled
polytopes given by Donaldson in [Don02].2

CONJECTURE 1.1. A compact co-oriented toric contact manifold of Reeb type admits a
compatible toric cscS metric if and only if there exists b € C} such that F, =0 and (A, up)
is polystable.

Donaldson proved his conjecture [Don02, Don05, Don08b, Don09] for compact convex labeled
polytopes in R?. This immediately implies that Conjecture 1.1 holds true for compact five-
dimensional toric contact manifolds of Reeb type.

The question of existence of toric Sasaki-Einstein metrics, which makes sense on co-oriented
compact toric contact manifolds with Calabi-Yau cone (that is, ¢;(D) = 0), is now solved. First,
Martelli et al. [MSY06] proved that the volume functional, defined on the space of compatible
Sasaki metrics, only depends on the Reeb vector field and, up to a multiplicative constant, is

W(b):/Ab de.

Furthermore, they showed that the Hilbert functional is a linear combination of W and Z, where
Z is defined for any ¢ € S(Ayp, up) as

2= | 8() dw

and only depends on the Reeb vector field. They also proved that Z(b) coincides with W (b) up
to a multiplicative constant, when restricted to a suitable space of normalized Reeb vector fields,

2 Donaldson uses a measure on the boundary instead of labels; the two notions are equivalent.
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see Remark 2. The unique critical point of (the restriction of) W is then the only normalized
Reeb vector field with vanishing transversal Futaki invariant.>

Futaki et al. [FOW09] showed, on the other hand, that for such a Reeb vector field Problem 1
has always a solution (corresponding to a Sasaki-Einstein metric).

Remark 2. Unlike cscS metrics, there are no rays of transversal homothetic Sasaki—Einstein
metrics. Indeed, since the scalar curvature s, of a Sasaki-Einstein metric satisfies s, = 2n(2n
+ 1), see [BGO8], being Sasaki-Einstein prevents the rescaling of the Reeb vector field. In par-
ticular, there is an obvious normalization of Reeb vector fields in the search for Sasaki-Einstein
metrics. However, Sasaki-Einstein metrics are cscS metrics and thus come in rays of such.

In this paper, we extend the Martelli-Sparks—Yau arguments to toric contact manifolds of
Reeb type by showing that, after a suitable normalization of the Reeb vector fields, the critical
points of the functional
Z(b)""H

W (b)"

coincide with normalized Reeb vectors with vanishing transversal Futaki invariant.

F(b) =

THEOREM 1.2. A co-oriented toric contact manifold of Reeb type admits at least one ray of
Reeb vector fields with vanishing (restricted) transversal Futaki invariant.

Unlike the Sasaki—Einstein problem, Reeb vector fields with vanishing transversal Futaki
invariant do not necessarily lead to cscS metrics, see e.g. [Don02]. However, as we proved
in [Legll], any labeled quadrilateral (A, u) with vanishing Futaki invariant admits a symplectic
potential ¢ € S(A, u) for which S(¢) is constant. Thus, we obtain the following theorem.

THEOREM 1.3. A co-oriented toric contact five-dimensional manifold of Reeb type whose
moment cone has four facets admits at least one and at most seven distinct rays of transversal
homothetic compatible Sasaki metrics of constant scalar curvature. Moreover, for each pair
of co-prime numbers, (p, q), such that p > 5q, there exist two non-isometric, non-transversally
homothetic Sasaki metrics of constant scalar curvature compatible with the same toric contact
structure on the Wang—Ziller five-dimensional manifold M]},’ql .

More precisely, following [Legl1, Corollary 1.6], these metrics are explicitly given in terms of
two polynomials of degree at most three. The toric contact structure on M,i’ql is the one described
in [BGSO8b]. The first part of Theorem 1.3 partially answers a question of Boyer [Boy11].

The paper is organized as follows. Section 2 contains basic notions of toric Sasakian geometry;,
emphasizing the boundary conditions required for the potential to induce a smooth Kéahler cone
metric. We also give the results we need about uniqueness of cscS metrics. In §3 we give a way
to check whether or not a labeled polytope is characteristic of a good cone; we then study the
properties of the functional F' and prove Theorem 1.2. In §4 we specialize our study to the case
of cones over quadrilaterals in R? and prove Theorem 1.3.

2. Sasaki and transversal Kéahler toric metrics: a quick review

A labeled polytope, (A, u), is a simple compact polytope A in an n-dimensional vector space t*
which has d codimension one faces, called facets and denoted by Fi, ..., Fy, together with a

3 Martelli et al. extended their results to the non-toric case in [MSYO08].
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set u={uy,...,uq} of vectors in t which are inward (with respect to A) and such that wu; is
normal to F;. Recall that a polytope is simple if each vertex is the intersection of n distinct
facets. In what follows, we consider A itself as a face. (A, u) is rational with respect to a lattice
Aifu CA.

DEFINITION 2.1. Two labeled polytopes are equivalent if one underlying polytope can be
mapped on the other via an invertible affine map, A : t* — s*, such that the normals correspond
via the differential’s adjoint (dA)* :s — t.

2.1 Toric contact and symplectic geometry

A symplectic cone is a triple (M, w, 7), where (M, w) is a symplectic manifold and 7€ I'(T'M)
is a vector field generating a proper action of R~o on M such that £,w = 2w.

DEFINITION 2.2. A toric symplectic manifold is a symplectic manifold (M, w) together with an
effective Hamiltonian action of a torus 7', p: T < Symp(M, w), such that the dimension of T is
half the dimension of M and there is a proper T-equivariant smooth map u: M — t* = (Lie T')*
satisfying dji(a) = —tgp(qyw- The map p is unique up to an additive constant and is called the
moment map. We recall that at p € M, dp(a) = Xu(p) = (d/dt),_,)(exp ta) - p.

Recall that, to a co-oriented compact connected contact manifold, (N2"t! D), there
corresponds a symplectic cone over a compact manifold, (D%,®,7). D9 is a connected
component of the complement of the 0-section in D°, the annihilator in T*N of the contact
distribution D. @ = d\ is the restriction of the differential of the canonical Liouville form A of
T*N and 7 is the Liouville vector field 7, o) = (d/ds|,_,)e**ay, so that L.& = 2. See [Ler03] for

a detailed description.

DEFINITION 2.3. A (compact) toric contact manifold (N2"1, D, T"+1) is a co-oriented compact
connected contact manifold (N2 D) endowed with an effective action of a (maximal) torus
Tf—>Diff(N ) preserving the contact distribution D and its co-orientation. Equivalently, the
symplectic cone (D9, @, ) is toric with respect to the action of T and the Liouville vector
field 7 commutes with 7. We denote by

fi: D% — 1 = (LieT)*
the contact moment map, that is, the unique moment map of (D9, @, T) which is homogeneous

of degree two with respect to 7, see [Ler03].

DEFINITION 2.4. A polyhedral cone is good with respect to a lattice A if any facet F; admits
a normal vector, ;, primitive in A and, for any face Fy=(),c; F, spang{u;|ic I} =AN
spang{4; | ¢ € I'} and the u; (i € I) are linearly independent when Fr # {0}.

Lerman [Ler(02, Ler03] showed that the image, Im /i, of the contact moment map of a compact
toric contact manifold (N, D, T") does not contain 0 and C =1Im g U {0} is a convex, polyhedral
cone which is good with respect to the lattice of circle subgroups, A C t. C is called the moment
cone.

As mentioned in the introduction, a toric contact manifold of dimension at least five is of
Reeb type if the moment cone C is strictly convex, that is,

Y ={bet|VxeC\{0}, (b,z) >0} #{0}.
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Indeed, see [BGO8|, for any b € C%, there is a contact form, 7, (i.e. ker m, = D) for which Xj is
a Reeb vector field, meaning that n,(X;) =1 and Lx,m = 0.

Any strictly convex good polyhedral cone is the moment cone of a toric contact manifold of
Reeb type, unique up to contactomorphisms, see [Ler03].

DEFINITION 2.5. Let (C,A) be a strictly convex rational polyhedral good cone with d facets.
Denote by 1, . . ., g the set of primitive vectors in A normal to the facets of C. For b € C* , we
define the labeled polytope

(Ap, up) = (CN Y, [y, - - -, [@alp) (4)
where ¢ the hyperplane ¢ = {z € (b, z) = 31}. Up to translation, t, is the annihilator of b in

t and, thus, its dual space is identified with t/Rb. The polytope Ay is an n-dimensional and
simple polytope. We say that (Ay, up) is the characteristic labeled polytope of (C, A) at b.

As Boyer and Galicki showed in [BGO00], the space of leaves Zj, of the Reeb vector field X} is an
orbifold if and only if the orbits of X} are closed, that is, if and only if Rb N A # {0}. In that case,
Xy is said to be quasi-reqular and b generates a circle subgroup of T , Ty =Rb/(RbN A), which
acts on the cone (D9, ©) via the inclusion ¢ : Ty, — T, with moment map juy, = tyofi: DY —R.
The space of leaves is identified with the symplectic reduction ji, '(1/2)/T}. Via the Delzant—
Lerman—Tolman [Del88, LT97] correspondence, (2, dny, T/Tp) is the toric symplectic orbifold
associated to (Ayp, up).

Remark 3. Any compact toric symplectic orbifold admits a moment map whose image is a
convex polytope A in the dual of the Lie algebra of t*. The weights of the action determine
a set of normals u C t so that (A, u) is rational with respect to the lattice A = ker exp(t — 7).
The Delzant—Lerman—Tolman correspondence states that a compact toric symplectic orbifold is
determined by its associated rational labeled polytope, up to a T-invariant symplectomorphism
of orbifolds.

Conversely, any rational labeled polytope can be obtained from a toric symplectic orbifold,
via Delzant’s construction. Two Hamiltonian actions (u, T, p), (i, T”, p’) on a symplectic orbifold

(M,w) are equivalent if and only if their labeled polytopes are equivalent in the sense of
Definition 2.1.

A toric Sasaki manifold (N,D,g,T) is a (2n+ 1)-dimensional Sasaki manifold whose
underlying contact structure is toric with respect to an (n + 1)-dimensional torus T and
whose metric is T-invariant. Recall that it corresponds to the Kahler toric cone (M, @, g, T, T i),
where M = D¢ and g is the cone metric of g, that is, § is homogeneous of degree two with respect
to the Liouville vector field 7 and coincides with g on N C M, seen as the level set g(7, 7) = 1.
(w, g, J ) is a toric Kahler structure such that 7 is real holomorphic. Notice that Jr is induced
by an element b € C} C t, so that X = J7 restricts to a Reeb vector field on N. The transversal
Kahler geometry of g refers to the metric § induced on D by g=m ® np + §.

2.2 Kahler metric in action-angle coordinates

The material of this section is taken from [Abr0l, Abrl0, BGL08, CDGO03, Gui%4]|. Let
(M?", w, J, g, T, 1) be a Kihler toric orbifold, that is, g is a T-invariant Kihler metric and
J is a complex structure such that g(J-,-) =w(:,-). We are interested in the cases where
P =1Impu is a strictly convex cone or a polytope We denote by P the interior of P. Recall
from [Del88, Ler03, LT97] that M = p~(P) is the subset of M where the torus acts freely. The
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Kahler metric provides a horizontal distribution for the principal T-bundle p : M — P which is
spanned by the vector fields JX,,, u € t = Lie T'. This gives an identification between the tangent

space at any point of M and t & t*. Usually, one chooses a basis (eq, . . ., e,) of t to identify M ~
P x T using the flows of the induced commuting vector fields X¢,,..., Xe,, JXe, ..., J X, .
The action-angle coordinates on M are local coordinates (p1, . . ., g, t1, - . . , tg) on M such that

pi = (1, €;) and X, = 9/0t;. The differentials dt; are real-valued closed 1-forms globally defined
on M as duals of the Xe; (i-e. dtj(Xe;) = 0i5 and dt;(JX;) = 0).

In action-angle coordinates, the symplectic form becomes w =>"" ;| du; Adt;. It is well
known [Gui94| that any toric Kahler metric is written as

g= Z Grs dpy @ dps + Hys dty @ dts, (5)
s,r
where the matrix-valued functions (G,s) and (H,;) are smooth on P, symmetric, positive
definite, and inverse to each other. Following [ACGTO04], we define the S?t*-valued function
H:P -t @t by H,, ;) (u, v) = gp(Xu, Xu), and put H,s = H(er, €5); G : P —t®tis defined
similarly.

When M is compact, necessary and sufficient conditions for a S?t*-valued function H to be
induced by a globally defined toric Kéhler metric on M were established in [Abr01, ACGT04,
Don05]. We are going to adapt the point of view of [ACGT04] to Ké&hler cones. Let (A, u) be
a labeled polytope. For a non-empty face F' = F; = (,.; F; of A, denote tr = spang{u; |i € I}.
Its annihilator in t*, denoted t%, is naturally identified with (t/tz)*. We use the identification
Tt ~t

DEFINITION 2.6. The set of symplectic potentials S(A, u) is the space of smooth strictly convex
functions on A for which H = (Hess ¢)~! is the restriction to A of a smooth S$2t*-valued function
on A, still denoted by H, which verifies the boundary condition: for every y in the interior of
the facet F; C A,

Hy(u;,)=0 and dHy(u;, u;) = 2u;, (6)

and the positivity condition: the restriction of H to the interior of any face F' C A is a positive-
definite S%(t/tg)*-valued function.

PROPOSITION 2.7 [ACGTO04, Proposition 1]. Let H be a positive-definite S?t*-valued function
on A. H comes from a Kéahler metric on M if and only if there exists a symplectic potential
# € S(A, u) such that H = (Hess ¢) 1.

This result follows from two lemmas: [ACGT04, Lemma 2|, which holds regardless of
the completeness of the metric and thus can be used as such here (Lemma 2.8 below),
and [ACGT04, Lemma 3], which we adapt to toric K&hler cones (Lemma 2.9 below). Then
we prove Proposition 2.11, which is the adaptation of [ACGT04, Proposition 1].

Remark 4. For this adaptation, it is more natural to work with S%t-valued functions G = (Gj;)

without requiring that they are the Hessian of a potential ¢ € C*°(P). The metric g defined
via (5) is then an almost Kdhler metric.

LEMMA 2.8 [ACGTO04, Lemma 2]. Let (M, w) be a toric symplectic 2n-manifold or orbifold with
moment map p: M — P Ct* and suppose that (go, Jo), (g,J) are compatible almost Kahler
metrics on M = =1 (P) of the form (5), given by Go, G, and the same angular coordinates, and
such that (go, Jo) extends to an almost Kéhler metric on M. Then (g, J) extends to an almost
Kahler metric on M provided that GGy and GoHGy — G are smooth on P.

1619

https://doi.org/10.1112/50010437X1100529X Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X1100529X

E. LEGENDRE

LEMMA 2.9. Let (M,®,7) be a toric symplectic cone over a compact co-oriented contact
manifold of Reeb type with two cone Kéhler metrics inducing the same S*t-valued function G on
the interior of the moment cone. Then there exists an equivariant symplectomorphism of (M, &)
commuting with 7 and sending one metric to the other.

Proof. Let g and ¢’ be two such metrics; they share the same level set

{peM|g,,(r,7):1}:{peMyg;(r,r):1}:N.

Indeed, the part (fi1, . .., fip) of the action-angle coordinates does not depend on the metric, the
Liouville vector field is 7=, 2/1;(0/0f;), and thus
n A
gr, ) =4 puip;Gy =4 (r,7).
i,j=0

The equivariant symplectomorphism, say v, of (M , w) sending one set of action-angle coordinates
to the other commutes with 7 and sends one metric to the other. Moreover, it restricts to
N as an equivariant isometry between g and ¢’ which can then be uniquely extended to a
smooth equivariant isometry on N by a standard argument. Finally, since g and ¢’ determine
the respective cone metrics, this isometry pull-backs to a global isometry on M which coincides
with 1 on M. O

A~

The fact that (o, g, J) is a cone Kéhler structure with respect to 7 reads, in terms of ﬂ, as
follows.

LEMMA 2.10 [MSYO06]. For any 0 <1, j <n, ﬁij is homogeneous of degree one with respect to
the dilatation in t*. Moreover, if b € t induces the Reeb vector field X}, = Jr, then for all ji € C,
H; (b, ) =24

a\Y

PROPOSITION 2.11. Let (M, w, T, T) be a toric symplectic cone associated to a strictly convex
good polyhedral cone (C, A) havmg inward pr1m1t1ve normals 1, ..., uq. Let H be a positive-
definite St -valued function on C. H comes from a T-invariant a]most Kahler cone metric § on
M if and only if:

— H is the restriction to C of a smooth St -valued function on C;

— for every y in the interior of the facet F; C C,
H,(4;,-)=0 and dH,(i;, 4;) = 2d; (7)
— the restriction of H to the interior of any face F' C C is a positive-definite S?(1/ir)*-valued
function;
— His homogeneous of degree one with respect to the dilatation in t*.
Proof. The necessary part follows from [ACGT04, Proposition 1] and Lemma 2.10 above. For
the converse, take a basis of t consisting of the Reeb vector b (already determined by H on M)
and the normals associated to an edge of C. Following the proof of [ACGT04, Proposition 1],

we consider the first few terms of the Taylor series of the entries of H in this basis. Then we
conclude the proof with Lemmas 2.8 and 2.9. O

For b € C%, the Boothy—Wang symplectic potential qg of ¢ € S(Ayp, up) is the function

o) =240 0 52 ) + L5 ot
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defined on the interior of the cone C, see e.g. [Abrl0]. The following proposition adapts the
relation between potentials via reduction given in [CDGO3] to the case of cone metrics and non-
necessarily quasi-regular Reeb vector fields. We give a proof below, since this statement does not
appear in this form in the literature and is central in our study.

PROPOSITION 2.12. Let (C, A) be a strictly convex good cone with b € C3.. Denote by (A, up)
the characteristic labeled polytope of (C, A) at b. His a positive-definite S2¢"_valued function
on C coming from a T-invariant almost Kéhler cone metric §j on M with Reeb vector field X, if
and only if

=y

—, 8)
(i) |
where pu = [1/2{f1, b) € A, and HY is a positive-definite S?(t/Rb)*-valued function on Ay, satisfying
the conditions of Proposition 2.7 with respect to (Ay, uy).

H;, = 2, b)HY, + 2

Moreover, in that case, H is the Hessian’s inverse of a symplectic potential gZA> if and only if quS
is the Boothy—Wang symplectic potential of ¢ € S(Ay, up) whose Hessian’s inverse is H’. Finally,
§(Xa, X.) =Ha,c) on N.

Proof. The necessary part of the first affirmation follows from [Legll]. For the converse, take

a basis (eg,e1,...,e,) of t such that ey =b, the Reeb vector. Consider the corresponding
coordinates (yo, Y1, - .., ¥n) on t and write H and its inverse G as matrices using (8):
Yo | Y1'"'Un Yo + viyiGij | —yoyiGir - - - — yoyiGin
- Y A 1 —y0y; G1;
H=2ls fyme o 9% | G =g : - :
Yo 0 ' Y0
Un —40Y;Gnj

where G? stands for the inverse of H?. It is then elementary to check that H satisfies the
conditions of Proposition 2.11 as soon as H satisfies the conditions of Proposition 2.7 and that
G is the Hessian of ¢ if G? is the Hessian of ¢. O

Remark 5. If RbN A # {0}, then the transversal metric § induced by ¢ on the orbifold Zj is
associated to 2(j1, bYH?, see [Legll].

2.3 Toric cscS metrics and uniqueness

A Sasaki structure (N, D, g) implies three Riemannian structures: the Riemannian metric g on
the contact manifold NV, the transversal metric § on the contact bundle, and the Riemannian
metric g on the symplectization M =D . The respective scalar curvatures are related to each
other by

Sgy = 59— 4n(n+1) =55 — 2n(2n + 1),

see [BGO8]. On the other hand, the scalar curvature of a toric Kéhler cone metric § with
symplectic potential ¢ is given by the pull-back of S(¢) defined by the Abreu formula (1) and,
if ¢ is the Boothy—Wang potential of ¢ € S(Ayp, up), then

60 =757 (250 ) ~ o)
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see [Abr98, Abr10]. We now give a straightforward corollary of the uniqueness of the solutions
to Abreu’s equation on labeled polytopes, due to Guan [Gun99] and the formulas above.

LEMMA 2.13. Up to an equivariant contactomorphism, for each b € C% there exists at most one
toric cscS metric with Reeb vector field X,.

Proof. 1f qg and ¢Z’ are potentials on the cone C associated to Kahler cone metrics having the
same Reeb vector field Xj, then qAS and (;AS’ are the Boothy—Wang potentials of functions ¢ and
¢ € S(Ayp, up). ) (respectively & ) defines a toric cscS metric if and only if S(¢) (respectively

S(¢')) is constant. Now, thanks to Guan’s uniqueness result [Gun99] (recast in terms of
symplectic potentials on labeled polytopes in [Don09]), if S(¢) and S(¢') are both constant
then ¢ — ¢/ is affine-linear. In that case, ¢ — ¢’ is affine-linear and thus ¢ and ¢’ define the same
Kahler cone metric. O

PROPOSITION 2.14. Let (N, D, T) be a co-oriented compact toric contact manifold of Reeb
type with contact moment map fi: DS — t* and moment cone C. Let ga and g, be compatible
T-invariant Sasaki metrics on N with respective vector fields X, and X;,. We suppose that N is
not a sphere, that its dimension is at least five, and that (N,D,g,) and (N, D, g,) are not
3-Sasaki. If ¢ : N — N is a diffeomorphism such that ¢*g, = gp, then ¢ is a contactomorphism
and there exist 1 € Isom(N, g;) and A€ Gl(), preserving the lattice A =ker(exp:t— T,
so that

fro(pot) = Ao ju
In particular, A* is an automorphism of C and Ab= a.

Conversely, any linear automorphism of C whose adjoint preserves the lattice gives rise to a
T-equivariant contactomorphism v such that if g is a compatible toric Sasaki metric on (N, D, T
then so is ¥Y*g.

Proof. Since 3-Sasaki manifolds, spheres, and 3-manifolds are the only manifolds carrying
Riemannian metrics which are Sasakian with respect to more than one contact structure,
see [BGO8], under our assumptions, Isom(N, g5) C Con(N, D). Thus, 7" and ¢! o T' o ¢ are tori
in Con(N, D). Since a Hamiltonian action on the symplectization (D¢ ,®) induces isotropic
distributions, 7" and o to To ¢ are maximal tori in Isom(N, gp), which is a compact Lie group
since N is compact. In particular, they are conjugate, that is, there exists 1) € Isom(XV, gp) such

that

= (poy) L oTopoy.
The differential A at 1 € 7' of the automorphism 7 — (pot)~toTopopis linear and preserves
the lattice. Moreover, fi o (¢ o 1)* and A* o i are moment maps for the same Hamiltonian action
of " on (D9,®&) and they are both homogeneous of degree two with respect to the Liouville
vector field. Hence, fi o (¢ o 9)* = A* o fi.
Note that (¢ o). Xp = X,, since (po1)*go =g, and o1 € Con(N, D). The converse
follows from the Delzant—Lerman construction. O

In the proof of Proposition 2.14, the hypothesis that (N, D, g;) is not 3-Sasaki, a sphere,
or a 3-manifold is used to deduce that ' o7 o is included in Con(N, D). Thus, we can
remove this hypothesis by assuming that ¢ is a T-equivariant contactomorphism. Combined
with Lemma 2.13, we get the following proposition.
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ProOPOSITION 2.15. Let (N,D,T) be a compact toric contact manifold of Reeb type of
dimension at least five. Two toric cscS metrics g, and g, with respective Reeb vector fields
X, and Xy, coincide up to a combination of T—equivariant contactomorphism and transversal
homothety if and only if there exists A > 0 such that (AAy, up) and (A, ug) are equivalent in
the sense of Definition 2.1.

2.4 Transversal Futaki invariant and extremal affine function

Let (A, u) be a labeled polytope, A C t*, and u C t. Choosing a basis (e, ..., e,) of t gives a
basis po =1, u1 = (e1, ), . . ., in = (€n, ) of affine-linear functions.
DEFINITION 2.16. Let the vector ¢ = ((p, . .., (,) € R"™! be the unique solution of the linear
system
n
> Wiy(A) = Zi(Au), i=0,...,n (9)
§=0
with

Wi~(A)—/uiujdw and Z,-(A,u)—2/ w; do,
A 0A

where the volume form dw =du; A --- Adup, and the measure do on OA are related by the
equality uj A do = —dw on the facet Fj. We call (A ) = Yoo Gipi the extremal affine function.

Remark 6. One can also define (a,) as the unique affine function such that La .(f)=
faA fdo— % I f¢(au) dww =0 for any smooth function f, see [Don02].

The extremal affine function ((a, is the L?(A, dw)-projection of ‘the scalar curvature’
S(¢) to the space of affine-linear functions, for any symplectic potential ¢ € S(A, u). Indeed,
integrating (1) and using (6), we get

z(aw= [ S@uaz=2] (10)

In view of this, if there exists a symplectic potential ¢ € S(A, u) such that S(¢) is an affine-linear
function, then S(¢) = ((au)- In that case, the corresponding toric Sasaki metric is extremal in
the sense of [BGS08a]. Thus, we get the following corollary.

COROLLARY 2.17. On a compact toric contact manifold with good moment cone (C,A), an
extremal compatible toric Sasaki metric with Reeb vector field X3 has constant scalar curvature
if and only ((a,u,) is constant, where (Ay, up) is the characteristic labeled polytope of (C, A)
at b.

For any ¢ € S(A, u), we define the linear functional Fa ,):t— R as

Fiaw(a) = /A F2S(6) deo,

where fo(p) = (a, ) [5 dw —[,(a, p) do has mean value 0. Via (10), F(a ) does not depend
on the choice of ¢. Indeed, setting Z = (1/ [, dw)Zo(A, u),

}—(A,u)(a):/AfaC(A,u) dw:/Afa(C(A,u) - Z) dw.

In particular, F(a o) =0 if and only if (A ) is constant.
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Given any compatible T-invariant CR structure on a toric contact manifold with Reeb vector
field Xy, Fip = F(a,up) 18 the restriction of the transversal Futaki invariant of [BGS08a] to the
space of real transversally holomorphic vector fields which are induced by the toric action.
However, our definition of F(a, ., is independent of the choice of a compatible CR structure,
relating this invariant to the symplectic version of the Futaki invariant introduced in [Lej10].

3. The Reeb family of a labeled polytope

A labeled cone (C, L) consists of a polyhedral cone, C, with d facets in some vector space V' and
L={Ly,...,Lq} CV* sothat C={y|(y,L;)>0,i=1,...,d}. Moreover, a labeled polytope
(A, u) is characteristic of (C,L) at be V*if A=CN{y|(y,b) =1} and u; = [L;] € V*/Rb. The
interesting case is when L1, ..., Lg span a lattice A C V* for which C is good, since in that case
(A, u) determines the transversal geometry associated to the Reeb vector X3 on the toric contact
manifold associated to (C, A).

Convention 1. From now on, weset A=CN{y|(y,b) =1} insteadof A=CN{y|(y,b) =1/2}.
This convention facilitates the calculations of the next sections and geometrically corresponds
to normalizing the Liouville vector field so that the symplectic form of the symplectic cone is
homogeneous of degree one instead of two.

DEFINITION 3.1. A Reeb family is a set of equivalence classes of labeled polytopes characteristic
of a given labeled cone (C, L).

3.1 The cone associated to a polytope
Let (A, u) be a labeled polytope with defining functions
Li= (- u)+ )\ € Aff(t", R).
That is, A={rxet*|Li(x) >0,i=1,...,d}, F;={xet*|Li(x) =0}, and u; =dL; via the
identification Tjt" ~ t.
The defining functions L1, ..., Ly determine a cone
CA)={ye Aff(t",R)" | (y,L;) >0,i=1,...,d}

and its dual C*(A) = {L € Aff(t*,R) | (y, L) > 0 Vy € C(A)}. By translating the polytope A + p,
we translate the defining functions LY = L; — (i, u;), producing a linear equivalence between the
cones C(A) and C(A + ). More generally, we have the following lemma.

LEMMA 3.2. If (A,u) and (A’,u') are equivalent by an invertible affine map A, then so are
(C(A"), L") on (C(A), L) via the adjoint map of the pull-back of A.

PROPOSITION 3.3. A labeled polytope (A, u) is characteristic of a good cone if and only if the
defining functions L1, . .., Ly of (A, u) span a lattice in Aff(t*, R) with respect to which the cone
C(A) is good.

This proposition follows from the next lemma, where 1 € Aff(t*, R) denotes the constant
function equal to 1.

LEMMA 3.4. Let (A,u) be a labeled polytope with defining functions Li,...,Lg. C(A)
is a non-empty, strictly convex, polyhedral cone. Moreover, (A,u) is characteristic of
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(C(A),{L1,...,Lq}) at 1 € Aff(t*,R) and, up to linear equivalence, this is the unique labeled
cone for which (A, u) is characteristic.

Proof. Consider the evaluation map e : t* — Aff(t*, R)*, that is, for p € t*, the map e, : L — L(1)
is linear. We have Ime = {y | (y,1) =1} and then e(A) =ImeNC(A). For any y € Aff(t*, R)*,
there exist a unique p € t* and a unique r = (y, 1) € R such that y =e, — eg + reg, where e is
the evaluation map as above. This gives an identification Aff(t*, R)* ~ t* x R, leading to

C(AN{0} ={e;y —eo+reg | pe A, 7>0} ~A xRsp. (11)

By using again the identification T);t* >~ t, the differential maps Aff(t*, R) to t. The differential
corresponds also to the quotient map of Aff(t*,R) by the linear subspace of constant functions.
Thus, dL; = [L;] = u; € Aff(t*, R)/R1. The uniqueness part of Lemma 3.4 is straightforward. O

Remark 7. For a given labeled (simple) polytope (A, u) with vertices vy, ...,y and facets
Fy, ..., Fy, one can define N lattices of Aff(t*,R) as A; = (L; | v; € F})z. They are free groups
of rank n and one can prove that, assuming that A = (L, ..., Lg)z is a lattice in Aff(t*, R), the

cone (C(A), A) is good if and only if all the groups A/A1, ..., A/AN are free.

3.2 The Reeb family of a labeled polytope

Let (A, u) be a labeled polytope with defining functions L1, . .., Ly. Denote the interior of C*(A)
by Ci(A). It is the set of affine maps b € Aff(t*, R) which are strictly positive on C(A). C1(A)
is non-empty and open (C(A) is a closed subset of Aff(t*,R)*) and, by using (11), is given by

Ci(A)={be Aff(t",R) | (b, u) >0 Vu € A}.
Using Lemma 3.4, we get that: if (A, u) and (A’, ') are in the same Reeb family then there
ezists a unique vector b € C(A) such that (A', ') is characteristic of (C(A),{L1, ..., Lq}) atb.

In particular, the cone C} (A) provides an effective parametrization of the Reeb family of (A, u).
The affine hyperplane

t = {y € Aff(t",R)" [ (y,0) =1}

is identified with the annihilator of b in Aff(t*, R)* via a translation and then its dual vector
space is the quotient t, = Aff(t*, R)/Rb.

PROPOSITION 3.5. The Reeb family of (A, u) is parameterized by
{(Ap, wp) = (Wo(A), [Lals, - - -, [Lals) | b € CL(A) L,

where L]y is the equivalence class of L; in &, and the map Wy : A — t is defined as Wy(p) =

eu/b()-

Proof. Using the decomposition (11), we see that

f;ﬁC(A)—{eu/b(u)—eo—Fb?z)—b?:)’,LLGA}. (12)

The map Wy,(p1) = e, /b(p) is well defined and injective on any set where b is positive.

A basis, (v1,...,v,), of t provides coordinates on t* via u; = (u,v;) and so we write
= (p1, ..., ), as well as a basis of Aff(t*, R), that is,

@, (o1, .., (01, (13)
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which, in turn, gives coordinates on Aff(t*, R)* as y = (yo, ¥1,- .., Yn), Where yo = (y, 1) and
Yi = (Y, vi).
In this system of coordinates, we have e, = (1, 11, . . ., ftn) and thus

W) = G (L)

Denoting b= b(0)1 + >_:" ; bjv;,, the differential of U}, at p is

1 0 n 0 0
d¥Vp=—=|——=—®db+ b R du; —bjpui— ®du; ) |, 14
0, bw( - Z(m)a% = by u>> (14)

where db is identified with an element of t and thus with a linear map in Aff(t*, R). For a given
vector X =Y " | X;(0/0p;) € T,A, we compute that d,¥,(X) =0 if and only if db(X) =0 and
b(n)X =0, that is, ¥} is an immersion. O

,j=1

3.3 The Futaki invariant of a Reeb family

The purpose of this paragraph is to find a functional over the Reeb family of (A, u), whose
critical points are the Reeb vector b € C} (A) such that the extremal affine function ((a, .,) is
constant (i.e. the corresponding restricted Futaki invariant JF, vanishes, see §2.4).

Notation 1. Fix a basis of t giving coordinates (yo, . . . , y,) on Aff(t;, R)* as above and set dow =
dyo Adyi A -+ Adyp. For b€ CL(A), put ((b) = ((a,u,), Where (Ap, up) is the labeled polytope
in the Reeb family of (A, u) given by b via the parametrization of Proposition 3.5. Denote by
dwy, the volume form on ¢ = {y | (y, b) = 1} C Aff(t*, R)*, satisfying b A dw;, = dw, and doy, the
measure on JA; determined by the equality L; A do, = —dw;, on the facet Fy; = Ay N LY. In
the system of coordinates induced from (yo, . . ., yn) on t, the affine extremal function is written
C(b) = Co(d) + -1, Gi(b)y; € AfE(t), R), where (Co(b), C1(D), - . ., Ca(b)) € R™ is the solution of
a linear system (9) involving the functions

Wi (b) = Wl‘j(Ab) and Zz(b) = Zi(Ab, ub)
computed using dwy.

Remark 8. In the case where Li,..., L; span a lattice A for which C(A) is good, there is a
contact manifold (IV, D) associated to (C(A), A). Then, as in [MSYO06], one can compute that
up to a positive multiplicative constant depending only on the dimension of N, Wy(b) is the
volume of N with respect to the volume form n, A (dnp)™, where 7, is the contact form of Xp.

LEMMA 3.6. Fori,j=1,...,n,

1 iftj
Wood) = | ———— dw, Wii(b) = dw,
)= [ g e Wl = [ i

and

1 1273
Zn(b) = 2/ do, Z;(b)=2 do
o) =2 | W =2 ] oy

Proof. We use the coordinate systems on t* and Aff(t*,R) introduced in the proof of
Proposition 3.5.
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Choose p= (p1,...,pn) € A and denote

b(p)

Thus, bAdwy,=dyo Adyi A--- ANdyy,, since b=0b(0)dyo+ > i, b; dy; when viewed as an
element of 7,7 Aff(t*, R)*. By setting o=} }'_; ap with ap = (=D ppdyy A Adyg A~ - - A
dyn, we get

1 n , —
dwb:<dy1/\-'-/\dyn+2(—1)z+1pidyo/\---/\dyi/\--~/\dyn>.
i=1

1
dwpy=—(dy1 N---Ndy, +d .
@ b(p)( Y1 N dy Yo A )

On the other hand, put A, =3"7"._,(b(u)(0/9y:;) ® du; — bip;(0/0y;) ® dpj). In view of the
expression of d, U, (14), A, = b(u)?d, Yy, + (0/dyo) ® db. Moreover, A, is a morphism between
T, A and the kernel of dyo in the tangent space of Aff(t;, R)* and one can prove that?
det A, =b(0)b()" " and  db A Ay = —beprb(p)" " dpy A+ A dp.

Hence, since « is an (n — 2)-form on Aff(t*, R) such that «(9/0yp) =0, we have

1 1
—— (A} d o ANdy, —dbAN Ala) = ——— dw,
O T

where db =" | b; dy;, via the identification T;t" ~t. The first part of Lemma 3.6 then follows
easily and it remains to prove the statement concerning the functions Zy and Z;. Note that
Uy Ly = (1/b(p))u; and then

(\Ijzdwb)u =

dw

* * * 1
w A (Vg doy) = b(p) Wy (L Adoy) = =b(v) (Y de), = TR
This shows that (¥} doy), = (1/b(n)") do for g€ OA, which concludes the proof. O

Convention 2. For now on, we suppose b(0) = 1. There is no loss of generality since, in view of
the defining equations (9), for r > 0 we have

Crb) = r6o(8) + 7 3 ().
i=1

Note that Q= {be C}(A) | b(0) = 1} is relatively compact in Aff(t*, R).
ProprosiTION 3.7. The critical points of the functional F': () — R, defined as
7 n+1
pp) =20
Woo(b)”
are the affine-linear functions b for which ((b) is constant.

Proof. Notice that ((b) is constant if and only if {(b) = (o(b), which happens if and only if (y(b)
is a solution of the linear system

In that case, (o(b) = Zo(b)/Woo(b) with b a solution of
Wio(b)Zo(b) — Woo(b) Zi(b) =0, i=1,...,n. (16)

4 For example, a proof can use induction on n when viewing A, as an n x n matrix depending on two vectors
uwER™ and be R,
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By noticing that for i =1, ..., n,
9
ob;

we compute the differential of F' at b € Q:

—n(n+1)Zy(b)" ¢

0(b)Zo(b) — b)Z;(b)) db;,
Woo (0)7 1 ;(Wo( )Zo(b) — Woo(b)Zi(b))

W()o(b) = —(n + 1)Wi0(b) and £Zo(b) = —nZi(b),

dpF =

which concludes the proof. O

LEMMA 3.8. Let b€ ). Then

Li(0
Woo(b):nZ/ l(n) do.
T In b
Proof. For be Q, put X =, (i /b™)(8/01;), so we have div X = n/b" 1. Thus,

Loy (i, ) Ly(0)
—Woo b) = / Lx dw = — / do = / do
n ( ) OA ; jo) L ; jo) pn

since w; A Y Lo o, dw = (uy, p) deo. a

Consider the map = = (z1, ..., z4) : Q2 — R? whose components are the strictly convex and

strictly positive functions
1
x; = z1(b) :/ — do.
RO

With this notation and by putting A\; = L;(0), the functionals Wy, Zp, and F are

- - (23 @)™
szg)\ szQE d Fb)=-=——"——. 17
@)= g A D022 o and EO =S o
Foreachl=1,...,d, F}is an (n — 1)-dimensional polytope whose volume is x;, up to a positive

multiplicative constant determined by wu;. This suggests applying Lemma 3.8 recursively. Note
that [,,(1/b*) do(E) =1/b(pg)b(qr), where do(E) is the Lebesgue measure on the edge F and pg
and gg denote the vertices of A lying in E. Therefore, for each edge there are suitable constants
a(E), B(F) so that

Woo(b)= > _oAE) 4 Zob)= > _BE) (18)

Ecedges(A) b(pE)b(QE) Ecedges(A) b(pE)b(QE)

Moreover, F' is a rational function of the values of b on the vertices. More precisely,

B L\ (288 Mg b))
F(b)( 11 b(y)> (3 a(B) [gp b))

where the sums are taken over edges of A.
Proof of Theorem 1.2. Formulas (17) imply that A = max{\; |l=1,...,d} >0 and

9 T n+1 2n+1 on

F0)> S oy = Gy 2= 1= G

Moreover, 0f2 is the set of affine-linear functions vanishing on the boundary of A (but not on
the interior). In particular, they vanish on some vertices of A. Since Zy(b) only depends on the

vevert(A)
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value of b on the vertices, see (18), Zy(b) and thus F(b) converge to infinity when b converges to
a point of 0f2.

Hence, Theorem 1.2 follows from the fact that F' is a strictly positive function, defined on a
relatively compact open set €2, and converging to infinity at the boundary. In particular, F' must
have a critical point somewhere in 2. O

PROPOSITION 3.9. Let (A, u) be an n-dimensional labeled polytope with N vertices. The set
of critical points of F' is a real algebraic set given as the common roots of n polynomials in n
variables of degree 2N — 3.

Proof. By using (18), dp F' =0 if and only if for any linear function h: t* — R,

3 (nZoa(E) — (n+ 1)WooB(E))(h(pe)b(gr) + h(gr)b(pE))
5 b(pE)Qb(QE)2

—0. (20)

A linear function is determined by its values on n linearly independent points. Taking
a set of n linearly independent vertices of A, say pi,...,pn, (20) may be written as a
homogeneous equation in n variables h(p1), ..., h(pn). In particular, if (20) holds for any linear
function h, the coefficient P; of h(p;) in (20) vanishes for all i. These coefficients P; are functions
of b(p1),...,b(py) (since b(0) =1; the affine-linear function b is determined by its value at
Ply-.-,Pn). It is easy to see that, up to a suitable positive multiplicative constant, P; is a
polynomial of degree at most 2N — 3 in n variables b(p1), . .., b(pn). O

3.3.1 The Sasaki—Einstein case. Let (N, D) be a contact manifold such that ¢; (D), the first
Chern class of the contact bundle D, vanishes. In [MSY06], it is shown that the normalized Reeb
vector field for which the transversal Futaki invariant is zero corresponds to the critical point
of the volume functional and that such a point is unique. In our setting, this implies that, if
c1(D) =0, the critical point of F is unique and corresponds to the critical point of Wyo(b) in Q.

The condition ¢; (D) = 0 is a necessary condition for the existence of a Sasaki-Einstein metric
and corresponds to the fact that the primitive normals of the moment cone lie in a hyperplane,
see [FOW09, MSY06]. Moreover, if X} is the Reeb vector field of a Sasaki-Einstein metric, then
the basic first Chern class ¢P = 2(n + 1)[dn] 3, which implies that (Ay, up) is monotone in the
sense of the following definition.

DEFINITION 3.10. A labeled polytope (A, u) is monotone if there exists u € A such that
Li(p)=cforalll=1,...,d, where c is some positive constant.

In [Don08a], integral polytopes which are monotone (with respect to the normals primitive in
the lattice which is the dual of the lattice containing the vertices of the polytope) are called Fano
polytopes. This terminology is justified since a smooth toric variety X is Fano in the usual sense
(i.e. the anticanonical line bundle —Kx is ample) if and only if the integral Delzant polytope
associated to (X, —Kx) is monotone in the sense above. Equivalently, the symplectic manifold
associated to this integral Delzant polytope is monotone (i.e. the symplectic class coincides up
to a multiplicative constant with the first Chern class). In the orbifold case, one can prove that
a rational labeled polytope (A, w) is monotone if only if the associated symplectic toric orbifold
(M, w) is monotone. The next lemma is straightforward.

LEMMA 3.11. The defining functions of a monotone polytope lie in a hyperplane and any labeled
polytope in the Reeb family of a monotone labeled polytope is monotone.
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THEOREM 3.12 [MSYO06]. If (A, u) is monotone, then F' has a unique critical point. Moreover,
up to a translation of A, there exists a constant A > 0 such that W = \Z.

Proof. The functional F' depends equivariantly on the representative of the affine equivalence
class of a labeled polytope. In particular, the number of critical points of ' does not change
if we translate the polytope. If (A, u) is monotone, there exists ,ueﬁ such that L;(u) =
¢>0; then, by using Lemma 3.8, the function Wy associated to (A — p,u) is Wyo(b) =

(n/¢)Zo(b)- -

4. Examples: the case of quadrilaterals

Up to affine transform, there exists a unique strictly convex cone with four facets in R3. Indeed,
P GI(3, R) acts transitively on the set of generic 4-tuples of points of RP?. In particular, up to
linear transform, every Reeb family of quadrilaterals contains the equivalence class of a labeled
square. It is then enough to consider the Reeb family of labeled squares in order to study Reeb
families of quadrilaterals.
Let A, be the convex hull of p; = (=1, —1), po = (=1,1), p3 = (1, 1), ps = (1, —1) in R2. A,
is a square and the vectors normal to its edges are of the form
1 -1 -1 1
Uy =—e1, Up=—€3, U3=——e€], Us= —€3, (21)
T 79 T3 T
where e1 = (}), e2 = ({) € (R?)*. The defining functions of (A,, u) are
1
Li=(. -
1= () + ”

for {=1,...,4. Let us denote the edges E; = Ll_l(O) N A,. With coordinates (z,y) on R?, we
have uy = (1/r1) dz, ug = (—1/r3) dy, ug = (—1/r3) dz, uqy = (1/r4) dy. The following lemma is
straightforward.

LEMMA 4.1. (A,, u) is monotone if and only if ri + 13 =19 + 74.
Moreover, one can easily check that
Q={b=1+brer +baea | |by + ba| <1, [by — ba| < 1}.

By integration, we get

1 2
Woo(b) = /Ao b3 dz dy = b(p1)b(p2)b(ps)b(pa)

In this setting, the measure do can be made explicit:
alcr|E1 = —7r1 dy, da|E2 = —rodz, da‘ES =r3 dy, dU‘E4 =1y dx.

Integrating again leads to

_ i o 2rq 2ro 273 2ry
20~ | F = i S Tt e
We then get
Fb) = Zy(b)? _ 2(r1b(p3)b(pa) + 72b(p1)b(pa) + 73b(p1)b(p2) + 74b(p2)b(p3))?
Woo(b)? b(p1)b(p2)b(ps3)b(pa) '
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Put a1 =b; — by and a9 =b1 + by so that b(pl) =1-—as, b(pz) =1-ay, b(pg) =1+ aog,
b(ps) =1+ a1, and Q ~{(a1, a2) | |a;| < 1}. Moreover,
2(a1agK + al(K — 2(7”2 — 7’3)) + CLQ(K 2(7“4 — 7"3)) + K — 2(7"2 + 7"4))3
(1- a1)(1 - ag)
with K =71 + r3 —rg — r4. Note that K =0 if (A,, u) is monotone.

One can prove the following lemma using elementary methods.

F(b) =

LEMMA 4.2. The point b=1+ biej + baes € Q is a critical point of F' if and only if (a1, az) =
(b1 — ba, by + by) € R? is a common root of the polynomials
P(ay, az) = —atasK — a3 (K + 2(ro — 13)) + 2a1a2(K + 2(r4 — 13))
+2a1 (K +2(rg +74)) + 3(a2 K + K +2(r2 — r3)),
Q(a1, as) = —ada1 K — a3(K + 2(ry — 13)) + 2a1a9(K + 2(ro — 73))
+2a9(K +2(ro +r4)) + 3(a1 K + K + 2(rg — 13))

lying in the square {(a1, a2) | |a;| < 1}. Consequently, F' has at most seven critical points.

LEMMA 4.3. Ifr; =r3, ro =14, and 11 +r3 > 5(ro + r4), then K >0 and P and @) have exactly
five distinct common roots: (0, 0), +(a, —a) with 0 < a®> =1 — 4(ro + 74)/K < 1, and +(a, a) with
a?=5+4(ryg +14)/K > 1.

In particular, F' admits three distinct critical points in €.
Proof. If ry = r3 and 19 = ry, then K + 2(rqy —r3) =0, K + 2(ry — r3) =0, and
P(al, CLQ) = —a%agK + 2&1(K + 2(7‘2 + 7‘4)) + 3a2K,
Q(ay1, az) = —aday K + 2a2(K + 2(ry +74)) + 3a1 K.

Write P(z,as) = C(x)ag + D(z), where C(x) = —Kx?+ 3K and D(z)=2(K + 2(ry + r4)).
Since C and D do not have any common root, P and () have at most five common roots of

the form
<a, —283) with a a root of CQ(m)Q<x, —283)

By noticing that
P(al, —al) = —Q(al, —al) = al(a%K — K+ 4(7’2 + 7‘4))
P(a1,a1) = Q(ay, a1) = a1(—a3 K + 5K + 4(ry +14)),
we get the desired five distinct common roots.

Since 11 + r3 >5(ro+14), 0< 1 —4(rg +r4)/K < 1 while 5+ 4(ro +14)/K > 1. O

We have to find which examples provided by Lemma 4.3 correspond to Reeb vector fields
on a toric contact manifold, that is, which labeled squares of Lemma 4.3 are characteristic
of a good cone. Denote by (ey, ez, e3) the standard basis of R3. Consider the polyhedral cone
Co={x|(z,0;) >0,j=1,...,4} CR3, where the rays §; are

01 =Rsoles +e1), da=Rsp(es+e2), d3=Rsp(es —e1), d1=Rsp(e3 —e2).

LEMMA 4.4. FEach strictly convex polyhedral cone with four facets in R3 is equivalent to C, by
an affine transform. Moreover, C, is a good cone with respect to a lattice A C R? if and only if
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there exists s >0 such that the primitive normal vectors inward to C, are U = sci(ej + e3),
Gig = sca(eg + e3), ug = scs(es — e1), and G4 = scy(es — e2) for some positive integers ci, co, c3,
ca such that

lem(eyq, ¢2) =lem(eq, ¢4) = lem(es, c2) = lem(es, c4q). (22)

Proof. The first statement follows from the fact that P GI(3, R) acts transitively on the set of
generic 4-tuples of points of RP? and that the normal lines of a strictly convex polyhedral cone
are generic (any subset of three elements is a basis).

In our case, the normal inward vectors are i1 = c1(e1 + e3), U2 = ca(ea + e3), Uz = c3(es — e1),
and G4 = c4(es3 — ez). Up to multiplication by a constant s > 0, we may assume that ¢; € Q for
all . Indeed, the fact that (C,, A) is rational (i.e. it is possible to choose u; € A) implies that
ci/cj € Q. Moreover, there exists a primitive vector of Z4, say k= (ki, ko, k3, k4), such
that Zj kjuj = 0. This vector is unique up to sign and, putting C' = lem(cq, c2, ¢3, ¢4), we choose
it to be

k= (C/Cl, —C/CQ, C/Cg, —C/C4).

The Delzant—Lerman construction [Ler03] implies that the symplectic cone over the toric contact
manifold is the quotient of

4
> kjlzlt = 0}

X = {(Zl, 29, 23, 24) € 64\{0}
j=1

by the action of S, defined by p: S! x X — X,
PN, z) = (W12, A3 23), (W25, NFazy).

Lerman [Ler03] showed that the quotient constructed via this method from a rational polyhedral
cone (Co, A) is smooth if and only if (C,, A) is a good cone. The stabilizer of a point z € X is
determined by its vanishing components, precisely Stab,z = {\ € 51 | MFi =1 if z; # 0}. One can
then verify that the stabilizer group of each point z € X is trivial if and only if

ged(k, ko) = ged(kq, ka) = ged(ks, ko) = ged(k1, ka) = 1. (23)
Since kj=(—1)7"1C/c; and |ab] =lcm(a, b)ged(a,b), the condition (23) is equivalent to
lem(eyq, c2) =lem(eq, ¢4) = lem(cs, c2) =lem(es, ¢q) = C. O

Proof of Theorem 1.3. Let (ry,ro,73,74) €Z* with p=7r =73, g=ry=74 being coprime
integers such that p > 5q. Let u be defined by (21). The labeled cone of (A,,u) is identified
with the cone C, labeled with the vectors
= (etes) = (e2bes), Gs=o(es—er), = (s e)
Uy = —(é1re3), Uz=-—(ez2rTez), U3=—(€3—~c€1), U= —(€3—¢€2)
p q p q

These vectors are all contained in a lattice A and the rational cone (C,, A) is good since it satisfies
Lemma 4.4. In particular, (Co, A) is associated to the Wang—Ziller manifold MI},’ql with the toric
contact structure (D, T') described in [BGSOS8Db].

The set of characteristic labeled polytopes of (C,, A) is the Reeb family of (A,, ) which
satisfies the hypothesis of Lemma 4.3. Hence, there exist three Reeb vectors

4
bo=(0,0,1) and bi:<o,i,/1— q,l)
pb—q
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whose respective characteristic labeled quadrilaterals have constant extremal affine functions.
Via [Legll, Theorem 1.4], there exist symplectic potentials, say ¢y, € S(Ayp,, up,) and ¢ip €
S(Ap,, up, ), for which S(¢y,), S(op, ), and S(¢,_) are constant. In particular, their respective
Boothy—-Wang symplectic potentials ngo, ng ., and ng, define toric Kéhler cone metrics gp,, gb.
and gp_ on the symplectic cone over (]\4,:,17’(11 , D, T ) for which the associated Sasaki metrics gy, ,
gy, and g,_ on M,},’ql have constant scalar curvature.

The Wang—Ziller manifold Mz}fql is diffeomorphic to S? x S3, see [BGSO8b], and cannot carry
a 3-Sasaki structure due to its dimension. Thus, it satisfies the hypothesis of Proposition 2.14.
So, if there exists a diffeomorphism 1+ such that *g,, is a transversal homothety of g, , then
there exists a real number A > 0 such that (AAy,, up,) is equivalent to (A, up, ) in the sense of
Definition 2.1. But, this cannot happen since Ay, is a square while Ay, is a trapezoid. Similarly,
gp, and gp_ are not isometric as Riemannian metrics even up to a transversal homothety.

o

On the other hand, the linear transform A= —e; ® e] — e2 ® €5 + e3 ® €3 preserves the set
of normals and exchanges b, and b_. Thus, A* preserves C, and provides a T-equivariant
contactomorphism sending gs, to gy_, thanks to Proposition 2.15. a
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