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1. Introduction

Context. The problem of ‘level raising’ was first considered by Ribet [33] in the context
of classical modular forms. Let f be a classical modular form of weight 2 and level I'g(V),
which is an eigenform for the Hecke operators. For any choice of rational prime [ and
isomorphism ¢ : Q; — C, there is an associated continuous semisimple representation

rn(f) : Gal(Q/Q) — GL2(Q))
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unramified outside NI and determined, up to isomorphism, by the relation
det(X — r,(f)(Frob,)) = X% - (a,) X +p

for each prime p { Ni; here Frob,, denotes a geometric Frobenius element and a, € C the
eigenvalue of the Hecke operator 7).

Let 7,(f) : Gal(Q/Q) — GLy(F;) denote the semisimple residual representation. Given
a prime ¢ 1 NI, one can ask whether there exists another eigenform ¢ of weight 2 and
level I'g(Nq), new at ¢, and such that 7,(¢) = 7,(f). Ribet showed that the answer is yes,
provided that f satisfies certain conditions. A necessary condition is the congruence

1" (ag) = £(g+1) mod mg,. (1.1)

This condition is necessary because there is an isomorphism, a consequence of local-global
compatibility,

~( Vv x
n(g)lc;auqq/qq):( 0 ety )

where € is the cyclotomic character and v is an unramified character such that 2 = 1.
One of the key inputs in [33] is a lemma of Thara, which describes the kernel of a
degeneracy map

HY(To(N),F))® H (Do(N),F;) — H(T'o(Ng),F)).

Diamond and Taylor [15] generalised [33] by considering automorphic forms on quaternion
algebras (i.e., inner forms of GLy over Q). In particular, they considered the case of definite
quaternion algebras, in which case the analogue of Thara’s lemma can be deduced easily
from the strong approximation theorem (see [15, Lemma 2]).

Level raising for automorphic representations of GL,, when n > 2 is less well understood.
A natural case to consider is that of regular algebraic automorphic representations of
unitary type. By unitary type we mean automorphic representations w of GL,, (A g), where
E is a CM number field, such that the conjugate 7 ¢ by complex conjugation ¢ € Aut(FE)
is isomorphic to the contragredient wV. These are the automorphic representations that
should be related, by Langlands functoriality, to automorphic representations of unitary
groups admitting Shimura varieties (permitting a generalisation of Ribet’s technique) or
to definite unitary groups (generalising the context of [15]).

In [12], Clozel, Harris and Taylor formulated a conjecture about automorphic forms
on definite unitary groups U, that would play the role in studying level raising at a
split place of the quadratic extension defining U,, of Ihara’s lemma in the work of Ribet.
However, relatively few cases of this conjecture have been proved. We mention the case
n =2 (proved in [12, Lemma 5.3.1]) and the papers [38, 24], which establish some cases of
the conjecture for arbitrary n but under restrictive hypotheses. (One can also study the
analogous problem at places that are not split; see, for example, the papers [9, 5, 30].)

The motivation in [12] for formulating this conjectural generalisation of Thara’s lemma
was to be able to prove automorphy lifting theorems. In a subsequent paper [37], Taylor
gave a method to avoid the use of this conjecture, establishing unconditional automorphy
lifting theorems. One can turn the argument around and apply these automorphy lifting
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results to raise the level of an automorphic representation 7 (always regular algebraic, of
unitary type), provided that the residual representation 7, () is sufficiently nondegenerate
(in particular, one usually requires it to be irreducible). See [16, Theorem 5.1.5] for an
example of a result of this type.

The results of this article. In this article, we prove new level-raising results for
regular algebraic automorphic representations of GL,,(Ag) of unitary type, with only a
very weak condition on 7, (7). Our motivation for doing this is applications to the problem
of symmetric power fucntoriality for GLa (see, e.g., [32]). Here is a special case of our
main result, Theorem 5.1.

Theorem 1.1. Let E be a CM number field, and let n > 1 be an integer. Let my,mo be
cuspidal automorphic representations of GL,(Ag) of unitary type such that m = my B o
is reqular algebraic. Let | be a prime, and let 1 : Q; — C be an isomorphism. Suppose that
the following conditions are satisfied:
(1) 7,(rr) is not isomorphic to any character twist of the representation 1®e 1 @---®
1-2n
€ .
(2) There exists a place wtl of E and unramified characters &1,&2: B — C* satisfying
the following:

(a) 71,0 EStp(£1) and ma, 4 = St,(§2), where St, denotes the Steinberg representa-
tion of GL,(E,).

(b) Let wy, € Ey, be a uniformiser. Then there is a congruence
& (@) /E2(w) = ¢y mod g,

where myz, denotes the mazimal ideal of 7.
Then we can find the following:
(1) A biquadratic CM extension E'/E and a place w'|w of E’.

(2) A cuspidal automorphic representation IT of GLay, (Ag), reqular algebraic of unitary
type, such that T,(I1) = T, (”)|Ga1(E/E’) and Tl is an unramified twist of the
Steinberg representation of GLan(E,)).

The proof of this theorem is based on the endoscopic classification of automorphic
representations of Us,. More precisely, we choose a unitary group Us, over the maximal
totally real subfield F' of F, an inner form of the quasi-split unitary group U, associated
to the quadratic extension F/F, which has the following properties:

Uy is definite: In other words, Uz, (F ®qR) is compact.

Let v denote the place of F' below w, which we assume splits in £. Then there is
an isomorphism Usy, (F)) = GL2(D,), where D,, is a central division algebra over
E,, of rank n.

This group is useful to us for the following reasons. First, the analogue of Thara’s lemma
at the place v follows from strong approximation, just as in the case n = 1. Second,
the endoscopic classification implies that the automorphic representations of Us, (Af)
should admit a description in terms of the regular algebraic automorphic representations
of GLy,(Ag) of unitary type. In particular, the multiplicity of (a descent of) 7 in the
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space of automorphic forms on Us,, should be described by Arthur’s multiplicity formula,
allowing us to reformulate the problem of level raising for GLo,, in terms of a more
accessible one about level raising for the group Us,.

We can now explain the reason we must pass to an extension E’/FE in the statement
of the Theorem 1.1: It is there so that the multiplicity on Us, is positive! At the time
of writing a proof of the endoscopic classification for groups like U, (which are inner
twists, but not pure inner twists, of the quasi-split form) has been announced by Kaletha
et al. [22], but a complete proof has not yet appeared. We therefore establish the small
piece of the endoscopic classification that we need using existing references.

Organisation of this article. We begin in Section 2 by recalling some basic facts
about the relation between representations of GLo, (E,) and GL2(D,,) and consider as
well the local avatar of the level-raising degeneracy operator. In Section 3, we state and
prove what we require on the endoscopic classification in the cases described above. Our
main reference for the trace formula and its stabilisation is the paper of Labesse [26]. To
compute, we rely on Kaletha’s formulation of the local Langlands conjectures, as exposed
in [21].

In Section 4, we prove a version of our main theorem for automorphic representations
of the group Us,; this requires the analogue of Thara’s lemma but not yet the endoscopic
classification. In Section 5, we combine the results of §§3—4 to prove our main result on
automorphic representations of GLo,,.

Notation. Throughout this article, if K is a field, then we write Gx for the Galois
group with respect to a fixed separable closure K°/K. If K is a number field and v
is a place of K, then we write K, for the completion and (in case v is a finite place)
Ok, C K, for the valuation ring, w, € Ok, for a choice of uniformiser, k(v) = Ok, /(@)
for the residue field, and g, = #k(v) for the size of the residue field. We fix embeddings
K?® — K} extending K — K,,, obtaining injections Gx, — Gk. We write Ak for the adele
ring of K, A% for the ring of finite adeles, and 5;( C A% for the open subring given by
the profinite completion of the ring of integers Ox C K.

We use the notation for the local Langlands correspondence for GL,, described in [13,
Section 1]. In particular, if K is a non-Archimedean local field and 7 is an irreducible
admissible representation of GL,, (K) over a field Q, abstractly isomorphic to C, then
we use the Tate normalisation to define rec};(n), a Frobenius-semisimple Weil-Deligne
representation over K. The same reference also recalls the notion of regular algebraic
automorphic representation (a condition on the infinite component of an automorphic
representation m of GL,,(Ak)).

If E is a CM field (i.e., a totally imaginary quadratic extension of a totally real number
field F'), then we write ¢ € Gal(E/F) for the nontrivial automorphism. We say that an
automorphic representation 7 of GL,, (Ag) is conjugate self-dual if 7¢ = V. We will often
use the fact that if 7 is an RACSDC (regular algebraic, conjugate self-dual, cuspidal)
automorphic representation of GL, (Ag), [ is a prime and ¢ : Q; — C is an isomorphism,
then there exists an associated continuous representation 7,(xw) : Gg — GL, (QZ), which
satisfies the relation

WD(r(m)| g, )™ Zrecy;, (1) (1.2)
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for each place v 1! of E (see [6]; in other words, the associated Weil-Deligne representation
respects the local Langlands correspondence, after passage to Frobenius semisimplifica-

tion).
This can be slightly extended: If instead mq,...,7m; are conjugate self-dual, cuspidal,
automorphic representations of GLy, (Ag),...,GLy, (Ag) (therefore unitary), and 7 =

w1 BBy is the normalised induction, a conjugate self-dual, unitary automorphic
representation of GLy p, (AE), then if 7 is regular algebraic then there exists a continuous
semisimple representation 7,(w) : Gg — GLy p, (Qp) satisfying (1.2). This follows easily
from the case kK = 1. We note that for = satisfying these conditions, we can define what
it means for 7 to be t-ordinary ([13, Definition 2.4]).

We will use the existence of cyclic base change. If E is a number field and 7wy, ... 7
are unitary cuspidal representations of GL,, (Ag), ...,GLy, (Ag), then cyclic base change
associates to the representation w = 1 H---Hm, of GL,(Ag) and any cyclic extension
E’/E of number fields the base change representation mp of GL,(Ag) (see [2, Chapter
3, Theorem 4.2, Theorem 5.1]).

Throughout this article we use overline to denote semisimple residual representations
(e.g., 7() : Gg — GL,(F))).

2. Recollections on the Jacquet-Langlands correspondence

Let K/Q, be a finite extension, and let D be a central division algebra over K of rank
n > 1. We recall that the Jacquet-Langlands correspondence is a bijection JL from the
set of (isomorphism classes) of square-integrable irreducible admissible representations of
GL4(D) to the set of square-integrable irreducible admissible representations of GL 4, (K)
(see [14]). It is uniquely characterised by a character identity, which is generalised below.
Badulescu has defined a map |LJqr,,(p)| from the set of irreducible unitary representations
of GL4,(K) to the set of irreducible unitary representations of GL4(D), together with
the zero representation (see [4]). The map |LJgr (bl is neither injective nor surjective in
general, but it does satisfy |LJgr p)|(JL(7w)) =7 if m is square-integrable. If 7* is any
irreducible unitary representation of GLg4, (K), and f € C°(GL4(D)), then we have the
identity (cf. [19, Proposition A.0.1])

trr* (f*) = (=1)* " V| Ligr o) | (T (), (2.1)

where f* € C(GLg4,(K)) is a stable transfer of f (see Section 3 for more recollections
on this).

The reduced norm defines a homomorphism det : GLy(D) — K*. If d =1, then we
denote this as N : D* — K. Both JL and |LJgy ()| are compatible with the operation
of twisting by characters of the form x odet.

We now specialise to the case d = 2, which is the one of interest for us. Let Py C GL2(D)
denote the minimal parabolic subgroup of GL2(D) consisting of upper-triangular matrices
with entries in D, and let My = D> x D> denote its diagonal Levi subgroup. Let ép, :
Py — R denote the character §p,(diag(di, d2)) = |N(d; d{l)ln, where |-|: K* — R.g is
normalised, as usual, so that the norm of a uniformiser equals the reciprocal cardinality
of the residue field of K.
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Let Op denote the ring of integers of D, and let wp € Op be a fixed choice of
uniformiser. We set 8 = GL2(Op) and write J C K& for the subset of elements whose
lower-left entry is divisible by @wp. Then J is an Iwahori subgroup of GLa(D).

The representations of GLo(D) that we will be concerned with are the irreducible
subquotients of the normalised induction

n-Ind 32 (1 0 N ® y2 0 N),

where 1, x2 : K* — C* are unramified characters. The properties of these are described
by the following proposition, which generalises well-known facts in the case D = K.

Proposition 2.1.

(1) Let w be an irreducible admissible representation of GLy(D). Then % #0 if and
only if w is isomorphic to a subquotient of a representation n—Indg(I;Z(D)Xl oN®

x20 N, where x1,x2 : K* — C* are unramified characters.

(2) Let x1,x2: K* — C* be unramified characters, and let w = n—IndICiéQ(D) x1oN®

x20N. Then m is irreducible if and only if x1/x2 # |- 1™ If x1/x2 = |- |T", then
7 has two irreducible subquotients: the character 1 odet and an essentially square-
integrable representation.

Proof. The first part of the proposition follows from well-known results on Jacquet
modules; see, for example, [19, Section 2.1]. The second part follows from the results of
[35, Section 2]. O

We write Stgr,(p) for the unique square-integrable subquotient of
n-Ind3 2P 2o N@| - |20 N

and call it the Steinberg representation of GLo(D). If x : K* — C* is an unramified
character, then we define Stqr,(p)(x) = Star,p) ®(x odet). The first part of the following
lemma justifies our use of language.

Lemma 2.2.

(1) We h(we |LJGL2(D)|(St2n) = StGLg(D)-
(2) Let x1,x2: K* — C* be unitary unramified characters. Then

| LJGLy (D) (Stn (x1) B St (X2) =n-Ind 32”1 0 N @ x20 N.

(3) Let w be an irreducible unitary admissible representation of GLay, (K). Suppose
that there is an unramified character x : K* — C* such that |LJgr,mp)l(T) =
StaLy(py(x). Then either m = Sta,(x) or m = x odet.

Proof. The first part is contained in the statement of [14, B.2.b, Théoréme]. The second
follows from [3, Proposition 3.4]. For the third, we can assume (after twisting) that x = 1.
It suffices to show that 7 has the same cuspidal support as Sto,; then [8, 2.1, Theorem]
shows that = must have the claimed form.

To compute the cuspidal support of 7, we writew =) . _; a; n—Indg}%(K) 0; as asum (in
the Grothendieck group of irreducible admissible representations of GLa, (X)) of standard
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representations; thus, the a;s are nonzero integers, the P;s are standard parabolic
subgroups of GLo, (K) and the o;s are essentially square-integrable representations of
the Levi quotients of the P;s. Each representation o; has the same cuspidal support as
7. Then, by definition (see [4, Section 2.7]), we have

GLo(D
|LJeram|(0) =% ) aineInd( > o,

el

where now I’ C I is the set of indices for which P; corresponds to a standard parabolic
subgroup P. of GL2(D) and o is the essentially square-integrable representation of the
Levi quotient of P, corresponding to o; under the Jacquet-Langlands correspondence.
By hypothesis, some representation n—Indg%Z(D)
If P; =GLa(D), then o/ = Stgr,(p), 0: = Stg; and we are done. Otherwise, P; = Py and
o/ =20 N®|-|""?0 N, in which case o; is the representation St,,(|-|"/?) ®St,, (|-]~"/?)
of GL,,(K) x GL,,(K). We again see that o; has the same cuspidal support as Sts,,. This
completes the proof. O

o) contains Stqr,(p) as a subquotient.

Let n = diag(l,mp) € GLy(D). Note that J C nfn~', so if m is an admissible
representation of GLy(D), then n-7% C 7.

Lemma 2.3. The subgroup of GLy(D) generated by GLo(Op) and nGLy(Op)n~* contains
the subgroup SLo(D) = ker(det : GLo(D) — K ).

Proof. We define subgroups

U+={<(1) f>|xep} and U‘={(i (1)>|xeD}.

We claim that U" and U~ generate SLy(D). Indeed, let 7~ denote the subgroup they
generate. The relation

1 0 1 —z 1 0 1yt oy 0
g h—gly g7l 1 0 1 zh—y 1 0 1 “\L o0 zlyt )

valid for all z,y € D, shows that 7 contains all elements of the form diag(z,z~') and
diag(zyz~'y~!,1). The commutator subgroup of D* equals the kernel of N (see, e.g.,
[31]), so this shows that 7~ contains all of the diagonal matrices in SLo(D).

Now consider an element g = ( Z Z ) of SLa(D). If d #0, then we can write

(1 bd a—bdtc 0 1 0
I9=\Lo 1 0 d dle 1)

showing that g € 7. If d =0, then bc # 0, and we can write

_ 1 0 a b
9=\ -1 1 a+c b )’

showing that g € 7. This completes the proof of our claim that 7= SLo(D).
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Because U' and U~ are conjugate under an element of GL2(Op), it now suffices
to show that UY is contained in the subgroup of GL2(D) generated by GL2(Op) and
nGL2(Op)n~'. Let UT(0) = Ut NGL2(0Op), and let

f_ (01 01\ ., (o O
L1 0)"N10)" T\ o0 w3 )
Then Ut =U,>o¢ " Ut (0)¢", so this is true. O

Lemma 2.4. Let  be an irreducible admissible representation of GLa(D) such that m” #
0. Define a map d: 7@ x? — 77 by the formula d(f,g) =f+n-g. If d is not surjective,
then there is an unramified character x : K* — C* and an isomorphism w = Star,p)(X)-

Proof. Lemma 2.3 shows that the kernel of d is contained in 75%2”) and so is trivial
if  is not one-dimensional. We will show that if 7 is not a twist of Stgr,(p), then d is
surjective. Proposition 2.1 shows we need only consider two cases. If 1 = x odet, then
7% =n7 and d is surjective.

If m = n—IndIG;éJQ(D) ¥10N ® x20 N is an irreducible induced representation, then %
is 1-dimensional. Indeed, the definition of induction shows that m# can be identified
with the set of functions GLo(D) — C such that for all p € Py, g € GL2(D), k € &,

o(pgk) = (x10 N ® xo ON)(p)S}D/OQ(p)w(g). We have GL2(D) = Py, so evaluation at the

identity e € GLy(D) defines an isomorphism 7% — (x;1 0 N® x20 N)OB XOB, and this space
is one-dimensional.

On the other hand, 77 is two-dimensional (for example, by [7, Proposition 2.1]). Because
d is injective, it is also surjective in this case. This completes the proof. O

In the course of the proof of the last lemma, we showed that if x1, xo are unramified
characters and 7 = n—Ind%{?Z(D) X10N ® x2 0N is irreducible, then 7® is one-dimensional.
In fact, this conclusion holds even when the induced representation is not irreducible. We
conclude this section by computing the eigenvalues of some Hecke operators on the line
b2
Before giving the statement, we recall that the Hecke algebra H(GL2(D),R) of K-bi-
invariant, compactly supported functions f : GLo(D) — Z acts on the space m®. We
suppose here that convolution is defined with respect to the Haar measure, which gives
R measure 1.

Lemma 2.5. Let Th = [RnR], Tz = [Rdiag(wp,wp)R] € H(GLa(D),R) be the charac-
teristic functions of these double cosets, and let m = n—IndP(I;Q(D) X100 N ® x20 N, where
X1, X2 : KX — C* are unramifed characters. Then if v € n%, we have

Tio = ¢/ O (@r) + x2 (@) v and Tov = x1x2(@ K ).

In particular, w is reducible if and only if 7% is annihilated by TE — To(qi +1)%.

Proof. The computation of Hecke eigenvalues is standard, following the technique
of proof of [12, Lemma 3.1.1]. The final sentence follows because the eigenvalue of
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T7 — Tolgp + 1 is —On(@k) — g x2(@ k) (xe(@x) — ¢ x1(@k)), and this is zero
exactly when 7 is reducible, by Proposition 2.1. O

3. The endoscopic classification

In this section we prove what we need concerning the endoscopic classification of
automorphic representations of certain unitary groups. The results we prove here are a
very special case of the general classification, which has been announced in [22]. However,
complete results await a sequel to that paper, so we have chosen to give an unconditional
proof of what we need here based on existing references.

Let m > 1 be an integer, and let E/F be a quadratic extension of fields of characteristic
0 (inside a fixed algebraic closure F/F). We define a matrix

0 ... 0 -1

0 ... 1 0
®,, =

(-D™ ... 0 0

If M = Resg/r GL,,, and ¢ € Gal(E/F) denotes the nontrivial automorphism, then we
may define an involution 6y : M — M by the formula 0y (g) = ®,,"(g¢) '@}, The
subgroup Uy C M of fixed points is the quasi-split unitary group in m variables. Its
functor of points on an F-algebra R is

U (R)={g € Mu(EQr R) | ,,' (¢°®H 101 = g}.

We consider U}, as being endowed with its standard splitting (as described in [22,
Subsection 0.2.2]). We note that there is a natural identification of the scalar extension
U g With GL,,: There is an isomorphism F®p E = E x E (where the two E-algebra
structures agree in the first factor), giving rise to an identification

Up, = ((91.92) € GLin X GLiy | g2 = Ppngy @71,

m

and the projection to the first factor gives the desired isomorphism U} 5 — GLiy.

3.1. Statements

Now let n > 1 be an integer, let m = 2n and suppose that E/F is a quadratic CM extension
of a totally real field. Let ¥ be a finite set of finite places of F', each of which splits in F;
we fix for each v € ¥ a factorisation v = 77¢ in E, and set & = {7 | v € ©}. We assume
that E/F is everywhere unramified. Note that this implies that [F : Q] is even.

We fix the following data:

e A central division algebra D over E of rank n such that D®pE . £ = D°P, such
that for each v € ¥, Dy has invariant 1/n, and such that for each place w of E
not lying above a place of X, D,, is split.

e An involution T of B = Ms(D) of the second kind (i.e., satisfying the conditions
()t =y'z" and 1|p = ¢).
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We define U, to be the unitary group over F' associated to the pair (B, T); that is, with
functor of points given on an F-algebra R by

Un(R)={ge BRrR|¢"®g=1).
We further assume that { is chosen so that U, satisfies the following conditions:

e For each place v|oo of F', U, (F,) is compact.
e For each finite place v € ¥ of F, Uy, F, is quasi-split.

Such a choice exists because [F' : Q] is even. We fix an inner twist & : U, — Up,, as the
composite

&: U;j =GL,, 7= B% =U, 7
where the first and last isomorphisms are the canonical ones and the isomorphism
GL,, 7= B% is any fixed choice arising from an isomorphism M,,(F) = B®pg F of central

simple F-algebras. Our choices so far determine the following data:

e For each place v of F that splits v = ww® in E, an isomorphism Uy, (F,) = B,;. If
v &€ 3, we write iy, : U (Fy) = GLj, (Ey) for the isomorphism arising from a fixed
choice of isomorphism B,, = M,,(F,) of central simple F,,-algebras. If v € X, we
write ty @ Up (Fy) — GL2(D,,) for the canonical isomorphism.

e For each finite place v of F that is inert in F, a U,*,;“d(Fq,)—conjugacy class of
isomorphisms ty, : Up, (Fy) = UJ, (Fy).

Having fixed the above data we can define a notion of base change relative to the quadratic
extension F/F. If o is a unitary irreducible admissible representation of U,,(Ar) and &
is a unitary irreducible admissible representation of GL,,(Ag), we will say that 7 is a
base change of o and write BC(0) = 7, if the following conditions hold:

e For each inert place v of F at which o, is unramified (i.e., such that o, has a
nonzero invariant vector under some hyperspecial maximal compact subgroup of
U (Fy)), 7,y is unramified and related to oy, by standard unramified base change
(cf. [27, Section 4.1]).

For each split place v = ww® of F such that v € ¥, m, E 0y OL;I.
For each place v = ww® such that v € ¥, |LJGLy(D,)|(Tw) = 0y m;l. (In particular,
|LJGLy (D) | (7Tw) is nonzero.)

e For each Archimedean place v of F' and each isomorphism t : E,, — C, let W7 be the
irreducible algebraic representation of GL,, (F,) over C such that o, = W |y, (F,)-
Then 7, has the same infinitesimal character as W (o) = Wy ®c Weoe.

We state two theorems about the classification of automorphic representations of U,,.
The first concerns the existence of base change.

Theorem 3.2. Let o be an automorphic representation of Uy, (Ap). Then there exists
a partition m = mi +---+ my and discrete automorphic representations mi,...,m of
GLn, (AR),...,GLy, (AR), all satisfying the following conditions:

e Foreachi=1,... .k, nf=m.

e We have BC(o) =m B --Bmy.
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The second concerns the existence of descent. Before formulating it, we observe that if
F'/F is any X-split finite totally real extension, then our hypotheses are still valid over
F’. More precisely, if E' = F'E, then E’/F’ is an everywhere unramified CM quadratic
extension of a totally real field, the algebras D ®r F’' and B®pg E’ satisfy the analogous
hypotheses relative to F’ and give rise to the group U,, g/, which comes equipped with
an inner twist & : Uy 57— (U, p) 7

Theorem 3.3. Let my,m2 be RACSDC automorphic representations of GL,(Ag) satis-
fying the following conditions:

(1) w =m1 Bry is regular algebraic.
(2) For each inert place v of F, m, is unramified.

(3) For each place v € X of F and for each place w|v of E, mw; 4 is an unramified twist
of the Steinberg representation (i =1,2).

Let F'JF be a L-split, totally real quadratic extension, let E' = F'E and let wg denote
the base change of m with respect to the quadratic extension E'/E. Then there exists an
automorphic representation o of U, (Apr) that is unramified at the inert places of E'/F’,
and such that BC(o0) = mwg. Moreover, o appears with multiplicity 1.

Theorem 3.2 is [19, Proposition 6.5.1]. We will prove Theorem 3.3 in the next section.
Before proceeding to the proof, we record an important consequence of Theorem 3.2.

Corollary 3.4. Let o be an automorphic representation of U, (Ar), let | be a prime
and let v : Q; — C be an isomorphism. Then there exists a continuous representation
r(0) : Gg — GL,,,(Q,) satisfying the following conditions:

(1) Let vtl be an inert place of F at which o is unramified. Then 1)y, s
unramified.

(2) If v=ww"® is a split place of F' and v € ¥, then 7“L(<7)|I;V_ESS = recgw (oy0uh).

Proof. This is a consequence of Theorem 3.2 and known results for GL,,,(Ag). Indeed,
let # =1 H-.-Hmr, be the base change of 0. Then each m; is a discrete automorphic
representation of GL,,,(Ag) and ;|- |(m=mi)/2 ig regular algebraic. By the classification
of discrete automorphic representations of GL,,,(Ag) [28], there is a factorisation m; =
a;b;, a cuspidal automorphic representation u,; of GL,, (Ag) satisfying u¢ = u; and an
isomorphism

73 = | (TP B ] | TR B ] T,

Moreover, pu;|-|(@+bi=1=m)/2 is regular algebraic, and so there exists a continuous,

semisimple representation 7, (u;|-|(%+b=1=™/2) — GL,, (Q,) satisfying local-global com-
patibility at each place w1l of E (by, e.g., [6]). We can take

b; 4b—1— i
n(@) = @, (&)L mul- | g el ).

https://doi.org/10.1017/51474748020000602 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748020000602

1432 C. Anastassiades and J.A. Thorne

3.5. A comparison of trace formulae

We continue with the notation and assumptions of the previous section. We now recall
some statements in the theory of the twisted trace formula, following [26].

Let f=f*®fo € CP(Un(Ar)) be a function such that fo is (up to scalar) a
pseudocoefficient of a discrete series representation. [26, Théoreme 5.1] gives an identity

T =Y iU & T3l 7. (3.1)
&
We explain the notation. The left-hand side wac (f) equals the trace of f in the space
L2(Up, (F)O\U,,(AR)); note that U, is anisotropic, so every automorphic representation
is discrete.

The sum on the right-hand side is over isomorphism classes of endoscopic data & for
Up (which in our case we can take to consist of a quasi-split reductive group H, an
element s € ﬁm and an L-embedding ng : “H — “U,, such that ng (I?) = Cent(5)°). In
the present case the classes of endoscopic data are in bijection with pairs of nonnegative
integers (p, q) where p+ ¢ =m and p > ¢; the associated endoscopic group is H = U, x Ug.
We specify a representative &, ; = (H, sy, ng) for each isomorphism class. We can take
H = Uy x Uy. To write down the L-embedding ny, we first fix a choice of (unitary)
character uw: A »/E* — C* with the property that pu,x X /P is the quadratic character
associated to the extension E/F. If a € Z, then we set pu, =1 if a is even and pq = u if
a is odd. We define an L-embedding ny : LH — LU, by the formulae

ne : (GLp, x GLy) x W — GL,, X Wr
(g1, 91) ¥ 1 +— diag(g1, g2)
(1p,1¢) xw = diag(up(w) 1y, ug(w)ly) xw (w e Wg)
(1, 14) X we > diag((—1)? @, (=1)9® ) D! x w,,

where w, € W is any fixed lift of c. The associated element is sy = ny(—1,,14). The
constants ((U,,,&) are given in [26, Proposition 4.11].

If H is an endoscopic group of U,,, then we write M7 = Resg,r Hg and Oy for
the automorphism of M induced by Galois conjugation. The trace TM”(FH) is
the twisted trace of a function fH e C.(MH(Ar) x0y) in the twisted-discrete part
of L2y n MHE(F)\MH (Ar)) (where 2,z denotes the connected component of the
R-points of the maximal split subtorus of the centre of Resp/q M ); see [26, Section 3.3].

It remains to define the function f**. FH By [26, Théoréme 4.3], the function f admits a
transfer f# € C®(H(AF)), which satisfies a certain identity involving the stable orbital
integrals of ff. In turn, we may regard H as a principal endoscopic group of the twisted
group M. By [26, Lemma 4.1] (stable transfer), f is associated to a function FH e
C®(MH(Ap)x60p). This completeb our explication of formula (3.1).

Using the expression for T dZSC (f FH ) given by [26, Proposition 3.4], we get a formula

I =Y (Um® Y 3 Yoo W G ReEH T,

& LefOywMH sewm () Flelgis(Ly)
(3.2)
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We do not recall the definition of the terms in detail here but note that L varies over Levi
subgroups of M and ndiSC(Zt) is the set of automorphic representations of the twisted
group Zt whose restriction to L is irreducible and discrete.

We now refine the identity (3.2). Fix a finite set S of finite places of F' containing all
of the places above which my or my is ramified. We consider test functions of the form
f=fsQf¥®Q® fy, where fg is fixed, fy is a fixed pseudocoefficient of discrete series
and f%* is unramified. As H and L vary, there are only finitely many automorphic
representations 7% for which the trace tr RQ(]?L)(?H ) appearing on the right-hand side
of (3.2) can be nonzero.

Keeping fs fixed and using linear independence of twisted characters along with [26,
Proposition 4.9], we can restrict to those summands on each side of the identity (3.2)
that are supported on the twisted character of 7%, By the results of [20, 28], the only
summands that occur on the right-hand side are as follows:

o H=U}, L=GLy, xGL,, t =0r, and the restriction of 7L to L(AR) is 71 Ko
or mo Xmy.

o H=U}xU}, L=GL,xGLy,, t =01, and the restriction of 7L to L(AR) is

(m1 Rm) @ uy,t or (me M) @u,t.

We obtain an identity
1/, ~ o~k N ~ o~

Y- m@)tro () = 7 (n@) @ o) F) +n (@) el 7
. (3.3)

*

+Hrro @ pyt (FU V) +trry ®M;1(7U5XU'*‘)>.

We explain the terms in (3.3). We set 179 = 71 K7y and 11 = 73 Ky, and Il =
n—IndgfrxGL" 79 and I1; = n—IndgfszGL" 71. Note that 1o = IT;. The sum on the left-
hand side is over automorphic representations o of U,, (A ) such that o> is related to
l'[g *® by unramified base change, with m (o) denoting the automorphic multiplicity. On
the right-hand side, the twisted trace is taken with respect to the Whittaker normalisation
of intertwining operators.

The constants n(7;) express the difference between Arthur’s normalisation of the twisted
trace on ﬁl and the Whittaker normalisation (cf. [26, Subsection 3.4]; it is part of the
constant aé‘;’sizt (#@F) of (3.2)). In fact, n(%y) = n(7)) = 1. By symmetry, it is enough to
show that n(7y) =1, and we do this following the argument of [11, Proposition 4.4.3]. Let
@ denote the standard parabolic subgroup of GL,, with Levi subgroup L = GL,, x GL,,,
and let Iy : [1yp — Ilg06ar,, denote Arthur’s normalisation of the intertwining operator,
as described in [26, p. 437]: Tt is given by a formula

Ir =Mgpg)rq®,0,0).

The operator M) may be expressed, up to analytic continuation, as a product of
local unnormalised intertwining operators. Following Shahidi, we can multiply by these
local operators by a local factor (defined as in [29, Subsection 3.3]) to obtain normalised
intertwining operators. By [29, Proposition 3.5.1], these are Whittaker normalised (see
also [1, Theorem 2.5.3]; note that 7o is known to be tempered, by [10, 6], so this already
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follows from the results of [34]). The global renormalised intertwining operator obtained
by analytic continuation is

I = €0,y x 5 ) L(my x 75, 0) L(7ry’ X 712, 1) Ip = Iy,

because the Rankin-Selberg L-functions appearing here are entire (because 71 is not
isomorphic to a twist of w5 by a power of the norm character, because both are unitary
and their sum is regular algebraic) and the functional equation of the Rankin-Selberg
L-function implies that the global renormalisation factor in fact equals 1. This shows
that n(7g) = 1. We have obtained an identity

1 ~ s ~ =y
Y m@ tro () = 2 (@ FU) + e 7O
; (3.4)

Hirro®py ! FU V) +trry ®M;1(7U3XU'*‘))'

To go further we need to introduce rigidifications; more precisely, a normalisation of local

transfer factors (and a corresponding factorisation of, e.g., f UnxUn as a tensor product
of associated local terms ﬁ,U"X U"). Following [22], we can do this by fixing the following

data:

e A nontrivial additive character Yr : Ap/F — C*. (Because U}, has its standard
splitting, it follows that U} (F) is equipped with a Whittaker datum for each
place v of F.)

o A lift of & of our fixed inner twist to an extended pure inner twist (§,z) in the
sense of [22, Subsection 0.3]. We suppose z chosen so that its invariants a,, in the
sense of [22; Subsection 0.3.3], are given as follows: if v € &, then a, = 2. If v|oo,
then a, = n mod 2. Otherwise, a, = 0.

These choices determine a normalisation of local transfer factors satisfying the adelic
product formula (see [22, Proposition 1.1.3] or [23, Proposition 4.3.2]). This in turn allows
us to evaluate the right-hand side of (3.4). More precisely, we first write each twisted trace
as a product of local twisted traces. These local twisted traces can be evaluated in terms
of stable traces on endoscopic groups of Up,, using [22, Proposition 1.5.2] (a convenient
restatement of the results of [29]). These stable traces can then in turn be evaluated in
terms of traces on U,, using the endoscopic character identities (thus using again [22,
Proposition 1.5.2] at quasi-split places and [22, Subsection 1.6.3] or [23, Theorem 4.5.1] at
places v € ¥ or v|oo, respectively). We find that if o = ®’ 0, is the irreducible admissible
representation of U, (A ) specified up to isomorphism by the following conditions:

e If v is a finite place of F inert in E, then o, is the element of the unramified
L-packet corresponding to m, such that the character (o,,-) given by [22,
Proposition 1.5.2] is the trivial character;

e BC(o)=m,
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then o has multiplicity m(o) =1 as an automorphic representation of U,,(Ar) provided
that the product

H(UU,SU;;xU;;) : H(vasU;;xU;{>

veX v|oo

(these signs now defined by [22, Subsection 1.6.3] and [23, Theorem 4.5.1]) equals 1. We
now come to the end of the proof. Indeed, let F'/F be a X-split totally real quadratic
extension, let ¥ pr = Y otrpp and let (£',2) be the extended pure inner twist Up o =
U pr arising by restriction. Then the above analysis goes through as before for the group
Un., p and representation 7/, base change of m with respect to F'/F. If ¢’ is the irreducible
admissible representation of U,,(Ap/) defined in the same way relative to x’, then the
multiplicity of ¢’ as an automorphic representation of U,,(Ar/) equals 1, provided that
the product
2

l_[ (0, sUxxUz) - H(U:,sSU;;xU;;> = H(UU,SU;;xU;;) ' n(UU9SU:{><U;;>
vey! v|oo vVEX v|oo

equals 1. Because it is the square of a sign, we are done.

4. Congruences between automorphic forms — unitary group case

Let n > 1 be an integer, and let m = 2n. Let E/F be a CM quadratic extension of a
totally real number field, and let D, ¥, B, fl, U,, etc. be as in Subsection 3.1.

The aim of this section is to prove the following theorem. We fix a prime number [, not
dividing any element of ¥, and assume that the [-adic places S; of F split in F.

Theorem 4.1. Fizx an isomorphism t :Ql — C. Let o be an automorphic representation
of Un(Ap) with the following properties:

(1) 7.(o) is not isomorphic to a twist of 1Ge 1q---@el ™.

(2) There exists vy € & and an isomorphism of representations of GLa(Dy,)

GLa(Dgy)

-1~
Oy Oly, = n—IndPO X30,1° N ® xz,20 N,

where X%, 1, X70,2 Ego — C* are unramified characters such that

l_l(XEO,1(w50)/X50,2(w50)) = qa?o mod mzl'
Then there exists an automorphic representation o’ of Up,(Ap) with the following
properties:
(1) 7 (o) ET,(0)).
(2) There is an isomorphism o, otgo1 = Starg g, (X5,), where xy, « B — C* is an
unramified character.
(3) 000 =0y If BC(0) is t-ordinary, then BC(¢') is t-ordinary.
(4) For each finite place v of F such that o, is unramified and v is inert in E, o) is
unramified.
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The proof of Theorem 4.1 uses algebraic modular forms [18]. We now define these.
Let Wy be the irreducible algebraic representation of (Resg/q Un)c such that op =
W|Um(F®QR). Then W; ='W, is an algebraic representation of (Resr/q Um)@ and
therefore receives an action of U, (F ®q Q)).

Let Ay denote the space of automorphic forms on U,,(Ar), and let A; w, denote the
set of functions ¢ : Up, (F)\ U (AFr)/ Upn(F®qR) — W}’ such that for some open compact
subgroup V C U, (A%), vie(gv) = ¢(g) for all g € U,,(AFp), ve V. The group U,,(A%)
acts on Ay by right translation and on A; w, by the formula (g-¢)(z) = gi@(zg).

Lemma 4.2. There is a canonical isomorphism of semisimple admissible Gl[Um(A%")]—
modules:

Homy,, (reqr) (Woo, Ax) B¢, -1 Q,=A, W
Proof. Given ® € HomUm(F@,QR)( Woo, Aso), we define ¢ € A w, by

9(9)(w) = g7 "1 goo @ (w) (9).-
Conversely, given ¢ € A; w,, we define ® by

O (w)(9) = goolg; @ (g)(w).

It is easy to check that this defines an isomorphism of admissible Ql[Um (A%)]-modules.
They are semisimple because HomUm(F@,QR)(WOO,ﬂOO) is semisimple (being admissible
and unitary). O

Let K/Q; be a finite extension of Q; inside Q, containing the image of each embedding
F — Q,, and let O =0k, A =mg, k =O/A. Fix for each v € ) a factorisation v = 77°¢
in E. Then W, can be defined over K, and we write M; C W, for a fixed choice of O-
lattice, invariant under the action of the compact subgroup Vi o =[], sl YGL,(© E5)) C
Un(F®qQp). Let M;” =Homo(M;,0). If R is any O-algebra, then we let A; p, g denote
the set of functions

¢ Un(F)\Up(AF)/ Un(F ®qR) — M;" ®0 R

such that for some open compact subgroup V = V!V, c U, (AR) with V; C Vo, we have
vp(gv) = @(g) for all v € V. Then A; p, g is an admissible R[Um(ACIf’l) x Vi 0]-module.
Finally, if V= Vix V, c U, (A%) is any open compact subgroup with V; C Vi, we
define S(V,R) = ﬂl‘,/Ml' r- It is a module for the convolution algebra H(U,, (A%o’ l) x Vi, V)
of V-bi-invariant, compactly supported functions f : Um(A%O’l) x Vi = Z (defined with
respect to the Haar measure giving V measure 1). Henceforth we only consider those
choices of V = V!V, with V; C Vo, so we do not make this requirement explicit.

Lemma 4.3.

(1) If R is Noetherian, then S(V,R) is a finite R-module.

(2) Suppose that for each g € U, (AR), the group gVg=' N Uy, (F) (intersection in
Un(AR)) is trivial. (In this case, we say that V is sufficiently small.) Then there
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is a canonical isomorphism
S(V,0)®oR— S(V,R).

Proof. Let g¢i,...,9r be a set of representatives for the finite double quotient
U (F\NUp,(AR)/ V. Let 'y, v = 91'_1 Upn (F)g; NV (intersection in U, (A%)). Then there
is an isomorphism

S(V.R)= ek (M) @ R)'%"
o (g,

If R is Noetherian, then the right-hand side is a finitely generated R-module. If V is
sufficiently small, then the right-hand side is a free R-module and the canonical map
S(V,0)®0 R — S(V,R) is an isomorphism. O

We define Hecke algebras using unramified Hecke operators. More precisely, let V =
[T, Vo be a fixed open compact subgroup of U,,(A¥), and let T be a finite set of places
of F satisfying the following conditions:

e T contains the infinite places, S; and .
e For each place v € T of F', V, is a hyperspecial maximal compact subgroup of
U (Fy).

Then we write TT(V, R) for the subalgebra of Endz(S(V,R)) generated by the images
of the convolution algebras H(U,,(Fy), V,) for each place v ¢ T of F. In particular, if
v =ww® splits in E and v & T, then TT(V,R) contains the standard unramified Hecke
operators T&),..., T}, defined as follows: First, we may choose the isomorphism ¢, :
Un(F,) = GL,,(Fy), defined a priori up to GL,,(F,)-conjugacy, so that it takes V,
to GL,,(Og,). Then Tqﬁ} is defined to be the Hecke operator that corresponds, under
Lw, to the operator [GL,,(Og,)diag(@y, ..., @y, 1,...,1)GL,,(Og, )] with i occurrences
of @, on the diagonal. It is independent of the choice of ¢,,. Lemma 4.3 has the following
corollary.

Corollary 4.4. Let V =[], V, be a sufficiently small open compact subgroup of Up, (A%).
Then there is a surjective homomorphism TT(V,0)®ok — TT(V, k), which induces a
bijection on maximal ideals.

Proposition 4.5. For each mazximal ideal m C TT(V,0), there is an associated Galois
representation T : Gg — GLy (TT(V,0)/m), uniquely determined up to isomorphism by
the following conditions:

(1) 7w 4s semisimple.
(2) For each place w of E not lying above a place of T, Tmlcg, 18 unramified.

(3) For each place v=ww® of F split in E such that v & T, the characteristic polynomial
det(X — 7 (Froby,)) equals the image of

X = Ty X (=) gD e (1) g VT
in (TT(V,0)/m)[X].
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Proof. This follows from Corollary 3.4, [12, Corollary 3.1.2], and the fact that T7(V,0)
is O-flat. O

In the statement of the next result, we observe that there is a direct sum decomposition
S(V, k) = ®uS(V,k)m, the index set being the set of maximal ideals of TT(V,k). We
call the m-component of any f € S(V, k) the image of f under the projection to the factor
S(V,E)m-

Lemma 4.6. Let U,‘,if’" C Uy, denote the derived subgroup, and let f € S(V,k) C Ay my,x
be invariant under the action of U"(F,,), for some vy € £. Then for any mazimal ideal
m C TT(V,0) such that the m-component of f is nonzero, T, is isomorphic to a twist of
lde '@ --@el™™.

Proof. After modifying f, we can assume that f € S(V, k). After shrinking V, we
can assume that V; acts trivially on M; ®o k. Then there is an isomorphism A; 1 =
ﬂiifl;llz Ml@ok, equivariant for the action of the group Um(A(}O'Z) x V;. We can therefore
assume that M; = O is the trivial representation, in which case we can think of f as a
locally constant function f : Uy, (F)\Un (AR)/ U,‘fL”(FvO) Vv — k.

The strong approximation theorem implies that Ug”(F ) is dense in UT#T(A%O’UO).
Because the maps H!(F,Ude") — ﬂv‘ooHl(Fu, Udery and (if vloo) HY(F,, Uder) —
HY(F,, U,,) are both injective (see [25]), consideration of the long exact sequence in
Galois cohomology shows that the reduced norm det: U,, — U; induces a surjection
U, (F') = Uj(F). We deduce that f factors through the map

det: Up,(FO\Un (A)/V — U (F)\U;(AR)/det V.
Let Gy = U (F)\U;(AF)/det V. Then Gy is a finite abelian group. Let f’ ck|Gy]-fC
S(V,k)m ®k k be a nonzero vector that spans a simple &[Gy |-module. Thus, there exists
a character ¥ : Gy — %~ such that for any g € U (AR), g-f =y (det(g)f .
Let v = ww® be a place of F, split in F, such that v € T, let 1 <7 < m, and let

Guw,i = diag(@y, ..., @y, 1,...,1) € GL,,(E,) (where there are i occurrences of @,,). Then
we have

T f' = vol[GLy (Og,,) 9w, i GLin (O )V (@) f
=|GL(0E,)/(9w,iGLm(OE,) 95" NGLy (Op,)) ¥ (@) f'

|GLy, (k(w))| o
|GL; (k(w)) x GLm,i(k(u,m‘ﬁ(ww) f.

i(m—1)

:qw

A calculation shows that if @ denotes the eigenvalue of T on f’, then

[[X v @ =) D X"
i=1 =0
(this is essentially the g¢-binomial theorem). It follows from the Chebotarev density

theorem that if x : Gg — %~ is the character defined by x oArtg(z) = ¥ (z/x€), then
Ta = XU De 1@ --®e'™™) (note that the places of E split over F have Dirichlet
density 1). This completes the proof. O
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If v € X, then we have fixed an isomorphism 3 : U, (F,) = GL2(Dy). We set R, =
L%lGLQ(OD%’L and J, = L%lj, where J C GL2(Op,) is the standard Iwahori subgroup
considered in Section 2. We set n, = Lgl diag(1l,@wp,). We write Tvl, Tf e H(U,,(F,),R)
for the pre-images under (3 of the operators Tj, To which appear in the statement of
Lemma 2.5.

Proposition 4.7. Let vy € X, and let V =1]][, V, be an open compact subgroup of
U (A) such that Vy, = Ry,. Let V' = V*7,,. We define a map

d:S(V.O)@S(V,0)— S(V',0)

by the formula (f,g9) — f+ny -9 (action of ny, defined via the inclusion S(V,0) C
A M0, cf. Lemma 2.4). Then

(1) d is a homomorphism of TT(V,0)-modules.

(2) Suppose that V is sufficiently small and that m C TT(V,0) is a mazimal ideal
such that Tm is not isomorphic to a twist of L@ e 1 @®---®e'~™. Then the induced
homomorphism

e 2 S(V,0) 0 ® S(V,0) i — S(V',0)
is injective and has saturated image (i.e., its cokernel is torsion-free).

(3) Suppose that V is sufficiently small and that m C TT(V,0) is a mazimal ideal such
that T, is not isomorphic to a twist of 1@ e 1 @---Del™™. Suppose there exists
feS(V,k)m —{0} such that

[(T3)% = To (afy + D?]f = 0.

0

Then dy, is not an isomorphism.

Proof. The first point is immediate, because vy € T'. For the second it is enough (using
Lemma 4.3) to show that the map

ok SV, E)m®S(V, k) — S(V', k)

given by the same formula dw, 1 (f,g9) = f 41y, - g is injective. By Lemma 2.3, the kernel
of di 1 is contained in the subspace of A; a7, 1 where U,‘ff’“(F w) acts trivially. By Lemma
4.6 and our hypothesis on m, the intersection of this subspace with S(V, k), is zero, and
dm i is indeed injective.

We now prove the third point. It is enough to show that dy, ; is not an isomorphism. If R
is an O-algebra, let S¥(V, R) denote the space of modular forms defined in the same way
as S(V,R) but with M; replaced by M,’. (Thus, the elements of S¥(V, R) are functions
¢ Un(FO\Un (AF)/ Up(F ®qR) > M;®0 R.) We can define an R-linear pairing

(Vv :S(V,RyxSY(V,R) = R
(9. 9"V v = > (9(9),9'(9))-

g€ Um (F)\ Um(A%vo)/V

The adjoint of a Hecke operator [VgV| acting on S(V, R) with respect to this pairing is
[Vg=1V]. Let TT-V(V,0) denote the O-subalgebra of Endo(SY(U,0)) generated by the
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Hecke operators away from 7. It follows that there is a maximal ideal m¥ c T™-V(V,0)
such that (-,-)y restricts to a perfect O-linear pairing

('9'>V,m . S(V9O)m X SV(V,O)mv - O

~

and, moreover, Tyv =7 . Applying Lemma 4.3, this pairing in turn gives a perfect k-linear

pairing
vk i SV R x SY(V, E)mv — k.
We can consider the map
dov k2 SV (V E)mv @SV (V, k) = SV (V' E) v
Its adjoint, computed with respect to the pairings (-,-) v .m x and (-,-) v/.m. %, iS & map
v i SV B = S(V, ) @ S(V, k).

The second part of the proposition applies equally well to dy,v i, showing that dnvw’,C is
surjective. We see that d, j is an isomorphism exactly when its source and target have
the same dimension, which happens only if dnvw,k 0 dy,  1s an isomorphism. However, a
computation (essentially the same one appearing in [36, Lemma 2]) shows that AR
equals the matrix of Hecke operators

n 1 Tl
d;/«‘v,kOdm,k:< Gy ¥ vo )

1 p2y-1  ,n
T (T35 Qo +1
It follows that the determinant of ngW,k o dm, 1 as a k-linear endomorphism of S (V,k)ﬁ1

equals the determinant of (g, + 1)2 — (T,I}O)Q(T 30)_1 as a k-linear endomorphism of
S(V,k)m. This completes the proof. O

We can now give the proof of Theorem 4.1. Let ¢ be an automorphic representation of
GL2(Dy,

U (AF), and fix vy € ¥ such that o, otgol %n—IndP0 2(Pr) X1 ® x2, where x1, x2: Ego — C*

are unramified characters such that (= (x1(w@3,)/x2(%,)) = gz mod mz . Then G{ZUO #

0. Let V =1][, Vo C Un(A¥) be an open compact subgroup satisfying the following

conditions:
o (@®)V £0.
o ViC Vo
o Vi =Ry
o If v g XUSY; is a finite inert place of F' such that o, is unramified, then V,, is a

hyperspecial maximal compact subgroup of Uy, (F,) such that UUV” #0.
e V is sufficiently small.

Then there is a natural inclusion (~'(@c®)V C ﬂl‘,/Wl' Let T be a finite set of places
such that the Hecke algebra T7T(V,0) is defined, let p ¢ TT(V,0) be the kernel of
the natural homomorphism T7(V,0) — EndQl '(©@*®)") and let m c TT(V,0) be the
unique maximal ideal containing p. Let V' C U,,(A%) be the group associated to V as
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in the statement of Proposition 4.7. Proposition 4.7 implies that the map

o : S(V,0)n @ S(V,0) — S(V’,O)m

. . . . Vg .
is not an isomorphism. Indeed, the eigenvalue of (Tjo)2 — Tgo(q;; +1)% on 0,,° is, by

Lemma 2.5, an element of my , yet this eigenvalue is also a root of the characteristic
polynomial of this Hecke operator acting on S(V,0)y, so (T;O)2 — Tfo(q;J +1)% must
have a nontrivial kernel in S(V, k). The second part of the proposition shows that dy,
is injective with saturated image, so it follows that the induced map

S(V,0)m®S(V,0)m)®Q; = S(V',0)n ®0Q,

is not surjective. Because A; w, is a semisimple Q,[Unn (A¥)]-module, this implies that
there is an automorphic representation ¢’ of Uy, (A%) with the following properties:

o (") £0.
o T(0) =T T, (0).
(U{}O)j’vo # 0, yet the map clgv(J : (a;O)Rvo ) (01’}0)53‘”0 — (0-1/)0)%0 is not surjective.

Lemma 2.4 implies that ‘71/10 is a twist of StGLQ(D%) by an unramified character. This
completes the proof, except we still need to explain why BC(o’) can be chosen to be
t-ordinary if BC(o) is. This can be achieved by enlarging the Hecke algebra T7(V,0)
to include the Hecke operators Uy , for v € S; (cf. [13, Subsection 2.4] or [17, Subsection
2.4]); indeed, the ordinary subspace of S(V,0) can be defined as the maximal direct
summand O-module where each of these operators acts invertibly. We omit the routine

modifications required to the proof.

5. Congruences between automorphic forms — general linear group case

We can now prove the main theorem of this article.

Theorem 5.1. Let n > 1 be an integer and let E be a CM number field. Let F be the
mazimal totally real subfield of E, and assume that E/F is everywhere unramified. Let
1 be a prime, and fix an isomorphism t: Q, — C. Let wy be a prime-to-l place of E that
splits over F. Let my,7mo be cuspidal, conjugate self-dual automorphic representations of
GL, (Ag) satisfying the following conditions:

(1) w =m1 By is regular algebraic.

(2) For any place w of E, if 7wy, is ramified then w is split over F. The l-adic places of
F all split in E.

(3) There are isomorphisms 1; w, = Sty (&;) for some unramified characters ; Ey =
C* (i=1,2), and

T E (@) [E2(@g) = gy, mod mg,.
(4) 7.() is not isomorphic to a twist of 1He 1 d---Hel",

Let F'/F be any totally real, quadratic wy-split extension, and let E' = EF’. Suppose
further that 7,()|G,, is not isomorphic to a twist of 1@ '@®---@e' 2. Then there
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exists an RACSDC automorphic representation I1 of GLa, (Ag) and a place wjlwy of E’
satisfying the following conditions:

(1) There is an isomorphism 7,(I1) = 7,(7)|c,, -
(2) There is an isomorphism I, = St2n(§'), where &' : EY, — C* is an unramified
0
character.

(3) For each archimedean place v' of E lying above a place v of E, I,y and m, have
the same infinitesimal character. If w is t-ordinary, then I1 is t-ordinary.

(4) For any place w of E', if I, is ramified then w is split over F’.

Proof. Let vy denote the place of F' lying below wy and let ¥ = {vg}. Let m = 2n and
choose a unitary group U, as in Subsection 3.1. Theorem 3.3 implies the existence of an
automorphic representation o of U,,(Ap/) such that for each inert place v of F', o, is
unramified, and BC(o) = mg. This automorphic representation satisfies the hypotheses of
Theorem 4.1, with ¥’ equal to the set of places of F’ lying above ¥. Using this theorem we
can find an automorphic representation ¢’ of U,, (A ) with the following properties:

o T(0)=ET(T)G,-
e There exists vy € ¥’ and an isomorphism 01’), ot;,l = StgLy(D. ) (&), where & :
0 0 “o
B!, — C* is an unramified character and wy is the unique place of £’ lying above
0
both v} and wp.
Oco Z 0l,. BC(0”) is -ordinary if BC(0) is.
For each place finite place v of F’ that is inert in E’, o is unramified.

Theorem 3.2 implies the existence of a regular algebraic automorphic representation IT of
GL,,(Ag/) such that BC(¢") = I1. To complete the proof, it remains only to justify why
1, is an unramified twist of the Steinberg representation (then IT is necessarily cuspidal
and satisfies all of the other requirements). We have |LJGL2(DU;6)|(H“’6) = 0;6 Olyy, an

unramified twist of the Steinberg representation of GLg(Dwé).

By the third part of Lemma 2.2, I, is (up to unramified twist) either the Steinberg
representation or the trivial representation. If I'Iwé is the trivial representation, then the
classification of the discrete spectrum of GL,,(Ag/) [28] implies that IT is itself one-
dimensional, contradicting our assumption on 7,(IT). This completes the proof. O
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